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Abstract

In this chapter, we use the normalised mass power spectrum of early-type
galaxies to infer the e�ects of di�erent physical processes during galaxy
evolution on their resulting mass distribution. We concentrate in particular
on feedback mechanisms. We use the projected mass maps of early-type
elliptical galaxies simulated via hydrodynamic simulations from EAGLE
extracted from nine di�erent formation scenarios at z = 0:271. The galaxy-
formation models include four di�erent calibrated stellar feedback models,
two di�erent gas viscosity models, two AGN models based on di�erent
temperature increment rates of stochastic AGN heating, and one no-AGN
model. Taking into account the particle shot-noise and the SPH smoothing,
we determine the power spectrum of the normalised mass maps of EAGLE
galaxies with (M? � 1:76�1010M�). We statistically estimate the variance
in their lens surface mass density maps by calculating the di�erence between
the average of the mass power spectra of the galaxies and the power
spectrum of the average galaxy, after mass normalisation and rotation
to a similar position angle. We �nd that all galaxy formation scenarios
show a comparable level of variance in their surface mass density on small
scales, within the errors, and they all follow a power-law power spectra with
slopes within the narrow range 3.8{4.0, decreasing in power with decreasing
spatial scale. This implies that the potential and deection-angle power
spectra follow slopes in the ranges 7.8{8.0 and 5.8{6.0, respectively. The
estimated values of the slopes and their invariance under a change of galaxy-
formation scenario paves the way for future work where we plan to compare
these results with observations of real gravitational lenses observed with the
Hubble Space Telescope (HST ).
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6.1 Introduction

In recent years the analysis of the mass power spectra of strong gravitational
lens galaxies has become a new instrument to quantify the small-scale mass-
inhomogeneities present in the early-type galaxies (Hezaveh et al. 2016b;
Brennan et al. 2018; Chatterjee & Koopmans 2018; Bayer et al. 2018; Cyr-
Racine et al. 2018). These mass power spectra can be used to infer the
imprints of di�erent physical processes on their mass distributions, such as
star formation feedback, accretion disk viscosity, stochastic AGN heating
in galaxy formation, and more. Our aim in this chapter is to investigate
the question of what roles various physical mechanisms in galaxy formation
play in determining the mass-power spectra of early-type galaxies.

To investigate this question, we use the projected surface mass density
maps of massive elliptical galaxies obtained from the \Evolution and
Assembly of GaLaxies and their Environment" (EAGLE) hydrodynamic N-
body simulations (Schaye et al. 2015; Schaller et al. 2015; Crain et al. 2015)
for nine di�erent galaxy-formation scenarios. These scenarios include four
calibrated models based on di�erent stellar feedback functions (FBconst,
FB�, FBZ, FBZ�) and �ve di�erent model variations of the reference model
(FBZ�). These latter model variations include two di�erent gas viscosity
models (ViscLo, ViscHi), two di�erent AGN models (AGNdT8, AGNdT9)
and one No-AGN case. To have a sample of massive elliptical galaxies for
our analysis, we chose a threshold of (M? � 1:76 � 1010M�) on the total
stellar mass of the galaxy candidates determined from the simulations. In
addition, to remove any halo stars or stray particles, a threshold is set on
the stellar velocity dispersion (� > 120 km s �1) and on the e�ective radius
of the galaxies (Reff > 1 kpc). After the selection of the galaxies that
satisfy all criteria, all the particles of the desired galaxies are extracted
and projected into two-dimensional surface density maps. Additionally,
the mass maps of the corresponding galaxies are projected along the three
principal co-ordinate axes of the simulation box and used in our analysis. A
Chabrier stellar Initial Mass Function (IMF, Chabrier 2003) has been used
for all the galaxy-formation scenarios of this paper, and all of the projected
mass maps are at z = 0:271.

We use this dataset of simulated massive elliptical galaxies to do a
comparative study of the nine galaxy-formation scenarios mentioned above.
We �rst generate their normalised projected mass density pro�les by re-
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centring and re-orienting the axes of the individual elliptical galaxies1

and then normalising their masses within the window of 33:8 � 33:8 kpc2

(161 � 161 pixels). Note that we normalise the mass inside the area of
the mass map and not the total mass. After this, we stack these modi�ed
mass maps to obtain the average galaxy and its surface mass-density power
spectrum. We also calculate the average of all individual galaxy power
spectra. The resulting variance obtained from the di�erence between them
statistically provides a �rst order estimator of the power on relatively small
scales (roughly 1{10 kpc).

This Chapter is organised as follows. In Section 6.2, we start with a
brief description of the simulation scenarios of EAGLE, that are used for the
analysis in this work. In Section 6.3, we describe the statistical estimators,
the methodological steps to simulate the noise maps and incorporating
the role of the smooth particle hydrodynamics (SPH) kernel. The results,
discussion and conclusions are given in sections 6.4 and 6.5.

