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CHAPTER 1
INTRODUCTION

I T I S A C H A L L E N G E for any physicist to understand the phenomena of nature in
the simplest possible manner. In particular, the materials scientist works his way
through the golden triangle of processing, structure and properties of the solid
state of matter. It is an exciting journey across many length and time scales ranging from the atomic scale to that of the macro-world. In one of the last Ph.D.theses of this millennium presented to this university, it seems appropriate to realise that some fundamental ideas only stem from the present century1.
For instance, the idea of a crystalline state of matter in which the constituent atoms are arranged in regions (grains) of ordered lattices only could be demonstrated experimentally in 1912 with the use of X-rays2. By that time dislocations had
been observed already, the theory of linear elasticity was developed to a great extent and there were already speculations about their mobility. In the following
decades the idea materialised that the plastic deformation of such systems might
be caused by defects in the lattice. However, what confused the researchers for a
longer period of time was the co-existence of the yield drop and of the workhardening in steel. How could the same defect be responsible for easy glide and in
later stages lead to hardening of the crystal? It was not until 1934 that the first arrangement of atoms was proposed by Orowan, Taylor and Polanyi of what we
now call an edge dislocation3,4,5, followed somewhat later by the introduction of
the so-called screw dislocation by Burgers6. It is interesting to quote Sir Geoffrey
Taylor’s view at that time (according to Sir Nevil Mott7): “my paper is a model,
not a theory!” The dislocation was rather a theoretical concept, the use of which
had to be validated by experiments much later after World War II.
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Now that the basic unit of plastic flow was described, others set out to describe its
mobility, at least theoretically. Using discrete models8,9,10, but also by linear elasticity11,12, it was established that the resistance to dislocation motion (and hence to
plastic deformation) was small at low dislocation velocities, but increased at
higher velocities up to the speed of sound. The latter then acts as an upper limit
for dislocation velocities. During the late forties and early fifties, the first estimates of the resistance (or drag force) were made from the interaction of the
moving dislocation with the collective vibrations (phonons) of the crystal lattice13,14,15. Later, near the end of the sixties, other contributions to the dislocation
drag were identified and treated extensively16,17.
Meanwhile, it was also recognised that not only the interaction with the lattice itself affects the dislocation motion, but also the interaction with impurities such as
solute atoms and precipitates. Theories were developed by Mott, Labusch, Nabarro and Friedel18−21, and they could explain why the addition of certain types of
impurities in a crystal increases its resistance to plastic deformation. Granato22
later extended these treatments by taking into account the thermally assisted
passing of those obstacles.
A prominent contribution to the field of dislocation dynamics is the so-called
Orowan equation, relating the macroscopic strain rate to the mean dislocation
velocity. The proportionality is the product of the mobile dislocation density and
the mean dislocation velocity. In the old days, however, the emphasis was on the
determination of the relation between strain rate and dislocation velocity alone.
One of the oldest experimental techniques was based on etch pits. Actually, it
dates back to 1855 but was further developed in 1959 by Johnston and Gilman to
measure dislocation velocity as a function of externally applied stress23 . Another
milestone in the development of this discipline was the introduction of the transmission electron microscope. This enabled the first direct observations of dislocations and their motion in the middle fifties24,25. It also permitted many quantitative
studies on the subject, and in fact, continue to do so very successfully today (for a
review see ref. 26). The body of experimental data that followed the invention of
these experimental techniques enabled the development of many of the theories
that were mentioned in the previous paragraphs and put them on a quantitative
footing.
However, transmission electron microscopy provides information about the total
dislocation density rather than about the mobile fraction. For that reason a complimentary method based on pulsed nuclear magnetic resonance was developed by
De Hosson, Kanert and Sleeswijk27,28 for the study of moving dislocations in metallic and ionic systems up to strain rates of the order of 1 s−1. It turned out that
from these experiments, three sets of microscopic information about dislocation
motion can in principle be deduced: (i) the mean jump distance of moving dislocations, (ii) the mean time of stay between two consecutive jumps of a mobile
dislocation and (iii) the mobile dislocation density.
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Another important contribution was made by the introduction of the computer as
an aid to clarify many phenomena that were not always experimentally accessible,
such as the structure of dislocation cores and the motion of the dislocations29,30.
For instance, in 1966 Foreman and Makin31 confirmed the theory of Friedel for
the interaction of dislocations with point-like obstacles. Rosenfield and Hahn32
considered pile-ups of dislocations. These are arrays of dislocations, where the
leading dislocations attain much higher velocities than would be possible under
the externally applied stress. It turned out that near the tip of the pile-up the
stresses were concentrated to much higher values than for a single dislocation (all
within the framework of linear elasticity, i.e. excluding core effects).
In more recent years, numerical algorithms have become increasingly sophisticated and, due to the enormous increase in computing power, more accessible to
many people. For instance, computational techniques such as the ab-initio calculations, Monte-Carlo method, molecular dynamics, finite elements and so on have
found widespread use in many branches of science and engineering. However,
even at the current rate of increase in number-crunching power, it is recognised
that it will not be possible in the foreseeable future to simulate the deformation of
a macroscopic work-piece directly from the motion of atoms. It is therefore necessary to split up the important processes according to the time and length scales at
which they play a significant role33. The processes taking place at the smaller
scale then give rise to a certain effective behaviour at a larger scale. For instance,
the atomic configuration around a dislocation core directly affects its scattering of
lattice waves, thereby contributing to the drag force. On the other hand, when calculating the dislocation velocity due to the resolved shear stress, only this drag
force is important, and not so much the precise atomic arrangement.
The connection between different length scales is not always easily made. For instance, in many engineering calculations of plastic deformation, the material is
considered to be a continuum. In those cases, the relation between macroscopic
stress and macroscopic strain (the constitutive relation) is specified, always without taking into account the discrete nature of the carriers of plastic flow, the dislocations. This approach is successful for some applications, but it has the disadvantage that the material behaviour for each type of deformation has to be known in
advance. Even for three-dimensional constitutive models, this is hardly ever the
case.
On the other hand, some approaches exist nowadays that do take into account underlying microstructural processes. This method, called Discrete Dislocation Plasticity (DDP), calculates the deformation of a two-dimensional computational cell
by considering the long-range stresses and displacements of edge dislocations moving under influence of an externally applied deformation rate. Furthermore, the
interaction between dislocations themselves and with obstacles can explicitly be
put into the simulations. One such method was introduced by Van der Giessen and
Needleman in 199534. Their method of DDP is not the first to consider moving
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dislocations in this manner. However, previous methods only treated dislocations
in an infinite medium, whereas in their modified DDP it is possible to explicitly
take into account the boundary conditions in a finite medium. The method was
compared with a conventional continuum calculation and it was shown that although the overall deformation could be matched, locally there were many stress
peaks (that could induce microcracking, for instance), that were not predicted by
the continuum approach35.
One area where this approach is particularly interesting is in the regime of very
fast deformation. Measurements at high deformation rates are particularly difficult
to perform. The deformation is often localised in very small volumes in which the
temperature rises considerably during the process. Sometimes even melting of the
material occurs. Recrystallisation due to the temperature rise destroys most of the
information of the processes preceding it. For these reasons, the constitutive
equations necessary in engineering calculations are often unreliable. Processes
where the deformation is fast are quite common in industry. For instance, when a
metal plate is perforated, the local rate of strain may exceed 103 s−1, even though
the overall rate is much lower. Other, more violent examples include the perforation of armour plates by a bullet or the explosive forming of workpieces.
This thesis approaches fast deformation from the small regime of small length
scales. Specifically, it focuses on the processes taking place on a single slip system in a single grain of close-packed metal, where the emphasis lies on the fact
that the deformation takes place in a very short time span and at very high rates.
The method of Discrete Dislocation Plasticity is extended to apply to high deformation rates. One extension is to take into account the limiting velocity to dislocation motion, which is the velocity of sound. This implies taking into account the
velocity-dependence of the displacement and stress fields of a moving dislocation.
Since the transition of a obstacle-controlled regime to drag-controlled depends on
the strength of the obstacles, a physical criterion is introduced to project the obstacle properties from a three-dimensional crystal into the two-dimensional computational cell. Both aspects are treated in Chapter 2.
In Chapter 3 we consider the different regimes of dislocation motion with the focus on the drag-controlled regime. The theories so far hold for low dislocation velocities only, but here we extend this to high velocities, at least for the harmonic
contribution of the phonon drag. In Chapter 4 the theories of the previous chapters
are actually implemented in a computer code and some examples are shown to
demonstrate the method. Chapter 5 deals with the thermal effects of dislocation
motion. The methodology is extended to explicitly calculate localisation of heat
and its effects on the strengths of obstacles and drag forces. In the past, some estimates of the maximum temperature rise due to plastic flow have been made in the
literature, but it has never been calculated exactly. Finally, Chapter 6 looks ahead
to an explanation of the temperature rise due to a moving crack and proposes
some directions of future research.
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CHAPTER 2
FAST-MOVING DISLOCATIONS

§2.1 INTRODUCTION
T H E A I M O F T H I S chapter is to set the stage for simulations of dislocation motion and the interactions of the moving dislocation with microstructural features
within a single grain. The stage itself is a two-dimensional periodic computational
cell representing a suitably oriented slip system within the grain. The natural
length scale of the simulations lies in the micrometer range. We will be concerned
with specific microstructural features such as the distribution of dislocations, the
distribution and strength of obstacles to dislocation motion, and the properties of
sites where dislocations are nucleated. The theory will be applied to study the deformation of the cell in simple shear at very high strain rates.
To this end, the stress and displacement fields surrounding a straight dislocation
moving at high velocities in an elastic isotropic infinite medium are introduced,
following the treatment of Hirth and Lothe1 and Weertman2, who built on earlier
work by Eshelby3 and Frank4. Next, the two-dimensional computational cell is
introduced, using the method of Discrete Dislocation Plasticity (DDP), a modification of which was introduced by Van der Giessen and Needleman in 19955,6 to
account for the boundary conditions. The chapter ends with the constitutive rules
governing dislocation generation, trapping and annihilation, as well as the manner
in which their three-dimensional properties are projected into the two-dimensional
computational cell.
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§2.2 THE BALANCE OF MOMENTUM
Consider an infinitely straight edge dislocation i moving at a constant velocity vi
in the x1-direction of a (x1, x2, x3) Cartesian laboratory reference frame. As depicted in figure 2.2−1, the dislocation line lies parallel to the x3-axis and its Burgers vector of magnitude b(i) along the positive or negative x1-direction. According
to the balance of momentum, the components of stress σjk(i) and displacement uj(i)
are related through

∂σ (jki )
∂ xk

=ρ

∂ 2u (ji )
∂t2

,

j , k ∈ {1,2,3} ,

(2.2−1)

where ρ denotes the material density, and t the time. In this relation, repeated indices are implicitly summed according to the Einstein convention. This dynamic
equation reduces to the static case when the inertial term on the right-hand side of
equation (2.2−1) vanishes.
For small displacement gradients, the components of stress and displacement in an
elastic material are related through Hooke’s law, which reads

σ (jki ) = c jklm

∂ ul(i )
.
∂xm

(2.2−2)

Here the cjklm are the elastic constants. In the special case of a linear isotropic medium, with which we will be concerned throughout this thesis, the elastic moduli
cjklm contain only two independent elastic constants through

c jklm = µ (δ jlδ km + δ jmδ kl ) + λδ jkδ lm ,

(2.2−3)

in which µ is the shear modulus, λ the Lamé constant and δjk the Kronecker delta:

FIGURE 2.2−1 Laboratory reference frame L and moving frame L′.
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j=k
.
j≠k

(2.2−4)

1 if
δ jk = 
0 if

Substitution of equation (2.2−3) into (2.2−2) yields

 ∂u (i ) ∂u (i ) 
∂u (i )
σ (jki ) = µ  j + k  + λδ jk l .
∂xl
∂x j 
 ∂xk

(2.2−5)

The equation of momentum (2.2−1) now becomes

µ

∂ 2u (ji )
∂ xk2

∂ 2u (ji )
∂ ∂uk(i )
.
+ (µ + λ )
=ρ
∂ x j ∂ xk
∂t2

(2.2−6)

For an edge dislocation i aligned with the x3-axis, u1i and u2i are non-zero, while
∂u1i/∂x3 = 0, ∂u2i/∂x3 = 0 and u3i = 0 (the brackets around the i have been dropped
for clarity). Introducing the longitudinal wave velocity a1 and the shear wave velocity a2, according to

a1 =

λ + 2µ
µ
and a2 =
ρ
ρ

(2.2−7)

respectively, equation (2.2−6) delivers
∂ 2 u1i 1 ∂ 2u1i a22 ∂ 2u1i  a22  ∂ 2u2i
= 0 and
−
+
+ 1 − 
∂ x12 a12 ∂t 2 a12 ∂x22  a12  ∂x1∂x2
1 ∂ 2u2i a12 ∂ 2u2i  a12  ∂ 2u1i
∂ 2 u2i
= 0.
−
+
− 1 − 
∂ x12 a22 ∂t 2 a22 ∂x22  a22  ∂x2∂x1

(2.2−8)
(2.2−9)

A natural coordinate system (i.e. a coordinate system in which the equations appear in their most simple form) for the solution of equation (2.2−6) is the system
moving with the dislocation. For a constant dislocation velocity, the inertial term
vanishes. In linear elasticity, the signal velocity is limited by the shear wave velocity a2. The Lorentz transformation takes this explicitly into account. It reads
x1′i =

x1i − v i t
1−

i2

v
a 22

;

x2′i = x2i ;

x3′i = x3i ; t ′i =

t − v i x1i / a22
1−

i2

v
a 22

.

(2.2−10)
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The high-velocity displacement fields u1i and u2i of dislocation i, seen at a distance
(∆x1i, ∆x2i, ∆x3i) ≡ (x1 − x1i(t), x2 − x2i(t), x3 − x3i(t)), are solutions of equations
(2.2−8) and (2.2−9). After back-transformation to the laboratory frame of reference and introducing
2

2

2

vi
vi
vi
α = 1 − 2 , β1i = 1 − 2 and β 2i = 1 − 2 ,
2 a2
a1
a2
i

(2.2−11)

they become2

 β1i ∆x2i 
 β 2i ∆x2i 
bi a22 
i2




α
arctan
arctan
−

i 
 ∆x i 
π vi 2 
1 

 ∆x1 
2
2
b i a22  i
αi
i
i
i
i 2
i
i 2
u2 ∆x1 , ∆x2 =
β ln ∆x1 + β1 ∆x2 − i ln ∆x1i + β 2i ∆x2i
2  1
i
2π v 
β2

(

)

(

)

u1i ∆x1i , ∆x2i =

((

) (

))

((

) (

(2.2−12)

) )
2




(2.2−13)

with corresponding stresses

σ 12i (∆x1i , ∆x2i ) =

2 µbi a22 
β1i β 2i ∆x1i

π β 2i v i 2  ∆x1i 2 + β1i ∆x2i

( ) (

(

α i ∆x1i
4

−

) (∆x ) + (β ∆x )
2

)

i 2
1

i
2

i 2
2





2
2
2

2µbi a22  − β1i β 2i + 1 − α i ∆x2i
α i β 2i ∆x2i
σ ∆x , ∆x =
+

2
2
π v i 2  ∆x1i 2 + β1i ∆x2i 2
∆x1i + β 2i ∆x2i 
2

β1i ∆x2i
β 2i ∆x2i
2µb i α i a22 
i
σ 22
∆x1i , ∆x2i =
−


2
2
2
2
2
π
v i  ∆x1i + β1i ∆x2i
∆x1i + β 2i ∆x2i 
i
11

(

(

i
1

i
2

)

)

( ) (

( ) (

)

( ) (

) ( ) (

i
(∆x1i , ∆x2i ))
σ 33i (∆x1i , ∆x2i ) = ν (σ 11i (∆x1i , ∆x2i ) + σ 22

)

)

(2.2−14)

(2.2−15)

(2.2−16)

(2.2−17)

where ν = ½λ/(λ +µ) denotes Poisson’s ratio. Both the stress fields and displacement fields contain the longitudinal wave velocity as well as the shear wave velocity through β1i and β2i, respectively.
The displacement fields of (2.2−12) and (2.2−13) are the sums of two “dislocation
type” fields. These were introduced by Weertman2 so as to ensure that no externally applied force in the x2-direction is required at the core of the dislocation in
order to avoid infinite stresses in the limit ∆x1i = ∆x2i = 0.
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§2.3 DISCRETE DISLOCATION PLASTICITY
The stress fields discussed in section 2.2 are valid for dislocations in an infinite
elastic body. In the case of a finite body or sample, these fields will not comply
with the boundary conditions (in terms of prescribed displacements or tractions as
function of time). Therefore, a correction is necessary that traditionally is interpreted in terms of image dislocations. In 1995, Van der Giessen and Needleman proposed to handle this correction by a finite element procedure instead5. This leads
to a decomposition of the problem in two fields, as illustrated in figure 2.3−1.
The computations to be presented in this thesis are carried out in a rectangular
two-dimensional cell of width × height = 2w × 2h, as depicted in figure 2.3−2. Periodic boundary conditions apply in the x1-direction. The positive or negative edge
dislocations i move on horizontal slip planes. Referring to Van der Giessen et al.5
and Cleveringa et al.6 for details, the final fields of stress and displacement are the
sum of the fields of strings of dislocations (~) and the correction fields (^):

u j = u~j + uˆ j ,

u~j = ∑ u~ji
i

σ jk = σ~ jk + σˆ jk , σ~ jk = ∑ σ~ ijk

with j , k ∈ {1,2 }.

(2.3−1)

i

A string i of dislocations is formed by the stress fields of dislocations i and all its
replicas n in the periodic boxes. Analytical summation5 over all replicas n (each at
a distance 2w apart, as in figure 2.3−2) in the x1-direction yields the displacement
field of the string of dislocations consisting of the current dislocation i and all its
replicas on the slip plane. For instance, defining
∆x1i (n ) ≡ ∆x1i − 2 wn

(a)

(2.3−2)

(b)

(c)

FIGURE 2.3−1 (After Van der Giessen&Needleman5) Separation of (a) the total field into (b) the
field (~) due to all dislocations in an infinite medium and (c) the complementary field (^) to correct
for the boundaries. The mixed boundary conditions are the tractions T0 on the surface Sf and displacements u0 on the surface Su.
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In this thesis, we are interested in the velocity dependence, and consequently using equation (2.2−14) for the shear stress of a single dislocation in an infinite medium, the shear stress σ~12i becomes
2 µb i a22
σ~12i ∆x1i , ∆x2i =
π β 2i v i 2

(

)


β1i β 2i ∆x1i (n )

∑ ∆xi (n ) 2 + β i ∆xi
n =−∞
1
2
 1

(

) (

α i ∆x1i (n )


(2.3−3)
2
2
∆x1i (n ) + β 2i ∆x2i 
4

∞

−

) (
2

) (

)

The infinite sum can be evaluated using the Residue Theorem of function theory
+∞

∑ f ( j ) = − ∑ res ( π f ( z ) cot(πz ) ) ,

j = −∞

(2.3−4)

poles

(z ∈ C) with the summation on the right-hand side carried out over the poles of
f(z) only (i.e. not over the poles of cot(πz)). The residue at a single pole z0 of a
function f(z) that can be represented by the quotient of two analytical functions
g(z) and h(z) (as is the case here) is found from8
res( f ( z )) z = lim
0

z → z0

g (z )
.
h′( z )

(2.3−5)

For the displacements, the summation runs over dipoles. The reason is that the
displacement component u2 of a single edge dislocation increases without bound
with the distance to the dislocation. With increasing n, this would lead to diverging terms. The summation has been carried out using the Residue Theorem and
 +∞ ∂ f ( j ) 
=
f
j
(
)
dη ,
∑
∫  j∑
∂η 
= −∞
j = −∞
+∞

(2.3−6)

FIGURE 2.3−2 The computational cell (n = 0) of width × height = 2w × 2h containing dislocation i
at (x1i, x2i). Replicas of dislocation i are shown in the periodic neighbouring cells n = −1 and n = 1.
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where f(j) has to fulfil certain conditions involving the interchange of the summation and the integral. Following the procedure as outlined above we find:

( )
(
)
( )

(
(

)


 tan π2 ∆ξ1i 
 tan π2 ∆ξ1i
i2
−
+
arctan
α
arctan



i
i 
i
i
π
π

 tanh 2 β1 ∆ξ 2 
 tanh 2 β 2 ∆ξ 2
2
bi a 2 2
− δ i 2 2 α i − 1 sgn ∆ξ 2i
vi
bi a22  i
i
i
i
u~2i ∆ξ1i , ∆ξ 2i =
 β1 ln cosh πβ1 ∆ξ 2 − cos π∆ξ1
i2
2πv 
2

αi
− i ln cosh πβ 2i ∆ξ 2i − cos π∆ξ1i 
β2


(

)

i

2

b a2
u~1i ∆ξ1i , ∆ξ 2i =
2
πv i

(

)

(

)

(

(

(

)

(

(

)

 

  (2.3−7)

)

))

(

))

(2.3−8)

FIGURE 2.3−3 Velocity dependence of the shear stress field σ~i12 (equation (2.3−11)) of a positive
edge dislocation i with all its replicas in a periodic cell of 2h = 2w = 2 µm. The stress field is plotted for −µ/2000 < σ~i12 < µ/2000 in a region of 1.0 × 1.0 µm. The dislocation core is located at the
origin. The number of contour lines is 11 over the entire range. The shading indicates a positive
stress. The dislocation is moving in the positive x1-direction with velocity (a) vi/a2 = 0.01 (b)
vi/a2 = 0.80 (c) vi/a2 = 0.90 (= vR/a2 for ν = 1/3), (d) vi/a2 = 0.99. The material properties have the
values corresponding to Al (see table 4.1−1 on page 60).
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with

(

)

∆ξ ij = x j − x ij w , j ∈ {1, 2 }

(2.3−9)

and
− 1
if
δ =
+ 1
i

∆ξ1i ∈ (− 3 2 ,−1 2 )

∆ξ1i ∈ (+ 1 2 ,+ 3 2 )

.

(2.3−10)

The term containing δ i arises from the discontinuity in u1 when a dislocation
leaves the computational cell at one side and enters at the opposite site. This discontinuity arises from the fact that the arctan-function is multi-valued. The corresponding stress fields are found to be the following equations (2.3−11) to (2.3−13):

i
FIGURE 2.3−4 As in figure 2.3−3, but now with stress component − µ 2000 < σ~11
< µ 2000
(equation (2.3−12)).
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(

)
(


( )
(
)
)
(
) ( )
 (β + 1 − α )sinh (πβ ∆ξ )

α sinh (πβ ∆ξ )
(∆ξ , ∆ξ ) = µwb a  −cosh
+
(πβ ∆ξ ) − cos(π∆ξ ) cosh(πβ ∆ξ ) − cos(π∆ξ )
v 

ξ )
sinh (πβ ∆ξ )
(∆ξ , ∆ξ ) = µwb a α  cosh(πβsinh∆ξ(πβ) −∆cos
−
(π∆ξ ) cosh(πβ ∆ξ ) − cos(π∆ξ )
v 

4
µbi a22 
β1i β 2i sin π∆ξ1i
α i sin π∆ξ1i
i
i
i
~
−
σ 12 ∆ξ1 , ∆ξ 2 =

w β 2i v i 2  cosh πβ1i ∆ξ 2i − cos π∆ξ1i cosh πβ 2i ∆ξ 2i − cos π∆ξ1i

(

σ~11i
σ~22i

)

i

i
1

i
2

i
1

i
2

i

i2
1

2
2
i2

i2

i
1

i
1

i
2

i
1

i2

2
2

i2

i
1

i
1

i
2

i
2

i2

i
2

i
2

i
2

i
2

i
1

i
2

i
1

i
2

i
2

i
2

i
2

i
1

which reduce to the static form of Van der Giessen et al.5 when vi/a2 → 0. The
components of the stress fields σ~jki of a dislocation i with all its replicas at different velocities are displayed in figures 2.3−3 through 2.3−5.

i
FIGURE 2.3−5 As in figure 2.3−3, but now with stress component − µ 2000 < σ~22
< µ 2000
(equation (2.3−13)).
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FIGURE 2.3−6 Dependence of the Rayleigh velocity vR/a2 on the Poisson ratio ν.

As the velocity of the dislocation increases towards the shear wave speed a2, the
stress field changes drastically. In fact, at the Rayleigh velocity vR, i.e. the velocity
for which1,2

β1i β 2i − α i = 0 ,
4

(2.3−14)

the value of the shear stress σ~12i at the slip plane changes sign with respect to its
value below vR. The Rayleigh velocity depends on the ratio of longitudinal to
shear wave velocity a1/a2, and using

a1
2 − 2ν
=
,
a2
1 − 2ν

(2.3−15)

vR can be expressed as a function of the Poisson ratio ν. The dependence of the
Rayleigh velocity on Poisson’s ratio is plotted in figure 2.3−6. For most metals,
ν ~ 1/3, resulting in a Rayleigh velocity vR = 0.93a2.

§2.4 CONSTITUTIVE RULES
Several forces act on the dislocation to drive it to its velocity. Chapter 3 will treat
the relevant contributions to this force. The resulting equation of motion of the
dislocations can be integrated in time as long as obstacles do not hinder the motion. In “real-world” (i.e. non-simulated) crystals, these conditions are rarely, if
ever, met. Obstacles trap dislocations, new dislocations are generated during deformation and dislocations of opposite sign annihilate upon meeting each other.
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The method of discrete dislocation plasticity takes these events into account in an
easy manner5,6. For instance, if at a certain instant the distance between two dislocations of opposite sign on the same slip plane is less than a pre-set value Lannihilate,
their mutual attraction becomes so high that they will collide and annihilate each
other (i.e. they will be removed from the slip plane). The value of Lannihilate is typically of the order of a few lengths bi of the Burgers vector. In the next two sections, discrete obstacles and generation of dislocation will be considered.

