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A B S T R A C T

In upstream oil and gas production, flow measurement errors are common at multiple locations in the
production system. These measurement errors lead to imbalances, which are reconciled by using allocation
methods. The allocation method should redistribute the imbalance in a fair manner to all involved stakeholders.
In this paper, data validation and reconciliation (DVR) is proposed as an alternative allocation method in
multiphase production systems. DVR is a model-based optimization method that exploits redundancies in
process data to minimize random measurement errors, and simultaneously provides a basis for the detection
of gross errors. To study the applicability of DVR compared to conventional allocation methods, a model for
generic multiphase production systems is developed, and the corresponding DVR problem is formulated. In
order to deal with nonlinear flow effects (e.g. interphase mass transfer) the model is linearized around the
operating conditions and the DVR problem is solved iteratively. From the simulation studies, it is concluded
that DVR reduces measurement errors by up to 56% for gas allocation systems and 33% for multiphase systems.
Gross errors in interior locations of the network can be located precisely, while allocating gross errors to
exterior locations is generally not possible, due to limited network redundancy. Compared to conventional
methods, DVR provides a better means for the detection of gross errors, and results in more accurate attribution
of oil/gas ownership and more fair division of revenues between stakeholders.

1. Introduction

Over the past decades, oil and gas production systems have be-
come increasingly complex in terms of geography, topology, involved
stakeholders, and flow compositions (Wee, 2014). In order to reduce
capital expenditure, oil and gas producers construct shared produc-
tion or transport facilities and use joint flow metering for different
wells (Johnsen and Dahl, 2018; Stewart and Skelton, 2004). Further-
more, fields can span over multiple concessions, and pipelines can be
shared between stakeholders (Kanshio, 2020). Global production of
natural gas is estimated at 4000 BCM (Alverà et al., 2018), while yearly
growth rates are still around 1.5–2.0% (Bahadori, 2014). As a result,
accurate sales allocation and flow metering are crucial to ensure fair
division of revenues between the involved stakeholders.

The goal of the allocation process is to determine in the most fair
manner the quantities of oil, gas, or other material produced and trans-
ported over a given period for each contributing producer (Amin, 2016;
Kanshio, 2020). The resulting allocation should be auditable and de-
fensible, and minimizes disputes between stakeholders in a production
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1 For brevity, phase superscripts 𝑐 are omitted.

agreement (Pobitzer et al., 2016). The problem of allocation is faced
in many industries, including oil and gas production systems (Bjørk
et al., 2016), but also in power systems (Cherukuri and Cortes, 2017;
Gil et al., 2005) and process facilities (Abu-El-Zeet et al., 2002; Meyer
et al., 1993). As allocation of gas ownership is based on flow mea-
surements, performance of metering equipment has direct financial
implications (Wee, 2014). However, flow meters in production systems
often show large measurement uncertainty, which leads to significant
measurement errors and unfair sales allocation (Chebiyyam, 2010;
Stewart and Skelton, 2004). This discrepancy between the observed
and true flow values caused by measurement errors is the fundamental
issue of allocation (Pobitzer et al., 2016). As illustrated in Fig. 1,
measurement errors cause the sum of the measured inlet mass flows
to differ from the reading of the output (reference) meter. Hence, the
observed measurements do not satisfy theoretical mass balances, and
sales allocation cannot be based directly on flow meter measurements.

Improving the performance of flow meter equipment and obtaining
measurements at every valuable position in a production system is
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Abbreviations

BDA By-difference allocation
CT Custody transfer
DVR Data validation and reconciliation
PC Principal component
PRA Pro-rata allocation
UBA Uncertainty-based allocation
VFMS Virtual flow measurement system
WHP Wellhead platform

Nomenclature1

𝛼 Confidence level (also allocation factor)
𝛥𝑒 Error reduction
𝛥𝑟 Fractional reconciliation factor
𝛥𝑦 Measurement adjustment
𝛿 Gross error
𝛾 Global test statistic
𝑦̂ Reconciled variable
 Set of phases in system
 Set of pipes
 Set of intersections
𝜇, 𝜂 Convergence limit parameter
𝜙, 𝜓 Convergence criterion
𝜎 Absolute standard deviation (uncertainty)
𝜎∗ Relative standard deviation (uncertainty)
𝜀 Random error
𝐴 System constraint matrix
𝐴 Pipe incidence matrix
𝐴 Intersection incidence matrix
𝑒 Measurement imbalance (residual)
𝑓 Interphase mass transfer coefficient
𝐻 Covariance matrix of residual
𝐽 Objective function
𝑛𝑒 Number of edges
𝑛𝑡 Number of nodes
𝑝 PC test statistic
𝑄 Variance–covariance matrix
𝑟 Reconciliation factor
𝑆∗ Relative sensitivity
𝑊 Eigenvector column matrix
𝑦 Measured variable
𝑦∗ True/optimal value of variable
𝑍 Critical value of standard normal distribu-

tion
𝑧𝑖 Penalty factor of variable 𝑖
𝑧𝑒,𝑖 Nodal test statistic of constraint 𝑖

highly expensive or can even be physically impossible and is, there-

fore, not a feasible solution to the allocation problem (Pobitzer et al.,

2016; van Putten et al., 2019). As a result of the increasing com-

plexity, the costs associated with keeping the total system imbalance

within a certain specification (through meter calibrations or frequent

in-field inspections) are increasing, and smarter, digital solutions are

demanded.

Fig. 1. Single-tier sales allocation problem, with 𝑛 producing wells and one output.
The figure shows the measurement errors (𝑒) caused by discrepancies between the true
value (𝑦∗) and measured value (𝑦) of individual flow meters.

1.1. Allocation methods

Allocation methods are such digital solutions which are applied
to flow measurement data of production systems, to minimize mea-
surement errors and optimize the resulting sales allocation (Kanshio,
2020; Stockton and Spence, 2008). Proportional allocation methods,
such as by-difference allocation (BDA) and pro-rata allocation (PRA),
are widely used to mitigate measurement imbalances in oil and gas
production systems (Amin, 2016; Bjørk et al., 2016; Lunde et al., 2002;
Stewart and Skelton, 2004). For a production system with 𝑛𝑒 flow
meters, define 𝒚, 𝒚̂, and 𝒚∗ ∈ R𝑛𝑒 as the vectors of observed flow
measurements, corrected (allocated) flow values, and true flow values,
respectively. A functional allocation method reduces the measurement
errors present in the data, and is formulated as

𝒚̂ = 𝑓allocation(𝒚,…) such that |𝒚̂ − 𝒚∗| ≤ |𝒚 − 𝒚∗|, (1)

where the dots indicate that other input data can also be consid-
ered, such as pressure, temperature, and measurement uncertainty
data (Couput et al., 2017; Webb et al., 2002). A perfect allocation
method fully mitigates any measurement error present in the flow data,
such that the allocated values approximate the true values as follows:

𝒚̂ = 𝑓allocation
(

𝒚,…
)

≈ 𝒚∗, (2)

In BDA, sales allocation is done by attributing the complete im-
balance in a single measurement location, such that the production
balance of all fields involved is always satisfied (Bjørk et al., 2016;
Stewart and Skelton, 2004). Compared to the perfect allocation method
in Eq. (2), BDA shows limited performance, as it assumes that only
one variable contains a measurement error. Using PRA, the observed
flow measurements are adjusted proportional to the absolute flow, such
that the balance is satisfied (Lunde et al., 2002; Amin, 2016). Third,
UBA adjusts the observed measurements proportional to the absolute
uncertainty of metering equipment (Stockton and Spence, 2008; Webb
et al., 2002).