6.2 EAGLE galaxy-formation scenarios in brief

We use nine galaxy-formation scenarios in this work that explore the
parameter space of the EAGLE cosmological hydrodynamical N-body
simulation. Out of these, four models have been calibrated to reproduce
the observed galaxy stellar mass function (GSMF) at z = 0:1, based on
di�erent sub-grid physics of star formation feedback processes. These four
models are indicated as calibrated models in Table 6.1.

As the transition to cold, dense, molecular star-forming phase from
a neutral, warm phase happens mostly in a metal-rich gas, EAGLE
adopts a metallicity depended density threshold for star formation. For
implementing energy feedback from star formation (e.g., stellar winds,
radiation, SNe), a stochastic thermal feedback scheme is followed, which is
speci�ed by the temperature increment parameter (�TSF ). The probability
of heating elements around the young star particle is calculated by the
fraction of energy that is available for feedback, denoted by the scaling
variable fth in Table 6.1. For example, fth = 1 corresponds to total
energy liberated from type II SNe (FBconst model). By choosing a di�erent
functional dependence of this scaling variable fth, which is responsible for

1The position angles are obtained from a direct �t of an elliptical power-law mass
model to the mass maps as described in Mukherjee et al. (2018a).
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the e�ciency of star formation feedback, di�erent calibrated models are
implemented in EAGLE (see descriptions corresponding to individual model
variations given below and in Crain et al. 2015).

To incorporate Black Hole (BH) growth and coupling the energy
feedback to the ISM, EAGLE seeds the galaxies with BHs, adopting
mechanisms of accretion and mergers, and after that follows a thermal
stochastic AGN feedback scheme in the simulations. The subgrid viscosity
parameter for BH accretion is denoted by Cvisc. The probability of heating
the SPH neighbours and changing their internal energy is characterised by
the change in the temperature, �TAGN.

All of the EAGLE simulation scenarios used in this chapter assume a
�xed redshift of z = 0:271 with a simulation box size (L) of 50 cMpc. The
power law slope (eos) in the polytropic equation of state (Peos � �eos), is
�xed at 4/3 (Crain et al. 2015). The projected mass maps have a resolution
of 0.05 arcsec corresponding to a physical scale of 0.21 kpc at the chosen
redshift. The initial particle number per species (i.e., gas, DM) for all
model variations is 7523. Below we give a very brief summary of the model
variations used in this chapter.

FBconst: This model is characterised by an injection of a set amount
of energy per unit stellar mass into the ISM, independently of the local
conditions. The level is characterised by fth = 1, corresponding to energy
coming from type II SNe to ISM. Among all the EAGLE model variations,
the FBconst model is the simplest model and returning the maximum
amount of injected energy to the ISM.

FB�: This model prescribes the feedback based on local conditions.
The e�ciency, fth, is calibrated as a function of the local dark-matter
velocity dispersion, �2

DM. The functional form that is adopted for fth is
a logistic (sigmoid) function whose asymptotic maximum and minimum
values (fth;max and fth;min) in the limits of �DM � 65 km s �1 and �DM � 65
km s �1 are given in Table 6.1; see Figure 1 of Crain et al. (2015) for the
functional dependence of fth on �DM and its asymptotic nature.

FBZ: In this model, metallicity dependent radiative losses are implemented
for the energy budget of the ISM. Cooling occurs when metallicity reaches
a prede�ned level and the energy losses associated with star formation
feedback are signi�cantly more. At Z � 0:1Z�, a transition occurs in
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Identi�er fth-scaling fth;max fth;min Cvisc=2� �TAGN N
log10 [K]

Calibrated models
FBconst � 1:0 1:0 103 8:5 843
FB� �2

DM 3:0 0:3 102 8:5 786
FBZ Z 3:0 0:3 102 8:5 957
Ref (FBZ�) Z; � 3:0 0:3 100 8:5 756
Ref variations
ViscLo Z; � 3:0 0:3 102 8:5 879
ViscHi Z; � 3:0 0:3 10�2 8:5 588
AGNdT8 Z; � 3:0 0:3 100 8:0 846
AGNdT9 Z; � 3:0 0:3 100 9:0 591
No AGN Z; � 3:0 0:3 100 � 945

Table 6.1: Listed are the parameters that are varied in the simulations.
The columns indicate the scaling variable of the e�ciency of star formation
feedback (fth), the asymptotic maximum and minimum values of fth, the
subgrid accretion disc viscosity parameter (Cvisc) and the temperature
increment of stochastic AGN heating (�TAGN). N is the number of
projected galaxies (sample space) for di�erent calibrated models and model
variations.

the properties of the outowing gas at temperatures 105 K < T < 107 K,
in the simulations (Wiersma et al., 2009).