2.4.1 OBSTACLES TO DISLOCATION MOTION
In the words of Kocks9, “discrete obstacles (…) describe obstacles to slip whose
dimensions are limited in both directions in the slip plane (although not necessarily perpendicular to it). (…) The limits of the obstacles do not have to be sharp,
they merely must be sharp enough for it to be treated as an individual (…)”. Some
characteristic quantities pertaining to discrete obstacles in the slip plane are depicted in figure 2.4−1. Here Liobs denotes the size or range of interaction of obstacle i in the slip plane in the direction of slip (the x1-direction of the computational
cell), ziobs the size of obstacle i in the slip plane perpendicular to the direction of
slip (the x3-direction in the computational cell) and Λ the mean obstacle spacing.
The flow stress at a given strain is defined as the stress needed to maintain plastic
flow at that strain. It arises from several physical mechanisms limiting dislocation
motion. For instance, the dislocation may find solute atoms, precipitates or forest
dislocations in its slip plane. While crossing unit distance, the dislocation spends a
time tWAIT waiting to pass these obstacles and a time tMOVE moving from one obstacle to the next (see Chapter 3 for a more elaborate discussion).
In the regime where tWAIT >> tMOVE the dislocation is said to undergo jerky glide.
The dislocation spends almost all of its time waiting to pass some obstacle. The
dislocation may pass an obstacle by cutting through, or bowing around it. The
process offering the lowest resisting force Fmax determines the strength of the obstacle. The energy spent in the process can be supplied by an increase of the ap-

FIGURE 2.4−1 Top view of the slip plane with some obstacle parameters. Here Liobs denotes the
size or range of interaction of obstacle i in the direction of slip, ziobs the size of obstacle i in the slip
plane perpendicular to the direction of slip and Λ the mean obstacle spacing. Note also the different types of obstacles present, each with a different value for Λ.
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plied stress, or by thermal fluctuations. Above a certain threshold of the applied
stress or temperature, the obstacles no longer impede dislocation motion. In this
drag-controlled regime (or viscous flow), for which tMOVE >> tWAIT, the dislocations
loose energy mainly by interaction with phonons and electrons (see Chapter 3).
The following sections focus on the regime of jerky glide. This implies that in
these sections we interpret the flow stress as the stress required to overcome the
obstacles only. The effects of thermal activation are excluded for the moment, but
we will return to these in Chapter 5. The first section discusses the mapping of obstacle properties of the three-dimensional crystal in the two-dimensional computational cell. In the same section, the processes by which a dislocation can pass obstacles are treated. The next section deals with how a boundary might be put into
the computational cell. Finally, section 2.4.4 treats the generation of dislocations.

2.4.2 MAPPING OF OBSTACLE PROPERTIES IN THE COMPUTATIONAL CELL
The properties of obstacles have to be mapped from the three-dimensional crystal
in the two-dimensional computational cell (figure 2.4−2). The initial configuration
may contain several types of obstacles distributed randomly across the slip planes.
The parameters available in the two-dimensional cell are the effective average obstacle strength τeff, the effective obstacle spacing leff, the effective size Leff of the
cross-section of obstacles in the slip plane and the effective waiting time teff. The
latter only comes into play at finite temperatures. It is also possible to include obstacles having long-range stress fields. The parameters in the two-dimensional cell
have to represent parameters from the three-dimensional crystal: the obstacle
spacing Λ, the line tension of the dislocation line, the number of obstacles interacting with the dislocation line, the average obstacle size Lobs and the obstacle
strength τobs.

FIGURE 2.4−2 Mapping of a three-dimensional crystal into a two-dimensional computational cell.
Here λ1 denotes the linear spacing, λ2 the planar spacing and λ3 the volume spacing.
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Some special care has to be taken when discussing obstacle spacings and fractions. For instance for solutes, when the sample contains an atomic fraction c of
solutes, some average distances can be defined, depending on the dimensionality
of the distribution that is under consideration. In three dimensions, the average
distance λ3 between the centres of the obstacles is b/c1/3. Here the superscript i has
been dropped from bi, since the focus is now on the obstacles instead of the dislocation. When a plane cuts the volume, the average distance λ2 between obstacle
centres in the plane is b/c1/2. When the volume is cut by a line, the average spacing
λ1 along the line is b/c.
In our case, the normal of the plane of the computational cell points in the x3direction. The slip planes on which the edge dislocations move cut this plane perpendicularly, resulting in lines along the x1-direction. The obstacle spacing along
the line representing the slip plane is then λ1. Equivalently, the straight dislocation
line, which lies along the x3-direction, meets 1/λ1 = c/b obstacles per unit length.

FIGURE 2.4−3 Interaction of a dislocation line with obstacles. (a) the Friedel limit η0 < 0. Left:
weak interaction10. Right: strong interaction; (b) the Mott-Labusch limit η0 > 0. Left: weak interaction. Right: strong interaction; (c) Orowan looping around non-shearable obstacles.
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The idea is now that an analysis of the processes by which the dislocation line
passes the obstacles yields the effective jump distance leff, the activated length of
dislocation line and the number of obstacles n along the activated length, for each
type of interaction. From experimental data, the flow stress (which is interpreted
here as the obstacle strength) for a grain of a particular material can be measured.
When the contributions from each type of obstacle can be identified from the experimental data (for instance as in De Hosson et al.11), or when only one type of
obstacle contributes to the flow stress, the strength of a single obstacle can be calculated. Conversely, the values of the effective parameters are immediately reflected in the flow stress that can be read off the stress-strain curves resulting from
the deformation of the computational cell in the regime of jerky glide.
The dislocation line overcomes obstacles either by cutting through or bowing
around them. Each process is activated when the applied stress reaches a certain
threshold. The process with the lowest threshold is the one that actually takes
place. Figure 2.4−3 displays the different manners in which a dislocation line interacts with obstacles. Obstacles that can be passed by cutting through are called
shearable obstacles, or penetrable obstacles. When a dislocation bows around an
obstacle, it is called a non-shearable, or an impenetrable obstacle. This section
starts with treating the shearable obstacles and ends with the non-shearable obstacles.
Another division of obstacles is according to their interaction with the surrounding
medium. Some obstacles have long-range elastic stress fields, such as the interaction between a dislocation and the stress fields of all the other dislocations. Obstacles giving rise to such long-range interactions are termed diffuse obstacles. Their
interaction may be take into account explicitly within the framework of DDP, but
even in that case, their interactions have to be described within a two-dimensional
setting. On the other hand, some obstacles interact only locally with the dislocation line. These obstacles are termed localised obstacles. Small coherent precipitates form an example.
In real crystals, the dislocation lines are seldom straight. A further division is
based on the ability of the obstacle to bend nearby parts of the dislocation through
a large angle against the line tension T. Obstacles with that ability are strong obstacles, whereas those without are weak obstacles. The last two criteria are combined in the dimensionless Labusch-parameter12,13

η0 =

Lobs
Λ

2T
,
Fmax

(2.4−1)

where Fmax denotes the maximum applied force that the obstacle can resist. This
parameter consists of two dimensionless parameters (Lobs/Λ) and (Fmax/2T).
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2.4.2.1 Friedel limit
When η0 << 1, the interaction of the dislocation line with the obstacle takes place
over a small segment. The interaction is then considered to be a point force. The
interaction between dislocation line and localised obstacle may bend the dislocation line over a cusp angle ϕ against the line tension T ≈ ½µb2 (figure 2.4−4).
Equating the line tension T to the applied force F then leads to
F = 2T cos(ϕ) = µb2 cos(ϕ).

(2.4−2)

At the critical breakaway angle ϕc, which occurs at the maximum applied force
which the obstacle can resist, F = Fmax. The critical breakaway angle is used as a
normalised measure for the obstacle strength:
cos(ϕ c ) =

Fmax Fmax
=
≡ fc .
2T
µb 2

(2.4−3)

Each obstacle resists the forward force τbl on a segment of line of initial length l
and at the maximum Fmax,

τ max =

Fmax µb
=
fc .
bl
l

(2.4−4)

The number of obstacles per unit length in contact with the dislocation line depends on the curvature of the line. This in turn depends on the applied stress.
When the line is slightly curved, the length per obstacle is the Friedel length12:
lF =

Λ
Λ
=
1
1
cos(ϕ c ) 2 f c 2

(2.4−5)

leading to an effective obstacle strength of

8
R

l
Fmax

R

2

T
27

l

T

FIGURE 2.4−4 Localised interaction between the dislocation line and some obstacles.
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τ max, Friedel ≡ τ F =

µb
µb
fc =
fc .
lF
Λ
3

2

(2.4−6)

In the derivation of this length, the assumptions are made that the dislocation line
advances by unpinning of one obstacle at a time, thereby covering an area of Λ2,
the average area per obstacle.
The transition to an effective jump length can now be made as follows. When a
dislocation jumps, it covers an area of Λ2. From the derivation of the Friedel
length, we consider a depth of 2lF. Our “effective” straight dislocation should
cover the same area, or Λ2 = 2lF lFeff, leading to (figure 2.4−5)
lFeff =

Λ2 Λ f c
,
=
2lF
2

(2.4−7)

the effective spacing for Friedel obstacles in the computational cell. The jump of
the dislocation should occur at the same resolved shear stress in both the twodimensional case and the three-dimensional case. Since the Friedel stress is derived for the jump over one obstacle at the time, each effective obstacle has a
strength τFeff = τF.
2.4.2.2 Mott-Labusch limit
When η0 >~ 1, diffuse obstacles are assumed to create an average stress τi in a region of size Λ, the average obstacle spacing (figure 2.4−3b). The diffuse forces
again bend the dislocation line into an arc of radius R against the line tension T.
When R <~ Λ, the interaction is called strong (left figure 2.4−3b), and weak for
R >> Λ (right figure 2.4−3b).

FIGURE 2.4−5 Slip area in the Friedel approximation and its projection into an effective straight
dislocation.
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FIGURE 2.4−6 Projection of Mott-Labusch obstacles into the two-dimensional model.

For weak obstacles, the realm of the Mott-Labusch description is entered. The
physical picture given by Nabarro underlying the Labusch derivation is that of a
mean fluctuation in the sign of the obstacle interaction, whereas in the Friedel
picture, all obstacles are repulsive. The dislocation line advances by unpinning at
several obstacles at a time over the length lM. The number of obstacles is given
by9,12

 2T L2obs 

n = 
2 
 Fmax Λ 

2

3

 L
= η0 3 =  obs
Λ f
c

4

4

 3
 ,



(2.4−8)

and the flow stress can be written as
2
 2  µb 3 2 1 4 µb
=τM =  
fc n ≡
fc .
lM
π  l
3

τ max, Mott - Labusch

(2.4−9)

Here f c denotes the average stress (2/π) fc. It follows that
1

Λ
π lF
π  Λ4  3

 .
lM = 1 4 1 2 =
=
1
2 η0 3
2  Lobs f c 
n fc

(2.4−10)

The transition of a three-dimensional crystal to the two-dimensional model can
now be made in a similar fashion as was done for Friedel-like obstacles. In figure
2.4−6, the slip area is estimated. Here the assumption is made that the curved
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boundary of the area of slip can be approximated by a parabola10, with a maximum departure from the straight boundary of Λ. In that case, the area is given by
2/3 ΛlMeff and the effective length becomes

lMeff =

2
Λ,
3

(2.4−11)

the effective spacing of Mott-Labusch obstacles in the computational cell. The
strength of the effective obstacle becomes the Mott flow stress τM (equation
2.4−9), since it represents the resistance to flow due to the fluctuations of the interaction force of all n obstacles along the Mott length.
For strong diffuse obstacles, the radii of the arcs into which the dislocation line is
bent are of the order of the obstacle spacing Λ, so that lM ≅ Λ. The flow stress is
that required to overcome the mean internal stress14 τ− = F−/bLobs, where F− denotes
the average Peach-Köhler force due to the interaction between the dislocation line
and the obstacles. This can be seen by setting Lobs ≅ Λ in equations 2.4−8 and
2.4−9:
2  Lobs  F
π µb
=
fc =
≅τ


2 lM
π  Λ  bΛ
1

τ max, Mott - Labusch,strong

3

(2.4−12)

2.4.2.3 Orowan looping
When the obstacle is non-shearable, the dislocation line may pass the obstacle by
bowing around it. This process is known as the Orowan mechanism (figure
2.4.3−c). The two parts of the dislocation line on either side of the obstacle will
attract and form a dipole. When they are close enough, the loop closes around the
obstacle and the remaining part of the dislocation line is no longer bound by the
obstacle. The resisting force is of the order of the line tension and cos(ϕc) ~ 1, so
equation 2.4−4 yields

τ Orowan ≅

µb
.
Λ

(2.4−13)

In this approach, no account has been taken of the self-stress due to the dipole orientation of the dislocation segments that are bent around the obstacle, or the size
of the obstacle, which may be of the order of Λ. Taking this into account gives15

τ Orowan

(

)
)

s
0.84 µb ln d obs
r0
=
.
s
2π (1 − ν ) Λ − d obs

(

(2.4−14)
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Here dobss is the mean diameter of the spherical particles in the plane, which
equals (π/8)zobs, and r0 denotes the core radius of the dislocation (typically ~ b).
The factor 0.84 takes into account the fact that the dislocation moves in areas
where the obstacles are relatively widely spaced, thereby increasing the effective
obstacle spacing14.
The slip area per obstacle is Λ2 (figure 2.4.3−c). The original interaction length of
the dislocation line is Λ, so the effective projected obstacle spacing lOeff also reduces to Λ.
2.4.3 BOUNDARIES
The case of grain boundaries stands out among the previous treatments, in the sense that they cannot be passed by the Orowan mechanism, and cannot be sheared,
because in general the crystallographic directions change at a grain boundary. In
addition, the obstacle strength of the grain boundary is generally higher than the
previous types of obstacles. Nevertheless, it is possible to model the obstacle to
dislocation motion posed by a grain boundary by putting a vertical “wall” of obstacles cutting all slip planes. This “grain boundary” does not pose the problem of
projection in the two-dimensional cell, since the intersection of the boundary with
the computational cell is simply a line in the x1-x2-plane.
The obstacle strength of these grain boundaries is determined by a treatment reminiscent of the one leading to the Hall-Petch equation14. Experimentally,
τ Hall − Petch = τ 0 + kd − n

(2.4−15)

with τ0 a friction stress, k a stress concentration factor, d the grain-size. The exponent n approximately equals ½. The stress concentration arises from pile-ups
against the grain boundary, which at a certain point yields enough stress to activate a dislocation source in a neighbouring grain. The grain size d enters because
it is a measure for the maximum length of a pile-up in the grain. The friction stress
τ0 is the stress arising from all other contributions.
2.4.4 GENERATION OF DISLOCATIONS
In real crystals, several mechanisms give rise to the creation of dislocations, such
as the self-replicating process of a Frank-Read source, generation at grain boundaries, generation at stress concentrators, or through the double cross-slip process.
The latter requires modelling in terms of screw dislocations.
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According to Nadgornyi13, the sources, or nucleation sites i can be characterised
by their intrinsic stress field σ inuc(∆x1i,∆x2i) (which in our computational cell becomes the stress field σ~ inuc(∆x1i,∆x2i) of a string of sources), the source diameter
Linuc and the source strength τ inuc, above which dislocations will be generated at
the boundaries of the source. The ∆x1i and ∆x2i are defined in the same manner as
for dislocations. The intrinsic stress field of the source can take different forms. In
this work, all sources are modelled after a Frank-Read source. It is a localised
source with σ inuc = 0 for all |∆x1i|, |∆x2i| > ½Linuc.
The source strength τ inuc of a Frank-Read source is determined by the length in
the x3-direction, zinuc, of the segment between its pinning points, and the stress
needed to bow out the segment against the line tension. It is given by

τ

i
nuc

µb i
= i ,
znuc

(2.4−16)

where the bi denotes the magnitude of the Burgers vector of the dislocation segment between the pinning points.
The length in the x3-direction is proportional to the initial density of forest dislocations ρFinitial, since these provide the pinning points for the dislocation segment.
Introducing the proportionality factor fN, this gives an average length between the
pinning points:
i
=
znuc

1
f N ρ Finitial

.

(2.4−17)

The source diameter Linuc and the source strength τ inuc are related through the condition that the applied resolved shear stress balances the attraction between the
freshly formed dislocation pair at (∆x1i,∆x2i) = (±½Linuc, 0). This leads to
Linuc =

i
µ
bi
znuc
=
.
i
2π (1 − ν ) τ nuc
2π (1 − ν )

(2.4−18)

For very small segment lengths zinuc this only gives the order of magnitude, since
the error in representing the cross-section of the loop by straight dislocation is the
greatest for small loops.
In high strain rate deformation, the rate at which dislocations are generated may
be of crucial importance. The time needed by a dislocation segment to cross the
source region is taken as the time needed to nucleate a dislocation loop. In this
manner, the nucleation time is directly coupled to the effective stress on the source
region and to its size, as is physically plausible.
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The nucleation sites also manifest themselves as obstacles to dislocation motion.
When a dislocation passes a source region, we assume that it has to bend around
it, so its strength can follow an Orowan-type equation (2.4−14). The size of the
source in the x3-direction again equals the length of the segment of dislocation line
forming the Frank-Read source.

§2.5 SUMMARY
In this Chapter, all the basic ingredients, except for one, have been introduced for
simulations of dislocation dynamics at high strain rates. The first section introduced the stress and displacement fields of a straight, fast-moving edge dislocation in an infinite medium. However, we are interested in dislocations moving in a
finite medium. In our case, the simulations take place in a two-dimensional computational cell, which is periodic in the horizontal direction. This cell contains
horizontal slip planes and represents a single slip system in an infinite strip of
close-packed metal. Section 2.3 describes the stresses and displacements in the
computational cell, taking into account the boundaries of the cell.
Any crystal in the “real world” contains obstacles that may impede dislocation
motion. These have to be projected into the two-dimensional computational cell.
In section 2.4, a criterion is developed for this, based on a constant slip area per
obstacle. This criterion depends on the type of interaction between the dislocation
line and the obstacle.
The remaining ingredient that is still missing is the force that actually drives the
dislocation to its velocity. We will devote the entire Chapter 3 to the various contributions to this force and the connection between this force and the dislocation
velocity.
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CHAPTER 3
DISLOCATION DRAG MECHANISMS

§3.1 INTRODUCTION
H I G H S T R A I N R A T E deformation of materials is commonly described by socalled constitutive equations which link macroscopic strain (γ), strain rate (γ·) and
temperature (T) with macroscopic stress (τ). Because plastic deformation is in essence an irreversible and consequently a path-dependent process, the mechanical
response of a material also depends on the deformation substructures created
during the process. Depending on γ·, T and the stress state, however, a variety of
substructures exists and therefore one has to add the deformation history to the
constitutive equations. The latter is usually neglected, but not in our case:

τ = f (γ , γ&, T , deformation history )

(3.1−1)

In the following sections we will discuss plasticity and the accompanying drag
mechanisms on the dislocation level. To make a connection with the constitutive
equation it is appropriate to summarise some of its essentials.
There are quite a number of constitutive equations proposed, and indeed successfully applied, to describe plastic deformation. The basic idea is to collapse all the
mechanical data into one single equation. The main ingredients are based on the
well-known power law

τ = τ 0 + kγ n ,

(3.1−2)
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(with n the work-hardening coefficient and k and τ0 constants), and a description
of the effect of temperature on the flow stress:
  T − T m 
R
  ,
τ = τ R 1 − 
−
T
T
  M
R  


(3.1−3)

with TM the melting temperature and TR a reference temperature at which the reference stress τR is measured. The effect of strain rate can often simply be approximated by

τ ~ ln (γ& γ&0 ) ,

(3.1−4)

although this description breaks down at strain rates above 102 s−1.
These basic ingredients were combined by Johnson et al.1 leading to

τ = (τ 0 + Bγ

n

)

m

 γ&     T − TR  
1 + C ln    1 − 
 .


&
γ
T
T
−
0
M
R
 






(3.1−5)

Equation (3.1−5) turns out to be very successful and the parameters τ0, B, C, n and
m are determined for a number of materials and even, in a modified form, for ceramics2. In addition, the Johnson equation is stretched so as to incorporate dynamic recrystallisation at higher temperatures3. It is important to realise that the
constitutive equations are basically “curve-fitting” procedures and that several research groups have developed their own functional form. For example, the following functional dependence was successfully applied to Cu4:

 γ&  
τ = Aγ n 1 + m ln 1 +   ,
 B


(3.1−6)

with A, B, n and m constants. Nevertheless, to make reasonable estimates of certain specific material behaviour, these rather empirical constitutive equations are
still useful (for example to estimate the temperature rise during high strain rate
deformation, see Chapter 5 and Chapter 6).
Another important aspect in our work on discrete dislocation plasticity is the relation between resolved shear stress σ experienced by the dislocation, and dislocation velocity vDIS. For this we have to start with Newton’s second law of motion
and define the force exerted on a dislocation. A general expression for this force
r
r
can be found readily: if a dislocation segment dξ moves a distance ds under the
rr
applied stress tensor Σ , the amount of work done is
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r r rr r
dW = dξ × ds Σ ⋅ b ,

(

)

(3.1−7)

rr
r
where b denotes the Burgers vector. With a symmetric stress tensor Σ , the work
done can be written as
r rr
r r
r rr
r
r
dW = b Σ ⋅ dξ × ds =  b Σ × dξ  ⋅ ds ,



(

)

(3.1−8)

r r
or, using dW = dF ⋅ ds ,

r
r
rr
dF =  bΣ  × dξ .
(3.1−9)
 
rr
The stress tensor Σ represents the sum of all the fields of the strings of dislocations (~) and the correction fields (^) (see section 2.3). This equation is called the
Peach-Köhler equation From now on, we will denote the local resolved shear
stress on the dislocation by σPK. In all cases referring to a local quantity (for instance, the strain component ε12 of an edge dislocation), the coordinate system is
oriented with respect to the dislocation as in figure 2.2−1. The contributions to
σPK may be the stress fields of other dislocations and obstacles, and the local
component of the macroscopic applied stress τ. For an edge dislocation, the
Peach-Köhler force FPeach-Köhler then reduces to σPKb.
Also in this case, various semi-empirical approaches do exist in literature. Based
on “curve-fitting” procedures the dislocation velocity-stress dependence is commonly described by5,6
vDIS = A(σ PK ) e − E k BT ,
m

(3.1−10)

or in simple form7:
m

σ 
 .
vDIS = v0  PK
0 
σ
PK



(3.1−11)

The difficulty with these expressions is that there is no upper limit for vDIS as a
function of σPK. Gilman8 repairs this by writing

vDIS = vA e

−

A
σ PK

σ

− PK
+ vB 1 − e B



,



(3.1−12)
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with A and B constants, and vA and vB limiting velocities for σPK → 0 and
σPK → ∞, respectively. At moderate stresses the dislocation velocity is proportional to the applied stress. This can be used in the determination of the dislocation damping coefficient B.
Returning to Newton’s second law and assuming a linear proportionality between
the stress and the dislocation velocity, it would mean

σ PK ∝ a

and

vDIS ∝ a ,

(3.1−13)

with a the acceleration. The two expressions (3.1−13) combined would imply that
the dislocation undergoes an acceleration under a constant velocity at a certain
stress. This is clearly a contradiction. To “hold back” the dislocation, there are two
possibilities:
(a) there is a drag damping the motion of the dislocation. This drag is considered
viscous, in analogy with the movement of a body through a fluid)
(b) the mass increases with velocity causing the acceleration to decrease upon increasing velocity.
Furthermore, there exist various kinds of obstacles to the motion of dislocations.
In fact, these obstacles control the flow stress to a great extent at relatively low
strain rate deformations. There are even so-called thermal obstacles that can be
released under the influence of a stress that is smaller than the glide resistance of
the obstacles. This is expressed by an Arrhenius equation

v DIS = v0 e

−

∆G
kT

,

(3.1−14)

and leads to a third regime
(c) dislocation dynamics described by thermally activated dislocation motion.
In the following sections, the three governing mechanisms of thermally activated
dislocation motion, dislocation drag and relativistic effects will be scrutinised as a
function of the dislocation velocity and strain rate. This will be delineated with
increasing deformation rate in the sequence: thermally activated dislocation motion, dislocation drag, relativistic regime.

§3.2 THERMALLY ACTIVATED MOTION
Apart from the Peierls-Nabarro stress resisting the initiation of dislocation motion,
other obstacles may be dispersed in the lattice, for instance solute atoms, precipitates, other dislocations etc. The impediment of the motion may also have its origin in the moving dislocation itself (by cross slip, or jog formation). Which of
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these obstacles are predominant depends on their strength, the temperature, the
external stress, etc.
In overcoming an obstacle, free energy may be stored temporarily (e.g. by increased dislocation length) or permanently (e.g. by the creation of jogs after intersection). Processes of the former kind can be thermally activated, while the latter
processes cannot. Consequently, the macroscopic shear stress may be divided in
an a-thermal part connected to structure, and a thermal part. In the literature it is
sometimes called the internal stress, because it arises from the “internal” stress
due to other dislocations. However, we do not support this idea because the resistance of bowing out a dislocation loop is due to its own line tension and not to the
internal stress. Decisive for the a-thermal stress is whether it is of long-range nature, in which case it cannot be overcome by thermal activation. Consequently,
under the influence of an external applied stress an effective stress (i.e. the applied
stress corrected for the structural part) is available to move a dislocation across a
barrier.
The principal short-range barrier, i.e. the Peierls-Nabarro stress, is important for
bcc metals but not for our case, fcc and hcp materials. For fcc and hcp metals,
dislocation forest dislocations are the primary short-range barriers at lower temperatures.
The rather empirical equation (3.1−14) is only useful if the rate determining processes are of “atomic dimension” (i.e. of short-range nature), for example in the
diffusion process which is determined by the jumping atoms. Furthermore, the
activation event in deforming crystals, proceeding under the influence of (external) stresses should be independent of temperature if the stresses are equal or
larger than a maximum opposing stress. Therefore ∆G is stress-dependent.
Kocks et al.9 discuss the vibrational frequency of dislocations and conclude
ν0 = 1011 s−1, about two orders of magnitude smaller than the vibrational frequency of atoms νD = 1013 s−1. The lower bound of ν0 is related to the spacing l
between the obstacles:

ν0 =νD

b
.
4l

(3.2−1)

For an annealed metal with dislocation density of 1011−1012 m−2, equation 3.2−1
yields ν0 ≅ 109 s−1.
Equations (3.1−14) and (3.2−1) still cannot explain for the fact that macroscopic
deformation of a crystal starts at a certain critical flow stress. In the description of
thermally activated motion at stresses below a certain mechanical threshold, the
progress of a dislocation through the crystal over its glide plane is jerky10. Dislo-
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cations are assumed to move between obstacles during a relatively short time interval τRUN. During the waiting time τWAIT at obstacles they may be released either
by thermal fluctuations, by a change in the applied stress, or by a change in the
obstacle structure. If it is assumed that no obstacles are present, that all dislocations move on one singular slip plane and remain straight, and that their velocity
vDIS is determined by an effective applied stress, and that this is the same for every
moving dislocation, then the transport equation of the shear strain rate

γ& = bρ M vDIS

(3.2−2)

(the so-called Orowan equation, which connects the macroscopic strain rate to
microscopic quantities) describes the process of continuous glide, in which at any
instant all dislocations are mobile (ρM = ρTOT denotes the density of mobile dislocations). In the case of jerky glide, the macroscopic strain rate is provided only by
those dislocations which are running, and

γ& = bρ RUN vRUN ,

(3.2−3)

where ρRUN is the density of the running dislocations. The running dislocations are
transferred from the waiting state to the running state by release at the obstacle at
·
·
a rate ρWAITP. Here P denotes the fraction released per unit time under a thermal
fluctuation (or a fluctuation in external or internal stress), and ρWAIT the density of
dislocations trapped in front of an obstacle.
After travelling a distance L, the mean free path, the dislocations are transferred
back to the waiting state and the kinetic balance reads

ρ v
ρ
ρ& RUN = ρ WAIT P& − RUN RUN = ρ WAIT P& − RUN ,
L
τ RUN

(3.2−4)

with solution

ρ RUN

t
−

τ RUN
&

= ρ WAIT Pτ RUN 1 − e




.



