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Distance-based Formation-Motion Control for Unicycle Agents

Jin Chen1 and Bayu Jayawardhana1 and Hector Garcia de Marina2

Abstract— We present a distance-based distributed
formation-motion control law for unicycle agents that
are required to move together at a constant reference speed.
The distributed control law consists of the standard distance-
based formation gradient control law, which is projected to
the longitudinal and angular velocity inputs of the unicycle,
and of a linear term that depends on the reference speed. The
main contribution of this paper is to realize the consistency of
unicycle agents’ orientations without orientation measurement,
thereby reducing the possibility of significant orientation
measurement errors in real-world applications. We prove and
show numerically the local exponential convergence of the
unicycle agents to the desired formation, where they eventually
move in unison at a constant reference speed.

I. INTRODUCTION

Due to the multitude of problem setups in distributed
formation control, there has been numerous research works
reported in literature for the past decade. Most of them
considers only the formation keeping problem for point
masses described by single integrator [1], where the graph
rigidity framework [2] [3] [4] has been used to define the for-
mation shape and correspondingly to design the distributed
gradient-based control laws. By assuming that all agents are
equipped with homogeneous sensor systems, the application
of distributed gradient-based control leads to the popular
distance-based formation control [5] [6], the bearing-only
formation control [7], the angle-based formation control [8],
the inner-angle based formation control [9] and the elevation-
angle formation control [10]. For second-order agents, the
design of formation control has been studied in [11] [12]. Re-
cently, the distributed formation control for unicycle agents
is presented in [13] [14] where the authors focus on the
convergence of the agents towards the desired shape without
consensus on the orientation and without enabling a group
motion. The latter is typically one of the need-to-have tasks
required in a group of collaborating agents.

In addition to reaching and maintaining a robust formation
shape, the group may need to perform other tasks, such
as group motion, obstacle avoidance or rendezvous, at the
same time. The design of distributed control laws to solve
these tasks simultaneously has been studied, for example, in
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[15] [16]. For the multiple-task distributed control design,
the incorporation of constraints has been sought in [14]
for nonholonomic and velocity saturation constraints. When
dealing with motion problems for multi-agent systems under
nonholonomic constraints, it becomes necessary to address
the issue of orientation consistency beforehand. In most stud-
ies ensuring orientation consistency [17], the control laws
require orientation measurement from neighboring agents,
which can be difficult to obtain and always accompanied
by significant errors in real-world applications, particularly
when using a local coordinate framework. In the case of
vehicle detection [18], the accuracy of orientation measure-
ment is significantly affected by both the original sensor data,
such as the point cloud data from a LIDAR sensor, and the
spatial geometry of the detected vehicle. For this reason,
finding a way to achieve formation control without relying
on orientation measurement is desirable.

In this paper, we study the problem of distributed
formation-motion control with nonholonomic constraints.
In particular, we propose a distance-based distributed
formation-motion control law for unicycle agents. It extends
the work of [14] where the agents must achieve a consensus
on their orientation so that they can asymptotically move in
unison. In our control approach, we assign one agent as a
leader while the rest become followers that have to reach and
maintain formation. All agents are assumed to agree apriori
on the desired speed but not on the orientation; hence the
desired velocity vector is not available to all agents. This is
a common assumption in many multi-agent scenarios, such
as vehicle platooning [19], where the agents can obtain the
other’s information, such as velocity and angular velocity,
through V2V communication. The followers can measure the
local relative positions with their neighbors. A prototypical
example of this problem is the formation of vehicles (or
the platooning of vehicles in 2D plane) in multiple-lane
highways, where they move in unison with constant speed
and can adapt the formation when a vehicle merges to or
exits the highways.

The main features of the paper are as follows. Firstly, the
proposed distributed control law deals with the formation
keeping of nonholonomic systems and with the group motion
simultaneously. Secondly, we provide rigorous theoretical
analysis to the asymptotic behaviour of the closed-loop sys-
tem, starting from two agents and subsequently is extended
to multiple agents. Thirdly, the agents work with local coor-
dinate frames where the leader does not need to communicate
the velocity vector that requires a common orientation among
all agents. This enables practical implementation of the
control laws.
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The outline of this paper is as follows. In Section II,
we introduce the preliminaries and problem formulation. In
Section III, we propose the distance-based formation-motion
control law for unicycle agents and analyse the asymptotic
behaviour of the closed-loop system. A simulation result
is shown in Section IV and we conclude the paper with
conclusions in Section V.