Reference (FBZ�): To compensate for the ine�ciency of the previous
feedback models (i.e., FB� and FBZ), a density dependence is introduced.
The physical basis behind this model is due to the star formation law that
describes the feedback energy injection rate per unit volume to have a supra-
linear dependence on surface density. The numerical losses in FBconst and
FB� models, forming a signi�cant fraction of the star particles at densities
higher than the resolution-dependent critical density (nHtc), above which
feedback energy is quickly radiated away (Dalla Vecchia & Schaye 2012),
are partially compensated in this model.

ViscLo and ViscHi: The viscosity parameter, Cvisc regulates two
important quantities: (1) the rate of gas transitioning through the accretion
disc and, (2) the angular momentum scale at which gas accretion onto black
holes reaches the Bondi-limited regime (see Crain et al. 2015 for details).
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A lower (higher) value of the viscosity parameter Cvisc, corresponding to
a higher (lower) subgrid kinetic viscosity, leads to an earlier (later) onset
of the dominance of AGN feedback, and a larger (smaller) energy injection
rate when in the viscosity-limited regime.

AGNdT8 and AGNdT9: The EAGLE reference model adopts �TAGN =
108:5 K. Two Reference-model variation simulations with �TAGN = 108 K
(AGNdT8) and �TAGN = 109 K (AGNdT9) are used in this work. The peak
baryon conversion e�ciency is higher (lower) in the AGNdT8 (AGNdT9)
model, compared to the reference model. The reduced (increased) e�ciency
of AGN feedback, when lower (higher) heating temperature is adopted,
leads to the formation of more (less) compact galaxies because gas can
more (less) easily accrete into the centres of galaxies and form stars. Thus
the AGN heating temperature regulation is crucial for any cosmological
simulation (Schaller et al., 2015).

No AGN: This model is an extreme case where no AGN activity is present.
All other parameters have the same settings as in the reference model.

6.3 Methodology

In this section, we describe some of the technical aspects of the statistical
estimators of the mass power spectrum and the determination of the smooth
mass pro�les of the simulated galaxies that are used later in the chapter.

6.3.1 SPH smoothing kernel

To create the mass maps for all selected galaxies, we project their stellar and
dark matter particles on a two-dimensional grid of 161�161 pixels, covering
8 � 8 arc-seconds, using a modi�ed SPH kernel to smooth the projected
density �eld and reduce the shot noise per pixel. Unlike in the EAGLE
simulations, where the smoothing length of the SPH kernel can change
depending on the local density of the particles, we hold the smoothing
length �xed at the softening length of the simulation, i.e. h = 0:7 kpc
(physical). This choice prevents the surface density mass maps to have
a spatially varying resolution, which would make it arduous to estimate
the impact of the smoothing on the power spectra. For a �xed smoothing
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length, on the other hand, the power spectrum of the SPH kernel will act
as a multiplicative window function on the original power spectra of both
the un-smoothed mass map and the shot noise map. We use the anarchy
kernel (Schaller et al. 2015) whose mathematical form is given by:

W (r; h) =
21

2�h3

( �
1� r

h
�4 �1 + 4 rh

�
if 0 � r � h

0 if r > h;
(6.1)

where h is the smoothing length. An azimuthally-averaged power spectrum
of the anarchy kernel is shown in Figure 6.1.

6.3.2 Power-spectrum estimation

We de�ne the excess variance of the surface mass density maps (�) of the
ensemble of simulated galaxies as a function of angular scale in Fourier
space as follows:

�2
�(k) = h�2(k)i � h�(k)i2; (6.2)

where k � 2�=L, is the angular frequency or wavenumber. This is the
di�erence between the average power spectrum of all mass-normalised
galaxies and the power spectrum of the average stacked galaxies. To ensure
that a few of the most massive galaxies do not dominate the result, we
normalise the mass of the galaxy inside a standard window2 to unity. The
result thus depends somewhat on the chosen window, but given the outcome
that is presented later in the chapter, we expect the outcome to be robust
under a change in this window size. The �rst term is the average of galaxy
power spectra whereas the second term is the power spectrum of the average
galaxy:

�2
� � hP

�i � P h�i: (6.3)

Although there could be di�erent de�nitions, this de�nition is straight-
forward to interpret. Especially on a very small scale, the power of the
smooth galaxy is nearly negligible as we will show further in the Chapter.
The fractional excess variance over P h�i is thus de�ned as follows:

�2
� � [hP �i � P h�i] =P h�i = �2

�=P
h�i: (6.4)

2Chosen to be 33:81 � 33:81 kpc (i.e. the size of the projected mass map).
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Figure 6.1: The surface mass density map (left) and the simulated particle
shot noise map (right) for a typical galaxy from the reference model (FBZ�).
The noise map is estimated as explained in Section 6.3 and incorporates the
e�ect of the SPH smoothing kernel. The surface mass density map is divided
by the critical surface mass density for strong lensing for zl = 0:271 and
zs = 0:600, although this normalisation drops out after mass normalisation
and the division by the mass power spectrum of the average galaxy and
hence it is not relevant.