(3.2−5)

After t >> τRUN, when steady state between waiting and running densities has been
reached, ρ& RUN = 0 and equation (3.2−3) becomes

γ& = bLρ WAIT P& .
If ρTOT = ρWAIT + ρRUN is constant, then

(3.2−6)
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γ& = bρ M

L
.
τ WAIT + τ RUN
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(3.2−7)

Usually, τWAIT >> τRUN and

γ& = bρ M

L

τ WAIT

.

(3.2−8)

The mobile dislocation density ρM can be estimated from the experimentally
known fraction of the total ρTOT, which is about10 0.25. With strain rates up to
1 s−1, and ρTOT ~ 1012 m−2 and obstacles spaced about 1 µm apart, the mean waiting time τWAIT becomes 2.5⋅10−4 s. This average waiting time is governed by the
probability that an obstacle will be overcome by thermal fluctuations, see equation
(3.1−14), according to
1

τ WAIT

= ν = ν 0e

−

∆G
k BT

,

(3.2−9)

b −
= ν D e k BT .
4l

(3.2−10)

or by equation 3.2−1:
1

τ WAIT

∆G

Using τWAIT = 2.5⋅10−4 s in equation (3.2−10) and νD = 1010 s−1, an activation energy of about 0.3 eV is found, which is a reasonable value in an atomistic picture. In the regime where τRUN > τWAIT we have to turn to another relationship
between dislocation velocity and applied stress as will be explained in the next
section.

§3.3 DISLOCATION DRAG MECHANISMS
In this second regime the velocity of the dislocations is proportional to the applied
stress, that is to say the exponent in equation (3.1−11) is equal to one9. This means
that the solid acts as a Newtonian viscous material:
r
r
Fdrag = − B vDIS ,

(3.3−1)

where B represents the damping coefficient and the minus sign signifies that the
drag force works in the direction opposite to the motion. In a Newtonian viscous
material, the damping coefficient does not depend on the velocity vDIS. Writing the
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force balance of the straight dislocation line (neglecting inertial effects for now)
and substituting the Peach-Köhler force from equation 3.1−9 yields

FPeach − Köhler + Fdrag = 0 ⇔ σ PK b = B vDIS ,

(3.3−2)

It is easy to see that under steady-state conditions (see equation (3.2−2)), the flow
stress should be proportional with the macroscopic strain rate γ· if dislocation drag
mechanisms are operative. Indeed, most of the mechanical energy applied to the
material is dissipated by forces opposing the applied stress. In fact, macroscopically only about 10% is residually stored as defects in the substructures. At a local
scale of a moving dislocation this is not relevant and one may argue that all the
mechanical energy is dissipated in the form of heat (see Chapter 5).
To a first approximation the drag coefficient B = BTOT consists of three basic contributions
BTOT = BPH + BE + BIMP ,

(3.3−3)

where the subscripts PH, E and IMP refer to phonon viscosity, electron viscosity
and impurity effects, respectively. In addition, one may think of other contributions11, such as magnon drag in magnetic crystals, but we will not treat these here.
In the following sections, we will consider each contribution to equation (3.3−3)
separately.

3.3.1 PHONON VISCOSITY
Dislocations moving in the flux of phonons experience frictional forces. In the late
sixties and early seventies, many a paper (for instance in refs. 11−16) was devoted
to identify the separate processes contributing to the total force. The picture that
eventually emerged is briefly summarised below.
The terms contributing to phonon damping may be grouped according to whether
the dislocation line is considered flexible or rigid. In the first case, the thermal
phonons excite vibrations in the dislocation line, which are then re-radiated in a
cylindrical wave around the dislocation line. When the dislocation is moving, this
gives rise to a net force opposing the motion. This is called the flutter mechanism
and it is described in terms of linear elasticity17. The resulting drag coefficient is
denoted by Bflut. At low temperatures (T << θD, with θD the Debye temperature), its
temperature dependence follows T3, while at higher temperatures the dependence
is linear. We will come back to this contribution later in this section.
Further, if accelerations and decelerations are involved, dislocations emit elastic
waves corresponding to the outflow of energy. The amount of radiated energy is
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proportional the rate of change of the resolved shear stress on the dislocation. One
cause is the periodic change in velocity due to the interaction with the Peierls hills
(in particular for motion in bcc lattices), but at high velocities this contribution
becomes negligibly small, and we will neglect it. However, it is not clear a priori
whether we may neglect the accelerations due to a change in applied stress, and
we will turn our attention to this question in sections 3.4, 4.3 and 6.2.1. In the discussion of the next two sections, we will confine ourselves therefore to dislocation
motion at constant velocity.
In the second group, where the dislocation is considered rigid, it cannot scatter
phonons by fluttering. However, close to the dislocation core, linear elasticity
ceases to be valid, and the phonons are scattered by anharmonicities in the strain
field12−15. Once more, a moving dislocation encounters more phonons in the direction of motion than in other directions (giving rise to the so-called phonon
wind), and the resulting drag coefficient is called Bwind. At low temperatures, it is
proportional to T5, while at high temperatures, Bwind ∝ T (as in the case of the
flutter mechanism). The following expressions were derived by Brailsford13:
4

5

0
wind

384α G2 h  a2   qDb 
  
=

b3  a1   2π 

0
wind

96α G2 h  a2   qDb  T
  
for T ≥ θD
=

b3  a1   2π  θ D

B

5

T 
 
 θD 

for T << θD

(3.3−4)

and
4

B

5

(3.3−5)

with αG the Grüneisen parameter (which also depends on temperature). The superscript 0 stresses the fact that this coefficient does not depend on the dislocation
velocity vDIS.
The thermo-elastic effect is related to the concept that a moving dislocation strains
adjacent regions in tension and compression. It can be seen that the accompanying
temperature change falls and rises (respectively) inversely proportional with the
distance to the dislocation (Chapter 6). This in turn leads to a change in entropy.
Consequently, energy is depleted from the dislocation, leading to a contribution
BTE0 proportional to cV(T)T ln(a2/vDIS), with cV the specific heat at constant volume. Because of this effect, the area in front of a moving dislocation is not only
heated but at some larger distances also cooled. This term may gain relative importance at high temperatures (T >> θD), because then BTE ∝ T2. In metals, however, it is usually neglected13,14.
The last, but important, contribution is that due to so-called slow phonons, where
the term slow refers to the group velocity. This interaction arises due to the devia-
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tion from linearity of the dispersion in a real crystal and was first suggested by
Al’shitz and Indenbom12. The point is that the phonon viscosity is related to the
density of phonon modes per unit frequency range, D(ω). The latter is inversely
proportional to the group velocity dω/dk. It is clear that there will be a singularity
in D(ω) whenever the dispersion relation ω(k) becomes horizontal; that is to say,
whenever the group velocity become zero. In a part of the k-space, e.g. in the vicinity of the Brillouin zone boundary, the group velocity may be reduced and the
phonons are literally slow.
At the Debye temperature and higher, the magnitude of this contribution to phonon viscosity becomes constant and is comparable to Bflut. It is given by
0
Bslow
=

α 2hb 2 qD4
,
8π 5r0

(3.3−6)

where r0 is of the size of the dislocation core radius, and α is a numerical factor11,
depending on the particular anharmonic model in use. For the Gruneisen model, it
equals the Grüneisen parameter αG, but in the literature, some other models are
also employed12. The superscript 0 again stresses the fact that this coefficient does
not depend on the dislocation velocity vDIS. However, the actual contribution of
Bslow0 to the phonon viscosity depends critically on the details of the phonon
spectrum of the specific material investigated. For fcc materials the inter-atomic
interactions can be thought to be effectively projected onto the first nearest neighbour. Actually, the first nearest neighbour interactions seem to dominate at least
up to sixth neighbours. In the limit of first nearest neighbour (harmonic) interactions, ω depends sinusoidally on k. Consequently, near the boundary of the first
Brillouin zone there are no flat regions by which the group velocity is reduced,
and effectively the Brillouin zone is replaced by a sphere. In the case of fcc materials only small flat areas in side the Brillouin zone can be found, in sharp contrast
to bcc materials. Therefore we anticipate that Bslow0 yields a substantial contribution to the total phonon viscosity for bcc and less for fcc materials. Nevertheless,
if the flat region occupies already a relative volume of ro/l(θD) in the first Brillouin
zone (where l(θD) is the phonon mean free path at θD) the slow phonon relaxation
contributes a substantial amount12, in Cu a relative volume of already 1%.
In summary, the phonon drag term is
0
BPH = Bwind
+Bflut at T << θD

(3.3−7)

0
0
BPH = Bwind
+Bflut + Bslow
at T ≥ θD.

(3.3−8)

and
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In all interactions with the phonons of the strain field of the moving dislocation,
the field of the static approximation (vDIS → 0) of equations (2.2−12) and (2.2−13)
has been used, even for dislocation velocities approaching the lowest velocity of
sound. In the following, we will investigate whether the high-velocity fields lead
to a relativistic contribution to the damping terms. Note that this leads to a velocity-dependent (i.e. non-Newtonian) drag coefficient. Since our description is linear
elastic, we will consider the fluttering mechanism. In this mechanism, a dislocation in translational motion interacts with phonons via elastic scattering accompanying momentum transfer. The latter gives rise to the inertia of dislocation motion, that is to say a retarding force. The starting point in our description is therefore the total momentum of the phonon gas
r r
r
p = ∑ hk N k ,

()

(3.3−9)

r
r
where N( k )is the number of phonons in a vibrational mode { k }. Because of the
interaction between moving dislocations and elastic waves, phonons are interchanged between the various modes which leads to a variation of the occupation numr
ber N( k ). The average retarding force is then

r
r
r
f = − ∑ hk N& k .

()

(3.3−10)

r
r
The rate of change of the average numbers of phonons N ( k ) in mode { k } can be
expressed in a general form18

r
r r
r
r
N& k = ∑W k ,−k ′ N k ′ − N k + L .

()

(

)[ ( ) ( )]

(3.3−11)

The sum in equation (3.3−11) represents
the increase
per unit of time of the averar
r r
ge number of phonons in mode { k }r and W(
r k ,−k ′ ) is the probability rate for the
scattering of a phonon from mode { k } to { k′ }. Next, we assume that the energy
r r rof
the phonon gas is also conserved in three-phonon collisions, and W( k , k ′,−k ′′ )
vanishes.
For static defects one finds, according to Fermi’s Golden Rule,
r r
r r
r
r
Wstatic k ,−k ′ = wstatic k ,− k ′ δ ω k − ω k ′

(

)

(

) ( ( ) ( ))

(3.3−12)

with

wstatic

r r 2
2
r r
 (2π )3  V1 k ,− k ′
r r .
k ,−k ′ = 2π 

 Ω0 ρ0  ω k ω k ′

(

)

( )
()( )

(3.3−13)
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The delta function in (3.3−12) means that the energy of the phonons is conserved
in collisions with static defects. W contains the basic physics of the description
by
r
V1 which is the couplingr between the vibrational modes, represented by { k }, their
r
polarisation vectors e ( k ) and the defects which are represented by the Fourier
transforms ℑ(ε ) of their strain fields ε. A typical element of V1 has the form

r r r r
r
V1 = A1 e ⋅ k e ′ ⋅ k ′ ℑ(ε )(q ) + L .

( )(

)

(3.3−14)

r r r
r
with q = (q1 , q2 , q3 ) . V1 vanishes unless k + k ′ + q = 0 , meaning that the momentum of the phonon is changed in collisions with the defects.
In our case of a uniformly moving dislocation, a standard time-dependent perturbation treatment yields the probability rate
r r
r r
r
r
r r r
Wmoving k ,− k ′ = wmoving k ,− k ′ δ ω k − ω k ′ − k − k ′ ⋅ vDIS .

(

)

(

)(() ( ) (

)

)

(3.3−15)

The latter reflects in the δ-function (compare equation 3.3−12), that after the interactions of the phonons with the defects not only the momentum changes but
also the energy.
The static, i.e. dislocation velocity-independent, frictional coefficients due to the
flutter effect are given in literature (where the superscript zero refers to the static
limit) as23
0
=
Bflut

kBTω D2
at high temperatures T ≥ θ D
π 2 a23

(3.3−16)

and
0
flut

B

14.4 k BTω D2  T 
 
=
π 2 a23  θ D 

2

at low temperatures T << θ D,

(3.3−17)

where ωD is the Debye frequency corresponding to the Debye temperature
θD = h ωD/kB. At the low-temperature limit, the fluttering and non-linearity
mechanism give drag coefficients of the same order of magnitude and at high
temperatures their ratio becomes a constant with respect to temperature variations.
However, we are interested here in the velocity dependence of the drag coefficients so as to use it over a large range of dislocation velocities.
We assume that the time the dislocation needs to travel a distance of the order of
the phonon mean free path is large compared to the phonon relaxation time, i.e.
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the phonon distribution is then, on average, equal tot the distribution in thermal
equilibrium. The phonon relaxation time τphonon can be estimated from the thermal
conductivity K = cVρvl / 3, with cV the specific heat and ρ the material density.
With v = a2, the phonon mean free path in Cu becomes lCu ≅ 40 nm, yielding the
relaxation time τphonon = lCu/a2 ≅ 10−11 s. If the dislocation velocity approaches the
sound velocity the phonon distribution is not at an equilibrium
−1

  hω j  
N = exp  k  − 1 ,
  kT  
j
k

(3.3−18)

r
r
and actually a heat current will arise from the deviations N k − N k . This is basically also the difference between the thermal conductivity that can only exist
r
r
provided N k ≠ N k and the phonon drag which can exist even when
r
r
N k =Nk .

() ()

()

()

()

()

It is rather difficult to work out analytical equations for the phonon-dislocation
interactions in case the phonon distribution is not in thermal equilibrium. In general, to study the dissipative properties of a system it is convenient to apply the
quantum-mechanical technique of non-equilibrium statistical mechanics. The dissipation of energy per unit time can be written as the product of the time derivative of the phonon Hamiltonian H(t) and the deviation of the so-called density
matrix, exp(–H(t)/T)/Tr{exp(−H(t)/T)}, from its equilibrium value. The latter can
be expressed as a time dependent integral equation and accordingly the phonondislocation viscosity becomes time dependent. However, in the following we will
assume only interactions of moving dislocations with a phonon gas in thermodynamic equilibrium, independent of t.
The velocity-dependent Bflut can now be found by taking the Fourier transform of
the velocity-dependent strain fields and writing
0
Bflut = Bflut
f (vDIS ) ,

(3.3−19)

with f(vDIS) the velocity-dependent part of the drag coefficient, and
0
flut

B

=∑
r r

k , k′

r r
V1 k , k ′, vDIS → 0

(

r
r
δ ω k −ω k ′
r
r
,
ω k ω k′

) ( (( )) ( ( ) ) )
2

(3.3−20)

which should agree with the static limits presented in equations (3.3−16) and
(3.3−17).
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FIGURE 3.3−1 Velocity-dependence BPH(vDIS)/BPH0 of the phonon drag coefficient corresponding to
the Fourier component due to ε12 (equation (3.3−22)) in a unit cell with cubic symmetry, and the
Gillis-Gilman-Taylor drag coefficient (equation (3.3−23)) for ν = 1/3 (or a1 = 2a2).

For glide in the positive or negative x1-direction the relevant component of the
(harmonic) strain field is the one due to ε12. For an edge dislocation, it is given by

ε12 ≡

(x1 − vDISt ) 
∂u1 ∂u2 2b a22  − β1 ( x1 − vDISt )
α4
+
=
+

2
2 
2 2
∂x2 ∂x1 π vDIS  ( x1 − vDISt ) + β1 x2 β 2 ( x1 − vDISt )2 + β 22 x22 

(equation (3.3−21)), where the displacement fields of equations (2.2−12) and
(2.2−13) have been used. Its Fourier transform, which is taken in two dimensions
(since all calculations take place in an essentially two-dimensional setting with
straight dislocation lines), reads
r
2 δ (q3 )e −iq1v DISt ba22  − β12 q2
α 4 q2 
,
ℑ(ε12 )(q ) = i
+

2
2 2
2
2 2
2
vDIS
π
 β1 q1 + q2 β 2 q1 + q2 

(3.3−22)

The velocity-dependence of the phonon drag coefficient due to ε12 is displayed in
figure 3.3−1 for Cu. It is interesting to note that it agrees rather well with the empirical relation
BGillis ( vDIS ) =

0
BGillis
2
1 − (v DIS a2 )

(3.3−23)

put forward by Gillis et al.19, for which a detailed physical basis is provided here.
Actually, the result of equations (3.3−22) and (3.3−23) can be obtained quite
readily by realising that the drag coefficient is simply related to the ratio between
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the momentum p1 transferred per unit of area A (where the subscript 1 denotes the
component of the momentum in the x1-direction). According to special relativity
theory, p1 transforms to p1′ = p1/β2 and A transforms to A′ = β2A because of the
Lorentz contraction. This leads immediately to equation (3.3−23) through

B=

p1′
p
B0
= 21 =
A′ β 2 A 1 − (vDIS a2 )2

(3.3−24)

Because of its simplicity, we will take it as a basis for the further discussion of the
dislocation velocity. It can be seen that viscous phonon drag increases as the dislocation velocity increases towards the shear wave velocity.
Collecting terms, the velocity dependence of the phonon drag coefficient finally
becomes

(

)

static
0
0
BPH = BPH
+ BPH (vDIS ) = Bwind
+ Bslow
+

0
Bflut
,
2
1 − (vDIS / a2 )

(3.3−25)

where the velocity-independent terms have been explicitly separated out from the
velocity-dependent term. In principle, it should be possible to apply the procedure
that was used to obtain the velocity-dependence of the flutter contribution, to the
anharmonic contributions. When the higher order elastic constants are known, the
anharmonic velocity-dependent displacements around the core can be derived in a
similar manner as for the static case, based on the equations for the non-linear displacement fields21. These could then be used in the derivations of Bwind(vDIS) and
Bslow(vDIS), as a function of the dislocation velocity. In this thesis, however, we
will retain the static forms Bwind0 and Bslow0.

3.3.2 ELECTRON VISCOSITY
The interaction of moving dislocations with conduction electrons is attributed to
the interaction of propagating elastic waves with the electrons. BE can be derived
from standard perturbation theory21 or on the basis of the Boltzmann equation22.
The latter development is briefly summarised here. The local lattice velocity
r r
r
u& (r , t ) , with r = (x1, x2, x3) in the coordinate system as in figure 2.2−1, is described by
r r
r r r r
u& (r , t ) = ∑ uq eiq ⋅(r − v DIS t ) ,
q

where

(3.3−26)
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r
r r r
r r
uq = ∑ − iq ⋅ vDIS eqλ ℑu (r − vDISt )qλ

(3.3−27)

λ

r
with q ≡ q the wave number of the lattice wave and λ the normal mode with por
larisation vector eqλ (where λ = 1 denotes the longitudinal mode). Equation
r
(3.3−27) contains the Fourier amplitude with lattice wave q of the displacement
r r
u (r ) . The latter is the displacement field of a static dislocation (i.e. the displacement fields of equations (2.2−12) and (2.2−13) in the limit vDIS → 0). The corresr r r
r
ponding form for a moving dislocation with uniform velocity vDIS is u (r − vDISt ) ,
r
provided vDIS is small with respect to the sound velocity.

Taking the power dissipated by each component of equation (3.3−26) to be Pq,
2

2

Pq = A|| uq|| + A⊥ uq⊥ ,

(3.3−28)

where || and ⊥ refer to the longitudinal (λ = 1) and transverse component, respectively, the effective drag force per unit length BEvDIS, leads to

BE =

1
P ,
2 ∑ q
L vDIS
q

(3.3−29)

with L the length of the dislocation segment. Equation (3.3−29) should be evaluated in the limit L → ∞. The theoretical problem thus reduces to the theoretical
evaluation of A|| and A⊥. Their electronic components have been calculated23:

A || ≅

1
Vn0 m π qlE
τ
6 1 + (q q )2
TF

(

)

2

,

(3.3−30)

with V the normalisation volume, n0 the free electron density, m the electron mass,
τ the relaxation time of the electrons, vFERMI the velocity of electrons at the Fermi
surface, lE = vFERMIτ the electron mean free path and qTF the reciprocal ThomasFermi screening length (qTF = 3 ω P vFERMI with ωP2 = n0e2/ε0m the plasma frequency, e the electron charge and ε0 the permittivity in vacuo). Substitution of
equation (3.3−30) into (3.3−28) and (3.3−29) leads to

π n0 mvFERMIV
B ≅
2
6 LvDIS
0
E

(qr ⋅ vrDIS )2 ∆ q
,
∑q
2 2
q (1 + (q qTF ) )
2

(3.3−31)
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where the superscript 0 denotes the fact that the static displacement fields have
r
been used in the derivation of equation (3.3−31). Furthermore, ∆ q = i 3qℑ(u )q1 is
the Fourier component of the dilatation of an edge dislocation:

∆=

∂u1 ∂u2
+
.
∂x1 ∂x2

(3.3−32)

In equation (3.3−31) the transverse wave contribution is neglected because for
ql > 1, A⊥ ~ (ql)−1A||. For a screw dislocation in an isotropic linear elastic medium, ∆q = 0 and consequently BE0 = 0. In case of a straight edge dislocation lying
along the x3-direction with its Burgers vector pointing in the positive or negative
x1-direction ∆q becomes
∆q =

2b  1 − 2ν  sin ( 12 q3 L ) q2
.


V  1 − ν  iq3
q12 + q22

(3.3−33)

Note that for this orientation of the straight edge dislocation, the direction of the
r r
glide velocity is in the ±x1-direction, so that in equation (3.3−31), q ⋅ vDIS = q1vDIS .
Finally, substitution of equation (3.3−33) into equation (3.3−31), replacing the
summation by an integral and integrating over the Debye sphere of radius qD
yields
2
 1 − 2ν  n0 mvFERMIb qD
φ (qD qTF ) ,
B =

96
 1 −ν 
2

0
E

(3.3−34)

where φ(x) = ½[(1 + x2)−1 + x−1arctan x]. As an example, BE0(Cu) is found to be
0.2 µPa s and BE0(Al) = 0.9 µPa s.
It is important to note that this description of the electron viscosity leads to a temperature-independent contribution to the total drag. In addition, because the dilatation field was taken to be velocity-independent, equation (3.3−31) results in a
velocity-independent contribution to the total drag coefficient. We will now investigate how this equation might be generalised to a velocity-dependent description, in an analogous fashion as for the flutter mechanism of the previous section.
Note that this velocity-dependence is not based on the concept of electron viscosity, but rather on the velocity-dependent strain field.
In the derivation leading to equation (3.3−34) the following assumptions have
been made:
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FIGURE 3.3−2 Velocity-dependent factor that modulates the width of the dislocation core in equation (3.3−38) (after Eshelby25).

ql >> 1
,
r
r
vDIS ⋅ q << σ 0

(3.3−35)

where q denotes the magnitude of the ‘typical’ Fourier component of the strain
field associated with the dislocation13, and σ0 the DC conductivity (in s−1). The
latter is of the order of 1016−1017 s−1 for metals at room temperature24. The typical
Fourier component may be related to the width of the dislocation, i.e. the extent of
the core region that is not governed by linear elasticity. According to Eshelby25,
the width ζ of an edge dislocation is estimated to be

ζ =

aL
,
2(1 − ν )

(3.3−36)

where aL is the lattice distance. The typical magnitude of q is then of the order

q=

2π (1 − ν )
.
aL

(3.3−37)

In the velocity-dependent description, the width of the core varies as25,26

ζ =

aL D(vDIS )
,
2(1 − ν ) D(0)

(3.3−38)

with D(vDIS) = −2µ(2a22/vDIS2)(β1 – α4/β2). The width of the core of a screw dislocation varies with β2. The velocity-dependent terms D(vDIS)/D(0) and β2 are dis-
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FIGURE 3.3−3 Velocity-dependence of the conditions of equation (3.3−35) for Cu (solid lines) and
Al (dashed lines). Left: comparison of vDISq and σ0/10, where vDISq should be smaller than σ0. The
interval of the dislocation velocity is taken very close around the Rayleigh velocities of Cu and Al.
Right: The product ql. In this case, the condition that should be fulfilled is ql >> 1.

played in figure 3.3−2. In both cases of edge and screw dislocation, the width of
the core decreases with increasing dislocation velocity, in case of an edge dislocation even turning negative at the Rayleigh velocity vR (equation (2.3−14)). The
interpretation of this phenomenon is discussed elsewhere25,26, but the use of linear
elasticity to describe the core width in that region is at least questionable. In any
case, the trend of decreasing core width ζ with increasing dislocation velocity vDIS
increases the magnitude of the typical Fourier component q, thereby strengthening
the condition ql >> 1.
The product |q(vDIS)vDIS| and the conductivity σ0/10 are plotted in figure 3.3−3 for
Cu and Al. The product becomes comparable in magnitude to σ0/10 (where the
factor 10 is chosen to denote the “much larger” of conditions (3.3−35)) only well
within the region (vDIS ± vR)/vR < 0.1%, very close to the Rayleigh velocity. Outr r
side of this region, the condition | q ⋅ vDIS | ≤ |q(vDIS)vDIS| << σ0 is easily satisfied.
We are now on safe grounds to put the velocity-dependent dilatation into equation
(3.3−31). According to equations (2.2−12), (2.2−13), (2.3−15) and (3.3−32), the
dilatation is

∆(vDIS ) = −

b 1 − 2ν
β1 x2
π 2 − 2ν ( x1 − vDISt )2 + β12 x 22

(3.3−39)

and its two-dimensional Fourier transform reads
∆ q (vDIS ) =

2b  1 − 2ν  sin ( 12 q3 L ) − iv DIStq1
q2
,
e


2 2
β1 q1 + q22
V  1 − ν  iq3

(3.3−40)
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which reduces to equation (3.3−33) when vDIS → 0. Is it instructive to look at the
velocity-dependent part

∆ q (vDIS )
∆ q (0)

2

2

2

 q2 + q2 
=  21 2 2 2  ,
 β1 q1 + q2 

(3.3−41)

which has its maximum value along q2 = 0, for which it reduces to β1−4 (except for
q1 = 0, when it becomes 1 everywhere). This term becomes arbitrarily large when
vDIS → a1. However, the maximum velocity for an edge dislocation is only a2
(a1/2 for ν = 1/3), and conditions (3.3−35) are only valid up to the Rayleigh velocity vR. The maximum value of the velocity-dependent part is therefore attained
for q2 = 0, q1 ≠ 0 and vDIS = vR, for which it is 1.63 (ν = 1/3), so the velocitydependence of the dilatation changes the electron drag coefficient by less than an
order of magnitude. We will further discuss this in section 3.3.4, where the relative importance of the various damping mechanisms will be discussed.