II. PRELIMINARIES & PROBLEM FORMULATION

Notation. We denote by Be(a) the open ball of radius a
centered at the origin in Rne .

A. Graph
A directed graph G is defined by the tuple (V, E), where

V = {1, 2, · · · , n} is the vertex set and E ⊆ V×V is the edge
set with m = |E| number of edges. If (i, j) ∈ E , the ordered
pair (i, j) refers to the edge whose direction is represented by
an arrow with node i as the tail and node j as the head. We
assume throughout the paper that there is no self-loop in the
considered graph G, i.e., (i, i) /∈ E for all i ∈ V . The set of
neighbors of vertex i is denoted byNi , {j ∈ V| (i, j) ∈ E}.

Given a finite collection of n points {pi}ni=1 in R2 with
n > 2, a configuration is denoted as p =

[
p>1 , . . . , p

>
n

]> ∈
R2n, where pi ∈ R2 represents the position of agent i. A
framework in a 2D-plane R2, which is denoted by G (p), is a
combination of a directed graph G (V, E) and a configuration
p, where vertex i ∈ V in the graph is mapped to the point
pi in the configuration.

B. Transversally Exponentially Stable Manifold
Consider an autonomous system

ė = F (e, x), ẋ = G(e, x), (1)

where e is in Rne , x is in Rnx and the function F :Rne ×
Rnx → Rne and G: Rne×Rnx → Rnx are C2. We denote by
(E(e0, x0, t), X(e0, x0, t)) the (unique) solution which goes
through (e0, x0) in Rne × Rnx at t = 0. Without loss of
generality, we assume that it is forward complete.

Definition 1: TULES-NL (Transversal uniform local ex-
ponential stability) For the system (1), there exist strictly
positive real numbers r, k and λ such that, for all (e0, x0, t)
in Be(r)× Rnx × R≥0,

|E (e0, x0, t)| 6 k |e0| exp(−λt) (2)
Definition 2: UES-TL (Uniform exponential stability for

the transversally linear system) The system

˙̃x = G̃(x̃) := G(0, x̃) (3)

is forward complete and there exist strictly positive real num-
bers k̃ and λ̃ such that any solution (Ẽ(ẽ0, x̃0, t), X̃(x̃0, t))
of the transversally linear system

˙̃e =
∂F

∂e
(0, x̃)ẽ, ˙̃x = G̃(0, x̃) (4)

satisfies, for all (ẽ0, x̃0, t) in Rne × Rnx × R≥0,∣∣∣Ẽ (ẽ0, x̃0, t)
∣∣∣ 6 k̃ |ẽ0| exp(−λ̃t) (5)

Theorem 1 ([20]): The system (1) is TULES-NL if and
only if it is UES-TL.

C. Problem Formulation

As described in the Introduction, each nonholonomic agent
is represented by a unicycle model. In particular, for each
agent Ai with i = 1, . . . , n, its dynamics is given by

Ai :


ẋi = vi cos (θi)
ẏi = vi sin (θi)

θ̇i = ωi,
(6)

where vi ∈ R and ωi ∈ R are the speed (or longitudinal
velocity) and angular velocity inputs, respectively, pi =
[ xiyi ] ∈ R2 is the i-th agent position in the 2D plane and
θi is its orientation. For our control design and analysis, we
define the unit vector of the unicycle heading hi ∈ R2 and its
orthonormal vector h⊥i ∈ R2 in the global coordinate frame
by

hi =

[
cos (θi)
sin (θi)

]
, h⊥i =

[
− sin (θi)
cos (θi)

]
. (7)

When dealing with multi-agent systems of unicycles, we
will refer the first agent as the leader and the rest as the
followers. We assume that each agent can measure the
relative position of a neighboring agent j ∈ Ni with respect
to its own local reference frame. In the problem setup of this
paper, the leader is moving at a constant speed v∗ > 0 with
a fixed orientation, and it is not affected by the other agents.