This fraction is a dimensionless estimator which provides the fractional
variance in units of the smooth average galaxy power spectrum P h�i. The
latter power spectrum turns out to be well represented by the power-
spectrum of a non-singular power-law surface mass density pro�le (see later
in this section) allowing is, moreover, to describe the ensemble averaged
power spectra with an analytical function.

6.3.3 Shot noise

To estimate the particle shot noise contribution to the power spectrum in
the simulations, one needs to calculate the expected variance of particle
numbers in every pixel of the surface mass density maps. As dark matter
dominates over the baryonic matter in the line of sight where the lensed
images form, the particle shot noise for a large number of particles is
approximately given by,

�N �
p
N: (6.5)
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Figure 6.2: The corresponding power spectra (left) of the surface mass
density (blue) and noise map (green) shown in Fig. 6.1. The power spectrum
of the anarchy SPH kernel as de�ned in Eq. 6.1 is shown on the right.
The noise power spectrum in general follows the shape of the SPH kernel.

The dark-matter particle mass is MDM = 9:7� 106M� in the simulations,
such that the number of particles per pixel becomes,

N �
�MTotal

MDM

�
: (6.6)

In the inner regions, where baryons become more important, Equation (6.6)
underestimates the true number of particles because the stellar particles
have a lower mass. Still, the error is relatively small because dark matter
dominates the total mass inside the window inside which we determine the
power spectrum. The variance in the surface mass density maps is then
approximated by

��2 � h�i2 �
�N2

hNi2
; (6.7)

where hNi and h�i are the expectation values of the particle number,
and the expectation value of the surface mass density map per pixel,
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respectively. We create a mock shot noise map for every galaxy candidate
based on this estimator, which is subsequently smoothed by the same SPH
kernel (discussed in Section 6.3.1) that is used to create the projected mass
density and the convergence maps from the EAGLE N-body hydrodynamics
simulations. Using these mock shot noise maps, we determine the average
shot-noise power spectrum (see Section 6.3.5). A typical example of a two-
dimensional convergence map, and its corresponding simulated noise map
and one dimensional azimuthally averaged power spectrum, is shown in
Fig. 6.1.

6.3.4 The non-singular power-law density pro�le

In this section, we examine whether a simple analytic model can describe
the average mass power spectrum of the simulated galaxies. The power
spectrum of the stacked mass maps of the galaxies, after their mass
normalisation, should follow a smooth pro�le. The surface mass density
pro�le of galaxies can often be well modelled by a simple non-singular
power-law surface mass density pro�le,

�(r) = (r2 + c2)�g (6.8)

where r2 = (x2 + q2y2), q is the axis-ratio, and c is the central core radius
and,

g = ( � 1)=2; (6.9)

where the mass density follows � � r� . If we assume azimuthal symmetry3,
the Fourier transform becomes a Hankel transform and for the above given
smooth surface mass density pro�le this can be calculated analytically as

�(k; c; g) = 2�
Z 1

0
r dr (r2 + c2)�g J0(2�kr)

=
2

�(g)

� 1
c2

�(1�g)=2 �c2

k

�(1�g)
�gK�

�
1� g; 2�ck

�
; (6.10)

where K� is the Modi�ed Bessel function of the second kind of real order
�. The power spectrum of the smooth surface mass density pro�le is
obtained by squaring the absolute value of this Fourier transform. We

3This assumption appears to hold quite well for those EAGLE galaxy formation models
that accurately reect observed lens galaxies (Mukherjee et al., 2018b).
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will compare this rather simple model with P h�i in Section 6.4 and show
that it agrees remarkably well with the power spectrum obtained from the
average simulated galaxies after mass normalization.

6.3.5 Overview of the step-by-step analysis

Below we review step-by-step how the mass-normalised power spectrum of
the surface mass density uctuations of simulated galaxies is inferred, in
comparison to the power spectrum of the average stacked galaxy.

1. Centring: First, we align the individual galaxy mass maps such
that the central highest-density peaks of all galaxies coincide with
the centre of the chosen coordinate system.

2. Rotation: We then back-rotate the galaxies by their major-axis
position angles obtained from a power-law elliptical pro�le �t to the
convergence maps (Mukherjee et al. 2018a). This back-rotation is
required because most galaxies are not axisymmetric and the power
spectrum of the surface mass density uctuations between galaxies
could otherwise be dominated by this dipole moment.

3. Mass normalisation: We normalise the surface mass density map
of each galaxy within a window of 33:81�33:81 kpc, 161�161 pixels,
or 800�800.