3.3.3 IMPURITY VISCOSITY
The interaction energy W of a solute atom and a stationary edge dislocation is well
described in literature27. Here we are interested whether impurities contribute to
the damping of fast-moving dislocations. The flow of solute atoms, J, is proportional to the concentration c and the gradient of the interaction energy W:

J ~ c ∇W .

(3.3−42)

For stationary dislocations the solute atoms follow a circular trajectory. When the
dislocation is moving with a velocity vDIS an apparent flow relative to the dislocation is added, leading to


DC
k Tv
(3.3−43)
c ∇Wstatic + B DIS x1  .
kBT
D
C


This flow is the same for a stationary case provided the interaction energy is
changed to
JD = −

Wmoving (v DIS ) = Wstat +

k BT v DIS
x1 .
DC

Wstatic is given by (in polar coordinates with θ = x2/r)27

(3.3−44)
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FIGURE 3.3−4 Flow lines between –10 < x1/b < 10 and –10 < x2/b < 10 for C-solutes in Fe along the
gradients of the stress field of a dislocation, which is located at the centre. Top left: vDIS = 0 m/s.
Top right: vDIS = 10−21 m/s. Bottom left: vDIS = 10−20 m/s. Bottom right: vDIS = 10−19 m/s. In all cases
T = 300 K.

Wstatic =

3µbΩε a sin θ
sin θ
≡A
,
π
r
r

(3.3−45)

where εa = d(ln aL)/dc with aL the lattice constant, and Ω denotes the atomic volume. The equation for the flow lines, based on equation (3.3−44) now becomes

A

x1
k T
+ B vDIS x2 = η .
2
x + x2 DC
2
1

(3.3−46)
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Figure 3.3−4 shows the flow lines for a static dislocation, and for a dislocation
that is moving very slowly. Below a certain critical ηC the flow lines have one end
at the core of the dislocation. Above a critical value of (for which vDIS = vC)

ηC =

2 A k BT vC
,
DC

(3.3−47)

we have open flow lines, which do not go through the dislocation core and closed
flow lines, both ends of which are at the core. The critical distance away from the
slip plane where the solute atoms always flow away from the core is given by

y crit =

1+ 2
A,
ηC

or

1 
ADC

.
y crit = 1 +

2  k BT vDIS


(3.3−48)

The reason for a solute atmosphere being formed is that there are flow lines ending at the dislocation core. Consequently, no solute atmosphere will be formed if
the dislocation is moving so fast that, say,
y crit < b ,

vC >

or

3 + 2 2 ADC
.
2
b 2 k BT

(3.3−49)

In figure 3.3−5 this is displayed for C in Fe as a function of temperature. Note that
DC depends critically on temperature and activation energy through28

DC = DC,0 e

−

Q
RT

,

(3.3−50)

where DC,0 is not dependent on temperature, Q denotes the activation energy for
interstitial diffusion and R = 8.3 J mol−1 K−1. Note that in this case, even at high
temperatures, vC is of the order 10−3 to 10−2 m/s, which is very easily reached at
the strain rates of interest.
When the dislocation is moving with vDIS < vC, a solute atmosphere will be formed
and a concentration gradient is produced. The force from all the solute atoms is
given by
r
c
F = − ∫ ∇W dV ,
Ω
V

and the magnitude of the drag force per unit length can then be defined as

(3.3−51)
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FIGURE 3.3−5 Temperature dependence of the critical velocity vC above which C-solutes in Fe cannot reach the core of the moving dislocation, according to equations (3.3−49) and (3.3−50).

FDRAG

r
c∇W r  vDIS 

ds ⋅ 
= −∫
Ω
 vDIS 
V

(3.3−52)

per unit dislocation length in the direction of vDIS. Analytical solutions of (3.3−52)
are difficult to obtain29. For small vDIS, BIMP is given by
BIMP ≅

17 A2 c0
,
4 DC k BT Ω

(3.3−53)

with c0 the equilibrium concentration, while for vDIS > vC, BIMP = 0.

3.3.4 SUMMARY AND DISCUSSION
The three contributions to the drag coefficient that have been mentioned in equation (3.3−3) and that have been developed in the last few sections can now be put
together to give the overall drag coefficient BTOT according to
0
0
BTOT = BPH + BE + BIMP = Bwind
+ Bslow
+ Bflut + BE + BIMP .

(3.3−54)

It has been noted11,12 that the velocity-independent theories leading to (3.3−53) are
very successful in the prediction of the variation with temperature dependence of
B(T)/B(θD) at not too low temperatures, and of the relative contribution of each of
the components. However, the prediction of the absolute value of B has in some
cases been met with success but with failure in some others. For instance in Cu,
where the experimental value for edge dislocations lies between 17 and 20 µPa s
at room temperature, the theoretical temperature dependence quite accurately pre-
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dicts the experimental values. The same holds for the values of Al at temperatures
above 100 K (BTOT lies between 24 and 57 µPa s at room temperature), but in the
very low temperature regime, the experimental data show an increase with decreasing temperature, opposite to the predictions of the theories presented here.
An extended discussion of these issues (with references to experimental data) is
given in Nadgornyi11.
In our case, however, the main interest is in the velocity-dependence of BTOT, especially in the high velocity regime, which was not treated in literature extensively. Of relevance here is that we will use the available experimentally determined values, and evaluate the components of equation (3.3−54) to give their
relative contribution to the total drag. Specifically, it is of interest to determine the
relative contributions of Bflut and BE, since these are the contributions with a velocity-dependence.
Starting with the electronic contribution, we have already seen that its static value
is typically of the order of 1 µPa s or below for Cu and Al. In the limit vDIS → vR,
these values increase at most by a factor of 1.6, so even in the high velocity-limit,
the order of magnitude remains around 1 µPa s. Compared with the magnitude of
the total drag coefficients in these metals, they may safely be neglected, except at
very low temperatures. This is not the case with the flutter mechanism, since it
becomes arbitrarily large when vDIS → a2. At not too low temperatures, we define

1
0  Bstatic
 0 +
,
BTOT (vDIS ) = Bstatic + Bdynamic (vDIS ) ≈ Bflut
2 
 B
 flut 1 − (vDIS a2 ) 

(3.3−55)

where

(

0
0
static
Bstatic = Bwind
+ Bslow
= BPH

)

(3.3−56)

collects all velocity-independent terms. The contribution BIMP has been neglected
in the dynamic term, the reasons for which have been explained in the previous
section. Al’shitz et al.12 calculated the ratios between the various phonon contributions. At T = θD, they found Bwind0/Bflut0 ~ 10, Bwind0/Bslow0 ~ 1.
The exact values of these ratios depend on the values of the anharmonicity constants α and αG in the expressions for the phonon wind en slow phonon drag. Unfortunately, the α’s have been calculated for only a few cases. In those cases, we
will use the previously mentioned estimates. For Cu, the anharmonicity constants
are known30,31, yielding Bwind0/Bflut0 = 20 for T ≥ θD and (T/50)2 for T << θD.
Substituting the total drag coefficient BTOT into equation (3.3−2) leads to
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FIGURE 3.3−6 Stress-velocity relation for (a) Cu (a2 = 2.1 km/s) and (b) Al (with a2 = 3.1 km/s).
The three curves are solutions of equation (3.3−58). The continuous line denotes the cases for
which T = 100 K, the dotted line T = 298 K and the dashed lines T = 450 K and T = 900 K. The
direction of increasing temperature is also indicated by arrows.
0


Bflut
v .
σ PK b = BTOT vDIS =  Bstatic +
2
2  DIS
1 − vDIS a2 


(3.3−57)

The dislocation velocity in the steady state is then given by the solution of
3

2

0
 vDIS 
 vDIS  σ PK b
σ b  v  B + Bflut

 − PK  DIS  − static

 +
= 0.
Bstatic
 a2  a2 Bstatic  a2 
 a2  a2 Bstatic

(3.3−58)

This equation has three real solutions only if the coefficients fulfil certain criteria,
which is the case here. The solutions are not written down here, since they are
rather lengthy, but they are plotted for Cu and Al in figure 3.3−6 over a wide
range of stresses σPK between −1 and 1 GPa, and for temperatures of 100 K,
298 K 450 K and 900 K. Of the three solutions, only one gives −a2 < vDIS < a2,
while for the other two |vDIS| > a2. Note that figure 3.3−6a and 3.3−6b are not
normalised to the same shear wave velocity a2: a2Cu = 2.1 km/s and a2Al = 3.1
km/s. For a given applied shear stress, it can been seen that the resulting dislocation velocity decreases with increasing temperature.

§3.4 RELATIVISTIC REGIME
Let’s return to the second possibility to “hold a dislocation back” (equation
3.1−13), namely to increase the dislocation mass with increasing velocity causing
the acceleration to decrease. The acceleration of a dislocation can be calculated
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without much difficulty. Taking into account the inertial term that was neglected
in the force balance on the dislocation line (equation (3.3−2)) yields

r
r
r
d r
FPeach − Köhler − Fdrag − Fbowing (r ) − (mv ) = 0 ,
dt

(3.4−1)

with r the bow-out radius of the dislocation line. Again assuming that we deal
with straight edge dislocations, the bowing term vanishes. The rest mass ms,0 per
unit length of a screw dislocation follows from the definition of the elastic selfenergy
µ
µb 2  R 
ln  = ms,0 a22 = ms,0   ,
4π  r0 
ρ

(3.4−2)

or
ms,0 =

µb 2  R  ρb 2  R 
ln  =
ln  .
4πa22  r0  4π  r0 

(3.4−3)

with µ the shear modulus, ρ the material density, r0 and R cut-off radii for the core
and the crystal surface, respectively. Usually, r0 is taken as b and R such that
ms,0 ≅ ρb2. Weertman26 noted, in analogy to Einstein’s relativity theory, that
ms =

ms , 0
.
β2

(3.4−4)

FIGURE 3.4−1 Relative mass with respect to the static value me,0 of an edge dislocation moving at a
velocity 0 ≤ vDIS/a2 < 1 in the x1-direction, according to equations (3.4−7) and (3.4−8), for ν = 1/3.
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Differentiating ms with respect to the time, t yields
dms d (ms,0 β 2 ) dvDIS ms,0vDIS dvDIS
=
= 2 3
.
dt
dvDIS
dt
a 2 β 2 dt

(3.4−5)

Substitution of equation (3.4−4) into (3.4−1) reads

σ PK b − BvDIS =

ms,0 dvDIS ms,0
= 3 a.
β 23 dt
β2

(3.4−6)

The acceleration of a screw dislocation Cu at σPK = 100 MPa from rest lies in the
range of 1013 m/s2.
As already noted by Weertman, for a gliding edge dislocation, the analogy with
Einstein’s relativity theory breaks down. As Hirth et al.32 briefly reviewed, several
self-consistent definitions for the velocity-dependence of the dislocation mass
may be defined. For the edge dislocation, they argue in favour of

 a 
me ( v DIS ) = ms,0  2 
 v DIS 

4


20 4
25 11 3 
 − 8β1 − + 3 + 7 β 2 +
.
−
+
β 1 β1
β 2 β 23 β 25 


(3.4−7)

The relative mass of a moving edge dislocation is plotted in figure 3.4−1. In the
static limit, the “rest mass” of an edge dislocation reduces to

me,0

  a 4 
  1 − 2ν  2 
.
= ms, 0 1 +  2   = ms, 0 1 + 
  2 − 2ν  
  a1  





(3.4−8)

The expressions (3.4−1) and (3.4−7) will be used in Chapter 4 to determine
whether the inertial term plays a significant role, and if so, to determine the regime of velocities, temperatures and time increments in which it might be the
case.

§3.5 CONCLUDING REMARKS
In this chapter we have delineated three regimes −thermally activated glide, drag
controlled and relativistic motions− to describe dislocation dynamics from vDIS = 0
to vDIS = a2. It is appropriate to make some connections with constitutive equations and macroscopic predictions. First, the macroscopic strain rate in the constitutive equation (3.1−5) can be connected to the static dislocation drag coefficient by the Orowan equation (3.2−2):
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γ& = ρ MbvDIS =

ρ Mb 2τ D
ρ b 2τ
≅ M D,
BTOT (vDIS ) BTOT (0)

(3.5−1)

where it is assumed that the average velocity remains low enough so that the corresponding drag coefficient can be approximated by its static value BTOT(0), according to equation (3.3−55). In addition, the drag force has been written as τDb in
a similar fashion as equation (3.3−2). Furthermore, if the a-thermal resistance due
to inter-dislocation interaction is expressed as the internal stress33

τ i = αµb ρ TOT ,

(3.5−2)

with α = 1/3 for forest dislocations, then the flow stress is expressed as

τ = αµb ρTOT +

BTOT (0)γ&
.
b2 ρM

(3.5−3)

The effective stress (2nd term) decreases with increasing mobile dislocation density and the internal stress (1st term) increasing with the total or forest dislocation
density10. The flow stress becomes a minimum at a critical value of ρC:
 8 B (0 )γ&  3
ρC =  TOT 3  ,
 αµb

2

(3.5−4)

FIGURE 3.5−1 Flow stress τ in Cu (solid lines) and Al (dashed lines) according to equation
(3.5−3), with α = 1/3 for forest dislocations. (a) γ& = 10−3 s−1. (b) γ& = 106 s−1. The lines running
from the origin denote τi (equation (3.5−2)), the lines converging towards the horizontal axes with
increasing ρTOT denote τD from equation (3.5−1) and the remaining lines denote their sum (equation (3.5−3)). The total flow stress attains its minimum for ρ = ρC (equation (3.5−4)).
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FIGURE 3.5−2 Critical dislocation density ρC in Cu and Al according to equation (3.5−4).

with10 ρM = ρTOT/4. The critical density is shown in figures 3.5−1 and 3.5−2. Defining ρU as the steady state density and ρ0 as the initial dislocation density, it is
clear that work-hardening occurs if ρ0 > ρC, and first work softening and then
2
work hardening for ρ0 < ρC < ρU. The critical density is proportional to (γ&B ) 3 and
therefore we expect work softening to occur if the dislocation drag coefficient increases (due to relativistic effects in the phonon term or a temperature change in
the phonon- or impurity term) and/or if the strain rate increases.
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CHAPTER 4
FAST DISLOCATION PLASTICITY

§4.1 INTRODUCTION
T H E P R E V I O U S C H A P T E R S extended the method of Discrete Dislocation Plasticity1,2 to capture the specific processes taking place at high strain rates and provided a physical basis for the projection of obstacle properties into the computational cell. This chapter tests the validity of some approximations and provides
some sample runs to show the applicability of the method to high strain-rate deformation. In assessing the results of this chapter, one has to keep in mind two
underpinning aspects: (1) the model is two-dimensional and (2) the results hold
only in the regime where linear isotropic elasticity is valid.
The micromechanical model has many parameters. Most of these parameters boil
down to a proper selection of the initial configuration. Some parameters are easily
available in the literature, such as elastic constants, material densities, magnitude
of the Burgers vector. Other parameters may be provided directly by microstructural observations, with the aid of Scanning Electron Microscopy (SEM) or Transmission Electron Microscopy (TEM). Parameters of this sort are total obstacle
densities, initial dislocation densities and the spacing of active slip planes. Mean
jump distances and obstacle statistics may be inferred from T1ρ-spin-lattice pulse
NMR- and TEM-measurements3.
This chapter models the fast shear deformation of a strip of single crystalline Al
with the primary slip planes parallel to the shear direction. Some bulk properties
of Al and Cu are listed in table 4.1−1. The microscopic parameters, such as the
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Property
Young’s Modulus E

Unit
GPa

Poisson’s ratio ν
Material density ρ
Burgers vector b
Drag coefficient BTOT (see Chapter 3)

−
Mg m−3
nm

µPa s

Al
70
0.33
2.70
0.286
40

Cu
110
0.35
8.92
0.256
20

TABLE 4.1−1 Bulk mechanical properties of Al and Cu.

concentration of solutes, size of precipitates etc. are taken from TEM-observations4 of an Al-Li alloy. These numbers indicate the order of magnitude for use in
the simulations. In Al 2.2 wt.% Li (i.e. Al 8.0 at.% Li), aged at 215 ºC for 1 hour
and at 5% deformation, the coherent Al3Li ordered precipitates (δ′) had a volume
fraction of 2.9%, a mean diameter of 14.4 nm and a strength of 31 MPa. The solute solubility of Li in Al is of the order of 0.1 at.% at room temperature. An indication of the obstacle strength fc posed by forest dislocations is given in De Hosson
et al.3. For forest dislocations in an Al 2 at.% Zn alloy: fc = 0.13, with the forest
dislocations acting as Friedel obstacles. The solute atoms, acting in the MottNabarro regime, bend the dislocation line over an angle with cos(ϕc) = fc = 0.043
before breakaway.
The precise manner in which these properties project into the computational cell is
discussed in the next section, for which the foundations are already delineated in
Chapter 2. Section 4.3 looks into the matter of neglecting the inertial terms in the
equation of motion. Then, the numerical stability of the methodology is briefly addressed in §4.4. Finally, section 4.5 compares the high-velocity stress and strain
fields and the relativistic drag-relation with the static ones and discusses the resulting stress-strain curves.

§4.2 OBSTACLE PROPERTIES
Section 2.4 dealt with the manner in which properties of three-dimensional crystals map onto the two-dimensional computational cell (figure 2.4−2), and the regimes dictating obstacle strengths and interaction lengths (see sections 2.4.2.1 to
2.4.2.3). In this section the theory is applied to actual obstacles present in the
model crystal: solute atoms, forest dislocations and precipitates. The resulting expressions are then summarised in table 4.2−1 on page 63.

4.2.1 SOLUTES
Substitutional or interstitial solid solutions pose obstacles to dislocation motion of
size Lobs of the order of b. Experimental studies by NMR- and TEM- techniques
show that solutes interact with the dislocation line according to Mott-Labusch sta-
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tistics3. In most analyses, only the solutes directly above and below the slip plane
are taken into account. In that case, Λ equals the in-plane spacing (see figure
2.4−2) λ2 = b/(2c)1/2 (the factor 2 in the denominator takes into account the two
planes, one of the atom layer directly above and one directly below the slip plane).
Substituting into equations (2.4−8) and (2.4−11) yields
lMeff =

b 2
3 c

and

(4.2−1)

2

 2c  3
n =   .
 fc 

(4.2−2)

Then the number of solutes on each slip plane equals

2w 6w c
.
=
lMeff
b 2

(4.2−3)

The obstacle strength (equation (2.4−9)) becomes

τ

solute
obstacle

2
= µ 
π 

3

2
3

4c 2 f c4 .

(4.2−4)

4.2.2 FOREST DISLOCATIONS
Forest dislocations form the next type of obstacle of interest. The number of forest
dislocations varies when the deformation activates secondary slip systems (i.e. the
transition from stage I to stage II deformation). The dislocation lines of the secondary slip systems intersect the primary plane. There, they hinder the dislocation
motion. The obstacle size is of the order of the size of the dislocation core, i.e.
Lobs ~ b. The complicated interactions between the forest dislocations and the dislocations in the primary slip plane (the “primaries”) due to their relative orientations are often modelled by a static collection of fixed and randomly distributed
point obstacles5. In fact, the interaction between dislocation line and forest dislocations is shown experimentally to follow the Friedel statistics of localised obstacles3.
The number of forest dislocations changes during the deformation due to dislocation generation and annihilation in the secondary slip systems. In the twodimensional computational cell this is captured by changing the number of obstacles on the slip planes. The density of forest dislocations ρF is assumed to be a
fixed fraction fF of the overall mobile dislocation density ρM. During stage II, the
density of forest dislocations is of the same order of the density of the primaries,
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so fF ~ 1. Here the assumption is made that the forest dislocations are distributed
randomly throughout the crystal. Their planar spacing may then be taken as
Λ ≅ ρF−1/2. Substitution into equation (2.4−5) leads to a Friedel length of
lF =

1
=
ρF fc

1
.
fF ρM fc

(4.2−5)

Using equation (2.4−7), the effective spacing lFeff becomes
lFeff =

Λ fc 1
=
2
2

fc
,
fF ρM

(4.2−6)

yielding
2w
f ρ
= 4w F M
eff
lF
fc

(4.2−7)

forest dislocations on each slip plane. Whenever the integer value of (2w/lFeff)
times the total number of slip planes increases by one, a new obstacle is placed at
a random position at a randomly chosen slip plane. The value of the break-away
angle ϕc = arccos(fc) has to be provided by experiments. The effective obstacle
strength (equation (2.4−6)) is
forest dislocation
τ obstacle
= µb f F ρ M f c3 .

(4.2−8)

4.2.3 PRECIPITATES
Precipitates, both coherent and incoherent, form the final group of obstacles that
we will take into account. When a precipitate starts to grow from a solid solution,
it may provide a long-range stress in the surrounding matrix due to elastic misfit.
When coherency is lost, misfit dislocations capture the misfit at the interfaces, effectively eliminating the long-range stress field. A dislocation may pass a precipitate by either cutting through or bowing around it, depending on which process offers the least resistance. In the course of the fast deformation, the initial
number of precipitates will not change, since the process time is far too small for
that. The same holds for the ratio of coherent to incoherent precipitates.
The precipitates are considered to be spherical with a mean radius of Rp and occupying a volume fraction cV in the crystal. When the precipitates have no longrange stress field, only the intersections of the precipitates with the slip plane pose
as obstacles to dislocation motion. The mean spacing Λ then equals the planar
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Obstacle size

Obstacle
spacing

Lobs [m]

Λ [m]

Obstacle type

Effective
obstacle
spacing

b

b
3

2
c

b

Forest dislocation

b

fF ρM

π p
R
2

2π p
R
3cV

πf c p
R
6cV

4π p
R
3cV

2 4π p
3
R
3 3cV

2c

1

p

Coherent precipitate

2R

Impenetrable obstacle

π p
R
2

0.84

2π p
R
3cV

fc
fF ρM

1
2

0.84

2π p
R
3cV

~b

−

−

1 2π

0.84 2

0.84 2

f N ρ Finitial

f N ρ Finitial

Grain boundary

Dislocation source

3

(1 − ν )

f N ρ Finitial

τeff [Pa]

leff [m]

Solute atom

Incoherent precipitate

Effective obstacle
strength

2
µ 
π 

3

2

4c 2 f c4

3

µb f F ρ M f c3
µb
Rp

µbf c 3
Rp
4

3cV f c3
2π

2
 
π 

3

2

9

81cV4
32π 4

0.84 µb ln (Lobs b )
2π (1 − ν ) Λ − Lobs
k
d
0.84 µb ln (Lobs b )
2π (1 − ν ) Λ − Lobs

TABLE 4.2−1 Summary of the parameters characterizing effective strengths and effective lengths in
the computational cell. The meaning of all symbols is explained in the text.

spacing λ2 = (2π/3cV)½Rp, and the mean obstacle size Lobs in the glide plane is
½πRp. On the other hand, when the long-range elastic interactions are taken into
account, the mean spacing Λ becomes the volume spacing λ3 = (4π/3cV)1/3Rp (see
figure 2.4−2) and the mean obstacle size Lobs = 2Rp.
In the case of incoherent precipitates, the equivalent obstacle spacing in the computational cell becomes, according to equation (2.4−7):
precipitates
=
lF,incoherent
eff

π fc p
R .
6cV

(4.2−9)

The effective obstacle strength (equation (2.4−6)) is
incoherent precipitates
=
τ obstacle

µb 3cV f c3
.
Rp
2π

(4.2−10)
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FIGURE 4.2−1 Example of the initial configuration in the computational cell (rotated 90º and
stretched in the x1-direction). The computational cell of 2w × 2h = 2 × 2 µm contains 10 horizontal
slip planes (grey). The cell contains dislocations (positive: red and negative: green), nucleation
sites (blue), precipitates (magenta) and solutes and forest dislocations (orange). The parameters
that were used to generate this particular configuration are given in the text.
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In the case of the long-range stress fields (coherent precipitates), Mott-Labusch
statistics apply, and the equivalent obstacle spacing (equation (2.4−11)) becomes
coherent precipitates
=
lM,
eff

2 4π p
3
R
3 3cV

(4.2−11)

with (equation (2.4−8))
 3c 
n= V
 4π 

4

9

4
 
 fc 

2

3

(4.2−12)

interacting precipitates along the Mott length of dislocation line. The obstacle
strength (equation (2.4−9)) becomes

τ

coherent precipitates
obstacle

µb  2 
= p 
R π 

3

2
9

81cV4 3 4
fc
32π 4

(4.2−13)

The dislocation line passes the incoherent precipitates by cutting through (which
is a short-range interaction), or by bowing around in an Orowan-process. The
sizes and concentration are specified during the generation of the initial configuration, so then the appropriate spacing along the slip plane can be selected. The selection criterion is the process yielding the lowest flow stress according to equations (2.4−6) and (2.4−14).
Table 4.2−1 summarises the quantities of interest in the computational cell. It
contains the effective lengths and effective obstacle strength that were derived
above, and also the values for nucleation sites and a boundary (see section 2.4).
Using the expressions of table 4.2−1, the microstructural properties can be projected onto the computational cell.
Figure 4.2−1 displays a typical example of the initial configuration of the computational cell, including the slip planes, obstacles, nucleation sites and a random
distribution of dislocations. The microscopic properties were chosen to give a
clear figure rather than to reflect an actual simulation. In this case, the computational cell measured 2w × 2h = 2 × 2 µm, the dislocations (red: positive, green:
negative) with an initial density of 5 × 1013 m−2 are distributed randomly over 10
slip planes. The cell contains solutes (orange) with an atomic fraction c = 5×10−5,
forest dislocations (also orange) with a strength fc = 4.3×10−2 and a fixed fraction
of the mobile dislocation density of fF = 10−3, and coherent precipitates (magenta)
of mean radius Rp = 7.2 nm and a volume concentration cV = 10−4. Finally, the nucleation sites (blue) have a proportionality factor to the initial dislocation density
of fN = 0.25. Note that the initial random configuration of dislocations is not in
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mechanical equilibrium with respect to the dislocation-dislocation interactions.
Before the computational cell is deformed, it has to be left without applied deformation to evolve towards mechanical equilibrium, driven by the dislocationdislocation interactions only.