For all conventional allocation methods, the resulting sales allo-
cation satisfies the expected mass balances. However, the methods
are limited in terms of error correction performance, and can only
be applied to the single-tier system shown in Fig. 1. Furthermore,
although UBA methods can reduce random measurement errors, the de-
tection of gross (or systematic) errors remains difficult. Consequently,
the accuracy and versatility of conventional allocation methods is
limited, justification of the resulting allocation is difficult, and more
sophisticated methods are demanded.

1.2. Research contributions

More recently, optimization-based methods, such as data valida-
tion and reconciliation (DVR) have been proposed to solve allocation
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problems in oil and gas production systems (Couput et al., 2010;
Narasimhan and Jordache, 2000; Oliveira and Aguiar, 2009). The
method has a long history in process industry (Abu-El-Zeet et al.,
2002; Meyer et al., 1993), where it is often simply referred to as
data reconciliation. DVR is a model-based optimization method that
exploits redundancies in process data to minimize measurement er-
rors (Amin et al., 2016; Kanshio, 2020). The method takes into account
the measurement uncertainty in the overall balance of the production
system and leads to the detection of measurements that are performing
out-of-spec (Bagajewicz and Jiang, 2000; van Putten et al., 2019).

In this work, DVR is proposed as a more versatile allocation method
that can be used under much more general conditions than conven-
tional methods and provides a means for the detection of gross errors.
Although the use of DVR in the natural gas industry was motivated,
e.g. by Oliveira and Aguiar (2009), specific application in oil, gas or
multiphase allocation systems is still very limited. Consequently, there
is little knowledge on the applicability and limitations of DVR for error
detection and correction in multiphase allocation systems. Therefore,
the main contributions of this paper are threefold:

1. A model for multiphase production systems is developed, which
takes into account interphase mass transfer effects.

2. The applicability and limitations of DVR compared to conven-
tional allocation methods are studied, for the correction of mea-
surement errors in multiphase allocation systems.

3. It is demonstrated how gross error detection methods can be
used in combination with DVR for the detection of gross errors
in multiphase allocation systems.

In order to achieve these research contributions, the remainder of
this paper is organized as follows:

• In Section 2, the model for multiphase production systems is
developed, which is used as input model for the DVR method.
Nonlinear transfer effects are quantified using the software Aspen
HYSYS, by linearization of the production system around the
operating conditions.

• In Section 3, random and gross measurement errors are discussed,
and DVR is formally introduced and compared analytically to
BDA, PRA and UBA, to study the similarity, applicability and
limitations of the methods. In addition, a functional comparison
of the different allocation methods is provided in tabular format.

• In Section 4, the concept of network redundancy is introduced,
and statistical tests for the detection of gross errors are discussed.

• In Section 5, simulation studies are performed to demonstrate
the performance of DVR and the error detection methods for the
detection of gross errors in multiphase allocation systems.

• Finally, in Section 6, conclusions of the current work are pro-
vided, and future perspectives are discussed.

In this paper, calligraphic letters, e.g. , are reserved for sets,
vectors are denoted by bold letters (e.g. 𝒚), and capital letters are
reserved for matrices (e.g. 𝐴). 1𝑛 ∈ R𝑛×1 denotes a column vector of
ones, and I𝑛 an identity matrix of size 𝑛. Furthermore, hat-notation (𝑦̂𝑖)
denotes the reconciled flow value, normal notation (𝑦𝑖) the observed
measurement value, and star superscripts (𝑦∗𝑖 ) the true value. A full list
of symbols is provided in the Nomenclature section.

2. Modeling of multiphase production systems

A typical multiphase production system has a converging structure
towards the custody transfer (CT) point (Harrison and Safar, 2004).
The inputs of the system are comprised of individual wells, which
are connected through wellhead platforms (WHPs) to one or a few
CT points. In this section, a model for generic multiphase production
systems is developed. First, a linear flow network model is developed
based on graph theory. Thereafter, a method to take into account
multiphase flow effects is proposed.

2.1. Linear multiphase flow network model

In this work, production systems are modeled as the directed graph
 = ( , ), consisting of a set of  = {1,… , 𝑛𝑣} nodes and  =
{1,… , 𝑛𝑒} directed edges (Mesbahi and Egerstedt, 2010). The set of
nodes includes pipelines and intersections, while the edges represent
mass flow streams. Pipes can only be connected to intersections and
vice versa, and mass flow is only possible between objects that are
physically connected. The side of an edge connected as inlet stream to
a pipe or intersection is defined as the positive end, while the outlet is
the negative end. Using this notation, any generic production system
is characterized by a set of  nodes and  edges. The set of nodes
is the union of pipelines and intersections, i.e.  = 

⋃

 , where
 = {1,… , 𝑛𝑝} is the set of pipes, and  = {1,… , 𝑛𝑡} the set of
intersections. As a node is either a pipe or an intersection, the total
number of nodes is the sum of the numbers of pipes and intersections,
i.e. 𝑛𝑣 = 𝑛𝑝 + 𝑛𝑡.

Denote by  the set of phases associated with the multiphase
production system. The production system is characterized by sys-
tem matrix 𝐴𝑐 ∈ R𝑛𝑣×𝑛𝑒 for each phase 𝑐 ∈ . In particular, the
phase-specific nodal mass balances are written as

𝐴𝑐𝒚𝑐∗ =
[

𝐴 ,𝑐

𝐴

]

𝒚𝑐∗ = 0, ∀𝑐 ∈ , (3)

where 𝒚𝑐∗ ∈ R𝑛𝑒 is the vector of true flow values of phase 𝑐, and
𝐴 ,𝑐 ∈ R𝑛𝑝×𝑛𝑒 and 𝐴 ∈ R𝑛𝑡×𝑛𝑒 are the phase-specific system matrices
associated with pipes and intersections, respectively. Note that 𝐴 ,𝑐 is
unique for each phase 𝑐 ∈ , while 𝐴 is equal for all phases. As
pipes have exactly one inlet (positive end) and one outlet (negative
end), each row of 𝐴 ,𝑐 has two non-zero elements. In particular, matrix
𝐴 ,𝑐 is the directed incidence matrix associated with all pipes in graph
 (Bullo, 2018), with the entries 𝑎 ,𝑐𝑖,𝑗 for phase 𝑐 between pipe 𝑖 and
edge 𝑗 defined as follows:

𝑎 ,𝑐𝑖,𝑗 =

⎧

⎪

⎨

⎪

⎩

𝑓 𝑐𝑖 if 𝑖 is connected to the positive end of 𝑗
−1 if 𝑖 is connected to the negative end of 𝑗
0 otherwise,

(4)

where 𝑓 𝑐𝑖 is the interphase mass transfer coefficient associated with
phase 𝑐 in pipe 𝑖, which is defined explicitly in Section 2.2. For
convenience, the edges connected to pipe 𝑖 are always adjacent in
measurement vector 𝒚, thus simplifying Eq. (4) to the block-diagonal
matrix defined by

𝐴 ,𝑐 = diag
(

[

𝑓 𝑐𝑖 , −1
]

𝑖∈

)

. (5)

A typical production system has a converging structure, with many
inputs and only a few outputs. Although systems with two outputs can
also be encountered, for this work it is assumed that all intersections
have multiple inputs, but exactly one output.1 Therefore, each row of
the incidence matrix 𝐴 has multiple positive entries and exactly one
negative entry. In addition, the volume at intersections is assumed to be
zero, and any transfer effects are negligible. Consequently, the entries
𝑎𝑘,𝑗 for intersection 𝑙 and edge 𝑗 are given by

𝑎𝑘,𝑗 =

⎧

⎪

⎨

⎪

⎩

1 if 𝑘 is connected to the positive end of 𝑗
−1 if 𝑘 is connected to the negative end of 𝑗
0 otherwise.