4. Calculation of P h�i: We then average the individual aligned and
back-rotated mass-normalised mass maps of all galaxies for each
galaxy-formation scenario, such that only their coherent component
remains. Density uctuations around this mean reduce to a minimal
level given the number of galaxies, close to a thousand per galaxy-
formation scenario. This residual, as we will see, is entirely negligible
compared to the level of uctuations around the mean. We determine
the mass power spectrum P h�i from the resulting average normalised
back-rotated mass maps for all nine galaxy formation scenarios.
We also compare these power spectra with the power spectrum of a
cored elliptical power-law density pro�le with the core size chosen to
match the SPH kernel size (Eq. 6.10).

5. Calculation of hP �i: We also calculate the average of the azimuthally-
averaged power spectrum of the individual galaxies after normalising
their mass.



6.4. Results 135

6. Shot noise and SPH smoothing: To determine the particle
shot noise and the noise power spectrum of each galaxy, we draw
a Gaussian random number for each pixel of the mass-map, following
the approximation of the variance given in Equation (6.7), and with a
mean of zero. After that, we convolve the noise map realisation with
the smooth particle hydrodynamics (SPH) kernel. Consequently, we
determine the average of the power spectra of these individual noise
maps, and we subtract this average noise power spectrum from P h�i

and hP �i to calculate the shot-noise corrected power spectrum for
every scenario.

7. Azimuthally averaged power spectrum: From the two-dimensional
P h�i and hP �i, we calculate the azimuthally averaged power spectrum.
From these, we subsequently calculate the statistical estimators �2

�(k)
and �2

�.

In the next section, we present the results from these steps, being the
average stacked galaxy surface-mass density pro�les from all nine galaxy
formation scenarios, their azimuthally averaged power spectra (P h�i), and
we compare them with the average of the galaxy power spectra, hP �i,
for each scenario. Finally, we investigate whether there is any discernible
correlation between the mass distribution of the galaxies with the various
EAGLE model variations, using the two statistical estimators �2

�(k) and �2
�.

6.4 Results

6.4.1 The averaged galaxies and their power spectra P h�i

Before continuing to the power-spectrum results, we shortly discuss the
morphology of the average stacked galaxies that we obtained for each
galaxy-formation scenario, as shown in Fig. 6.3. The FBconst model
produces the most compact and round galaxies of all nine galaxy-formation
scenarios and this scenario also seems to describe the observed lens galaxies
very well (Mukherjee et al. 2018b). The top-three scenarios that match
the observed lens galaxies the best, regarding their mass-size relation
and density slope (Mukherjee et al. 2018a), that is, FBconst, ViscHi and
AGNdT8, also turn out to be the on-average most spherical galaxies. Round
galaxies often result from dissipational e�ects during galaxy formation.
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Figure 6.3: Average stacked galaxies for four calibrated models and �ve
reference variations. The individual mass maps were normalised to a
common mass before stacking and averaging. On top row, from left to right:
FBconst, FB�, FBZ. Second row: Reference, ViscLo, ViscHi. Bottom row:
AGNdT8, AGNdT9, No AGN. The �eld of view is 4 � 4 arcsec2 and all
stacked maps are scaled such that the brightest central pixel has a value of
1.0.
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Figure 6.4: The power spectra of normalised average-galaxies, P h�i for all
nine galaxy-formation scenarios are shown, following Fig. 6.3. The gold-
shaded regions are marginalised 1-�, 2-� and 3-� error bars corresponding to
the reference model. They are similar for the other models. The theoretical
power spectrum for a non-singular elliptical power-law density pro�le (see
Eq. 6.10) is also plotted. The parameter values are: c = 1:4 kpc (a core
radius twice that of the SPH smoothing length) and  = 2:0 (slope of
an isothermal pro�le). The vertical dotted line (red) at k = 6 arcsec�1

corresponds to h = 0:7 kpc, the smoothing length of the SPH kernel.

These observationally preferred models, therefore, should also be well-
described by axisymmetric models.

We proceed with calculating the two-dimensional power spectra of the
average mass-normalised galaxies, which provides us with an estimate of
their power spectra P h�i. In calculating the azimuthally averaged one-
dimensional power spectrum, we use 30 bins. We note that, although
azimuthal averaging in principle is not correct for non-circular distributions,
this e�ect is expected to be minor for the three models that are in good
agreement with the observations (Mukherjee et al., 2018b) considering
they are all very close to axisymmetric. The errors on the average power
spectrum are calculated by estimating the sample variance for each bin j
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Figure 6.5: The power spectra for a non-singular elliptical power-law
density pro�le corresponding to the two-dimensional parameter space,
(c � ). We vary the core radius in the range, h � c � 4 � h, keeping the
slope �xed,  = 2:0 (left), and we vary the slope in the range, 1:5 �  � 2:5,
keeping the core �xed, c = 2 � h (right). For comparison, we show P h�i

and hP �i corresponding to the FBconst scenario. The vertical dotted line
(red) corresponds to the smoothing length of the SPH kernel as in Fig. 6.4.