§4.3 DISLOCATION VELOCITIES AND ACCELERATIONS
In studies on dislocation dynamics at low to intermediate strain rates1,2,6, the inertial forces (i.e. accelerations) were neglected. In those cases, the dislocation attains its steady-state velocity in a time that is small compared to the typical length
of a time increment. In the case of fast-moving dislocations, this may no longer be
the case. In this section, both points of view will be developed and compared.
The Peach-Köhler force (equation (3.1−9)) felt by dislocation i is a result of the
combined stress-fields of all other dislocations j, the “image” stresses σ^ij, and possibly of the long-range stresses of certain types of obstacles. For now, we neglect
the latter. The contribution to the Peach-Köhler force on dislocation i exerted by
dislocation j is
j →i
i
j
ji
ji
FPeach
− Köhler = b σ 12 (∆x1 , ∆x2 ) ,

(4.3−1)

where (∆x1ji, ∆x2ji) = (x1i(t)−x1j(t), x2i(t)−x2j(t)). The accumulated effect of all dislocations on the Peach-Köhler force at dislocation i is obtained by summation of the
previous equation over all i. Thus, the total Peach-Köhler force on dislocation i is
i
i
~ j 

FPeach
− Köhler = b  σˆ 12 + ∑ σ 12  ,
j ≠i



(4.3−2)

where all stress components are evaluated at (x1i, x2i). It is of interest to note7 that,
due to the velocity dependence of the resolved shear stress, the magnitude of the
force Fi→j is not necessarily equal to Fj→i (only when vi = ±vj)!
In the method of discrete dislocation plasticity, the equation of motion for all dislocations is integrated in discrete time increments k of duration ∆tk ≡ tk+1 – tk.
Starting from a random initial distribution (k = 0) of dislocations in the computational cell (figures 2.3−2 and 4.2−1), the velocities during time increment k are
calculated due to the combined forces on the dislocations at the start of the time
increment. Note that a random configuration of dislocations is not necessarily an
equilibrium configuration in terms of mechanical equilibrium.
First, we treat the case in which the accelerations are neglected (i.e. assumed to take place instantaneously). The velocities vki are constant during the time incre-
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ment. From vki and the positions (x1i, x2i) at the start of the time increment k, the
positions of all dislocations at time increment k + 1 can be calculated. Putting all
the pieces together into equation (4.3−2) allows for writing an expression for the
dislocation velocities vki at time increment k due to all applied forces. Initially,
v0i = 0 for all i. For k > 0 and for all i, the velocities are given by the implicit relation


b i  σˆ12 + ∑ σ~12j  − BTOT vki vki = 0 ,
j ≠i

k

( )

(4.3−3)

which is similar to equation (3.3−57), again leading to a cubic equation as in
equation (3.3−58), but with σPK written out according to equation (4.3−2).
In the case of including inertial forces, the accelerations v& ki are assumed to be
constants during the time increment. Again using v0i = 0 for all i, the accelerations
are given by the solution of


b i  σˆ12 + ∑ σ~12j  − BTOT vki vki = me vki v&ki ,
j ≠i

k

( )

( )

(4.3−4)

(of which equation (4.3−3) is a special case). The velocities at the end of the time
increment are found from

vki +1 = vki + v&ki ∆tk

(4.3−5)

and the horizontal positions become
x1i, k +1 = x1i, k + vki ∆tk + 12 v&ki ∆tk2 .

(4.3−6)

When the velocity-dependence of B(vik) is known, an estimate can be made of the
typical time needed for a dislocation to reach the velocity it would be given in the
approach without acceleration.
Figures 4.3−1 and 4.3−2 compare three cases: the case of instantaneous velocity
change (the solution of the cubic equation (3.3−58) or (4.3−3)), the case of constant acceleration, equation (4.3−4), and the case where the approximation of constant acceleration has been numerically integrated over extremely small time increments (~10−14 s). These particular cases are calculated for a single dislocation
in an infinite medium under an effective stress σapplied (so that the Peach-Köhler
term in equation (4.3−4) becomes biσapplied). Figure 4.3−1 displays the results for
Al and figure 4.3−2 for Cu. In both materials, an extreme velocity change, driven
by an extreme constant stress of the order of the theoretical strength of the materi-
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FIGURE 4.3−1 Dislocation velocity vDIS/a2 (left) and acceleration dvDIS/dt (right) of an edge dislocation in Al for two different cases of applied shear stress σapplied and initial dislocation velocity. In
the velocity plots, the dashed line denotes the approximation of constant acceleration (equation
(4.3−4)), while the horizontal lines denote the velocity when velocity changes take place instantaneously (equation (4.3−3)). (a) and (b): σapplied = µ/30 and initial vDIS = −a2/2. (c) and (d):
σapplied = −µ/1000 and initial vDIS = −a2/20.

als (~µ/30), has been plotted alongside a more moderate one. The values of the
drag coefficients that were used to plot these graphs are the ones given in Chapter
3 for room temperature. It can be seen that the order of magnitude of the time interval needed to reach, say, 90% of its final velocity, is of the order of a few ps for
the extreme velocity change, but in Cu, the moderate velocity change takes a few
tens of ps. In fact, the acceleration approaches zero after 0.5 ns.
From these plots it cannot be concluded a priori that in the simulations of Al and
Cu the accelerations may be neglected, since at this point we do not know the order of magnitude of the average time increment in the actual simulations. An up-
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FIGURE 4.3−2 As in figure 4.4−1, but now in Cu instead of in Al.

per limit for the magnitude of the average time increment is obtained by noting
from the Orowan equation (3.5−1) that

v DIS =

γ&
ρMb

(4.3−7)

and then the average time increment equals the time that a dislocation needs to
cross the average distance laverage between obstacles on its slip plane. The actual
time increment is smaller, because the dislocations can also meet each other, the
distance between two obstacles varies considerably around the average, and the
same holds for the dislocation velocities. Using the material parameters of section
4.1 leads to an obstacle density of the order 5 × 1015 m−2 (this very high number is
primarily caused by the solute atoms), so that laverage ≅ 1.5×10−8 m, and with a mobile dislocation density of ρM = 1014 m−2 at a strain rate γ· = 106 s−1, the average
−10
time increment ∆taverage <
~ 3×10 s.
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Another consideration is whether in the actual simulation the stresses can change
at such a high rate as in figures 4.3−1 and 4.3−2 (i.e. instantaneously). It is conceivable that this would happen in the late stages of the annihilation process, when
two dislocations of opposite sign come very close together. Neglecting accelerations would let the dislocation change velocity from below the Rayleigh velocity
to above the Rayleigh velocity instantaneously. Then the sign of the shear stress
on the slip plane reverses, and the two dislocations repel each other. In the next
time increment, the velocities will change direction, again instantaneously. The
dislocations will move apart, leading to a lower velocity, possibly below the Rayleigh velocity. They will attract again, etc. The point here is that although the
change in sign is possible physically, in the simulations it may also happen because of a numerical reason (which is neglecting the accelerations for ease and
speed of computation). However, depending on the time increments in the actual
simulation, we do not know whether it actually happens.
In order to answer this question more definitely, we will have to carry out a set of
actual simulations with exactly the same parameters and initial configurations,
except that one set uses the approximation of constant acceleration, and the other
instantaneous velocity changes. Note that from figures 4.3−1 and 4.3−2, we assume that the approximation of constant acceleration is a reasonable one as long
as the time increment does not exceed to the time needed to reach the final velocity. Otherwise, some cases would be possible with supersonic dislocation velocities, which is clearly in violation with linear isotropic elasticity. However, before
carrying out the full simulations, we first have to ensure the numerical accuracy of
other aspects of the simulations.

§4.4 NUMERICAL ISSUES
In all simulations, the shear is applied at the top and bottom surfaces of the computational cell (figures 2.3−2 and 4.2−1) through the kinematic boundary conditions
u1applied (t ) = + hγ& t , u2applied (t ) = 0 along x2 = h,

(4.4−1)

u1applied (t ) = − hγ& t , u2applied (t ) = 0 along x2 = −h.

(4.4−2)

and

The total shear stress needed to sustain this shear strain rate is computed from integrating the total shear stress over the top- or bottom surface.
Before we concentrate on the physical properties of the computational cell, some
numerical issues have to be addressed. The displacements and stresses due to the
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dislocations are evaluated using the expressions of section 2.3. At low velocities
vDIS/a2 < 10−3, they reduce to their static forms (maximum relative difference
< 0.1%), which are then used for better numerical stability. First, we will establish
a rule of thumb for the size of the finite element mesh. Then, the size of the computational cell is varied to establish the minimum dimensions that still give sufficient statistical averaging of the properties of interest.

4.4.1 MESH SIZE
As in any finite-element simulation, the mesh has to be small enough to capture
the relevant variations of the calculated quantities. At high dislocation velocities,
the fields have higher and more localised peaks than the conventional fields (figures 2.3−3 to 2.3−5). The finite-element part of the simulations uses quadrilateral
elements8,9. This has the advantage of a simple linear interpolation function, but
for quickly varying fields, the elements may have to become very small to follow
all variations. On the other hand, since the complementary (^) fields correct the
dislocation fields (~) near the boundary, only dislocations on slip planes close to
the top- and bottom boundaries are expected to give a significant effect in the finite element correction.
In this section, the mesh size is varied through 50 × 50 nm, 25 × 25 nm,
16.7 × 16.7 nm, 12.5 × 12.5 nm and 10 × 10 nm in an overall cell size of 2w × 2h
= 2 × 2 µm. The elastic properties of the matrix are taken to mimic Al (see section
4.1). The calculations are carried out under two extremes of strain rates: 103 s−1
and 106 s−1. Each case has been calculated for 5 realisations of the same micro-

FIGURE 4.4−1 Effect of mesh refinement in Al. Both (a) and (b) are realisations of the same initial
parameters. The lower sets were deformed at γ& = 103 s−1 and the upper sets with γ& = 106 s−1. Each
set contains 5 runs with exactly the same initial configuration and parameters, but with different
size of the FE-mesh. Further comments are given in the text.
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structural parameters. To avoid the effects of sudden velocity changes (see the
discussion at the end of section 4.3), an artificially high value of the static drag
parameter has been chosen: BTOT(vDIS = 0, 298 K) = 100 µPa s.
Two cases are shown in figure 4.2−1. From these graphs, it can be seen that apart
from small fluctuations, there does not seem to be a large difference between
them. To be more precise, the fluctuations in the stress-strain curves due to the
variation in mesh size is of the same order of magnitude (or less) as the variation
between different realisations of the initial parameters. As a rule of thumb, the
number of elements in the vertical direction is taken at least equal to the number
of slip planes, so that there is at least one element for each plane. This also ensures
that, for horizontal slip planes, the dislocations do not come closer to the boundary
than the active slip plane spacing.

4.4.2 SIZE OF THE COMPUTATIONAL CELL
The size of the periodic cell should be taken large enough to sample a representative area of an actual grain, but smaller than the actual grain itself. In this section
the computational cell is varied in size through 0.5 × 0.5 µm, 1.0 × 1.0 µm,
2.0 × 2.0 µm and 4.0 × 4.0 µm. It should be noted that by using the parameters of
section 4.1, the obstacle size is not a significant fraction of the computational cell,
even for the case of 0.5 × 0.5 µm. Otherwise, size effects should be expected,
since then the distributions of obstacles in the computational cell ceases to be homogeneous, for instance as in ref. 2. The size of the finite-element cells is kept
constant at 25 × 25 nm. For each simulation, the total dislocation density ρTOT is

FIGURE 4.4−2 Effect of the size of the computational cell in Al at γ& = 106 s−1. Both (a) and (b) are
realisations of the same initial parameters. For each run, the mesh size is 25 × 25 nm. The solid
line represents a cell size of 0.5 × 0.5 µm, and the cell sizes up to 4.0 × 4.0 µm are dashed with a
longer dash for the larger cell size.
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1014 m−2 and the number of slip planes is 20 µm−1. Again, the mechanical properties of Al are used and in each case, several realisations are calculated at two different strain rates 103 and 106 s−1 with BTOT(vDIS = 0, 298 K) = 100 µPa s. The results of two such realisations are shown in figure 4.4−2. Within the variation of
different realisations, a cell size of 2.0 × 2.0 µm provides sufficient accuracy for
all subsequent simulations.

§4.5 RELATIVISTIC VERSUS CONVENTIONAL DISLOCATION FIELDS
In this section, the question will be addressed whether the high dislocation velocities that significantly change the stress and displacement fields actually occur in
the computational cell. The simulations will be carried out using material parameters representing Cu, because Cu has a low static drag coefficient: at room
temperature BTOTCu(vDIS = 0, 298 K) = 20 µPa s (see Chapter 3). In fact, to make it
even easier for the dislocations to reach the high velocities, we will take the drag
coefficient BTOTCu(vDIS = 0, 100 K) = 14 µPa s. This temperature is at the lower
temperature limit with respect to the Debye temperature (θDCu = 343 K) for which
the temperature dependence of Bflutter0 and Bwind0 is linear (see Chapter 3).
We will also compare the cases with and without accelerations (section 4.3). In
the case of accelerations, the time increment is kept very small at ∆t = 2 × 10−14 s.
It is important to stress that this order of magnitude is for numerical reasons only.
One should not attach any physical significance to this order of magnitude, since
the Debye frequency is of the order of 1013 s−1. Any events involving collective
motion of atoms (such as dislocation motion) cannot take place at a higher rate.
The calculations without accelerations use an adaptive time step. It is determined
by the next event, where an event is a collision between two dislocations, an annihilation, generation of a dislocation loop, and pinning or release of a dislocation at
an obstacle.
The computational cell has the same microstructural parameters as in the example
of Al of section 4.1, although with a lower volume fraction of precipitates (1 %) to
allow for enough room on the slip plane for the build-up of dislocation pile-ups.
To stimulate this even more, the precipitates are taken a bit stronger: fc = 0.6,
leading to an effective obstacle strength of 50 MPa. The samples are deformed at
a strain rate of 106 s−1 using a finite-element mesh of 40 × 40 elements in a computational cell of 2 × 2 µm, containing 40 slip planes.
A typical example of the resulting stress-strain curves is presented in figure 4.5−1
for 100 K. Each graph contains
(i)
a curve for the case without accelerations, conventional stress and displacement fields, and a linear stress-velocity relation (lowest curve),
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FIGURE 4.5−1 Stress strain-curves in Cu at 100 K and γ& = 106 s−1 (left). The lower curve is the
conventional case without acceleration; the light top curve denotes the relativistic case with acceleration and the remaining dark top curve the conventional case with acceleration. The picture to
the right denotes the corresponding total dislocation densities: the solid line represents the conventional/no acceleration case, the dotted line the relativistic/acceleration case and the long-dashed
line the conventional/acceleration case.

(ii)
(iii)

a curve for the case with constant accelerations, conventional stress and
displacement fields, and a linear stress-velocity relation, and
a curve for the case with constant accelerations, relativistic stress and displacement fields, and a cubic stress-velocity relation.

The calculations for the case without accelerations, relativistic stress and displacement fields and a cubic stress-velocity relation turned out to suffer from the
numerical oscillations described at the end of section 4.3 and as a result none of
the calculations gave any sensible output. The histogram of the velocity distributions of the three runs is plotted in figure 4.5−2, where each distribution has been
normalised to its maximum value.
The first thing that stands out in figure 4.5−1 is the large difference between the
case without, and the cases with acceleration. In the computations with the adaptive time increment, the time increments are typically of the order of a picosecond.
This is smaller than the time needed for a dislocation to settle to its steady-state
velocity. In order to really make sure that the difference is not due to the adaptive
time stepping (instead of a fixed time increment of 2 × 10−14 s), extra simulations
(not displayed) have been carried out. The only difference is that they now also
have a fixed time increment of 2 × 10−14 s. It turns out that the stress-strain curve
follows the curve with the adaptive time stepping almost exactly. The only difference then being the accelerations, it has to be concluded that they cannot be neglected at this high strain rate, both for the conventional and the relativistic case.
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FIGURE 4.5−2 Histogram of the distributions of absolute dislocation velocities of the runs of figure
4.5−1 at 100 K. The black filled histogram corresponds to the conventional case without acceleration, the grey filled histogram to the relativistic case with accelerations and the transparent outlined histogram (which corresponds very closely to the grey one) corresponds to the conventional
case with accelerations. The histograms are obtained by repeatedly sampling the velocitydistribution after a certain number of time increments. This plot then represents the velocities
during the whole simulation. The plots are normalised to their maximum value (as a result, the
relative frequencies for velocities higher than about half the shear wave velocity a2 are not visible,
although generally they are not equal to zero). For the static case, the supersonic dislocations have
not been counted.

The second point of interest is the small differences between the conventional and
the relativistic case. The velocity distributions of figure 4.5−2 show that almost no
dislocations move faster than a few tenths of the shear wave velocity. Actually,
figure 4.5−2 shows no dislocations at all in that regime, but this is an effect of the
scale. In reality, the spectrum is not zero until very close to the shear wave velocity (and beyond for the conventional case). Nevertheless, the number of dislocations that do reach the high velocities is utterly negligible with respect to the number of dislocations moving at velocities up to 20% of the shear wave velocity.
The effect of the changing fields on the dislocation shear stress is depicted in figure 4.5−3. In this figure, taken from a different simulation as figures 4.5−1 and
4.5−2, the middle picture (b) represents the dislocation shear stresses in the relativistic case. Also visible (at the periodic boundaries) are the displacements. In the
top picture (a) the dislocation shear stress is calculated for exactly the same configuration as picture (b), and for exactly the same dislocation velocities, but now
using the conventional fields. Strictly speaking, this solution does not satisfy the
applied boundary conditions, but the point here is to illustrate the difference in the
dislocation fields. Since it is somewhat difficult to discern these differences, the
two pictures have been subtracted from each other to give the difference field in
the lower picture (c). The difference picture shows that locally the difference can
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In the case of the long-range stress fields (coherent precipitates), Mott-Labusch
statistics apply, and the equivalent obstacle spacing (equation (2.4−11)) becomes
coherent precipitates
=
lM,
eff

2 4π p
3
R
3 3cV

(4.2−11)

with (equation (2.4−8))
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(4.2−12)

interacting precipitates along the Mott length of dislocation line. The obstacle
strength (equation (2.4−9)) becomes
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(4.2−13)

The dislocation line passes the incoherent precipitates by cutting through (which
is a short-range interaction), or by bowing around in an Orowan-process. The
sizes and concentration are specified during the generation of the initial configuration, so then the appropriate spacing along the slip plane can be selected. The selection criterion is the process yielding the lowest flow stress according to equations (2.4−6) and (2.4−14).
Table 4.2−1 summarises the quantities of interest in the computational cell. It
contains the effective lengths and effective obstacle strength that were derived
above, and also the values for nucleation sites and a boundary (see section 2.4).
Using the expressions of table 4.2−1, the microstructural properties can be projected onto the computational cell.
Figure 4.2−1 displays a typical example of the initial configuration of the computational cell, including the slip planes, obstacles, nucleation sites and a random
distribution of dislocations. The microscopic properties were chosen to give a
clear figure rather than to reflect an actual simulation. In this case, the computational cell measured 2w × 2h = 2 × 2 µm, the dislocations (red: positive, green:
negative) with an initial density of 5 × 1013 m−2 are distributed randomly over 10
slip planes. The cell contains solutes (orange) with an atomic fraction c = 5×10−5,
forest dislocations (also orange) with a strength fc = 4.3×10−2 and a fixed fraction
of the mobile dislocation density of fF = 10−3, and coherent precipitates (magenta)
of mean radius Rp = 7.2 nm and a volume concentration cV = 10−4. Finally, the nucleation sites (blue) have a proportionality factor to the initial dislocation density
of fN = 0.25. Note that the initial random configuration of dislocations is not in
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mechanical equilibrium with respect to the dislocation-dislocation interactions.
Before the computational cell is deformed, it has to be left without applied deformation to evolve towards mechanical equilibrium, driven by the dislocationdislocation interactions only.

§4.3 DISLOCATION VELOCITIES AND ACCELERATIONS
In studies on dislocation dynamics at low to intermediate strain rates1,2,6, the inertial forces (i.e. accelerations) were neglected. In those cases, the dislocation attains its steady-state velocity in a time that is small compared to the typical length
of a time increment. In the case of fast-moving dislocations, this may no longer be
the case. In this section, both points of view will be developed and compared.
The Peach-Köhler force (equation (3.1−9)) felt by dislocation i is a result of the
combined stress-fields of all other dislocations j, the “image” stresses σ^ij, and possibly of the long-range stresses of certain types of obstacles. For now, we neglect
the latter. The contribution to the Peach-Köhler force on dislocation i exerted by
dislocation j is
j →i
i
j
ji
ji
FPeach
− Köhler = b σ 12 (∆x1 , ∆x2 ) ,

(4.3−1)

where (∆x1ji, ∆x2ji) = (x1i(t)−x1j(t), x2i(t)−x2j(t)). The accumulated effect of all dislocations on the Peach-Köhler force at dislocation i is obtained by summation of the
previous equation over all i. Thus, the total Peach-Köhler force on dislocation i is
i
i
~ j 

FPeach
− Köhler = b  σˆ 12 + ∑ σ 12  ,
j ≠i



(4.3−2)

where all stress components are evaluated at (x1i, x2i). It is of interest to note7 that,
due to the velocity dependence of the resolved shear stress, the magnitude of the
force Fi→j is not necessarily equal to Fj→i (only when vi = ±vj)!
In the method of discrete dislocation plasticity, the equation of motion for all dislocations is integrated in discrete time increments k of duration ∆tk ≡ tk+1 – tk.
Starting from a random initial distribution (k = 0) of dislocations in the computational cell (figures 2.3−2 and 4.2−1), the velocities during time increment k are
calculated due to the combined forces on the dislocations at the start of the time
increment. Note that a random configuration of dislocations is not necessarily an
equilibrium configuration in terms of mechanical equilibrium.
First, we treat the case in which the accelerations are neglected (i.e. assumed to take place instantaneously). The velocities vki are constant during the time incre-
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ment. From vki and the positions (x1i, x2i) at the start of the time increment k, the
positions of all dislocations at time increment k + 1 can be calculated. Putting all
the pieces together into equation (4.3−2) allows for writing an expression for the
dislocation velocities vki at time increment k due to all applied forces. Initially,
v0i = 0 for all i. For k > 0 and for all i, the velocities are given by the implicit relation


b i  σˆ12 + ∑ σ~12j  − BTOT vki vki = 0 ,
j ≠i

k

( )

(4.3−3)

which is similar to equation (3.3−57), again leading to a cubic equation as in
equation (3.3−58), but with σPK written out according to equation (4.3−2).
In the case of including inertial forces, the accelerations v& ki are assumed to be
constants during the time increment. Again using v0i = 0 for all i, the accelerations
are given by the solution of


b i  σˆ12 + ∑ σ~12j  − BTOT vki vki = me vki v&ki ,
j ≠i

k

( )

( )

(4.3−4)

(of which equation (4.3−3) is a special case). The velocities at the end of the time
increment are found from

vki +1 = vki + v&ki ∆tk

(4.3−5)

and the horizontal positions become
x1i, k +1 = x1i, k + vki ∆tk + 12 v&ki ∆tk2 .

(4.3−6)

When the velocity-dependence of B(vik) is known, an estimate can be made of the
typical time needed for a dislocation to reach the velocity it would be given in the
approach without acceleration.
Figures 4.3−1 and 4.3−2 compare three cases: the case of instantaneous velocity
change (the solution of the cubic equation (3.3−58) or (4.3−3)), the case of constant acceleration, equation (4.3−4), and the case where the approximation of constant acceleration has been numerically integrated over extremely small time increments (~10−14 s). These particular cases are calculated for a single dislocation
in an infinite medium under an effective stress σapplied (so that the Peach-Köhler
term in equation (4.3−4) becomes biσapplied). Figure 4.3−1 displays the results for
Al and figure 4.3−2 for Cu. In both materials, an extreme velocity change, driven
by an extreme constant stress of the order of the theoretical strength of the materi-
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FIGURE 4.3−1 Dislocation velocity vDIS/a2 (left) and acceleration dvDIS/dt (right) of an edge dislocation in Al for two different cases of applied shear stress σapplied and initial dislocation velocity. In
the velocity plots, the dashed line denotes the approximation of constant acceleration (equation
(4.3−4)), while the horizontal lines denote the velocity when velocity changes take place instantaneously (equation (4.3−3)). (a) and (b): σapplied = µ/30 and initial vDIS = −a2/2. (c) and (d):
σapplied = −µ/1000 and initial vDIS = −a2/20.

als (~µ/30), has been plotted alongside a more moderate one. The values of the
drag coefficients that were used to plot these graphs are the ones given in Chapter
3 for room temperature. It can be seen that the order of magnitude of the time interval needed to reach, say, 90% of its final velocity, is of the order of a few ps for
the extreme velocity change, but in Cu, the moderate velocity change takes a few
tens of ps. In fact, the acceleration approaches zero after 0.5 ns.
From these plots it cannot be concluded a priori that in the simulations of Al and
Cu the accelerations may be neglected, since at this point we do not know the order of magnitude of the average time increment in the actual simulations. An up-
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FIGURE 4.3−2 As in figure 4.4−1, but now in Cu instead of in Al.

per limit for the magnitude of the average time increment is obtained by noting
from the Orowan equation (3.5−1) that

v DIS =

γ&
ρMb

(4.3−7)

and then the average time increment equals the time that a dislocation needs to
cross the average distance laverage between obstacles on its slip plane. The actual
time increment is smaller, because the dislocations can also meet each other, the
distance between two obstacles varies considerably around the average, and the
same holds for the dislocation velocities. Using the material parameters of section
4.1 leads to an obstacle density of the order 5 × 1015 m−2 (this very high number is
primarily caused by the solute atoms), so that laverage ≅ 1.5×10−8 m, and with a mobile dislocation density of ρM = 1014 m−2 at a strain rate γ· = 106 s−1, the average
−10
time increment ∆taverage <
~ 3×10 s.
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Another consideration is whether in the actual simulation the stresses can change
at such a high rate as in figures 4.3−1 and 4.3−2 (i.e. instantaneously). It is conceivable that this would happen in the late stages of the annihilation process, when
two dislocations of opposite sign come very close together. Neglecting accelerations would let the dislocation change velocity from below the Rayleigh velocity
to above the Rayleigh velocity instantaneously. Then the sign of the shear stress
on the slip plane reverses, and the two dislocations repel each other. In the next
time increment, the velocities will change direction, again instantaneously. The
dislocations will move apart, leading to a lower velocity, possibly below the Rayleigh velocity. They will attract again, etc. The point here is that although the
change in sign is possible physically, in the simulations it may also happen because of a numerical reason (which is neglecting the accelerations for ease and
speed of computation). However, depending on the time increments in the actual
simulation, we do not know whether it actually happens.
In order to answer this question more definitely, we will have to carry out a set of
actual simulations with exactly the same parameters and initial configurations,
except that one set uses the approximation of constant acceleration, and the other
instantaneous velocity changes. Note that from figures 4.3−1 and 4.3−2, we assume that the approximation of constant acceleration is a reasonable one as long
as the time increment does not exceed to the time needed to reach the final velocity. Otherwise, some cases would be possible with supersonic dislocation velocities, which is clearly in violation with linear isotropic elasticity. However, before
carrying out the full simulations, we first have to ensure the numerical accuracy of
other aspects of the simulations.

§4.4 NUMERICAL ISSUES
In all simulations, the shear is applied at the top and bottom surfaces of the computational cell (figures 2.3−2 and 4.2−1) through the kinematic boundary conditions
u1applied (t ) = + hγ& t , u2applied (t ) = 0 along x2 = h,

(4.4−1)

u1applied (t ) = − hγ& t , u2applied (t ) = 0 along x2 = −h.