(6)

Note that Eq. (6) is defined similarly to Eq. (4), but with all
transfer coefficients 𝑓 𝑐𝑗 = 1, which implies that mass transfer effects
are negligible at intersections. Hence, the term 𝐴 𝒚𝑐∗ = 0 in Eq. (3)
implies that, for each phase at any intersection, the outlet mass flow is
equivalent to the sum of all inlet flows.

1 Note that this assumption is not a restriction of the modeling framework,
as it is easily modified to consider multiple outputs.
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Fig. 2. Multiphase flow in a single-tier gas, oil (condensate), and water production
system.

2.2. Nonlinear multiphase flow effects

The interphase mass transfer coefficients 𝑓 𝑐𝑖 in Eq. (5) characterize
multiphase flow effects caused by temperature and pressure variations
in the network. To illustrate this, consider the single-tier production
system in Fig. 2 of 𝑛 producing wells with phases  = {𝑔, 𝑜,𝑤}, which
correspond to gas, oil, and water, respectively. Due to multiphase flow
effects and mixing of streams, an increase in flow of one phase of a
specific input does generally not cause the same increase in combined
output flow (Bikmukhametov and Jäschke, 2020). Although this effect
is nonlinear, it can be linearized around the operating point, which is
characterized by the mass flow, composition, pressure, and temperature
in each stream. In particular, the interphase mass transfer coefficient,
𝑓 𝑐𝑖 , in Eqs. (4) and (5) for phase 𝑐 in inlet pipe 𝑖, associated with flow
variable 𝑦𝑐in,𝑖, is calculated as

𝑓 𝑐𝑖 =
𝜕𝑦𝑐out
𝜕𝑦𝑐in,𝑖

, (7)

where 𝑦𝑐out is the outlet flow of the connected intersection. In this
work, multiphase flow effects in production systems are simulated and
quantified in the chemical process simulation software Aspen HYSYS.
Based on the thermodynamic conditions, fluid compositions and flow
data, HYSYS sequentially solves for the flow changes in Eq. (7) for each
phase 𝑐 in each pipe 𝑖, and the interphase mass transfer coefficients are
calculated.

3. DVR for multiphase allocation problems

In this section, measurement errors are discussed, and the DVR
method is formally introduced. Thereafter, DVR is compared analyti-
cally to conventional allocation methods, and a functional comparison
of the methods is provided. Finally, an iterative DVR implementation
for multiphase allocation systems is proposed.

3.1. Measurement errors and imbalance

All measurements in industrial processes are subject to random
and nonrandom errors (Câmara et al., 2017). Random errors include
natural disturbances, sampling errors, and unreliable sensor readings,
and are typically considered independent with zero mean and thus
irreproducible (Benqlilou, 2004; Taylor and Del Pilar Moreno, 2013). In
oil and gas production systems, random errors are induced by flow mea-
surement equipment, which are assumed independent of each other.
Therefore, random errors in this work are also considered independent.
In contrast, nonrandom errors, also called systematic or gross errors,

include sensor bias or failure, process leaks, and modeling errors (Drys-
dale et al., 2011; Hodouin and Everell, 1980). Gross errors can be
related to instrument performance (e.g. measurement bias or miscal-
ibration), but can also be constraint model-related (e.g. unaccounted
loss of material) (Narasimhan and Jordache, 2000).

The effects of random and gross errors on the set of observed flow
measurements 𝒚 ∈ R𝑛𝑒 as in Eq. (3) (for brevity, phase superscripts 𝑐
are omitted here) are both modeled as additive contributions to the true
value, denoted by 𝒚∗:

𝒚 = 𝒚∗ + 𝜺 + 𝜹, (8)

where 𝜺, 𝜹 ∈ R𝑛𝑒 reflect the random and gross errors, respectively.
While the gross error has a specific value, the random error follows a
normal distribution with zero mean, i.e. E(𝜀𝑖) = 0, and var(𝜀𝑖) = E(𝜀2𝑖 ) =
𝜎2𝑖 , with 𝜎𝑖 the true standard deviation of variable 𝑖. In this paper, errors
are assumed to be uniform with Gaussian distribution, so the standard
deviation also equals the standard uncertainty. The measurement im-
balance (constraint residual) for the nodal mass balance constraint in
Eq. (3) is given by

𝒆 = 𝐴𝒚 = 𝐴(𝒚∗ + 𝜺 + 𝜹), (9)

where 𝒆 ∈ R𝑛𝑣 is the measurement imbalance vector. As the theoretical
mass balance is always satisfied, i.e. 𝐴𝒚∗ = 0, and E(𝜀) = 0, the expected
value of the measurement balance defined in Eq. (9) is written as

E(𝒆) = 𝐴𝜹. (10)

It is important to note that only the measured variable 𝒚 is known,
while the true value, random error, and gross error are all unknown.
However, the distribution of the random error can in general be ap-
proximated, e.g. using historical data.

3.2. Data validation and reconciliation (DVR)

Steady-state DVR, or simply DVR, is a model-based data correc-
tion technique that makes use of redundancies in process data to
reduce measurement errors (Bikmukhametov and Jäschke, 2020; Câ-
mara et al., 2017). In general, it is formulated as the constrained
weighted least-square optimization problem, which results from the
maximization of the Gauss likelihood function (Amin et al., 2016;
Benqlilou, 2004; Szega, 2018). The DVR problem for phase 𝑐 in the
production system model is formulated as follows:

minimize
𝒚̂𝑐

[

(𝒚̂ − 𝒚)⊤𝑄−1(𝒚̂ − 𝒚)
]𝑐

(11a)

subject to 𝐴𝑐 𝒚̂𝑐 = 0, (11b)

where the notation [⋅]𝑐 implies that all variables are with respect to
phase 𝑐. Furthermore, 𝑄𝑐 ∈ R𝑛𝑒×𝑛𝑒 is the variance–covariance matrix,
and 𝐴𝑐 ∈ R𝑛𝑣×𝑛𝑒 is the system constraint matrix given by Eq. (3). As-
suming that no systematic error is present in the system, the covariance
between any two terms is zero (Oliveira and Aguiar, 2009), and

𝑄𝑐 =
[

diag
(

𝜎𝑐1 ,… , 𝜎𝑐𝑛𝑒
)

]2
, (12)

where 𝜎𝑐𝑖 is the absolute standard deviation of measurement 𝑖 in phase
𝑐 (Jiang et al., 2014). The analytical solution to Eq. (11), as given
by Narasimhan and Jordache (2000), is

𝒚̂𝑐 =
[

𝒚 −𝑄𝐴⊤𝐻−1𝐴𝒚
]𝑐
, (13)

where covariance matrix 𝐻𝑐 ∈ R𝑛𝑣×𝑛𝑣 of the measurement imbalance
in Eq. (9) is written as