Figure 6.6: Power spectra for the nine galaxy-formation scenarios. The
red triangles (lower curve) are the power spectra of the average stacked
galaxies, P h�i and the blue triangles (upper curve) are the average of the
power spectra, hP �i. The sequence of galaxy formation models follows that
in Fig. 6.3.
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using (see Chatterjee & Koopmans 2018),

std(Pj) =

vuut
 NX

i=1
(Pij � hP ij)2

!

=(N � 1); (6.11)

where N is the number of projected mass-maps used for each simulation
scenario. The last column (N) in Table 6.1 lists how many galaxies are
used for each galaxy-formation scenario.

Fig. 6.4 shows the normalised mass power spectra of the stacked galaxies
corresponding to the nine galaxy-formation scenarios. We also show the
theoretical power spectrum for a non-singular power-law density pro�le in
Fig. 6.4, using Eq. 6.10 and assuming a core of c = 1:4 kpc (i.e., twice the
SPH smoothing length, h), and a mass-density slope of  = 2:0, being that
of an isothermal pro�le. The e�ect of the SPH kernel smoothing is included,
explaining the faster drop in power around k=(2�) � 6. We notice a fair
agreement with the models over a large dynamic range at scales bigger than
the smoothing length of the SPH kernel.

In Fig. 6.5, we explore the two-dimensional parameter space (c� ), of
the non-singular power-law density pro�le and show the dependency and
sensitivity of the theoretical power spectrum on the core radius (c) and
the slope (). To show how much the theoretical power spectrum deviates
compared to the EAGLE power spectra due to changing the parameters, we
also show P h�i and hP �i corresponding to the FBconst scenario. We vary
the core radius in the range, h � c � 4h and the slope, 1:5 �  � 2:5. We
see that the shape of the power spectrum is highly sensitive on the choice
of core-radius than the slope.

6.4.2 The average power-spectrum hP �i and variance �2
�

We calculate hP �i for the nine galaxy formation scenarios following the
method outlined in Section 6.3.5. Fig. 6.6 shows that due to incoherent
averaging P h�i is always below hP �i. The di�erence between them provides
an estimate of the incoherent surface density uctuations between galaxies,
that is, �2

�(k) (shown in Fig. 6.7), which seem to follow a power law.
This behaviour is in agreement with our hypothesis on the shape of the
power spectrum without strong proof (see Bayer et al. 2018, Chatterjee
& Koopmans 2018). Out of all nine EAGLE galaxy-formation scenarios,
we see that the FB� and ViscHi models have the highest and the lowest
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variance, respectively, on all k-scales. Moreover, Fig. 6.7 can be subdivided
into two distinct regions in the power spectrum space, a lower region
comprising of three scenarios (AGNdT9, Ref and ViscHi) that in the entire
range of k, have an overall lower variance in their surface mass density
compared to the other six galaxy-formation models. Among the three
models that display relatively round galaxies (i.e., FBconst, ViscHi and
AGNdT8), within the characteristic smoothing length of the SPH kernel
(k < 6 arcsec�1), the power spectra of FBconst and AGNdT8 fairly coincide
with each other. In the range 4 < k < 5 arcsec�1, the AGNdT8, No AGN
and AGNdT9 models start to deviate from the smooth power-law nature,
although it is here where the SPH kernel size becomes notable and hence
scales with k > 6 arcsec�1 should be viewed with caution. The ViscHi
model has a comparatively low variance, and it follows a smooth power-law
pro�le being nearly the same pro�le as that of the Reference model over
the entire range of k values.

We �t a power law to the power laws of the nine scenarios for scales
corresponding to k � 1:66 arcsec�1 and assess the slopes. On larger scales
(k < 1:66 arcsec�1), �2

� becomes much atter and is dominated by sample
variance. On scales smaller than this (i.e. k > 1:66 arcsec�1) and larger
than that of the SPH smoothing length (i.e. k < 6 arcsec�1), we �nd
�2
�(k) / k��; where � = 3.8, 4.0 and 3.85 for FBconst, ViscHi and AGNdT8

scenarios, respectively. Other model variations also follow a power law
with slopes � � 3.8 to 4. The lens-potential and the deection-angle
subsequently follow P� / k�(�+4) and P�� / k�(�+2) respectively. This
slope is directly comparable to the values we assumed for the power-law
exponent corresponding to the power-spectrum of the underlying Gaussian
Random Field (GRF) uctuations for modelling the surface brightness
anomalies in strong gravitational lenses (see Chapter 4). Here, our analysis
indicates �2

�� / k
�4, which is very steep. This implies that the larger scale

uctuations dominate the perturbations in the lensed images, and not the
small scales, which is what we seem to see in the lens models.