For simplicity of analysis and presentation, we consider an
open-chain directed graph. This graph describes the topology
for the relative measurement graph of the multi-agent system
where A1 is at the root. As an illustration, Figure 1 shows
the interactions of three agents, where agent A1 is the leader
and the agents A2 and A3 are the followers. The arrow
from agent j to agent i means that the agent j measures
the relative position of agent i and it uses this information
for the controlling its speed and angular velocity to achieve
the group objective, which is to maintain desired distance
between neighboring agents and to reach a common speed
and orientation.

A1 A2 An· · ·

Fig. 1: A multi-agent system with n agents forming an open-chain graph,
where the arrow defines the edge of relative measurement.

Accordingly, we use the vectors zij ∈ R2, eij ∈ R and
eijθ ∈ R to represent the relative position vector, the distance
error and the angular error, respectively, on the edge (i, j)
and they are defined by

zij = pj − pi
eij = ‖zij‖2 − d2

ij

eijθ = θj − θi

 (8)

where dij ∈ R is the desired distance between agent i and
agent j. Throughout the paper, we assume the following
condition on agent A1 as the leader of the unicycles group.
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Assumption 1: The agent A1 moves with a constant refer-
ence velocity v∗

[
cos(θ1)
sin(θ1)

]
∈ R2 and the followers have only

the information of the speed v∗.

Some examples, where Assumption 1 hold, are the vehicle
platooning in highways and a group of aircraft and ship that
are moving in a formation. We are now ready to formulate
the problem as follows.

Distributed formation control problem of unicycle
agents with linear motion: For the multi-agent unicycle
systems Ai, i = 1, . . . , n as in (6) satisfying Assump-
tion 1, design a distributed control law [ viωi ] for agents
A2, A3, . . . , An such that

[
eij(t)
eijθ(t)

]
→ 0 as t → ∞ for all

(i, j) ∈ E .

III. DISTRIBUTED FORMATION-MOTION CONTROL OF
UNICYCLES

To accommodate the design of distributed controller, we
consider the dynamics of a kinematic offset point located,
roughly speaking, in front of the vehicle, which is defined
by

pir = pi + hi, (9)

where hi is the unicycle orientation as given before in (7).
Recall that we consider an open-chain graph of n agents.
Similar as before, for these kinematic offset points, we define
the errors between i-th agent and (i+ 1)-th agent by

ei,i+1,r = ‖zi,i+1,r‖2 − d2
i,i+1

ei,i+1,θ = θi+1 − θi,
(10)

where zi,i+1,r = pi+1r − pir. For simplifying the stability
analysis later, we further introduce ēi,i+1,r = ‖zi,i+1,r‖ −
di,i+1. It can be checked that the error variables ei,i+1,r and
ēi,i+1,r satisfy

ei,i+1,r = ē2
i,i+1,r + 2di,i+1ēi,i+1,r (11)

A. Distributed control law

It follows directly from (6) that the dynamics of kinematic
offset points are given by

ṗ1r = v∗h1

ṗir = −ei−1,i,rzi−1,i,r + v∗hi
(12)

where the first one refers to the leader and the second one
is for all i = 2, . . . , n. Correspondingly, the relative position
between neighboring kinematic offset points satisfies

ż12r = −e12rz12r + v∗ (h2 − h1)

żi,i+1,r = −ei,i+1,rzi,i+1,r + ei−1,i,rzi−1,i,r + v∗ (hi+1 − hi)
(13)

for all i ∈ 2, . . . , n− 1.
Using the kinematic offset points, we can design the

distributed control law where the inputs can be decomposed
into the longitudinal velocity input (e.g., the velocity in the
agent’s direction) and the tangential velocity input (orthogo-
nal to the longitudinal one). Applying the standard distance-
based formation gradient control [21] to these inputs, the

distributed control law for agents Ai, i = 2, . . . n is given
by

vi = −ei−1,i,rh
>
i zi−1,i,r + v∗

ωi = −ei−1,i,r

(
h⊥i
)>
zi−1,i,r

(14)

where i ∈ {2, · · · , n}. Note that the inputs to the leader
agent are

v1 = v∗

ω1 = 0.
(15)

B. Stability analysis

Let us analyse the stability of the closed-loop systems
comprising of the multi-agent unicycle systems (6) and the
control law (14)–(15). Firstly, we perform the analysis on
two agent systems. Subsequently, we extend it to the n-agent
systems.