(4.4−2)

and

The total shear stress needed to sustain this shear strain rate is computed from integrating the total shear stress over the top- or bottom surface.
Before we concentrate on the physical properties of the computational cell, some
numerical issues have to be addressed. The displacements and stresses due to the
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dislocations are evaluated using the expressions of section 2.3. At low velocities
vDIS/a2 < 10−3, they reduce to their static forms (maximum relative difference
< 0.1%), which are then used for better numerical stability. First, we will establish
a rule of thumb for the size of the finite element mesh. Then, the size of the computational cell is varied to establish the minimum dimensions that still give sufficient statistical averaging of the properties of interest.

4.4.1 MESH SIZE
As in any finite-element simulation, the mesh has to be small enough to capture
the relevant variations of the calculated quantities. At high dislocation velocities,
the fields have higher and more localised peaks than the conventional fields (figures 2.3−3 to 2.3−5). The finite-element part of the simulations uses quadrilateral
elements8,9. This has the advantage of a simple linear interpolation function, but
for quickly varying fields, the elements may have to become very small to follow
all variations. On the other hand, since the complementary (^) fields correct the
dislocation fields (~) near the boundary, only dislocations on slip planes close to
the top- and bottom boundaries are expected to give a significant effect in the finite element correction.
In this section, the mesh size is varied through 50 × 50 nm, 25 × 25 nm,
16.7 × 16.7 nm, 12.5 × 12.5 nm and 10 × 10 nm in an overall cell size of 2w × 2h
= 2 × 2 µm. The elastic properties of the matrix are taken to mimic Al (see section
4.1). The calculations are carried out under two extremes of strain rates: 103 s−1
and 106 s−1. Each case has been calculated for 5 realisations of the same micro-

FIGURE 4.4−1 Effect of mesh refinement in Al. Both (a) and (b) are realisations of the same initial
parameters. The lower sets were deformed at γ& = 103 s−1 and the upper sets with γ& = 106 s−1. Each
set contains 5 runs with exactly the same initial configuration and parameters, but with different
size of the FE-mesh. Further comments are given in the text.
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structural parameters. To avoid the effects of sudden velocity changes (see the
discussion at the end of section 4.3), an artificially high value of the static drag
parameter has been chosen: BTOT(vDIS = 0, 298 K) = 100 µPa s.
Two cases are shown in figure 4.2−1. From these graphs, it can be seen that apart
from small fluctuations, there does not seem to be a large difference between
them. To be more precise, the fluctuations in the stress-strain curves due to the
variation in mesh size is of the same order of magnitude (or less) as the variation
between different realisations of the initial parameters. As a rule of thumb, the
number of elements in the vertical direction is taken at least equal to the number
of slip planes, so that there is at least one element for each plane. This also ensures
that, for horizontal slip planes, the dislocations do not come closer to the boundary
than the active slip plane spacing.

4.4.2 SIZE OF THE COMPUTATIONAL CELL
The size of the periodic cell should be taken large enough to sample a representative area of an actual grain, but smaller than the actual grain itself. In this section
the computational cell is varied in size through 0.5 × 0.5 µm, 1.0 × 1.0 µm,
2.0 × 2.0 µm and 4.0 × 4.0 µm. It should be noted that by using the parameters of
section 4.1, the obstacle size is not a significant fraction of the computational cell,
even for the case of 0.5 × 0.5 µm. Otherwise, size effects should be expected,
since then the distributions of obstacles in the computational cell ceases to be homogeneous, for instance as in ref. 2. The size of the finite-element cells is kept
constant at 25 × 25 nm. For each simulation, the total dislocation density ρTOT is

FIGURE 4.4−2 Effect of the size of the computational cell in Al at γ& = 106 s−1. Both (a) and (b) are
realisations of the same initial parameters. For each run, the mesh size is 25 × 25 nm. The solid
line represents a cell size of 0.5 × 0.5 µm, and the cell sizes up to 4.0 × 4.0 µm are dashed with a
longer dash for the larger cell size.
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1014 m−2 and the number of slip planes is 20 µm−1. Again, the mechanical properties of Al are used and in each case, several realisations are calculated at two different strain rates 103 and 106 s−1 with BTOT(vDIS = 0, 298 K) = 100 µPa s. The results of two such realisations are shown in figure 4.4−2. Within the variation of
different realisations, a cell size of 2.0 × 2.0 µm provides sufficient accuracy for
all subsequent simulations.

§4.5 RELATIVISTIC VERSUS CONVENTIONAL DISLOCATION FIELDS
In this section, the question will be addressed whether the high dislocation velocities that significantly change the stress and displacement fields actually occur in
the computational cell. The simulations will be carried out using material parameters representing Cu, because Cu has a low static drag coefficient: at room
temperature BTOTCu(vDIS = 0, 298 K) = 20 µPa s (see Chapter 3). In fact, to make it
even easier for the dislocations to reach the high velocities, we will take the drag
coefficient BTOTCu(vDIS = 0, 100 K) = 14 µPa s. This temperature is at the lower
temperature limit with respect to the Debye temperature (θDCu = 343 K) for which
the temperature dependence of Bflutter0 and Bwind0 is linear (see Chapter 3).
We will also compare the cases with and without accelerations (section 4.3). In
the case of accelerations, the time increment is kept very small at ∆t = 2 × 10−14 s.
It is important to stress that this order of magnitude is for numerical reasons only.
One should not attach any physical significance to this order of magnitude, since
the Debye frequency is of the order of 1013 s−1. Any events involving collective
motion of atoms (such as dislocation motion) cannot take place at a higher rate.
The calculations without accelerations use an adaptive time step. It is determined
by the next event, where an event is a collision between two dislocations, an annihilation, generation of a dislocation loop, and pinning or release of a dislocation at
an obstacle.
The computational cell has the same microstructural parameters as in the example
of Al of section 4.1, although with a lower volume fraction of precipitates (1 %) to
allow for enough room on the slip plane for the build-up of dislocation pile-ups.
To stimulate this even more, the precipitates are taken a bit stronger: fc = 0.6,
leading to an effective obstacle strength of 50 MPa. The samples are deformed at
a strain rate of 106 s−1 using a finite-element mesh of 40 × 40 elements in a computational cell of 2 × 2 µm, containing 40 slip planes.
A typical example of the resulting stress-strain curves is presented in figure 4.5−1
for 100 K. Each graph contains
(i)
a curve for the case without accelerations, conventional stress and displacement fields, and a linear stress-velocity relation (lowest curve),
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FIGURE 4.5−1 Stress strain-curves in Cu at 100 K and γ& = 106 s−1 (left). The lower curve is the
conventional case without acceleration; the light top curve denotes the relativistic case with acceleration and the remaining dark top curve the conventional case with acceleration. The picture to
the right denotes the corresponding total dislocation densities: the solid line represents the conventional/no acceleration case, the dotted line the relativistic/acceleration case and the long-dashed
line the conventional/acceleration case.

(ii)
(iii)

a curve for the case with constant accelerations, conventional stress and
displacement fields, and a linear stress-velocity relation, and
a curve for the case with constant accelerations, relativistic stress and displacement fields, and a cubic stress-velocity relation.

The calculations for the case without accelerations, relativistic stress and displacement fields and a cubic stress-velocity relation turned out to suffer from the
numerical oscillations described at the end of section 4.3 and as a result none of
the calculations gave any sensible output. The histogram of the velocity distributions of the three runs is plotted in figure 4.5−2, where each distribution has been
normalised to its maximum value.
The first thing that stands out in figure 4.5−1 is the large difference between the
case without, and the cases with acceleration. In the computations with the adaptive time increment, the time increments are typically of the order of a picosecond.
This is smaller than the time needed for a dislocation to settle to its steady-state
velocity. In order to really make sure that the difference is not due to the adaptive
time stepping (instead of a fixed time increment of 2 × 10−14 s), extra simulations
(not displayed) have been carried out. The only difference is that they now also
have a fixed time increment of 2 × 10−14 s. It turns out that the stress-strain curve
follows the curve with the adaptive time stepping almost exactly. The only difference then being the accelerations, it has to be concluded that they cannot be neglected at this high strain rate, both for the conventional and the relativistic case.
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FIGURE 4.5−2 Histogram of the distributions of absolute dislocation velocities of the runs of figure
4.5−1 at 100 K. The black filled histogram corresponds to the conventional case without acceleration, the grey filled histogram to the relativistic case with accelerations and the transparent outlined histogram (which corresponds very closely to the grey one) corresponds to the conventional
case with accelerations. The histograms are obtained by repeatedly sampling the velocitydistribution after a certain number of time increments. This plot then represents the velocities
during the whole simulation. The plots are normalised to their maximum value (as a result, the
relative frequencies for velocities higher than about half the shear wave velocity a2 are not visible,
although generally they are not equal to zero). For the static case, the supersonic dislocations have
not been counted.

The second point of interest is the small differences between the conventional and
the relativistic case. The velocity distributions of figure 4.5−2 show that almost no
dislocations move faster than a few tenths of the shear wave velocity. Actually,
figure 4.5−2 shows no dislocations at all in that regime, but this is an effect of the
scale. In reality, the spectrum is not zero until very close to the shear wave velocity (and beyond for the conventional case). Nevertheless, the number of dislocations that do reach the high velocities is utterly negligible with respect to the number of dislocations moving at velocities up to 20% of the shear wave velocity.
The effect of the changing fields on the dislocation shear stress is depicted in figure 4.5−3. In this figure, taken from a different simulation as figures 4.5−1 and
4.5−2, the middle picture (b) represents the dislocation shear stresses in the relativistic case. Also visible (at the periodic boundaries) are the displacements. In the
top picture (a) the dislocation shear stress is calculated for exactly the same configuration as picture (b), and for exactly the same dislocation velocities, but now
using the conventional fields. Strictly speaking, this solution does not satisfy the
applied boundary conditions, but the point here is to illustrate the difference in the
dislocation fields. Since it is somewhat difficult to discern these differences, the
two pictures have been subtracted from each other to give the difference field in
the lower picture (c). The difference picture shows that locally the difference can
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FIGURE 4.5−3 Comparison of the normalised dislocation shear stress 1000σ∼12/µ between –10 and
10 of (b) relativistic and (a) conventional shear stress and (c) their difference. More comments in
the text.

be quite large for the few fast-moving dislocations. However, in the calculation of
the overall stress and strain, the differences are smeared out over the top- and
bottom surface do not contribute significantly.
A third feature of the curves of figure 4.5−1 is the fact that the flow stress attains a
constant value and does not show any hardening effects. The mechanisms that
give rise to hardening in the computational cell are the increase in number of forest dislocations, Taylor hardening due to the interaction of the dislocations on
different slip planes, and hardening due to the formation of dislocation pile-ups at
obstacles. The first process is controlled by the dislocation density. From figure
4.5−1 it is seen that the dislocation density never increases. In fact, the density
reached a steady-state value. The interaction between different slip planes is observed in the simulations. In simulations with a very low obstacle density, the
dislocations form vertical “walls” moving collectively. The interaction is usually
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not strong enough to maintain these walls when one dislocation is held up by an
obstacle. The last mechanism, hardening due to pile-up formation, is not observed
with obstacle strengths less than about 1 GPa. This could be attained by a grain
boundary, or impenetrable inclusions that are also too large to be passed by the
Orowan process. Examples of those cases (strain rate 103 s−1) can be found in Van
der Giessen and Cleveringa et al.1,2. From the present work, we conclude that the
hardening effects found in those cases are entirely due to the pile-ups formed
against the impenetrable inclusions.
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CHAPTER 5
THERMAL EFFECTS

§5.1 INTRODUCTION
D U R I N G F A S T D E F O R M A T I O N , a vast amount of energy (in the form of mechanical work) is put into the material during a relatively short period of time1.
Through the damping of dislocation motion by electrons and phonons (Chapter 3),
the kinetic energy of a dislocation is dissipated into heat. The resulting temperature rise may have considerable effects on certain microstructural processes. For
instance, thermally assisted passing of obstacles by a dislocation is greatly facilitated, thereby effectively lowering the flow stress. On the other hand, the viscous
damping of dislocation motion increases due to increased lattice vibrations (see
chapter 3). Another parameter, the mobility of point defects (for instance vacancies and interstitials) also depends critically on temperature.
When the processing time is short, the heat may not have sufficient time to become dissipated throughout the workpiece or radiated into the environment. Locally, the temperature may become very high. For instance, some authors2 found
droplets of previously molten Ti on the surface of a shear plug of Ti6Al4V. Evidently, the local temperature must have risen as high as the melting point of Ti,
which is of the order of 1650 ºC.
A measure of the extent of the region through which the heat is dissipated during a
time increment k of duration ∆tk ≡ tk+1 – tk is the thermal diffusion length3. It is
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κ [10−6 m2 s−1]
(at 298 K)
6.7
48.3
116.1

Ti
Al
Cu

TABLE 5.1−1 Thermal diffusion length
for Chemistry and Physics, 65th ed.)4

b [nm]
0.2910
0.2862
0.2556
k

∆tk = 10−13 s
1.6 (6)
4.4 (15)
6.8 (27)

k [nm] ( k/b)
∆tk = 10−11 s
16.3 (56)
43.9 (154)
68.1 (267)

∆tk = 10−9 s
163 (561)
439 (1535)
681 (2667)

for typical time increments ∆tk. (Source: CRC Handbook

specified in terms of the thermal conductivity K, the material density ρ and the
specific heat c:

lk = 2

K
∆t ≡ 2 κ∆tk ,
ρc k

(5.1−1)

with κ the thermal diffusivity. Table 5.1−1 lists the thermal diffusion length for the
range of duration of the time increments occurring in the simulations of Chapter 4.
It can be seen that typically, the heat front travels some tens of Burgers vectors
during one time increment.
In literature, a few discussions about the temperature rise due to moving dislocation can be found. Among the first to discuss the heating effect of moving dislocations were Freudenthal and Weiner5, and subsequently, Eshelby and Pratt6.
Their discussion suggests that ordinary motion of dislocation on their slip plane
will cause a temperature rise of at most a few tens of Kelvin. Depending on a parameter Λ = 2κ / vDIS, they predict an upper limit for the temperature rise ∆T of

∆TMAX



≤



σ PK bvDIS  nΛ 
ln
 for Λ >> λ
2 .
 λ 
,
σ PK bvDIS Λ
for Λ << λ
n
2 .
λ
n

(5.1−2)

where n denotes the number of dislocations running on the slip plane spread over
a distance λ. Using n = 500 dislocations and λ ~ 10−3 m for well-annealed Al, they
predict a temperature rise of about half a Kelvin. They conclude that a large temperature rise can only occur if the dislocations are very closely packed and then
suddenly released, or at very high loading rates.
More recently, in a series of papers, Armstrong et al.7 pointed out that at high
loading rates, where the deformation is localised in adiabatic slip bands, the small
volume in which the deformation takes place, takes on an increasingly important
role. In contrast, the previous models averaged the temperature over a larger volume. They also worked out the conditions under which a static pileup of dislocations breaks down through an obstacle to give a catastrophic pile-up avalanche.
The energy that is stored in the configuration of the pile-up is then released sud-
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denly, and due to the local nature of this event, the temperature rise may be orders
of magnitude higher than predicted by the previous models. The upper limit for
the temperature rise, ∆TMAX (i.e. when the concentrated shear stress at the tip of the
pile-up reaches the fracture stress πµ(1−ν)/8(2−ν)) is7

 ks d vDIS  Λ 
ln  for Λ > b

K
16
b
∆T ≤ 
 ks d v DIS Λ
for Λ ≤ b
 16 K
b

(5.1−3)

with ks the microstructural shear stress intensity factor for the pile-up and d the
average grain diameter. Using the parameters ks = 14 N mm−3/2, d = 1 mm and
vDIS = a1, they calculated ∆TMAX = 2.3 × 104 K for Al. Similarly, in Ti, with
ks = 21 N mm−3/2, ∆TMAX = 3.2 × 105 K.
It is also of interest to note that the temperature field that is used in the derivations
is essentially for ∆tk → ∞, even though Armstrong et al. take the effect of the sudden temperature rise into account through the reduced volume of the slip band.
This chapter extends the method of discrete dislocation plasticity to incorporate
explicitly the kinetic temperature field resulting from the movement of individual
dislocations. The advantage is that no assumptions have to be made about spacing
of dislocations, lengths of pile-ups, stress concentration factors etc., because these
parameters follow automatically from the formalism of discrete dislocation plasticity. In the following section, the effects of the temperature rise on microstructural processes are clarified. Then, the heat equation is written down (§5.3). In
§5.4 the sources of heat are introduced in a similar fashion as was done by
Eshelby6. Two types of solutions of the heat equation, applicable to the computational set-up of Chapter 2, are presented in §5.5. In the final section the method
will be applied to shear deformation at very high strain rates.

§5.2 THERMAL EFFECTS ON MICROSTRUCTURAL PARAMETERS
The temperature rise directly affects a number of microstructural parameters, although the dependence varies with the underlying physical mechanism. Depending on whether the deformation takes place in the regime of jerky glide or dragcontrolled flow, thermal effects that manifest themselves in the overall deformation behaviour result from reductions of the effective obstacle strengths, or a temperature-dependent drag coefficient. The latter was treated in Chapter 3. The elastic coefficients and corresponding Poisson’s ratio also depend on temperature, but
the dependence is usually taken to be weak and will be neglected. However, it
should be realised that the elastic constants are directly related to the phonon
spectra. The fact that elastic constants have self-averaging properties at a larger
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scale, does not automatically apply at the local scale of the few Burgers vectors of
the fast moving dislocation acting as a heat source. Nevertheless, to a first approximation we assume that the phonon distribution is, on average, equal to the
distribution in thermal equilibrium and consequently the elastic constants itself do
not change. In the following, the main characteristics of the temperature dependence are evaluated.

5.2.1 TEMPERATURE DEPENDENCE OF OBSTACLE STRENGHTS
In order to treat the temperature dependence of the obstacle strengths, consider a
segment of dislocation line gliding on its slip plane in the x1-direction until it encounters a discrete obstacle at x1 = x1o (see the treatment in section 2.4). The obstacle has a size of Lobs and strength τobs at 0 K. Each dislocation line segment of
length l is assumed to be in contact with one obstacle. In our case, l = lF for the
effective Friedel obstacle, and l = lM for the effective Mott obstacle.
Each segment of dislocation line acts on the obstacle with a force K = σPKbl, where σPK is the resolved shear stress acting on the dislocation line. When the force
exceeds a threshold value Kmax, the dislocation passes the obstacle. The threshold
stress is designated as the obstacle strength τobs (so that Kmax = τobsbl). When
K < Kmax, the dislocation segment may still pass the obstacle with the aid of thermal fluctuations. The obstacle strength at absolute zero τobs is then reduced to an
effective obstacle strength τeff(T). Assuming a constant resisting force for the obstacle, a square obstacle profile can be drawn as in figure 5.2−1. The area ∆F =
τobsblLobs under the profile represents the energy change required to pass the obstacle from x1o to x2o = x1o + Lobs. Part of this energy is provided by the mechanical
work σPKblLobs done by the applied stress σPK. The remainder ∆G, which is called
the free energy of activation, can be provided by thermal fluctuations. The probability P(T) of a fluctuation of magnitude ∆G occurring at a temperature T is determined by the Boltzmann factor exp(−∆G/kBT). Here kB is the Boltzmann constant. When the segment vibrates with a frequency of νD, the rate at which obsta-

FIGURE 5.2−1 Square obstacle profile of resisting force K versus distance.
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cles are overcome by thermal fluctuations is given by the Arrhenius term

ν De − ∆G k

BT

(5.2−1)

per second. For a square obstacle profile, it can be deduced that8,9
 σ 
∆G = ∆F 1 − PK 
 τ obs 

(5.2−2)

for σPK < τobs. For non-square profiles, a term of the form
 σ p 
∆G = ∆F 1 −  PK  
  τ obs  



q

(5.2−3)

is commonly used. The 0 ≤ p ≤ 1 and 1 ≤ q ≤ 2 depend on the shape of the profile.
Substituting equation (5.2−2) into the Arrhenius term, it is now possible to define
a waiting time tobsi (see also Chapter 3) for each obstacle as (introducing the superscript i to denote quantities referring to obstacle i)
∆F i 

i
tobs

σ PK 

i

1 k BT  1− τ obs
1

=
e
=
e
νD
νD

i
2τ obs
lbLiobs
k BT

 σ PK
 1−
 τi
obs







(5.2−4)

to pass the obstacle, again for σPK < τobsi. Typically8, the attack frequency νD lies
in the range of 109−1011 s−1, depending on the length of the dislocation line segment (equation (3.2−1)). It is now possible to estimate the waiting times for obstacles of different strengths and at different temperatures.
One implication of equation (5.2−4) (or equation (3.2−9)) and equation (3.2−8) is
 γ& 
∆G = kBT ln  0  ,
 γ& 

(5.2−5)

indicating that ∆G effectively increases with T but decreases with increasing
strain rate. This is depicted in schematically in figure 5.2−2. The effect of the
thermal energy is to decrease the height of the barrier, lowering the obstacle
strength τobsi to an effective obstacle strength τeffi. However, as the strain rate increases, there is less time available to overcome the barrier, until at a critical strain
rate γ·0, the thermal activation is rendered ineffective, and the full τobsi has to be
provided to overcome the obstacle. In other words, although each activation event
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FIGURE 5.2−2 Temperature and strain rate dependence of the relative effective obstacle strength
τeffi/τobsi = 1 − ∆G/∆Fi, according to equations (3.2−9) and (5.2−4) with γ·0 = 103 s−1.

has the same probability of overcoming the obstacle, there are less activation
events. This has the same effect as a stronger obstacle at a lower strain rate, or of a
lower temperature. A simple estimate of the critical strain rate is setting the rate at
which the dislocation passes the Peierls hills vDIS/b equal to the attack frequency
νD, and then using equation (3.2−3) to obtain

γ&0 = ν D ρ RUNb 2 ≅

ν D ρ TOTb 2
.
4

(5.2−6)

For a dislocation density ρTOT = 1012 m−2, the critical strain rate is of the order
102−103 s−1. At higher strain rates, the effect of temperature is determined by the
temperature dependence of the drag coefficient, to which we will now turn our attention.

5.2.2 TEMPERATURE DEPENDENCE OF THE DRAG COEFFICIENT
This section briefly summarises the temperature dependence of the drag coefficients that were derived in Chapter 3. Consider the drag coefficient of equation
(3.3−3):
BTOT = BE + BPH + BIMP ,

(5.2−7)

where the subscripts E, PH and IMP denote electron viscosity, phonon viscosity and
impurity effects. For intermediate to high temperatures (say θD/3 < T < 3θD, with
θD the Debye temperature) the total drag coefficient becomes
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FIGURE 5.2−3 Temperature dependence of the drag coefficient BTOT(vDIS, T) for (a) Cu and (b) Al.
In both cases the experimental values and ratios of the drag contributions are given in section
3.3.4. The solid lines denote the static value, and from short to long-dashed lines denote
vDIS = 0.50a2, 0.90a2 and 0.99a2, respectively.



0
0
(θ D ) +
BTOT (vDIS , T ) = Bslow
+  Bwind



0
(θ D )  T  .
Bflut
2
1 − (vDIS a2 )  θ D 

(5.2−8)

Here the impurity and electron drag coefficients have been neglected. The ratios
between the contributions at the Debye temperature can be found using the equations in Chapter 3 and the total experimental values. Some values are plotted in
figure 5.2−3 for Cu and Al.

§5.3 THE HEAT EQUATION
The equations are developed in the same Cartesian (x1, x2, x3)-laboratory reference
frame as in Chapter 2.

r
The heat flux vector I is defined as
f 
 K11
r  x1 
r
f =  f x 2  = −[ K ] ∇T = −  K 21
f 
 K 31
 x3 

K12
K 22
K 32

K13   ∂T ∂x1 


K 23  ∂T ∂x2  .
K 33  ∂T ∂x3 

(5.3−1)

For an isotropic solid, the thermal conductivities K11 = K22 = K33 = K(T), and the
off-diagonal coefficients are zero, yielding

r
r
f = − K (T )∇T .

(5.3−2)
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The energy balance of an infinitesimal volume element at a point P at (x1, x2, x3)
yields

r
r
∂T
∇ ⋅ K (T )∇T + q&V = ρ (T )cV (T ) ,
∂t

(

)

(5.3−3)

where q·V represents the rate of heat generation of a heat source present in the volume, ρ(T) represents the material density and cV(T) the specific heat at constant
volume. In the following, the heat conductivity, the specific heat and the material
density are assumed to be independent of temperature. This assumption may not
hold for cases when the local temperature rise is of the order of a few hundred
Kelvin or when the phonon distribution is not in equilibrium locally, but for now,
we will retain it. The heat equation then reduces to

∇ 2T +

q&V ρcV ∂T 1 ∂T
=
≡
.
K
K ∂t κ ∂t

(5.3−4)

§5.4 SOURCES OF HEAT
Consider the dislocation i of figure 2.3−2 to be a moving line-source of heat. Per
unit line length a quantity of heat is emitted at a rate of6
q& i =biσ PK v i .

(5.4−1)

In the method of discrete dislocation plasticity the dislocation velocity vi and the

FIGURE 5.4−1 Rate of heat generation per unit length due to a dislocation i moving at a velocity
0 ≤ vi ≤ a2 (equation (5.4−6)) for (left) Cu (lines converging to a2 = 2.1 km/s) and (right) Ti (lines
converging to a2 = 2.9 km/s). The solid lines denote an ambient temperature of 100 K, the dotted
lines 298 K and the dashed lines 900 K.
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FIGURE 5.4−2 Estimate of the heated volume Vki during a time increment k.

resolved shear stress are piecewise constant functions of time. In Chapter 3 we
argued that the velocity-dependent contribution to the phonon-drag BPH, due to the
flutter mechanism, can be found by taking the Fourier transform of the velocitydependent strain fields (equations (3.3−13) and (3.3−21)) which involved the Fourier transform of the relevant strain fields. In case of an edge dislocation i the relevant contribution is
r
2 δ (q3 )e −iq1v t bi a22  − β12 q2
α 4 q2 
,
ℑ(ε12 )(q ) = i
+
 2
2
2 2
2
2 2
π
vi
 q2 + β1 q1 q2 + β 2 q1 
i

(5.4−2)

with α, β1 and β2 defined as in Chapter 2. In Chapter 3 it was shown that it agrees
rather well with the empirical relation of Gillis, Gilman and Taylor10

( )

BGillis v =

0
BGillis

i

(

1 − v i a2

)

2

,

(5.4−3)

leading to the velocity-dependent term due to flutter in equation (5.2−8). The heat
generated during one time increment k can now be written as (using the notation
of equations (3.3−25) and (3.3−56))
i2

q& = Bstatic v +
i
k

0
Bflut
vi

(

2

1 − v i a2

)

2

.

(5.4−4)

The rate of heat generation is plotted in figure 5.4−1.
It is now possible to provide a rough estimate of the average local temperature
rise. Consider a unit length of dislocation moving in the positive x1-direction at a
velocity vki during a time increment k. The dislocation travels a distance vki∆tk. An
upper bound for the volume which is heated (see figure 5.4−2) is

(

)

Vki = 2l k vki ∆tk + l k .