6.4.3 The fractional variance �2
�

Fig. 6.8 shows the excess variance in the surface mass density as a fraction
of P h�i. From the shapes of �2

�(k) of the nine galaxy-formation scenarios,
it is evident that the nature of their trends is reversed from the trends in
their �2

� estimator, as shown in Fig. 6.7. The FB� and ViscHi models, for
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Figure 6.7: Overplotting �2
�, the variance of the surface mass density maps

(�) for the sample of simulated galaxies corresponding to nine scenarios,
with respect to the power spectrum of their stacked ensemble-averaged
galaxy (Eq. 6.3). The gold colour-�lled region is the marginalized 1-sigma
error bars of all scenarios. The power-law �t, �2

� / k�4:0 at scales k � 1:66
arcsec�1 is also shown. The vertical line at k = 6 arcsec�1 corresponds to
h = 0:7 kpc, the smoothing length of the SPH kernel.

Figure 6.8: Over-plotting �2
�, the fractional excess variance in surface mass

density with respect to P h�i for nine scenarios. The error bar region
corresponds to the marginalized 1-sigma error of all model variations. The
vertical line corresponds to the SPH smoothing length as in Fig. 6.7.
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example, have relatively lower and higher values of the fractional variances
compared to the other seven scenarios, as shown in Fig. 6.8, but they
had the highest and lowest variances in Fig. 6.7, respectively. Similar to
�2
�(k), the fractional variance can also be divided into two distinct, but

partially overlapping, regions within the 1-� error bars. Here the lower
region consists of the NoAGN, FB� and FBZ models, which for the entire
range of k-scales, show a monotonically increasing trend in the fractional
variance. The FBconst model follows a very similar pro�le, but shows a
transition from the lower region to the upper one within 1:5 / k / 3
arcsec�1.

There is a characteristic feature to be noted in the behaviour of
the fractional variance estimator corresponding to the ViscLo, ViscHi,
Reference, AGNdT8 and AGNdT9 scenarios and that is, in the range
4 / k / 7 arcsec�1, they show a plateau in their power-spectrum. In
other words, the tangent or slope of the power-spectrum curves decreases
(or almost parallel to the k-axis) in this range of k-values. Comparing
the values of �2

� we see that, in the range of 0:5 6 k 6 4 arcsec�1,
the ViscHi scenario has the highest values. Then within the plateau at
k > 4 arcsec�1, the fractional variance remains constant. Again note that
scales with k ' 6 arcsec�1 should be viewed with caution since they are
likely strongly a�ected by the SPH kernel smoothing. Also, although the
AGNdT8, Ref and AGNdT9 models show a similar trend, we �nd that the
AGNdT9 model has more fractional variance than the AGNdT8, and the
Reference model generally lies in between these two models (in case of �2

�,
the natures are reversed).

6.5 Discussions and Conclusions

In this chapter, we have made a �rst attempt to assess the impact of
di�erences in galaxy formation, in particular focusing on various feedback
mechanisms and viscosity of the gas, on the small-scale mass power-
spectrum of massive galaxies selected from the EAGLE hydrodynamical
simulations. To detect the distinguishing features in the azimuthally-
averaged mass power spectra of the mass-normalised projected mass-density
maps, we estimated the excess variance (�2

�) and the fractional excess
variance (�2

�), compared to the mass power spectrum of the average of
all galaxies for each of the nine EAGLE model variations. Below we list
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and discuss our results, and we end with the conclusions that we draw from
our analysis.

1. Those galaxy-formation scenarios (e.g., FBconst, ViscHi and AG-
NdT8) that result in very round galaxies (Fig. 6.3) agree best with
observed massive lens galaxies (see Mukherjee et al. 2018a, Mukherjee
et al. 2018b). The power spectrum of a cored isothermal power-law
mass pro�le describes the average of all galaxies well (Fig. 6.5), also
in agreement with the same observations. The core corresponding to
the non-singular isothermal power-law mass-density pro�le is found
to be 1.4 kpc, that is, twice the SPH smoothing length, h.

2. The ViscHi scenario produces the roundest and largest-scale galaxies
among all nine galaxy-formation models. This results from strong
AGN feedback that prevents the gas from concentrating in the centres
of galaxies.

In detail, the ViscHi model has the lowest value of Cvisc, hence the
highest subgrid kinetic viscosity. A high viscosity results in an earlier
and larger energy injection rate via AGN feedback. Consequently, the
ViscHi model produces galaxies with the largest e�ective radii out of
all nine model variations (Fig. 6.3). The fractional variance �2

� of this
galaxy-formation model is the highest of all nine model variations in
the range of 0:5 . k . 4 arcsec�1, yet it is the lowest in the range
k & 4 arcsec�1. This result might indicate that on smaller physical
scales, the galaxies forming in this scenario deviate less (fractionally)
from a smooth isothermal model, but on larger physical scales this
fractional di�erence gradually increases.