1) Two agent case: Consider two unicycle agents A1 and
A2 which is controlled by (15) and (14), respectively. Using
z12r = [ x12r

y12r ], we define ϕ12r = tan−1( y12rx12r
) as the angle

of z12r with respect to the local reference frame of A1. In
the following, we will show that the closed-loop system can
be described using ē12r, e12θ, ϕ12r as follows

˙̄e12r = −
(
ē3

12r + 3d12ē
2
12r + 2d2

12ē12r

)
+ v∗ [cos (e12θ + θ1 − ϕ12r)− cos (θ1 − ϕ12r)]

ė12θ =
(
ē3

12r + 3d12ē
2
12r + 2d2

12ē12r

)
sin (e12θ + θ1 − ϕ12r)

ϕ̇12r = v∗
sin (e12θ + θ1 − ϕ12r)− sin (θ1 − ϕ12r)

(ē12r + d12)
.

(16)
Firstly, by the definition of ē12r we have that

˙̄e12r =
d ‖z12r‖

dt
=
x12rẋ12r + y12rẏ12r

‖z12r‖
. (17)

According to (13), the numerator on the RHS of (17) satisfies

x12rẋ12r + y12rẏ12r =

− e12r(x
2
12r + y2

12r) + v∗[x12r(cos θ2 − cos θ1)

+ y12r(sin θ2 − sin θ1)].

(18)

Substituting this relation along with z12r
‖z12r‖ =

[ cosϕ12r

sinϕ12r

]
into

(17), we can obtain

˙̄e12r = −e12r (ē12r + d12)

+ v∗ [cosϕ12r (cos θ2 − cos θ1) + sinϕ12r (sin θ2 − sin θ1)]

= −e12r(ē12r + d12) + v∗ [cos(θ2 − ϕ12r)− cos(θ1 − ϕ12r)] .
(19)

Finally, by substituting (11) and θ2 = θ1 + e12θ, we arrive
at the expression of ˙̄e12r in (16).

In the following proposition, we will apply Theorem 1
from Section II-B to establish the stability of the manifold
E : {(e, ϕ12r)|e = 0, G(0, ϕ12r) = 0}. Correspondingly, we
express the closed-loop system into the form of (1) as follows

ė = F (e, ϕ12r)

ϕ̇12r = G (e, ϕ12r) ,
(20)

where e = [ ē12re12θ ].
Let us first show the property of E being the manifold of

equilibrium points in the following proposition.
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Proposition 1: The point (e∗, ϕ∗12r) is an equilib-
rium point of (16) if and only if (e∗, ϕ∗12r) ∈
{(e, ϕ12r)|e = 0, G(0, ϕ12r) = 0}.

PROOF. (Sufficiency part). By definition, ϕ̇12r = 0 ⇒
e12θ = mod 2π or e12θ = π − 2 (θ1 + ϕ12r) + mod 2π.
Due to the property of circle group with trigonometric
functions, the following arguments hold for mod 2π. On
the one hand, let us consider e12θ = 0 so that

˙̄e12r = −
(
ē3

12r + 3d12ē
2
12r + 2d2

12ē12r

)
ė12θ =

(
ē3

12r + 3d12ē
2
12r + 2d2

12ē12r

)
sin (θ1 − ϕ12r)

ϕ̇12r = 0.

(21)

Since ē12r ≥ −d12 (by definition), we obtain that ˙̄e12r =
0⇒ ē12r = 0.

On the other hand, let us consider e12θ = π −
2 (θ1 − ϕ12r) 6= 0. In this case, the system (16) becomes

˙̄e12r = −
(
ē3

12r + 3d12ē
2
12r + 2d2

12ē12r

)
− 2v∗ cos (θ1 − ϕ12r)

ė12θ = −
(
ē3

12r + 3d12ē
2
12r + 2d2

12ē12r

)
sin (θ1 − ϕ12r)

ϕ̇12r = 0.