(5.4−5)
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FIGURE 5.4−3 Temperature rise ∆T i (equation (5.4−7)) in volume Vi (equation (5.4−5)) due to the
homogeneously dissipated heat q& i ∆t of dislocation i moving at velocity 0 ≤ vi ≤ a2.

(strictly speaking, the height of the volume is not a constant, but diminishes as the
dislocation moves from left to right, since near the end of the time increment, the
heat has had less time to diffuse than the heat that was generated at the start of the
time increment. Equation (5.4−5) is then an underestimate of the heated volume.
We will retain it, however for the sake of simplicity). Using equations (5.3−5) and
(5.4−5), the total heat generated by unit dislocation length during the time increment is
2
0

Bflut
vki
i2

q& ∆tk = Bstatic vk +

1 − vki a2

i
k

(


∆t k .
2 


(5.4−6)

)

The average temperature rise in the volume Vki is now given by
2

q& i ∆t
vki ∆tk
∆T = k ki =
ρcVk 2 ρcV l k vki ∆tk + l k
i
k

(

)

0

Bflut
B +
 static 1 − v i a
k
2


(


.
2



)

(5.4−7)
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FIGURE 5.4−4 Temperature rise ∆T i in a fixed volume Vfixed (equation (5.4−8)) due to the homogeneously dissipated heat q& i ∆t of dislocation i moving at velocity 0 ≤ vi ≤ a2.

In the derivation of (5.4−7) it is assumed that the temperature rise is small compared to the initial temperature, so that the variation of the coefficients B due to
the local temperature rise may be ignored. Relation (5.4−7) is plotted in figure
5.4−3 for Cu, Al and Ti, where the drag constants have their values at 298 K. The
subscripts k has been dropped. Note the difference in temperature scales for Cu on
the one hand, and Al and Ti on the other hand. From Chapter 4, typical dislocation
velocities are a few tenths of the shear wave velocity a2 and typical time increments occur of the order of 10−12−10−10 s. For those values, the temperature rise is
of the order of a few mK for Cu, and a few hundredths of Kelvin for Ti. The effect
of the change in volume Vk due to the dislocation velocity and the thermal diffusion length stands out more clearly after comparison with a fixed volume Vfixed.
Taking the maximum time increment tmax of figure 5.3−3 of 1 ns in equations
(5.1−1) and (5.4−5), and using vki = a2 in equation (5.4−5) yields a fixed volume
of (where max is the thermal diffusion length at tmax)

Vfixed = 2l max a2tmax + 2l 2max .

(5.4−9)
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The temperature rise in this fixed volume is plotted in figure 5.4−4, using the
same scale and material parameters as in figure 5.4−3. This comparison shows the
strong effect of localisation of the temperature, especially for very small time
steps, as expected. No conclusions should be drawn on the magnitude of the temperature rise in figure 5.4−4, since the magnitude of the fixed volume (equation
(5.4−8)) is chosen rather arbitrarily.

§5.5 SOLUTIONS OF THE HEAT EQUATION
The temperature rise ∆T due to the moving dislocations can be found using an
analytical approach, or through a numerical analysis using finite-element techniques. Due to the nature of the problem, which may result in a rapidly varying
temperature field, both methods are developed and compared in terms of computational speed and accuracy. This dualistic approach also provides a means of
checking the consistency of both solutions.
The analytical solution will be developed in subsection 5.4.1. In subsection 5.4.2
the equations for the finite-element solution will be briefly discussed. In both sections, the equations will be developed with the computational set-up of chapter 2
(figure 2.3−2) in mind. Thus, the production of heat is provided by moving dislocations in a two-dimensional rectangular computational cell of width × height =
2w × 2h, which is periodic in the x1-direction and bounded at x2 = ±h. The time
integration takes place in discrete time increments k, during which the dislocation
velocities vki (and consequently, the source strengths qki) are constants. At time
increment k = 0, i.e. before any deformation, the computational cell is assumed to
be in thermal equilibrium and Tk=0 ≡ T0 is constant everywhere. The duration of
the time increments is fully controlled by the mechanical part of the simulation.
The maximum possible length of these time increments is sufficiently small to ensure the stability of the thermal solution.

5.5.1 ANALYTICAL SOLUTIONS
Green’s functions are among the standard tools of finding an analytical solution of
the heat equation. When applied to two-dimensional thermal problems, the
Green’s function u(x1, x2, x1′, x2′, t, t′) denotes “the temperature at (x1, x2) at the
time t due to an instantaneous line source of strength unity generated at the point
P(x1′, x2′) at the time t′, the solid being initially at zero temperature, and the surface being kept at zero temperature”. In our specific case with discrete time increments, the initial temperature corresponds to the temperature at the start of a
certain time increment k (i.e. at tk). Given the temperature at tk, the task at hand is
to find the temperature at the end of the time increment, which corresponds to the
start of time increment k + 1 (i.e. at tk+1).
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Tayloring the expression of De Hosson11 to our specific case, the solution of the
temperature field T(x1, x2, tk+1) for a surface temperature Ts(x1, x2, t) and initial internal temperature T(x1, x2, tk) and an internal heat source q& k(x1, x2, t)
T ( x1 , x2 , tk +1 ) =

∫∫ u
κ

t ′=tk
tk +1

T ( x1′, x′2 , tk ) dx1′dx′2 +



∫ − ∫ T (x′, x′ , t′)
s

1

tk

2

∂ut =tk +1
∂n

ds + ∫∫

 .
q&k
ut =tk +1 dx1′dx2′  dt ′
K


(5.5−1)

The integration in the second term on the right-hand side is carried out over the
top- and bottom surfaces, and the differentiation is along the inward normal n of
the respective surfaces.
At all times, there is no heat exchange with the environment, i.e. the whole process is assumed to be adiabatic. In mathematical terms, this means enforcing

∂uk
=0,
∂n

(5.5−2)

at the top- and bottom boundary, causing the second term on the right-hand side of
equation (5.5−1) to vanish, and we are left with
T ( x1 , x2 , tk +1 ) = ∫∫ ut′=tk T ( x1′, x′2 , tk ) dx1′dx2′ + κ

tk +1

q&k

∫ ∫∫ K u

t =tk +1

dx1′dx2′ dt ′ .

(5.5−3)

tk

The development of the temperature at zero initial temperature and zero flux
across the surface is carried out in Appendix 5A. The final results are given below. The Green’s function u(x1, x2, x1′, x2′, t, t′) for a unit line source at (x1′, x2′) in
the computational cell of figure 2.3−2 for t > t′ equals
−

( x1 − x1′ )2
4κ (t −t ′ )

κm π (t −t′ )
∞


−
1 + 2 e 4 h2 cos  mπ  x2 + 1 cos  mπ  x2′ + 1  .
∑
 2 h

 2 h

4h πκ (t − t ′) 

 


m=1



e

2 2

(5.5−4)

Note that equation (5.5−4) fulfils requirement (5.5−2). The summation over m
arises due to the finite extent of the computational cell in the (vertical) x2direction. For fast numerical convergence, one may convert equation (5.5−4) to a
summation involving exponentials using Poisson’s summation formula3.
During the same increment k, the sources are described by taking into account all
dislocations nDIS(k) and their replicas n:
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q& k =

nDIS ( k )

∑ ∑ q& δ (x′ − (x
i =1

∞

n = −∞

i
k

i
1

1

)

)

+ 2nw + vki (t − t k ) , x′2 − x2i .

(5.5−5)

The contribution to the temperature rise T(x1, x2, tk+1) due to the moving sources in
time increment k is found by carrying out the integrations in the second term on
the right-hand side of equation (5.5−3). Appendix 5.A gives the details of this
procedure. The result is a temperature rise T(x1, x2, tk+1) of
n DIS ( k )

∞

i =1

n = −∞

∑ ∑


q&ki e − 2 ZX  1

2 ρcV h κ  2 Z


 − 2 XZ
 X − Z ∆tk +1  2 XZ
 X + Z ∆tk +1 
 − e erfc
 +
erfc
e




t
t
∆
∆

k +1
k +1





 mπ
 mπ  x2
1

cos 
 + 1 cos 
∑

m =1 Y
 2 h
 2
∞

 x2i

 + 1 ×
h



 − 2 XY
 X − Y ∆tk +1  2 XY
 X + Y ∆tk +1  
 − e erfc
 
erfc
e




t
t
∆
∆

k +1
k +1



 


(equation (5.5−6)) with

vki
 πκm 
x1 − x1i − 2nw − vki ∆tk +1
i
X (n ) ≡
, Yk (m ) ≡
1.0 +  i 
4κ
4κ
 vk h 
i
v
Z ki ≡ k .
4κ
i
k

2

and
(5.5−7)

In equation (5.5−6), the indices i, k, n and m have partly been dropped. Now that
we obtained the second term on the right-hand side of equation (5.5−3), we focus
our attention to the first term. The initial temperature field at time increment k
equals the temperature field of the previous time increment k−1. The temperature
field at the first increment is taken to be constant, i.e. T(x1, x2, t0) = T0. In Appendix 5.B.1 it is shown that during the first time increment k = 0, the diffusion term
yields T0, as one would expect. For k = 1, the integration is carried out in Appendix 5.B.2. The result is based on an evaluation of the actual values of Xki, Yki and
Zki for Cu and Ti. Introducing

β =
−
1

β1+ =

(

)

X 0i + Z 0i ∆t1 − Z 0i − Z 0i ∆t2
∆t1
− X + Z ∆t1 + Z 0i + Z 0i ∆t2
i
0

i
0

(

∆t1

)

(5.5−8)

THERMAL

93

EFFECTS

and

β =
−
2

β 2+ =

(

)

X 0i + Y0i ∆t1 − Z 0i − Y0i ∆t2
∆t1
,
− X + Y ∆t1 + Z 0i + Y0i ∆t2
i
0

(

i
0

)

(5.5−9)

∆t1

and with time steps in the range between 10−12 and 10−9 the integration elegantly
leads to a temperature rise T(x1, x2, t2) of
nDIS (0 ) ∞

q&0i
×
4 ρcV h v0i

∑ ∑
i =1

n =−∞














(

)

(

)

i
i
i
∆t1  (Z0i + Z0i )2 ∆t2 −2 (Z0i + Z0i )X 0i  X 0 − Z 0 + Z 0 ∆t 2 
e
erf
−


∆t2 
t
∆
2




e

(Z − Z ) ∆t −2(Z − Z )X
i
0

i 2
0

2

i
0

i
0

i
0

 X 0i − Z 0i − Z 0i ∆t 2 

erf 


∆t2




+





2
2
sgn β − e (Z0i − Z0i ) ∆t2 −2 (Z0i − Z0i )X 0i + sgn β + e (Z0i + Z0i ) ∆t2 −2 (Z0i + Z0i )X 0i 
1
1





( )

+
∞

∑2e

−

κm 2π 2 ∆t2
4 h2

m =1







∆t1
∆t2







( )

 mπ  x 2
   mπ
cos 
 + 1 cos 
  2
 2 h

(

 x2i

 + 1
h


)

2

 πκm 
1 +  i  ×
 v0 h 

 (Z i + Y i )2 ∆t −2 (Z i + Y i )X i  X 0i − Z 0i + Y0i ∆t2 
−
 e 0 0 2 0 0 0 erf 


∆
t

2


e

(Z − Y ) ∆t −2 (Z − Y )X
i
0

i 2
0

2

i
0

i
0

i
0

(

)

 X 0i − Z 0i − Y0i ∆t2  
 +
erf 

 
∆
t
2

 


2
2
sgn(β − )e (Z0i − Y0i ) ∆t2 −2 (Z0i − Y0i )X 0i + sgn(β + )e (Z0i + Y0i ) ∆t2 −2 (Z0i + Y0i )X 0i
2
2


(equation (5.5−10)).
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In conclusion, the temperature rise at a particular location within the slab due to a
set of moving dislocations in a time interval can be expressed (in a more or less)
analytical form, at least for the first two time increments. In principle this is also
possible for later time increments, but the equations become too complex to be
used in practice.

5.5.2 FINITE-ELEMENT SOLUTION
In the finite element formulation12,13 of the thermal problem, the temperature field
is approximated on bilinear rectangular elements. The dimensions of the elements
are width × height = 2a × 2b. The shape functions are given by

(a − x1 )(b − x2 )
4ab
(a + x1 )(b + x2 )
N3 =
4ab
N1 =

(a + x1 )(b − x2 )
4ab
,
(a − x1 )(b + x2 )
N4 =
4ab

N2 =

(5.5−11)

which interpolate the temperature over the element from the nodal temperatures
r
Tnodal :
r
T = [N1

N2

N3

r
N 4 ]Tnodal ,

r
r
or T = [ N ]Tnodal .

(5.5−12)

The temperature gradients inside an element are given by
r
∂ ∂x1 

[N ]Tnodal
∂ ∂x2 
,
1 − (b − x2 ) (b − x2 ) (b + x2 ) − (b + x2 ) r
=
Tnodal
4ab  − (a − x1 ) − (a + x1 ) (a + x1 ) (a − x1 ) 

 ∂T ∂x1 

=
∂T ∂x2 

(5.5−13)

r
r
T∂ = [B ]Tnodal .

(5.5−14)

or

FIGURES 5.5−1 and 5.5−2 – NEXT 2 PAGES These figures display the temperature rise of equation
(5.5−6) at different times for (a) Cu, (b) Al and (c) Ti. The velocities and source strengths of the
dislocations have been given the same value. All pictures have been normalised to the average
temperature rise of the computational cell. In figure 5.5−1 (next page), the time difference between
each picture is 20 ns. The dislocation velocity is 25 m/s and the source strengths are 18 mW/m. In
figure 5.5−2, the velocity is chosen to be half the shear wave velocity in Cu (1072 m/s). The time
difference between each picture (0.45 ns) has been chosen such that the positions are identical to
those in figure 5.5−1. The source strengths are 150 W/m.
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FIGURE 5.5−1. Caption on the previous page
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FIGURE 5.5−2. Caption on page 94.
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The element conductivity matrix is
K (T ) 0 
 [B ]dV ,
 0 K (T ) t =t

[K elem ]k = ∫ [B]T 

(5.5−15)

k

where V is the element area. As in §5.3, the element is assumed to be isotropic.
The temperature-dependent element conductivity matrix is updated between time
increments. The element heat capacity matrix is

[Celem ]k = ∫ [N ]T [N ]ρcV (T ) t =t

dV .

(5.5−16)

k

The element conductivity matrices and the element heat capacity matrices are the
building blocks for the global conductivity matrix [K]k and the global heat capacity matrix [C]k, where the subscript k denotes t = tk. The finite element formulation
of equation (5.3−3) at time increment k (starting at t = tk) is then given by
r
r
r
r
r
r&
r& ∂T
,
[ K ]k −1Tk + [C ]k −1Tk = Qk , Qk = Q( x1 , x2 , tk ), Tk =
∂t t = t

(5.5−17)

k

where the heat emanating from the moving dislocations (equation (5.4−6)) is pror
perly distributed over the appropriate nodes, yielding the heat source vector Qk .
The time integration can be based on the equation12,13

(

)

r
r
r&
r&
Tk +1 = Tk + ∆tk (1 − η )Tk + ηTk +1 ,

(5.5−18)

r&
r&
where η is a constant between 0 and 1. Solving for Tk +1 and Tk yields
r
 1
[C ]k −1 + η [C ]k −1 [C ]k−1[K ]k  Tk +1


 ∆t k

r
r
−1
= (1 − η )Qk + η [C ]k −1 [C ]k Qk +1
r

1
[C ]k −1  Tk
− (1 − η )[K ]k −1 −
∆t k



(equation (5.5−19)). In our case, with constant specific heat and thermal conductivity, equation (5.5−19) reduces to (where the subscripts k and (k−1) can now be
dropped from the matrices [C] and [K]):
r
r
r
r
 1
[C ] + η [K ] Tk +1 = (1 − η )Qk + ηQk +1 +  1 [C ] − (1 − η )[K ] Tk . (5.5−20)

 ∆tk

 ∆tk
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When η = ½, the method is called the Crank-Nicolson method, or Trapezium rule.
For η = 1 it becomes the backward difference method, for η = 2/3 the Galerkin
method and η = 0 denotes the explicit Euler scheme. For η ≥ ½, the time integration is unconditionally stable. In this chapter the Galerkin method will be used.

§5.6 THERMAL PLASTICITY
In the following section, the computational set-up as developed in the previous
sections is applied to fast deformation of the computational cell. First, some simulations at different, but constant, ambient temperatures will be carried out, in order
to see the effects of the now temperature-dependent obstacle strengths and drag
coefficients. In these cases, the heat equation does not enter the simulations yet. In
the second section, however, the heat equation will be solved for a simple case.
The analytical solution will be compared with the solution provided by the finiteelement method as a mutual validation. In section 5.6.3, the differences in localisation of heat will be studied, along the same lines as in figures 5.5−1 and 5.5−2.

5.6.1 DISCRETE DISLOCATION PLASTICITY AT CONSTANT AMBIENT TEMPERATURE
This section presents a set of simulations showing the effect of the ambient temperature on the deformation behaviour of the computational cell. Two realisations of
the same initial parameters of Al are subjected to an applied strain rate γ· = 106 s−1
at ambient temperatures of 100 K, 298 K and 900 K, up to a shear strain of 2.5%.
The microstructural set-up corresponds to the one described in the introduction to
Chapter 4, with fN = 1, fF = 0.01 and a solute concentration of c = 5 × 10−4. The
computational cell contains 40 planes in 2w × 2h = 2 × 2 µm. The cell is divided
into a mesh of 40 × 40 elements for the finite element solution of the mechanical
part. The initial dislocation density before relaxation is 1014 m−2.
The resulting shear stress−shear strain curves are presented in figure 5.6−1. The
figures display a trend of increasing flow stress with increasing temperature. At
the strain rate of 106 s-1, the temperature dependence of the deformation lies in the
temperature dependence of the drag-coefficient. The thermal softening of obstacles is rendered ineffective above strain rates of the order 102–103 s−1, in accordance with the discussion at the end of section 5.2.1. In fact, according to equation
(5.2−8) the drag coefficient increases linearly with temperature, and the variation
in flow stress at constant dislocation density should reflect this dependence. In the
curves of figure 5.6−1 (right) the final dislocation densities approach the same
constant values: at γ = 2.5%, ρTOT = 2.6 × 1013 m−2 for realisation 1 at all temperatures, and ρTOT = 2.3 × 1013 m−2 for realisation 2 at all temperatures and the
curves in the left figure 5.6−1 are consistent with this interpretation.
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FIGURE 5.6−1 Effect of different ambient temperatures in Al for two different realisations of the
same initial conditions. The computational cell is deformed at a strain rate γ· = 106 s−1. The solid
lines denote realisation 1 and the dotted lines realisation 2. Left: Shear stress vs. shear strain. The
lines ending from low to high final shear stress correspond to temperatures of 100 K, 298 K and
900 K, respectively. Right: total dislocation densities.

5.6.2 CONSISTENCY OF ANALYTICAL AND FINITE-ELEMENT SOLUTIONS
In this section, the solutions of the analytical expressions of the previous section
are compared with the finite element solution of §5.5. To this end, similar runs as
in figures 5.5−1 and 5.5−2 have been carried out for both methods. In a periodic
box of 2w × 2h = 2 × 2 µm, one dislocation is put on a slip plane at x2 = 0. The
temperature fields are calculated at four distinct times t1 = 0.12 ns, t2 = 0.58 ns,
t3 = 1.05 ns and t4 = 1.52 ns. The dislocation velocity is constant at vDIS = ½a2Cu
throughout the simulations, so that the analytical expression (5.5−6) can be used.
Similarly, the rate of heat generation is kept constant at 150 W/m (i.e. not according to equation (5.4−1)). The summation over m in the equation (5.5−6) is
carried out for m up to 500. The summation over n runs from –10 to 10. The finite
element procedure employs a grid of 400 × 400 rectangular elements and the
slightly overdamped Galerkin method (i.e. η = 2/3) to ensure the numerical stability during short time increments.
At x2 = 0, a cut is made through the computational cell, and the temperature fields
are compared along this cut. The results are displayed in figure 5.6−2a for Cu. A
similar run is carried out where the dislocation is now placed on a slip plane at
x2 = −4h/7, in order to avoid cancellation of errors due to the symmetry of the previous run. The cut along which the temperature fields are compared now is at
x2 = 3h/200. The result is displayed in 5.6−2b. From these graphs we conclude
that the analytical solutions of section 5.4 and the finite-element solution of section 5.5 are consistent with one another. Furthermore, the finite-element method
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FIGURE 5.6−2 Comparison of analytical solution (solid line) and finite element solution (dotted
line) of the heat equation in Cu (both solutions are so close together that the solid and dotted lines
are hardly visible separately). The numbers in the graphs correspond to the subscripts of the time
increments. The comparison was taken along the horizontal line (a) x2 = 0 for x2DIS = 0 and (b)
x2 = 3h/200 for x2DIS = −4h/7.

may safely be used to calculate the temperature rise in more complex configurations, where the analytical solutions become too complex to be used in practice.

5.6.3 LOCALISATION OF HEAT
Now that the consistency between the analytical solution developed in section 5.4
and the finite-element solution of section 5.5 is confirmed, it is possible to calculate the temperature rise due to fast deformation of the computational cell.
First, the differences in localisation between Al and Ti are studied14. To that end,
two simulations are carried out with identical initial configuration and identical
deformation rates etc. The coupling of the local temperature increase to the mechanical properties (effective obstacle strengths, temperature-dependent dragcoefficient) is not made yet. In other words, only the initial constant temperature
is taken into account in the mechanical part. The only difference is in the thermal
conductivity and the specific heat. In figure 5.6−2 the normalised temperature rise
is displayed during deformation (γ· = 106 s−1) of Al (two pictures to the left) and Ti
(two pictures to the right) at different stages of the deformation. The temperature
field was calculated in a computational cell of 2w × 2h = 2 × 2 µm and a
800 × 800 mesh.
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FIGURE 5.6−3 Effect of bulk thermal properties on the temperature rise in Al (top left: γ = 5% and
∆Taverage = 4.0 K, bottom left: γ = 7.5% and ∆Taverage = 13.6 K) and Ti (top right: γ = 5% and
∆Taverage = 4.3 K, bottom right: γ = 7.5% and ∆Taverage = 14.5 K). The coordinates in the bottom
plane denote the position in the computational cell, where the horizontal planes lie along the x1direction. The temperature fields are normalised with respect to their average temperature rise
∆Taverage. Both simulations have an identical initial configuration, and the thermal field was not
coupled to mechanical properties.

The average temperature rise for both metals lies in the same range: between 10
and 20 K at a shear strain of 7.5%. Figure 5.6−2 clearly shows the stronger localisation in Ti with respect to Al (note the difference in scale). The slip is concentrated in a few glide planes, and this is reflected in the temperature fields, especially in the case of Ti. At later times, these differences become smaller, as the
generated heat has had more time to diffuse throughout the computational cell.
The fact that the temperature rise in ordinary slip is only of the order of 10 to 20 K
implies that the effect on the flow stress in the fully coupled case will be negligible. It is also consistent with the observation that for normal slip the temperature
rise is not nearly high enough to induce melting (see the discussion in the introduction to this chapter). The present simulations show that the same conclusion
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holds at the high strain rate of 106 s−1, even in Ti, which has a strong thermal localisation. The present method may very well be able to predict the temperature
rise due to a catastrophic pile-up avalanche as discussed in the introduction. We
will return to this possibility in Chapter 6.

§5.7 LITERATURE
1. MASON J.J., ROSAKIS A.J., RAVICHANDRAN G., On the strain and strain rate
dependence of the fraction of plastic work converted to heat: an experimental
study using high speed infrared detectors and the Kolsky bar, Mech. Of Mat.
17 (1994), 135.
2. COFFEY C.S., Shear band formation and localised heating by rapidly moving
dislocations, Inst. Phys. Conf. Ser. No. 70 (1984), 519.
3. CARSLAW H.S., JÄGER J.C., Conduction of Heat in Solids (2nd ed.), Oxford
Clarendon Press (1959).
4. WEAST R.C., ASTLE M.A., BEYER W.H. (eds.), CRC Handbook of chemistry
and Physics, 65th ed., CRC Press, Florida (1984).
5. FREUDENTHAL A.M., WEINER J.H., Thermal aspect of fatigue, J. Appl. Phys.
27 (1956), 44.
6. ESHELBY J.D., PRATT P.L., Note on the heating effect of moving dislocations,
Acta Met. 4 (1956), 560.
7. ARMSTRONG R.W., ELBAN W.L., Temperature rise at a dislocation pile-up
breakthrough, Mat. Sc. Eng. A122 (1989), L1.
8. KOCKS U.F., ARGON A.S., ASHBY M.F., Thermodynamics and kinetics of slip,
Progress in Materials Science 19, Pergamon (1975).
9. HULL D., BACON D.J., Introduction to dislocations (3rd ed.), Pergamon (1984).
10. GILLIS P.P., GILMAN J.J., TAYLOR J.W., Stress dependences of dislocation velocities, Phil. Mag. 20 (1969), 279.
11. DE HOSSON J.TH.M., in Laser surface heat treatment, Acad. Press, New York
(1999), in press.
12. COOK R.D., Finite element modeling for stress analysis, Wiley (1995), Chapter 8.
13. ZIENKIEWICZ O.C., TAYLOR R.L., The finite element method, Vol. 2 (4th ed.),
McGraw-Hill (1967).
14. METSELAAR E.D., ROOS A., DE HOSSON J.TH.M., VAN DER GIESSEN E., Modelling of temperature effects in plastic deformation, Euromat 99, Munich,
DGM-Frankfurt (in press).

THERMAL

103

EFFECTS

APPENDIX 5A: SOURCE TERM OF THE TEMPERATURE FIELD
In order to find the Green’s function u(x1, x2, x1′, x2′, t, t′), consider the region
bounded by two parallel planes x2 = −h and x2 = h. This is the computational setup of figure 2.3−2. The region contains an instantaneous line source parallel to the
x3-axis emitting a unit quantity of heat at (x1′, x2′) and at time t′. The surface
planes are kept at zero temperature, as well as the initial internal temperature.
With the additional requirement of no heat flow across the surface planes, the
temperature distribution u(x1, x2, x1′, x2′, t, t′) for t > t′ is given by3,p374
−

( x1 − x1′ )2
4κ (t −t ′ )

κm π (t −t′ )
∞

−
1 + 2 e 4 h2 cos  mπ
∑
 2
4h πκ (t − t ′) 
m=1


e

2 2

 mπ
 x2  
 + 1 cos 
h

 2

 x2′
 
 + 1  .
h
 

(5.A−1)

This expression holds for one instantaneous line source at (x1′, x2′) of unit
strength. However, in the computational set-up of chapter 2,
• the heat sources are not of unit strength, but during time increment k, each
dislocation i emits heat at a rate of q& ki W m−1.
• the heat sources i are not static, but move at velocities vki during time increment k.
• not just the nDIS(k) dislocations of the computational cell are considered, but
the nDIS(k) infinite strings of dislocations. At the start of time increment k, the
position of each source replica n (n integer) in string i is (x1i+2nw, x2i).
These considerations lead to a source term
Number of
heat sources
during time
increment k.

q& k =

nDIS ( k )

∑
i =1

Rate of heat production of dislocation i during
time increment k.