𝐻𝑐 = cov(𝒆𝑐 ) =
[

E
{

(𝐴𝑒)(𝐴𝑒)⊤
}

]𝑐
=
[

𝐴𝑄𝐴⊤
]𝑐
. (14)

The cumulative error reduction is denoted by 𝛥𝑒 ∈ R, and is calculated
as

𝛥𝑒 =
∑

𝑖∈ , 𝑐∈ |𝑦̂
𝑐
𝑖 − 𝑦

𝑐∗
𝑖 |

∑

𝑖∈ , 𝑐∈ |𝑦
𝑐
𝑖 − 𝑦

𝑐∗
𝑖 |

− 1. (15)
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Cost matrix 𝑄𝑐 contains absolute uncertainty values of the correspond-
ing variables. Alternatively, the uncertainty of stream 𝑖 is expressed
as the relative fraction of the absolute measurement, i.e. the relative
uncertainty 𝜎𝑐∗𝑖 :

𝜎𝑐∗𝑖 =
𝜎𝑐𝑖
𝑦𝑐𝑖
. (16)

The reconciliation factor of variable 𝑖 is defined as the ratio between
the optimal reconciled value to Eq. (11) and the original measurement:

𝑟𝑐𝑖 =
𝑦̂𝑐𝑖
𝑦𝑐𝑖
. (17)

Furthermore, denote by 𝛥𝑟𝑐𝑖 = 𝑟𝑐𝑖 −1 the reconciliation adjustment factor
from the original measurements. Finally, the relative sensitivity 𝑆𝑐∗𝑖 of
the output flow to the inlet flow measurement 𝑖 is defined as follows:

𝑆𝑐∗𝑖 =
𝜕 ln 𝑦𝑐out
𝜕 ln 𝑦𝑐𝑖

=
𝑦𝑐𝑖
𝑦𝑐out

𝜕𝑦𝑐out
𝜕𝑦𝑐𝑖

=
𝑓 𝑐𝑖 𝑦

𝑐
𝑖

𝑦𝑐out
, (18)

where the latter relation follows from Eq. (7).

3.3. Analogy between DVR and conventional allocation methods

Depending on the conditions and input data, DVR shows similarities
with conventional allocation methods. As outlined in Section 1.2, a
number of propositions and corollaries are presented, to compare DVR
analytically with BDA, PRA, and UBA methods. The results provide
valuable information about the characteristics, advantages and limita-
tions of DVR as allocation method on multiphase production systems.
For brevity, phase superscripts 𝑐 are omitted in this section, as the
analogy is equivalent for all phases.

Proposition 1. Consider the single-phase, single-tier allocation problem
in Fig. 1 with input flows  = {1,… , 𝑛} and single output, where for a
single input 𝑖, the relative uncertainty 𝜎∗in,𝑖 ≫ 𝜎∗in,𝑗 ∀𝑗 ∈  , 𝑗 ≠ 𝑖, while
𝜎∗out ≈ 0. Then, application of DVR reduces to the BDA method, and the
complete error is allocated to stream 𝑖.

Proof. The general solution to the DVR problem for this single-tier
system is given by Eq. (13), with 𝒚 ∈ R𝑛+1, cost matrix 𝑄 ∈ R(𝑛+1)×(𝑛+1)

and row vector 𝐴 = 𝒂 ∈ R1×(𝑛+1) defined as

𝒂 = [1⊤𝑛 , −1]. (19)

As cost matrix 𝑄 is diagonal, it follows from Eq. (19) that 𝐻 = 𝐴𝑄𝐴⊤ =
tr(𝑄), and the solution in Eq. (13) is written in terms of the vector of
measurement adjustments:

𝛥𝒚 = 𝒚̂ − 𝒚 = −𝑄𝒂⊤𝐻−1𝒂𝒚 (20a)

= −𝑄[1⊤𝑛 , −1⊤𝑚]
⊤tr(𝑄)−1𝑒 (20b)

= −𝑒
[

𝜎2in,1,… , 𝜎2in,𝑛, 0
]⊤ ⎡

⎢

⎢

⎣

∑

𝑝∈
𝜎2𝑝

⎤

⎥

⎥

⎦

−1

, (20c)

where the imbalance 𝑒 ∈ R is a scalar, and the output uncertainty is
set to zero, i.e. 𝜎∗out = 0. It follows from Eq. (20c) that ∑

𝑝∈ (𝛥𝑦𝑝) =
−𝑒, i.e. the sum of variable adjustments exactly mitigates the initial
measurement imbalance. Consider the case where the uncertainty of
one variable 𝑖 is infinitely higher than of all other variables. Then, for
all inputs 𝑘 ∈  , it must hold that

𝛥𝑦𝑘 = −𝑒𝜎2𝑘
⎡

⎢

⎢

⎣

∑

𝑝∈
𝜎2𝑝

⎤

⎥

⎥

⎦

−1

≈

{

−𝑒 if 𝑘 = 𝑖
0 otherwise,

(21)

which implies that the complete imbalance is mitigated by the ad-
justment of variable 𝑖, while all other adjustments are zero. This is
analogous with the BDA method, so Proposition 1 holds.

Proposition 2. Consider the single-phase, single-tier allocation problem in
Fig. 1 with input flows  = {1,… , 𝑛} of equal relative uncertainty 𝜎∗in = 𝛼̄,
and single output of relative uncertainty 𝜎∗out = 𝛽. Then, for all inputs 𝑖 ∈  ,
the reconciliation factor 𝑟𝑖 is proportional to the absolute uncertainty, 𝜎in,𝑖.

Proof. It is observed that the vector of reconciliation adjustment
factors, 𝛥𝒓 =

[

diag(𝒚)
]−1𝛥𝒚, which is used to rewrite Eq. (20c), yielding

𝛥𝒓 = −𝑒
[

𝜎2in,1
𝑦in,1

,… ,
𝜎2in,𝑛
𝑦in,𝑛

, 0
]⊤ ⎡

⎢

⎢

⎣

∑

𝑝∈
𝜎2𝑝

⎤

⎥

⎥

⎦

−1

(22a)

= −𝑒
[

[

𝜎in,1,… , 𝜎in,𝑛
]

𝛼̄, 0
]⊤ ⎡

⎢

⎢

⎣

∑

𝑝∈
𝜎2𝑝

⎤

⎥

⎥

⎦

−1

, (22b)

where Eq. (22b) follows because 𝜎𝑖
𝑦𝑖

= 𝜎∗𝑖 = 𝛼̄ for all input streams 𝑖 ∈
 . The only term in Eq. (22b) that can cause mutual differences in the
reconciliation factors is the absolute input measurement uncertainty,
𝜎in,𝑖. Hence, it is concluded that for all input streams, the reconcili-
ation adjustment factor is proportional to the absolute measurement
uncertainty, so Proposition 2 holds.

Corollary 1. Define the relative variance var(𝑦)∗ of a flow variable as
the ratio between absolute variance and measurement, i.e. var(𝑦)∗ = var(𝑦)

𝑦 .
Consider, again, the single-tier allocation problem in Proposition 2, but with
equal relative variance var(𝑦𝑖)∗ = 𝛼̄ for all input flow streams 𝑖 ∈  . Then,
application of DVR reduces to the PRA method.