It follows that ė12θ = 0 ⇒ ē12r = 0 or sin (θ1 − ϕ12r) =
0. When ē12r = 0 and ˙̄e12r = 0, we need that
cos (θ1 − ϕ12r) = 0⇒ θ1 − ϕ12r = π

2 or 3π
2 . Thus, e12θ =

2π or 0. When ē12r 6= 0 and sin (θ1 − ϕ12r) = 0, we can
obtain ˙̄e12r = −

(
ē3

12r + 3d12ē
2
12r + 2d2

12ē12r

)
− 2v∗ < 0,

i.e., ˙̄e12r 6= 0. This concludes the sufficiency part.
(Necessity part). This part is trivial as

{e = 0, ϕ̇12r = 0} ⇒ ė = 0. �

We can now proceed with the stability analysis of the
equilibrium manifold E in the following two propositions.
The first one gives the local exponential convergence to E
for almost all initial condition ϕ12r. The second one provides
the local asymptotic stability of E when ϕ12r ≡ θ1.

Proposition 2: The system (16) is transversally uniformly
locally exponentially stable, when ϕ12r 6≡ θ1.

PROOF.
We use Theorem 1, which is based on [22], [20], to prove

the proposition by showing that the corresponding transversal
linear systems satisfy UES-TL property in (5). In this case,
the transversal linear systems are given by

˙̃e =
∂F

∂e
(0, ϕ̃12r) , ˙̃ϕ12r = G̃ (ϕ̃12r) , (22)

where G̃ (ϕ̃12r) := G (0, ϕ̃12r) = 0 (c.f. (16) with e12 = 0)
and ∂F

∂e (0, ϕ̃12r) is given by

∂F (0, ϕ̃12r)

∂e
=
[

−2d212 −v∗ sin(θ1−ϕ̃12r)

2d212 sin(θ1−ϕ̃12r) 0

]
.

We denote by
(
Ẽ (ẽ0, ϕ̃12r0, t) ,Φ (ϕ̃12r0, t)

)
the pair of

solutions of the transversally system (16) initialized at
(ẽ0, ϕ̃12r0).

Since G̃(ϕ̃12r) = 0, the solution of Φ(ϕ̃12r0, t) is constant
for all t ≥ 0. Also, we have that the eigenvalues of the matrix
∂F
∂e (0, ϕ̃12r) are −d2

12

(
1±

√
1− 2v∗ sin2(θ1−ϕ̃12r)

d212

)
, whose

real part are both negative when ϕ̃12r 6= θ1. This implies
that if ϕ̃12r0 = ϕ12r0 6= θ1, there exist strictly positive real
numbers k̃ and λ̃ satisfies, for all (ẽ0, t) in Rne × R>0∣∣∣Ẽ (ẽ0, ϕ̃12r0, t)

∣∣∣ 6 k̃ exp
(
−λ̃t

)
|ẽ0| . (23)

In other words, we have the UES-TL property of the transver-
sally linear systems. By invoking Theorem 1, we conclude
the proof. �

Proposition 3: The system (16) is locally asymptotically
stable, when ϕ12r ≡ θ1 (i.e., ϕ12r = θ1 and ϕ̇12r = 0).

PROOF. When ϕ12r ≡ θ1, the closed-loop system becomes

˙̄e12r = −
(
ē3

12r + 3d12ē
2
12r + 2d2

12ē12r

)
+ v∗ [cos (e12θ)− 1]

ė12θ =
(
ē3

12r + 3d12ē
2
12r + 2d2

12ē12r

)
sin (e12θ) .

(24)
The linearization of the vector field gives us an eigenvalue
at zero for the state e12θ and one negative eigenvalue for the
state ē12r. By invoking Theorem 8.1 in [23], there exists a
continuously differentiable function ē12r = g (e12θ) defined
locally around the origin and is referred to as the center
manifold. Moreover it holds that g (0) = 0 and ∂g

∂e12θ
(0) = 0.

Thus we can describe ē12r by

ē12r = g (e12θ) = a2e
2
12θ + a3e

3
12θ + o

(
e4

12θ

)
(25)

Based on the center manifold theory, the center manifold
satisfies d

dt

(
g (e12θ)− ē12r

)
= 0, i.e.

∂g

∂e12θ
(e12θ) [ė12θ (e12θ, g (e12θ))]− ˙̄e12r (e12θ, g (e12θ)) = 0.