3. In agreement with the result listed above, the sizes of the average
galaxies (Fig. 6.3) increase as the value of Cvisc decreases for the
ViscLo (Cvisc=2� = 102), the Reference (Cvisc=2� = 100) and the
ViscHi (Cvisc=2� = 10�2) models.

4. The AGNdT9 model yields larger and more elliptical galaxies com-
pared to the AGNdT8 model. This result is consistent with the
�ndings by Crain et al. (2015); implementing a lower heating
temperature due to AGN feedback (e.g., �TAGN = 108 K scheme
compared to �TAGN = 109 K) results in the formation of more
compact galaxies (see Section 6.2). In the Reference model, a value
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of �TAGN = 108:5 K is used, and thus this scenario yields galaxies
with sizes and ellipticities that are in between those of the AGNdT8
and AGNdT9 models. This result is also evident from Fig. 6.8, where
these three model variations show similar trends in their �2

� estimator.

5. The NoAGN, FB�, FBZ and FBconst models yield galaxies of
comparable compact sizes and ellipticity, although the FBconst model
has the roundest galaxies. The galaxies in these model variations also
show similar trends in their dark matter fractions (Mukherjee et al. in
preparation). It is evident from the �2

� estimator in Fig. 6.8 that they
show a monotonically increasing fractional variance with increasing k-
scale (i.e. smaller scales) and that they mostly lie in the lower region
of the plot.

6. Fig. 6.8 shows that the ViscLo, ViscHi, Reference, AGNdT8 and
AGNdT9 model exhibit a ‘plateau’ in their fractional variance
estimator on scales in the range of 4 . k . 7 arcsec�1. This
plateau is not present in their excess variances shown in Fig. 6.7 that
closely follow a power-law. This feature in �2

� arises from the power
spectrum of the average stacked galaxies P h�i, corresponding to these
�ve galaxy-formation scenarios (see Fig. 6.6).

7. We conclude from Fig. 6.7 that the excess variance of the normalized
mass maps �2

�(k) within our �eld of view4 follow a power law within
the standard deviation for all scenarios. The variance in the range
1:66 . k . 6 arcsec�1 (0:7 kpc < � < 2:5 kpc) varies as �2

�(k) � k��,
where � � (3.8 { 4.0).

8. We also see from Fig. 6.8 that within the k-scales of k = 0:3 to k = 6
arcsec�1, the maximum fractional variance in the normalised mass
maps corresponds to �2

� < 0:1 and �2
� < 20. The respective minima

at those scales are 2� 10�2 < �2
� and 5 < �2

�. Here, we compare only
up to 6 arcsec�1 because this corresponds to the smoothing length of
the SPH kernel in the simulations, being h = 0:7 kpc or 0:166 arcsec.

433:81 � 33:81 kpc.
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We �nd that all nine EAGLE galaxy-formation scenarios can be
classi�ed as follows, based on the properties of their power-spectra and
the morphologies of the average stacked galaxies:

� The FBconst, NoAGN, FB� and FBZ models yield the most compact
galaxies, of comparable sizes, and exhibit physical properties that
are in agreement with Crain et al. (2015) and Mukherjee et al. (in
preparation).

� The ViscHi model produces the largest and most spherical galaxies.
The ViscLo model leads to smaller and more elliptical galaxies.

� Besides the ViscHi model, the other two models that produce
relatively round galaxies are the FBconst and AGNdT8 models.
These three models also match the observations best (Mukherjee et al.
2018b).

� The AGNdT9 model produces larger and more elliptical galaxies than
the AGNdT8 and Reference models.

Our results have shown how galaxy-formation processes and feedback
mechanisms can leave several distinct signatures in the mass distribution
of galaxies, and how the mass power spectrum can be used to di�erentiate
galaxy formation scenarios statistically. It appears that one can assume
that these residual mass-density uctuations on the scales of interest
(i.e., 1-10 kpc) behave as a random �eld. Its power spectrum has a
power-law behaviour following to �rst order �2

�(k) / k�4. The power-
law shape con�rms our previous, unsupported, assumption (Chatterjee &
Koopmans 2018; Bayer et al. 2018). This work also establishes a method
to stochastically analyse mass density uctuations of the large number of
strong-lens systems expected to be discovered from future observations,
for example, � 105 lenses of EUCLID. In a future work, we will compare
these results from the nine galaxy formation scenarios of the EAGLE
hydrodynamical simulations, with the observations from the HST lens
system SDSS J0252+0039 (Bayer et al., 2018). We will also extend this
work to a comparative study based on the double-ring lens system SDSS
J0946+1006 (Bayer et al. in prep).
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