Proof. As all input streams have equal relative variance, i.e. var(𝑦𝑖)∗ =
𝛼̄ ∀𝑖 ∈  , Eq. (22b) is rewritten as

𝛥𝒓 = −𝑒
[

var(𝑦in,1)∗,… , var(𝑦in,𝑛)∗, 0
]⊤ ⎡

⎢

⎢

⎣

∑

𝑝∈
𝜎2𝑝

⎤

⎥

⎥

⎦

−1

= −𝑒
[

1⊤𝑛 𝛼̄, 0
]⊤ ⎡

⎢

⎢

⎣

∑

𝑝∈
𝜎2𝑝

⎤

⎥

⎥

⎦

−1

. (23)

Finally, as the reconciliation adjustment factor is equal for all input
streams, it is observed that Eq. (23) is equivalent to the PRA method,
so Corollary 1 holds.

Proposition 3. Consider the single-tier allocation problem in Fig. 1 with
input flow streams  = {1,… , 𝑛} and single output with 𝜎∗out ≈ 0. Then,
for any flow and uncertainty conditions, application of DVR reduces to the
UBA method.

Proof. First of all, Eq. (20c) is rewritten in terms of the vector of
allocated flow values, 𝒚̂:

𝒚̂ = 𝒚 − 𝑒
[

𝜎2in,1,… , 𝜎2in,𝑛, 0
]⊤ ⎡

⎢

⎢

⎣

∑

𝑝∈
𝜎2𝑝

⎤

⎥

⎥

⎦

−1

(24)

Equivalently, the allocated flow value for every variable is written as

𝑦̂𝑘 = 𝑦𝑘 −
𝜎2𝑖

∑

𝑝∈ 𝜎2𝑝
⋅ 𝑒, ∀𝑖 ∈  , (25)

which is analogous with the UBA method, so it is concluded that
Proposition 3 holds.

3.4. Functional comparison of allocation methods

To provide a functional comparison of the different allocation meth-
ods, consider the single-phase, single-tier production system as illus-
trated in Fig. 1, with 4 producing wells and a single output. The flow
measurements, uncertainty values, and allocation results obtained by
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Table 1
Functional comparison of allocation methods for the single-tier production system with
4 wells and single output.

Input wells Output Imbalance

𝑦in
1 𝑦in

2 𝑦in
3 𝑦in

4 𝑦out 𝑒 (kg s−1)

𝑦 (kg/s) 100.0 200.0 150.0 150.0 700.0 −100.0
𝜎∗ 10% 10% 15% 5% 1%

BDA 𝑦̂ (kg/s) 100.0 300.0 150.0 150.0 700.0 0.0
𝑟 1.000 1.500 1.000 1.000 1.000

PRA 𝑦̂ (kg/s) 116.7 233.3 175.0 175.0 700.0 0.0
𝑟 1.167 1.167 1.167 1.167 1.000

UBA 𝑦̂ (kg/s) 124.8 225.2 187.2 162.8 700.0 0.0
𝑟 1.248 1.126 1.248 1.085 1.000

DVR 𝑦̂ (kg/s) 124.4 224.4 186.6 162.2 697.6 0.0
𝑟 1.244 1.122 1.244 1.081 0.997

applying different methods to this problem are all presented in Table 1.
It is observed that the initial measurement imbalance is 𝑒 = −100 kg s−1,
and that each allocation method mitigates this imbalance exactly. In
the remainder of this section, the results of each allocation method are
briefly discussed.

First of all, using BDA, the complete imbalance was attributed to
well 2, with a corresponding reconciliation factor of 0.667.2 Note that
all other reconciliation factors are one, as the allocated values equal
the initial measurements. Second, in the case of PRA, the measure-
ment imbalance was distributed proportionally over all inputs, and
all reconciliation factors are equal. Third, using UBA the imbalance
is distributed proportional to both the flow measurements and the
relative measurement uncertainty. Finally, DVR considers the problem
formulation given in Eq. (11) to mitigate the measurement imbalance.
Although UBA and DVR show similar results, it is important that UBA
generally considers the output measurement as fixed, while DVR also
considers the uncertainty of the output measurement to allocate the
corresponding variable. Note that if the measurement uncertainty of the
output meter is assumed zero, DVR reduces to UBA, as also reflected in
Proposition 3.

3.5. Iterative DVR implementation for multiphase systems

Thus far, two interdependent optimization steps have been dis-
cussed. First of all, the interphase mass transfer coefficients in Eq. (7)
are calculated through the linearized sensitivity analysis in HYSYS.
Secondly, the DVR problem in Eq. (11) is applied to determine the
reconciled flow variables. As the HYSYS and DVR problems are inter-
dependent, both steps are performed iteratively, until the solution has
converged. In particular, the convergence criterion, denoted by 𝜙[𝑘], is
specified as follows:

𝜙[𝑘] = |

|

|

𝛥𝒓[𝑘] − 𝛥𝒓[𝑘 − 1]||
|

< 𝜇, (26)

where 𝛥𝒓[𝑘] ∈ R𝑛𝑐 ⋅𝑛𝑒 is the stacked vector of reconciliation adjustment
factors for all phases 𝑐 ∈  in iteration 𝑘, with 𝛥𝒓[0] = 0, and 𝜇 is
the convergence limit parameter. A similar convergence criterion is for-
mulated based on the changes in interphase mass transfer coefficients:

𝜓[𝑘] = |

|

|

𝛥𝒇 [𝑘] − 𝛥𝒇 [𝑘 − 1]||
|

< 𝜂, (27)

where 𝛥𝒇 [𝑘] is the concatenated vector of coefficients in Eq. (7), with
𝛥𝒇 [0] = 1𝑛𝑐 ⋅𝑛𝑒 . Eq. (27) is not implemented as criterion in the iterative
algorithm, but is used for evaluation of the simulation results. The
complete iterative HYSYS-DVR problem is summarized in Algorithm 1.
The HYSYS model and DVR problems for all individual phases are
solved iteratively, until either convergence or the maximum number

2 Note that the choice for this specific well is arbitrary in this example.

Algorithm 1 Iterative HYSYS-DVR problem
1: Read initial flow data: y𝑐 [0] ∀𝑐 ∈ 
2: Construct system matrices: 𝐴𝑐 ∀𝑐 ∈ 
3: Initialize counter: 𝑘 = 1
4: while |

|

|

𝛥r 𝑐 [𝑘] − 𝛥r 𝑐 [𝑘 − 1]||
|

≥ 𝜇 and 𝑘 < 𝑘max do
5: Build and solve HYSYS model using: y𝑐 [𝑘 − 1]
6: Calculate coefficients: 𝑓 𝑐𝑖 [𝑘] ∀𝑐 ∈ , 𝑖 ∈ 
7: for 𝑐 ∈  do
8: Solve DVR problem using: y𝑐 [𝑘 − 1], 𝑓 𝑐 [𝑘]
9: Save DVR solution: y𝑐 [𝑘]

10: end for
11: 𝑘 = 𝑘 + 1
12: end while
13: Gross error detection on solution: y𝑐 [𝑘] ∀𝑐 ∈ 

of iterations is reached. Thereafter, gross error detection is performed
on the final solution, using methods that are discussed in more detail
in Section 4.