(26)
It can be rewritten as(

2a2e12θ + 3a3e
2
12θ + o

(
e3

12θ

))
Gp sin (e12θ)

+Gp − v∗ [cos (e12θ)− 1] = 0
(27)

where Gp = g3 (e12θ) + 3d12g
2 (e12θ) + 2d2

12g (e12θ). By
substituting (25) into Gp, we obtain Gp = 2d2

12a2e
2
12θ +

2d2
12a3e

3
12θ + o

(
e4

12θ

)
. Note that

cos (e12θ) = 1− 1

2
e2

12θ + o
(
e4

12θ

)
sin (e12θ) = e12θ −

1

6
e3

12θ + o
(
e5

12θ

)
.

(28)

Substituting (28) and the expression of Gp into (27), we
arrive at

2d2
12a2e

2
12θ +

v∗

2
e2

12θ + o
(
e3

12θ

)
= 0. (29)

This implies that a2 = − v∗

4d212
< 0 and ē12r = g (e12θ) =

− v∗

4d212
e2

12θ + o
(
e3

12θ

)
. Correspondingly, the reduced system

is given by

ė12θ = − v∗

2d12
e3

12θ + o
(
e4

12θ

)
, (30)
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which is asymptotically stable. By Theorem 8.2 in [23], the
full system (24) is also asymptotically stable. �

Based on Propositions 2 and 3, we can conclude that the
system (16) is locally asymptotically stable at the invariant
manifold {(e, ϕ12r)|e = 0, G(0, ϕ12r) = 0}.

C. The n-agent case

In this subsection, we will extend the above result to the
n-agent case which forms an open-chain graph, as shown
before in Figure 1. Towards this end, we introduce the
following symbol,

Gdist
i :=

(
ē3
i,i+1,r + 3di,i+1ē

2
i,i+1,r + 2d2

i,i+1ēi,i+1,r

)
,
(31)

where i ∈ {1, · · · , n− 1}. Let ϕi,i+1,r = tan−1
(
yi,i+1,r

xi,i+1,r

)
for all i ∈ {1, · · · , n− 1}. We define

Ci :=


cos (e12θ + θ1 − ϕ12r)− cos (θ1 − ϕ12r) , i = 1

cos
(∑i

k=1 ek,k+1,θ + θ1 − ϕi,i+1,r

)
− cos

(∑i−1
k=1 ek,k+1,θ + θ1 − ϕi,i+1,r

)
, i > 1

Si,j := sin

(
i∑

k=1

ek,k+1,θ + θ1 − ϕj,j+1,r

)
(32)

where i ∈ {1, · · · , n− 1} and j ∈ {1, · · · , n− 1}.
Based on the dynamics of offset points in (12) and

the expression in (31) and (32), we can easily obtain the
following closed-loop dynamics

˙̄ei,i+1,r = −Gdist
i +Gdist

i−1 cos (ϕi,i+1,r − ϕi−1,i) + v∗Ci

ėi,i+1,θ = Gdist
i Si,i −Gdist

i−1Si−1,i−1

ϕ̇i,i+1,r =

Gdist
i−1 sin(ϕi−1,i,r − ϕi,i+1,r) + v∗(Si,i − Si−1,i)

(ēi,i+1,r + di,i+1)
(33)

where i ∈ {2, · · · , n− 1}.
Proposition 4: The system (33) is transversally uniformly

locally exponentially stable, when ϕi,i+1,r 6≡ θ1 for all i =
1, . . . n− 1.

PROOF. The proof is similar to that for the two agents
case. In order to apply Theorem 1 for the n-agent systems,

we define en =


ē12r
e12θ

...
ēn−1,n,r
en−1,n,θ

, ϕr =

[ ϕ12r

...
ϕn−1,n,r

]
so that the

closed-loop systems can be written as

ėn = Fn (en, ϕr)

ϕ̇r = Gn (en, ϕr) ,
(34)

where Fn and Gn are obtained by concatenating all vector
fields in (33). The corresponding transversal system is given
by

˙̃en =
∂Fn
∂en

(0, ϕ̃r) , ˙̃ϕr = G̃n (ϕ̃r) , (35)

where G̃n (ϕ̃r) := Gn (0, ϕ̃r) = 0. Here ∂Fn
∂en

(0, ϕ̃r) takes
the form

∂Fn
∂en

(0, ϕ̃r) =

B1 0
. . .

∗ Bn−1

 (36)

where Bi =
[

−2d2i,i+1 −v∗ sin(θ1−ϕi,i+1)

2d2i,i+1 sin(θ1−ϕi,i+1) 0

]
, i ∈

{1, · · · , n− 1}. As in the proof of Proposition 2, we de-
note the solutions of (35) by

(
Ẽn (ẽn0, ϕ̃r0, t) ,Φn (ϕ̃r0, t)

)
,

which are initialized at (ẽn0, ϕ̃r0). Since G̃n(ϕ̃r) = 0, it
follows that Φn (ϕ̃r0, t) is constant for all t ≥ 0.

The matrix Bi is Hurwitz when ϕi,i+1 6= θ1. Conse-
quently, we can conclude that if ϕ̃i,i+1,0 = ϕi,i+1,0 6= θ1

for all i, there exist strictly positive real numbers k̃ and λ̃
satisfies, for all (ẽn0, t) in Rnen × R>0∣∣∣Ẽ (ẽn0, ϕ̃r0, t)

∣∣∣ 6 k̃ exp
(
−λ̃t

)
|ẽn0| , (37)

i.e., the transversal linear system is UES-TL. Following
Theorem 1, it implies that the system (33) is transversally
uniformly locally exponentially stable when ϕi,i+1 6= θ1.
This proves the claim. �

Proposition 4 shows that the distributed control laws as
given in (15) for the leader and in (14) for the followers
solve the problem of distributed formation control of unicycle
agents with linear motion locally. While the distributed
controller in (14)- (15) do not contain controller gains, we
can add controller gains to (14)- (15) and following the
same arguments, the equilibrium manifold E remains locally
exponentially stable for any positive gains.

Since the distributed controller in (14)- (15) is obtained
by the standard gradient-based control law, they can be
applied using local reference frame and using on-board
sensor systems to obtain the relative measurement to its
neighbor.

IV. SIMULATION RESULTS

Let us validate numerically the distributed control law
(14)- (15) to solve the problem of formation control of uni-
cycle agents with linear motion. We consider the formation
of six unicycles with open-chain graph as shown in Figure
1. The initial positions of the six agents are set randomly as

p1(0) =

[
10
8

]
, p2(0) =

[
7.4
3.7

]
, p3(0) =

[
2.4
3.1

]
,

p4(0) =

[
2.4
−1.9

]
, p5(0) =

[
1.2
3.0

]
, p6(0) =

[
−3.8
3.9

]
,

(38)

the reference speed is set as v∗ = 3 and the heading angle of
the leader is set as θ1 = 0. We assume a desired equidistance
between the neighboring agents with di,i+1 = 4 for all i =
1, . . . , 5.

The trajectories of unicycle agents with the proposed
distributed control are shown in Figure 2 where the agents
are moving in the 2D-plane (x, y). In this figure, all agents
are able to maintain an equidistance of 4 with their neighbors
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while moving at the same direction in unison. The error
trajectories of the norm of errors are presented in Figure
3. It can be seen that all agents converge to the desired
equidistance with their neighbor and their heading angles
converge to the heading angle of the leader. We remark
that while the norm of the whole distance error ‖er‖ and
the norm of the whole heading angle error ‖eθ‖ converge
exponentially to zero, it is not monotonically decreasing.
This phenomenon can be attributed to the nonholonomic
constraint of the agents, where the agents cannot arbitrarily
move in any direction in the 2D plane.

Fig. 2: The plot of trajectories of six unicycle agents with the distributed
control (15) for agent A1 and (14) for the rest of the agents. In this
simulation, di,i+1 = 4, v∗ = 3 and θ1 = 0.
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Fig. 3: The plot of the error norm signals: (a) the blue line with rectangles
represents the trajectory of the norm of distance error; (b) the red line with
triangles represents the trajectory of the norm of heading angle error;

V. CONCLUSIONS

In this paper, we have proposed a distance-based dis-
tributed formation-motion control law for unicycle agents.
Using recent results in transversal uniform exponential sta-
bility, we establish the local exponential convergence of the
unicycle agents to the desired formation where all agents
move together at a constant reference speed.
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