4. Statistical tests for gross error detection

DVR can be applied to reduce random measurement errors in flow
data (Bagajewicz and Jiang, 1998), but the presence of gross errors
invalidates the statistical basis of the method (Benqlilou, 2004). Hence,
gross errors must be detected and eliminated before valid reconciliation
can be performed to reduce random errors (Bagajewicz and Jiang,
1998). In this section, statistical tests for gross error detection are dis-
cussed in detail. By means of outlier detection of the DVR results, these
tests exploit redundant measurements to detect gross errors (Ragot
et al., 1991; Tamhane and Mah, 1985). In all tests, the null hypothesis,
𝐻0, is that no gross error is present. The tests can be implemented
iteratively with Algorithm 1, to achieve valid reconciliation and gross
error detection at the same time.

4.1. Network redundancy

Network redundancy is an essential prerequisite for gross error
detection in allocation systems (Leibman et al., 1992; Romagnoli and
Sánchez, 2000). A measurement is redundant if the system is still
observable when that measurement is removed (Stanley and Mah,
1981). Hence, redundancy can be increased, by installing additional
meters, as they are coupled to the existing set of measurements via the
model constraints. Higher redundancy yields more reference points to
reconcile the measurements of interest and is, therefore, a beneficial
property for DVR.

Practically nonredundant variables are variables that are theo-
retically redundant, but behave as nonredundant, such as parallel
streams and variables that are only bounded by a single model con-
straint (Narasimhan and Jordache, 2000). In particular, variables in the
outermost layer of any transport system, such as well measurements,
are practically nonredundant. Practical nonredundancy makes gross
error detection and the attribution of errors to a single input or output
stream highly difficult.

4.2. Global imbalance test

Imbalances in an allocation system can be tested collectively by
defining the global test statistic for phase 𝑐 (Bagajewicz, 2000; Tamhane
and Mah, 1985):

𝛾𝑐 =
[

𝒆⊤𝐻−1𝒆
]𝑐
, (28)
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where 𝛾𝑐 ∈ R, and 𝒆𝑐 ∈ R𝑛𝑣 is defined in Eq. (9). Under 𝐻0, 𝛾𝑐 follows a
𝜒2(𝑣)-distribution with 𝑣 = rank(𝐴) degrees of freedom (Drysdale et al.,
2011; Loyola-Fuentes and Smith, 2019). The criterion 𝜒2

1−𝛼,𝑣 is chosen
as the critical 𝜒2 distribution value for a confidence level of 1−𝛼 (Jiang
et al., 2014). If 𝛾 > 𝜒2

1−𝛼,𝑣, a gross error is detected globally, and 𝐻0 is
rejected.

4.3. Nodal constraint test

The nodal measurement imbalances can be used to derive a nodal
test for each constraint (Narasimhan and Jordache, 2000; Ragot et al.,
1991), given in vector form by

𝒛𝑐𝑒 =
[

diag(𝐻𝑐 )
]−1∕2

𝒆𝒄 , (29)

where 𝒛𝑐𝑒 ∈ R𝑛𝑣 . The nodal constraint test gives rise to 𝑛𝑣 univariate
tests, i.e. one for each constraint 𝑖 ∈  . Under 𝐻0, the statistics in
𝒛𝑐𝑒 follow a standard normal distribution (Bagajewicz, 2018). The two-
sided critical value of the standard normal distribution is denoted by
𝑍1−𝛽∕2. For proper control of Type I errors (i.e. rejection of a true null
hypothesis), the modified significance level 𝛽 with 𝑘 = 𝑛𝑣 is used (Mah
and Tamhane, 1982), which is defined using 𝛼 as follows:

𝛽 = 1 − (1 − 𝛼)
1
𝑘 . (30)

If the test statistic |𝑧𝑐𝑒,𝑖| > 𝑍1−𝛽∕2 for any constraint 𝑖 ∈  , 𝐻0 is rejected,
and a gross error is detected in that specific constraint.

4.4. Measurement (penalty factor) test

Gross errors can be detected at variable level, by defining penalty
factors 𝒛𝑐 ∈ R𝑛𝑒 for each edge (Bagajewicz, 2018; Mah and Tamhane,
1982), given in vector form by

𝒛𝑐 =
[

diag(𝝈𝑐 )
]−1

(𝒚̂𝑐 − 𝒚𝑐 ) =
[

diag(𝝈𝑐∗)
]−1

𝜟𝒓𝑐 , (31)

where 𝝈𝑐∗ is the vector of relative uncertainty in phase 𝑐, and 𝜟𝒓𝑐 the
vector of reconciliation adjustment factors. The statistics in 𝒛𝑐 provide
𝑛𝑒 univariate tests, and follow a standard normal distribution under
𝐻0 (Narasimhan and Jordache, 2000; Tamhane and Mah, 1985). The
modified significance level 𝛽 with 𝑘 = 𝑛𝑒 as defined in Eq. (30) is used.
If 𝑧𝑖 > 𝑍1−𝛽∕2 for any variable 𝑖 ∈  , 𝐻0 is rejected, and a gross error
is detected in that specific variable.

Based on Eq. (31), the following useful proposition is derived:

Proposition 4. Consider the single-phase, single-tier allocation problem
in Fig. 1 with input flow streams  = {1,… , 𝑛} and single output with
𝜎∗out ≈ 0. Then, for all 𝑖 ∈  , the penalty factors 𝑧𝑖 are proportional to the
absolute uncertainty, 𝜎𝑖.

Proof. First of all, Eq. (31) is rewritten by inserting Eq. (22a), yielding

𝒛 = −𝑒
[

𝜎in,1,… , 𝜎in,𝑛, 0
]⊤

⎡

⎢

⎢

⎣

∑

𝑝∈
𝜎2𝑝

⎤

⎥

⎥

⎦

−1

(32)

As the measurement imbalance 𝑒 and summation term are shared
among all variables, it follows from Eq. (32) that the penalty factor is
proportional to the absolute uncertainty for all input variables. Hence,
it is concluded that Proposition 4 holds.

In gross error detection practice, the variable associated with the
highest test statistic (i.e. largest violation with the expected distribu-
tion) is marked for inspection or calibration. Therefore, Proposition 4
implies that under the measurement test, any gross error in the system
is always allocated to the flow meter with highest absolute uncertainty.
In addition, if all flow meters show similar relative measurement
uncertainty, the gross error is always allocated to the meter showing
the highest absolute flow.

4.5. Principal component tests

The nodal and measurement tests discussed above only exploit the
information in the diagonals of the covariance matrices, while all other
information is lost. In the principal component (PC) test, the eigenvec-
tors of the covariance matrix are exploited to construct a new set of
uncorrelated variables, known as principal components (Drysdale et al.,
2011; Narasimhan and Jordache, 2000). Based on the eigenvectors
of the covariance matrix, a new coordinate system is constructed, in
which the variables are uncorrelated and the covariance matrix is
diagonal (Amand et al., 2000). As a result, PC tests help control Type
I errors, and can increase the detectability of subtle gross errors (Tong
and Crowe, 1995).

The vector of principal components, 𝒑𝑎 ∈ R𝑛 of component 𝒂 ∈ R𝑛
with covariance matrix 𝛴𝑎 = cov(𝑎) is given as follows:

𝒑𝑎 = 𝑊 ⊤
𝑎 𝒂, (33)

where the columns of 𝑊𝑎 are the eigenvectors of 𝛴𝑎, satisfying 𝑊𝑎 =
𝑈𝑎𝛬

−1∕2
𝑎 (Narasimhan and Jordache, 2000). Matrix 𝑈𝑎 contains the

orthonormalized eigenvectors of 𝛴𝑎, such that 𝑈𝑎𝑈⊤
𝑎 = I𝑛, and matrix

𝛬𝑎 contains the eigenvalues on the diagonal (Tong and Crowe, 1995),
i.e.

𝛬𝑎 = 𝑈⊤
𝑎 𝛴𝑎𝑈𝑎 = diag(𝜆𝑎1 ,… , 𝜆𝑎𝑛 ). (34)

Under H0, the principal components follow the normal distribution
𝒑𝑎 ∼ 𝑁(0, I𝑛), while the original components follow 𝒂 ∼ 𝑁(0, 𝛴𝑎).
Principal component tests can be performed for constraint residuals by
letting 𝒂 = 𝒆 and 𝛴𝑎 = cov(𝒆) = 𝐻 , or for measurement adjustments
by choosing 𝒂 = 𝒚 − 𝒚̂ and 𝛴𝑎 = cov(𝒚 − 𝒚̂) = 𝑄⊤𝐴⊤𝐻−1𝐴𝑄,
respectively (Narasimhan and Jordache, 2000).

5. Numerical simulation studies

To demonstrate the performance of DVR and gross error detection
methods, two numerical simulation studies are performed, both on the
4-layer allocation system topology shown in Fig. 3. In the first nu-
merical study, Monte-Carlo simulations are performed on single-phase
allocation systems. In the second numerical study, the performance of
the HYSYS-DVR algorithm to solve multiphase allocation problems is
demonstrated. In both studies, the relative flow metering uncertainty
as given in Eq. (16) is 1% in the CT point, 5% in the WHPs, and 10%
in wells. By default, only single flow metering is performed at the inlet
of pipes, which implies that the outgoing edges 𝑖 of all pipes show
infinitely high uncertainty, i.e. 𝜎∗𝑖 ≈ ∞. All methods are implemented
in Python, with PICOS as linear solver interface (Sagnol and Stahlberg,
2019).

5.1. Experimental set-up

In the first numerical study, Monte-Carlo simulations are performed
to demonstrate the detectability of gross errors in gas flow measure-
ments using the global, nodal, measurement and principal component
tests. To this end, a simplified, single-phase gas allocation system of
the topology in Fig. 3 is considered. The total mass flow at the CT
point is fixed at 𝑦CT = 100 kg s−1, and is divided randomly at each
intersection over the individual input streams. To generate realistic
flow data, random measurement errors are imposed on all gas flow
variables. In addition, a single gross error caused by sensor bias of
magnitude up to 𝛿𝑖 = 20𝜎∗𝑖 is randomly imposed on exactly one gas flow
variable 𝑖 in either a well, WHP, or the CT point. For all cases, 5000
simulation iterations are performed, in which a different randomized
flow distribution is determined, new random errors are imposed, and
a new random location for the gross error is determined. The resulting
allocation problem is solved using the DVR formulation in Eq. (11),
and the gross error detection methods are applied. In addition, to
demonstrate that gross error detection performance can be improved
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Fig. 3. Allocation system topology of the numerical simulation studies, with each block as pipe of the described type.

Table 2
Gross error detection performance of the measurement test and cumulative error reduction by applying DVR for different types of well metering systems in the presence of a single
gross error of magnitude 𝛿𝑖 = 5𝜎∗𝑖 .

Error in well Error in WHP Error in CT

Metering type 𝜎∗II∕𝜎
∗
I Performance Error reduction (𝛥𝑒) Performance Error reduction (𝛥𝑒) Performance Error reduction (𝛥𝑒)

Single well metering N/A 20.28% −28.70% 96.58% −50.04% 0.12% −2.33%
Double well metering 1 73.66% −45.41% 96.98% −55.76% 0.96% −16.09%
Double well metering 2 44.76% −43.34% 90.44% −54.10% 0.08% −24.80%
Double well metering 3 29.06% −45.91% 73.22% −56.11% 0.02% −32.58%

by increasing redundancy, experiments are performed on both single
and double well metering systems. In case of single well metering, only
one physical flow meter is present per well, which is located at the inlet
of well pipes. The measurement uncertainty of the primary flow meters
is denoted by 𝜎∗I , and is specified for each meter. In the case of double
well metering, a secondary flow meter with measurement uncertainty
denoted by 𝜎∗II is introduced at the outlet of well pipes. Double flow
metering systems are characterized by the ratio between the secondary
and primary measurement uncertainty: 𝜎∗II∕𝜎

∗
I . Experiments for double

well metering are performed with uncertainty ratios of 1, 2, and 3.
In the second simulation study, the complete multiphase allocation

system depicted in Fig. 3 is considered with realistic flow, thermo-
dynamic conditions and fluid compositions. The multiphase allocation
system is based on a real field situation and produces mainly gas, but
also a significant amount of condensate and water, accumulating to
± 5-20 wt% of the total production per well. Total mass flow at the
CT point is around 84 000 kg h−1, with individual wells contributing for
up to 11 800 kg h−1. Realistic gas compositions are obtained, and oil
compositions are assumed symmetric around 𝐶7 in the range of 𝐶3-𝐶10.
In three cases, different gross errors are imposed:

1. a single gross error of magnitude 𝛿 = 5𝜎∗ in the gas flow meter
of well 5;

2. a single miscalibration of the oil/water fraction in WHP A;
3. a combination of 6 gross errors throughout the network.

Algorithm 1 is implemented in Python, to iteratively solve the in-
terconnected HYSYS-DVR problem with convergence limit parameter
𝜇 = 0.001. The goal is to demonstrate the convergence behavior of
the interconnected HYSYS-DVR problem, and to determine the error
correction performance of DVR. In addition, the performance of gross
error methods is also explored.

5.2. Experimental results

In Fig. 4, the gross error detection performance of the different
methods in the Monte Carlo study is depicted. The figures show the

Table 3
DVR and gross error detection results on multiphase HYSYS-DVR simulations.

Simulation case 1 2 3

Simulation time (s) 157.94 154.68 156.86
Iterations 4 4 4
Error reduction, 𝛥e −32.31% −32.99% −18.59%

Mass transfer coefficients

𝑓 𝑔 min 0.92373 0.92378 0.92951
max 1.00000 1.00000 1.00000

𝑓 𝑜 min 0.94381 0.94390 0.94506
max 1.12464 1.12712 1.14797

𝑓𝑤 min 1.00000 1.00000 1.00000
max 1.01090 1.01091 1.01098

Gross error detection tests

Global detection No No Yes
Nodal detection Yes Yes Partial
Measurement det. No Partial Partial

detectability of gross errors in a random well (left) and random WHP
(right), respectively, as a function of the gross error magnitude. It is
observed that the global test can only detect gross errors of very high
magnitude. The standard nodal test performs very well for isolating
the approximate location of a gross error, regardless of the error
location. The measurement test is highly suitable for exactly locating
gross errors in WHPs, but shows poor detection performance for errors
in wells. Although it was postulated that principal component tests
can perform better than the standard tests (Narasimhan and Jordache,
2000), slightly lower detection performance is observed in all cases.
As the considered system matrices 𝐴 are primarily of block-diagonal
structure and 𝑄 is fully diagonal, any associated covariance matrix is
also diagonally dominant, and the extra data that is exploited using
principal component tests is negligible. In addition, the presence of
unknown flow variables in the outgoing edges of pipe nodes results
in numerical difficulties in determining the eigenvectors and eigenval-
ues. Hence, principal component tests do not perform better than the
standard tests, as reflected in Fig. 4.
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Fig. 4. Probability of detecting a gross error (measurement bias) located in a well (left) or WHP (right) of the single well metering gas allocation system, using different detection
methods.

Fig. 5. Convergence criteria on reconciliation factors (top) and mass transfer
coefficients (bottom) of iterative HYSYS-DVR simulations.

In Table 2, the detectability of gross errors (by means of the mea-
surement test) and cumulative error reduction (by applying DVR) are
shown for the simplified gas allocation system under different types of
well metering. The detectability of gross errors is described as detection
performance, and the error reduction, denoted by 𝛥𝑒, is calculated
using Eq. (15). The performance value in Table 2 corresponds with
the detection performance for the measurement test in Fig. 4 at a
magnitude of 𝛿𝑖 = 5𝜎∗𝑖 (indicated by the green dotted lines in both
figures). As also reflected in Fig. 4, detectability of gross errors in
WHPs of single metering systems is very high, while the detection of
errors in wells and the CT point is much more difficult. However, the
detectability of gross errors in wells improves significantly in double
well metering systems with low 𝜎∗II∕𝜎

∗
I ratio. Cumulative error reduction

is also improved, even under higher secondary uncertainty. Despite
this, detectability of gross errors in WHPs is lower for double than
single metering systems, because the number of meters that can contain
the error (and are thus considered in the tests) is also increased.

The DVR and gross error detection results for the HYSYS-DVR
simulations are presented in Table 3, and convergence behavior for the
criteria in Eqs. (26) and (27) is shown in Fig. 5. All cases required 4

iterations to achieve convergence and showed similar simulation times.
As shown in Fig. 5, the HYSYS-DVR algorithm approximately converges
linearly with respect to mass transfer coefficients for all iterations, and
linearly to reconciliation factors after the first iteration. Error reduction
is highest for case 1–2 around -33%, although case 3 showed the
highest absolute reduction, due to the presence of multiple gross errors.
Only errors in interior locations of the system (i.e. WHPs) were located
exactly, while errors in wells were only located approximately. For
case 2, partial detection performance of the measurement test implies
that the error was only detected in the water phase, but not in the oil
phase. For case 3, partial detection indicates that only the first few
errors (of the total of 6) were successfully detected. The global test
was only triggered in the presence of multiple gross errors (case 3),
because the cumulative imbalance was too low for case 1–2. Hence,
the gross error detection results in Table 3 are in agreement with Fig. 4.
In all simulations, the interphase mass transfer coefficients of water are
approximately one, thus showing linear relative sensitivity. In contrast,
the coefficients are in the range of 0.924–1.000 for gas, and 0.944–
1.148 for oil. Interestingly, for some wells and WHPs, the mass transfer
coefficients of both gas and oil are both below, or both above one. For
example, the HYSYS-DVR allocation results for well 6 of the multiphase
system under multiple gross errors (case 3) are as follows:

𝑓 𝑔6 = 0.95822, 𝑦̂𝑔6 = 10 320.96 kg h−1,

𝑓 𝑜6 = 0.95147, 𝑦̂𝑜6 = 471.30 kg h−1, (35)
𝑓𝑤6 = 1.00152, 𝑦̂𝑤6 = 798.40 kg h−1.

Hence, any extra production of gas in this well, denoted by 𝜕𝑦𝑔6 , results
in a lower increase of the gas WHP flow, i.e. 𝜕𝑦𝑔WHP = 𝑓 𝑔6 𝜕𝑦

𝑔
6 < 𝜕𝑦𝑔6 .

Vice versa, any additional oil production results in a lower increase
of the oil WHP flow. Instead, part of the additional gas production is
condensed in the oil phase after the streams are merged at the WHP,
while additionally produced oil evaporates into the gas phase. This
interphase mass transfer effect is caused by pressure and temperature
variations and co-mingling of streams from multiple contributing wells,
and highlights the importance of compensating for interphase mass
transfer effects in allocation systems (Bikmukhametov and Jäschke,
2020).

6. Conclusions and future perspectives

In this paper, DVR was proposed for error correction and gross error
detection in multiphase allocation systems. A model for multiphase
production systems was developed, which takes into account nonlinear
interphase mass transfer effects, and HYSYS was used to linearize the
system around the operating conditions. The developed model is highly
versatile and can easily be applied to model larger or more complex
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production systems than considered in the numerical studies. It was
shown analytically that DVR can be very similar to UBA, BDA, and
PRA, depending on the characteristics of the allocation system. The
iterative HYSYS-DVR algorithm was successfully used in the numerical
simulation studies to solve the corresponding multiphase allocation
problem, and converged linearly for all cases. Based on the convergence
behavior, it was shown that the iterative implementation yields a better
solution than a single-step algorithm would provide. Furthermore, it
was demonstrated that DVR can reduce cumulative measurement errors
by up to 56% for gas allocation systems and 33% for multiphase
systems, and that the results can be used for gross error detection at
global, nodal, and individual variable levels.

Based on this work, it is concluded that the detectability of gross
errors strongly depends on the error location and magnitude. The
global test is only triggered in the presence of gross errors of very
high magnitude. For errors in exterior locations (i.e. wells and the
CT point) only the approximate location can be determined using
nodal constraint tests, unless the error magnitude is extremely high.
Allocating gross errors to individual well or CT flow measurements is
in general not possible, as these variables are only involved in a single
model constraint and are, therefore, practically nonredundant. On the
contrary, flow variables in the interior of the system are associated
with multiple model constraints. Consequently, gross errors in these
variables can be located precisely using the measurement test. The
detectability of gross errors in wells can be improved by increasing the
network redundancy, e.g. by introducing secondary well flow meters.
However, this requires that the secondary meter exhibits sufficiently
low measurement uncertainty.

6.1. Recommendations for future work

In future research, the developed HYSYS-DVR algorithm can po-
tentially be extended towards a Virtual Flow Measurement System,
or VFMS (Couput et al., 2010, 2017; Haouche et al., 2012). A VFMS
adds additional layers of redundancy upon the standard DVR method,
by providing a coherent, accurate set of process data and system
constraints (Bikmukhametov and Jäschke, 2020; Szega, 2018). By im-
proving the accuracy of process models and increasing network redun-
dancy, both random and gross measurement errors can be detected
and corrected more accurately (Wising et al., 2008). However, open
challenges remain in developing such advanced models, and it is likely
that a VFMS yields a bilinear or nonlinear problem, which requires
more sophisticated procedures to solve (Bagajewicz and Jiang, 2000;
Taylor and Del Pilar Moreno, 2013).

To conclude, when sufficient data and network redundancy can be
exploited, DVR is a valuable method to reduce overall measurement
errors and to detect gross error of significant magnitude in multiphase
allocation systems. However, care must be taken before conclusions
are made, and the system under consideration must be analyzed in
advance to determine the applicability of DVR. In addition, nonlinear
interphase mass transfer effects in allocation systems can be significant.
It is, therefore, important to compensate for these effects and consider
the complete production system topology, in order to derive the most
fair sales allocation between all involved stakeholders.
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