Consider moving
dislocation instead
of fixed position.




6
474
8

 i

i
i
i 
′
′
&
qk δ  x1 −  x1 + 2nw + vk (t − t k ), x2 − {
x2  W m−1,
∑
1
4
2
4
3


n = −∞






∞

Consider string
instead of single
dislocation

Horizontal position of replica
n of dislocation i at the start
of time increment k.

(5.A−2)

Vertical position of replica
n of dislocation i (remains
fixed during simulation).

where δ denotes the Dirac delta function. Substituting equations (5.A−1) and
(5.A−2) into the second term on the right-hand side of equation (5.5−3) and carrying out the integration over x1′ and x2′ leads to
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(x − xi −2 nw−vki ⋅(t′−tk ))

− 1 1
4κ (tk +1 −t ′ )
i
n
(
k
)
 DIS ∞ q&k e
κ
′
dt  ∑ ∑
×
K t∫k  i=1 n=−∞ 4h πκ (tk +1 − t ′)

κm 2π 2 (tk +1 −t′ )
∞

−
 mπ
 mπ  x2 
4 h2
1 + 2 e
cos 
 + 1 cos 
∑


m=1
 2 h
 2

2

tk +1

(5.A−3)
 x2i
 
 + 1 
h
 

or

(x − xi −2 nw−vki ⋅(t′−tk ))

− 1 1
t

4κ (tk +1 −t ′ )
1
k
+
∞
q&
e

′
+
∑
∫ dt
tk +1 − t ′
n =−∞ 4 ρ cV h πκ  tk


2

nDIS ( k )

∑
i =1

i
k

 mπ
 mπ  x2 
2∑ cos 
 + 1 cos 

m =1
 2 h
 2
∞

x

e
 + 1 ∫ dt ′
h
  tk
tk +1

i
2

−

(x − x −2 nw−v ⋅(t′−t ))
1

i
1

i
k

2

4κ (tk +1 −t ′ )

k

−

e
t k +1 − t ′

κm 2π 2 (tk +1 −t′ )
4 h2








(equation (5.A−4)). Note that since the source term does not contain a term containing a δ-term involving t′, the time integration takes care of converting the instantaneous sources into continuous ones3,p266. Defining

x1 − x1i − 2nw − vki ∆t k +1
,
4κ
2
vki
 πκm 
i
1.0 +  i  and
Yk (m ) ≡
4κ
 vk h 
i
v
Z ki ≡ k ,
4κ
X ki (n ) ≡

(5.A−5)

and substituting η = tk +1 − t ′ , we find for the first term
nDIS ( k )

∞

i =1

n=−∞

∑ ∑

i − 2 Zik X ik ( n )
k

q& e
2 ρ cV h πκ

and for the second:

∆tk +1

∫
0

 X k (n ) 
 − Zikη
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(equation (5.A−7)), where care should be taken in the interchange of the summations and integral. Dropping indices of Xki(n), Yki(m) and Zki for convenience, the
integrals evaluate to
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and
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4Y

respectively. The full expression for the temperature field due to the second term
of equation (5.5−3) now becomes
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APPENDIX 5B: DIFFUSION TERM OF THE TEMPERATURE FIELD
The diffusion term may become highly recursive through the temperature terms of
the previous time step. In this development, we develop analytical expressions for
the first and second time steps.

5.B.1 FIRST TIME INCREMENT k = 0
We start by considering the first time increment (k = 0), for which the initial temperature T(x1, x2, t0) = T0 = constant. The Green’s function u (equation (5.5−4))
can be written as
∞
 lπ  x′

u ( x2′ ) = g1 + ∑ g 2 cos   2 + 1 .

l =1
2h

(5.B−1)

Note that in the integration t = tk, the time at the beginning of the time step (which
in the case of equation (5.B−1) equals 0), and t′ equals tk+1 (= t1 in the case of
equation (5.B−1)). Only one of the two cos-terms appears in the integration, since
the position of the observer (x1, x2) is fixed. The x2′-integration runs from –h to h
and reads
∞

h

T0 g1 ∫ dx2′ + T0 ∑ g 2
l =1

−h

 lπ  x2′

h

∫ dx′ cos 2  h
2

−h


+ 1 .


(5.B−2)

The x2′-integration of the first term is straightforward and yields 2hT0g1. For the
second, the integration over x2′ between –h and h yields
 lπ  x2′
  2h sin (lπ )
′
d
cos
= 0,
x
  + 1  =
2
∫− h
lπ

 2h
h

(5.B−3)

since l ∈ {1,2,3,…}. The integration over x1′ runs from –∞ to ∞, i.e. over all periodic cells, and gives
∞

∫

−∞

−

dx1′

( x1 − x1′ )2

2hT0e 4κt1
4h πκt1

as expected.

= T0 ,

(5.B−4)
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5.B.2 SECOND TIME INCREMENT k = 1
For k = 1, we again take out all factors independent of x2. The expression for the
temperature field (equation (5.5−6)) then becomes
∞
 mπ  x2 
T (x2 ) = f1 + ∑ f 2 cos 
 + 1 ,

m=1
 2 h

(5.B−5)

where the function f1 contains the summation over n and f2 over n and m. Both f1
and f2 do not depend on x2′. Assuming interchange of the integration over x2′ and
the summations is allowed, we can write the first term of equation (5.5−3) as
∞ h
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(5.B−6)
 x2′
 
 + 1 
h
 

The x2′-integration of the first term is again straightforward and yields 2hg1f1. The
second and third terms have the same functional form as equation (5.B−3) and
therefore reduce to 0. The x2′-integration of the last term yields
 lπ  x′2
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, (5.B−7)
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which reduces to 0 for m ≠ l and to h for m = l. Putting the pieces together gives
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Written out in full, the first term reads
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which, after some elementary but laborious algebra, reduces to
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Similarly, the second term of equation (5.B−8) reads
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(equation (5.B−11)), which becomes
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In equations (5.B−10) and (5.B−12), the remaining integrals are of the form
∞

∫ dx erf (x ) e
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(5.B−13)
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where α and β represent real constants, and α > 0. In the following we call the values of β in equation (5.B−10) β1 and the corresponding values in equation
(5.B−12) β2:
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FIGURE 5.B−1 Approximation of the integral (5.B−13): value around which the exponential term is
peaked. The solid lines denote β1+ and the dashed lined β2+. (a) Cu: ∆t = 10−9 s and m = 102 in β1+.
(b) Ti: ∆t = 10−9 s and m = 102 in β1+ (c) Cu: ∆t = 10−11 s and m = 104 in β1+ (d) Ti: ∆t = 10−11 s and
m = 104 in β1+.

To reduce the integral form of equation (5.B−13) we investigate the specific behaviour of β, depending on both the physical properties of the material such as the
thermal diffusivity κ and the effect of other computational parameters (see equations (5.A−2) and (5.A−5)).
With the dimensions of the computational cell of the order of 1 µm, β does not
depend critically on the value of the dislocation velocity. Both β1 and β2 increase
linearly with the source replica term, n, whereas β1 increases also with the running
parameter, m. In figure 5.B−1a β1,2+ is displayed as a function of n for Ti and in
figure 5.B−1b for Cu. In both cases the time increment ∆t was 10−9 s. It appears
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that the exponential function in equation (5.B−13) is sharply peaked around the
value of β1,2+. The width of the peak is determined by α = ∆t1/∆t2. The two consecutive time increments are usually of the same order of magnitude, so that
0.1 < α < 10 is a good estimate in the vast majority of cases.
The exponential dominates the actual behaviour of the product with erf(x) in
equation (5.B−13). In fact, erf(x) − 1 ~ 10−14 for x ~ 5, and is even smaller for
larger values of x. Similarly, for negative values, erf(x) + 1 ~ 10−14 for x ~ −5. In
those cases we may therefore replace erf(x) by sgn(x) in the integral. This is even
more so if the time increment ∆t is lowered to 10−12 s (see figures 5.B−1c and
5.B−1d for Ti and Cu, respectively).
The conclusion is that the integral of equation (5.B−13) can simply be approximated by sgn(β ) π α , or sgn(β ) π∆t2 ∆t1 . Putting the pieces together in the
heat equation (5.5−3), which is repeated here for convenience with k = 1,
t2

T ( x1 , x2 , t2 ) = ∫∫ ut′=t1T ( x1′, x′2 , t1 ) dx1′dx2′ + κ ∫ ∫∫
t1

q&1
ut =t dx1′dx2′ dt ′ ,
K 2

(5.B−15)

the second term becomes
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(equation (5.B−16)) and the diffusion term becomes:
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CHAPTER 6
SUMMARY AND OUTLOOK

§6.1 SUMMARY
M A N Y D E F O R M A T I O N processes take place at high rates, for instance a metal
plate that is blown into shape by an explosion, or a bullet penetrating an armour
plate. Even less violent processes with a low global strain rate sometimes exhibit
local strain rates of 103−104 s−1. One example is punching a hole into a metal
plate. Under such violent conditions, it is very difficult to determine experimentally the mechanical response during the deformation. Nevertheless, there exists a
strong interest in industry to be able to predict the deformation under these extreme conditions. Accurate predictions during the design phase may eliminate
processing steps afterwards. Currently, many of these predictions are based on
material behaviour that is supposed to be known on a macroscopic scale, the socalled constitutive equations.
In this thesis, a different approach is proposed: predict the macroscopic properties
based on microscopic processes. A certain line defect in a polycrystalline material,
the so-called dislocation, is considered as a singular dogsbody of the mechanical
load. Specifically, the research focuses on the shear deformation of a single grain
on the micrometer scale. At this length scale, the stresses and displacements of
dislocations play an important role, as well as their mutual interactions and their
interactions with obstacles.
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After a historical overview in Chapter 1 the methodology of the simulations is described in Chapter 2. The modelling is executed in a two-dimensional computational cell that is periodic in the horizontal direction. The computational cell represents a slip system in one grain of a close-packed metal. To that end, the computational cell contains edge dislocations moving on parallel, horizontal slip
planes. Furthermore, the slip plane contains areas where dislocations are generated, and obstacles that sometimes block the motion of dislocations. Rules are implemented for the case of meeting of two dislocations.
The deformation of the computational cell is calculated using the method of Discrete Dislocation Plasticity (DDP). This method has been chosen because it describes explicitly the dislocation-dislocation interactions and takes the effects of the
boundaries explicitly into account. The stress- and displacement fields of edge
dislocations in an infinite medium are well known. In the case of a finite medium
the boundaries may have an important contribution. The DDP-method solves this
by splitting the problem. First, the interactions of dislocations are described as if
they were in an infinite medium. Next, the fields are corrected for the effects of
the boundaries using a finite-element method.
In extreme cases, the dislocation moves at velocities comparable to the velocity of
sound in the material. In an elastic description, the velocity of sound is the maximum attainable signal velocity. At those velocities, the stresses and displacements
of a dislocation can no longer be approximated by their static form. In order to
describe the fields at high dislocation velocities, a Lorentz transformation has to
be applied. In this case, the velocity of sounds takes the role of the speed of light
in special relativity. Especially for high velocities, the field changes drastically: at
the slip plane the sign of the shear stress may even reverse!
When the stress exceeds a certain value, the obstacles are no longer able to block
the dislocation motion, although the dislocation motion is still damped. This is
called the viscous regime. Chapter 3 considers the physical mechanisms that play
a role. The relation between the stress and the dislocation velocity is called the
drag-relation. Usually a linear relation is assumed. However, this would lead to
supersonic dislocation velocities at high stresses. By considering different physical damping mechanisms (pinning by impurities, electron and phonon drag) we
derived a drag relation which is very similar to the postulated relation in literature.
The mechanism of pinning by a cloud of impurities, which is a dominant mechanism at slow deformation, turns out to be ineffective already at very low dislocation velocities.
The simulations of Chapter 4 show that some dislocations do indeed reach the
velocities at which the fields change significantly. This causes large differences in
the displacements and stresses locally. Nevertheless, a comparison of the stressstrain curves at a higher length scale shows that this does not influence them significantly. The reason for this is that relatively only a few dislocations actually
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reach the high velocities, and that the local stress peaks are averaged out over the
top- and bottom planes when the stress-strain curve is calculated. On the other
hand, at strain rates of the order of 106 s−1, inertial effects become important and
may no longer be neglected.
One of the effects of a very fast local deformation is a sudden temperature rise.
Chapter 5 deals with this. The temperature rise may be so high as to cause local
melting of the material. The temperature rise is caused by mechanical work being
converted into heat. Due to the short processing time, the generated heat has not
enough time to spread through the material. Locally, this causes a very high temperature rise. In turn, the obstacle strengths are effectively lowered and the dislocation damping becomes stronger. This causes the deformation to be a different
one from the case where the heat has had enough time to spread over a larger volume.
Some estimates exist in the literature of the magnitude of the temperature rise
caused by moving dislocations. These analyses hold for thermal equilibrium, low
deformation rates and a constant distance between the dislocations. It follows
from these analyses that the maximum temperature rise by moving dislocations is
of the order of some tens of degrees, which is not enough by far to induce melting.
One explanation for the melting is the sudden release of a dislocation pile-up
against an obstacle. All energy that is stored in the pile-up could be converted into
heat during a very short time.
Chapter 5 addresses the question whether these conclusions also hold for fast deformations. The method of DDP has the advantage that the positions and velocities of all heat sources (the dislocations) are known, and is therefore very useful to
predict the temperature rise exactly. Chapter 5 shows that the temperature field
may be calculated analytically as well as numerically, taking into account the fact
that the processing time is shorter than the time needed by the generated heat to
attain an equilibrium distribution. The analytical model is then used to validate the
numerical model. The model shows the localisation of the temperature rise in
Aluminium and in Titanium. Even at a strain rate of 106 s−1, the temperature rise
due the moving dislocations is at most a few tens of degrees, thereby confirming
the earlier estimates.
This Chapter 6 contains also an outlook. The result of the temperature rise due to
ordinary plastic flow, as predicted in Chapter 5 with the DDP-method, is compared to the results obtained from the constitutive equation. This prediction contrasts with the experimental result of melting. It is suggested that the experimentally observed temperature rise may be caused by crack propagation. The stresses
and displacements around a crack can be described in terms of pile-ups of dislocations. This, in turn, can be modelled within the framework of DDP including
full dynamic, i.e. inertia effects and pre-existing dislocations around the crack. So
far we may conclude that the local temperature rise due to fast deformation is only
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for a small part due to the ordinary plastic flow, while the dissipation due to a
moving crack may heat up the material with hundreds of degrees depending on the
thermo-physical properties.

§6.2 DISCUSSION AND OUTLOOK
In the next section, some of the results from the previous chapters are discussed. A
comparison is made between the macroscopic description of plastic deformation
and the mesoscopic approach based on the discrete dislocation plasticity model.
The connection between dislocations, cracks and the temperature rise is considered, leading to the outlook in section 6.3, dealing with fracture dynamics in the
framework of discrete dislocation plasticity. However, first the conclusion of
chapter 4 that accelerations take place at the picosecond timescale is discussed.

6.2.1 ACCELERATIONS
In Chapter 4 it was shown that the time interval needed for a dislocation to reach,
say, 90% of its final velocity is of the order of a picosecond if a high resolved
shear stress is active (µ/30). A few tens of picoseconds are needed if a much lower
load is applied (µ/1000). To check consistency with the macroscopic description
we return to Chapter 3. The macroscopic formulation of the acceleration as a
function of the dislocation velocity can readily be obtained from the equations in
section 3.4. Assuming a straight dislocation, equation (3.4−1) can be rewritten as:

ρb v a (a − v
2 2
DIS 2

2
2

2
DIS

)

− 32

1

 a2 
B0vDIS
=0
a + ρb 2  2 2 2  a − bσ PK +
2
1 − vDIS
a22
 a2 − vDIS 
2

(6.2−1)

where σPK represents the acting shear stress and a is the acceleration. If only relativistic effects, i.e. without a drag term, are considered, the acceleration from zero
initial velocity would steadily decrease to zero. However, the involvement of the
drag term appears to have a substantial effect. In figure 6.2−1 the acceleration is
plotted as a function of the velocity and it shows that, provided drag is included, a
steady state is reached already around 0.25a2 at a resolved shear stress σPK of
µ/1000 (left figure). If σPK is much larger, say µ/30 (as in section 4.3) the acceleration goes to zero at a much higher value for the velocity, i.e. around 95% of the
shear wave velocity (right figure 6.2−1). In the former case steady state is attained
in about 0.5 ns and in about 5 ps if a very high shear stress is active. Indeed, about
the same value was found based on the discrete dislocation plasticity approach
(figure 4.3−2) for both stress levels.
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FIGURE 6.2−1 Acceleration of a straight dislocation in Cu (for material properties see table 4.1−1
on page 60). The solid lines include drag; the dashed lines do not. Left σPK = µ/1000, right
σPK = µ/30.

In general, it can be concluded that the acceleration is extremely high and the time
needed to bring the dislocation to a steady state velocity is very short. The dislocation will reach steady state velocity after it has travelled over a very small distance, i.e. about l% or even less of its mean slip distance. Consequently, the time
interval and distance required to bring the dislocation to its steady-state situation
is so small that in a physical description it can be neglected. This is in agreement
with the conclusions by Gillis and Kratochvil1.

6.2.2 TEMPERATURE RISE AND CRACKS
Another point for a comparison between a macroscopic description and the DDP
approach concerns the temperature rise due to plastic deformation. The temperature rise based on DDP was predicted in Chapter 5: at a shear strain of 7% the
temperature rises with about 10 − 20 K in Al and Ti. Macroscopically, in a homogeneously strained material the temperature rise induced by mechanical work up
to a certain strain γF can simply be equated to
γF

ξ
∆T =
τ dγ
ρcP ∫0

(6.2−2)

where ξ is the fraction of mechanical work converted into heat, ρ the material
density and cP the specific heat at constant pressure. Substitution of the constitutive equation proposed by Johnson et al.2 (equation (3.1−5)) leads (for m = 1 and
B and C constants) to
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FIGURE 6.2−2 Temperature rise in Cu (left) and Al (right) according to equation (6.2−3), for different strain rates. In both cases, TR = 300 K, γ·0 = 1 s−1 and ξ = 0.9. For Cu, B = 292 MPa, C = 0.025,
τ0 = 90 MPa and n = 0.31. For Al, B = 426 MPa, C = 0.015, τ0 = 265 MPa and n = 0.34.
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(6.2−3)

With the corresponding physical parameters for Al and Cu the temperature rise as
a function of strain is displayed in figures 6.2−2 and 6.2−3, respectively. These are
similar to the results from De Andrade et al.3, although their results are erroneous
because of mistakes in the actual strain values. Here, ξ was taken to be 0.9 and the
strain rates varies between 10−3 and 106.
In accordance with the DDP calculations the temperature rise lies in the range of a
few degrees, somewhat higher for Al than for Cu but still less than 10 K for high
strain rate deformation. Even at a high yield stress τ0 and deformation at high
strain rates (104 s−1), the temperature rise is predicted to be around 25 K. Experimentally however, a temperature increase up to the melting point is observed in a
Ti-alloy4. The order of magnitude of temperature rise as predicted by both the
DDP-approach and the calculations based on the constitutive equation, is far too
small to explain this melting. This is even so at very high strain rates and stresses.
One mechanism that might give the proper order of magnitude is the propagation
of a crack. This makes sense, because after all, the molten material is observed on
the fracture surface of Ti-alloys4. In addition, there is a close connection between
dislocation pile-ups (as discussed in section 5.1) and cracks, as we will see in the
section 6.3.
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FIGURE 6.2−3 Temperature rise according to equation (6.2−3) in Cu at a fixed strain rate
γ· = 104 s−1. Solid line τ0 = 0.1 GPa, dotted line τ0 = 0.5 GPa, dashed line τ0 = 1.0 GPa. Otherwise,
the parameters are the same as in figure 6.2−2.

We start with equation (5.3−4) and the heat source term, q·V(x1, x2, t), is now the
plastic work rate. In the following we assume that the energy dissipation is not
uniform in the material, but occurs non-uniformly in a restricted region around the
moving crack. Carslaw and Jäger5 present the general solution of equation (5.3−4)
which in this case is converted into
1
∆T ( x1 , x2 , t ) =
4πκ

 q& (α , β , t )
 dτ
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(equation (6.2−4)). The integration in α and in β is taken over the plastically deforming region AP at time t. The coordinates x1 and x2 are centred on the moving
crack tip. The equation can be used to calculate the temperature field around a
stationary crack that is loaded very rapidly. For a running crack one may assume
that the size of the plastic zone and the crack velocity are constant. Then for heat
sources moving at a constant speed, i.e. at a velocity equal to the crack velocity
vCRACK, the temperature rise at (x1, x2) is
1
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(equation (6.2−5)), where K0 is the modified Bessel function of the second kind.
The functions q·V(x1, x2, t) and F(α, β) depend on the actual plasticity model employed under the assumption that a plastic work rate of F(α, β) = τijγ·ijp results. An
approximate non-hardening plane strain analysis for small scale yielding predicts6
the extent of the plastic region as :
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FIGURE 6.2−4 Temperature rise as a function of the crack velocity in Al, Fe and Ti for a Dugdale
crack (Kcast Al = 22 MPa m½, Klow alloy steel = 55 MPa m½, KTi alloy = 55 MPa m½).

3(1 − ν )  K 

 cos(2θ − π ) ≡ ω cos(2θ − π )
RP =
2 (2 + π )  2τ 0 
2

(6.2−6)

with ν the Poisson’s ratio and τ0 is the yield stress in shear. The associated plastic
work rate at points within the plastic zone (r < RP) is6
q& V (α , β , t ) =

dω
τ 02
.
cos(2θ − π )
dt
µr

(6.2−7)

By substitution of the latter equation into the heat transport equation (6.2−5), the
time variation of the heat source term reduces to the time variation of the stress
intensity factor.
Another approach is to take Dugdale’s description, which represents yielding by
viewing the crack as longer by a length, equal to the plastic zone7:

π K
ω =  
8 τ0 

2

(6.2−8)

with τ0 the effective yield stress. Assuming that the plastic zone remains fixed in
size, i.e. corresponding to the size of the crack as the crack propagates, the work
rate is8
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2(1 − ν )τ 02 1 + (1 − x1 ω ) 2 
F (α , β ) =
ln 
1 δ ( β )vCRACK ,
2
πµ
1 − (1 − x1 ω ) 
1

(6.2−9)

where δ(β) is the Dirac delta function resulting from the discontinuity in the plastic zone. Substituting the latter equation into T(x1, x2) results in a maximum temperature rise of
∆Tmax = 2

(1 − ν )Kτ 0

vCRACK

2 µ ρck

for

vCRACKω
→∞.
2κ

(6.2−10)

with k the thermal conductivity.
This analysis indicates that for a given stress intensity factor the temperature rise
is proportional to (vCRACK)½. The actual value depends also on the yield stress chosen because the increase is proportional to the product of the yield stress and the
stress intensity factor. In figure 6.2−4 the temperature rise of various materials is
plotted as a function of the normalised crack velocity. The stress intensity factors
and the yield stress, all at room temperature, were taken to be constant (from literature). In contrast to the findings of the temperature rise due to dislocation motion, it is striking to see that upon crack propagation a far higher temperature rise
is predicted. Equation (6.2−10) also yields a plot of the temperature rise as a function of the stress intensity factor as depicted in figure 6.2−5 (at constant crack velocity of 0.4a2).
Although the result is encouraging, several aspects need to be investigated further.
In a macroscopic sense, the toughness (i.e. critical stress intensity factor) in-

FIGURE 6.2−5 Temperature rise for a running Dugdale crack as a function of the stress intensity
factor K (for a Ti-alloy) at constant crack velocity 0.2a1.
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creases upon increasing temperature. However, usually the toughness decreases
also with increasing loading rate. The latter effect is commonly attributed to the
fact that the effective yield stress is rate dependent whereas the stress level for
fracture is essentially independent of the loading rate. Consequently, the loading
rate itself and the local temperature rise at the crack tip with increasing loading
rate have opposing effects on the toughness.
At first sight, one may think that only at high loading rates the stress intensity
factor becomes independent of the rate of loading. It means that we may speculate
about the existence of a critical loading rate above which the critical stress intensity factor is not a function of the loading rate anymore. Only in that situation the
temperature rise would become the determining factor and an increase of the
toughness would be expected at strain rates beyond this critical loading rate6. If
the strain-rate sensitivity is small, for instance in a Ti-alloy, this critical loading
rate effect is probably quite small and an effect of the local temperature rise on the
increase in toughness is already expected at lower loading rates. In addition, with
increasing local temperature the term ρcPk decreases and therefore the temperature
rise of equation (6.2−10) becomes a lower bound.
Beside thermal dissipation by crack propagation, there may also exist cooling
ahead of the crack tip due to thermo-elastic effects. Assuming that all materials
properties stay linear for small stress and temperature changes, the entropy change
can be written as9

∆S = α ijτ ij +

Cτ
∆T
T

(6.2−11)

where αij represent the thermal expansion coefficient and Cτ the specific heat under constant stress conditions. If the entropy of an elastic solid is supposed to remain constant, the cooling ahead of the crack can easily be calculated under the
assumption that for an isotropic material the specific heat at constant stress is
about equal to the specific heat at constant pressure. In figure 6.2−6 the maximum
cooling at the crack plane is displayed for various materials as a function of the
distance to the crack. The predicted thermo-elastic cooling effect appears to be of
minor importance which is in agreement with experiments on metallic glasses10.
Similarly the cooling in front of a moving edge dislocation is also of the order of
one degree.

§6.3 FRACTURE DYNAMICS AND DISCRETE DISLOCATION PLASTICITY
With the approach of Discrete Dislocation Plasticity it is possible to scrutinise to a
greater depth the two opposing effects in crack propagation: on the one hand the
loading the loading rate and on the other the temperature rise at the crack tip. The
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Figure 6.2−6 Thermo-elastic cooling ∆TTE ahead of a crack (Ti, Al, Fe) as a function of the distance r to the crack.

following section is an outlook to future research. Firstly, because dislocations
represent discontinuities in displacement, they can also describe a macroscopic
crack, at least in a mathematical sense. Furthermore, dislocations facilitate crack
opening and plastic relaxation effects. Therefore, the dislocation can be considered not only as a singular dogsbody of the mechanical stress, but also as the basic
building block of a crack.
Eshelby, Frank and Nabarro introduced the idea that a crack can be thought of as
an array of discrete co-planar and parallel dislocations along the crack plane11.
However, a much simpler method (in a numerical sense), first suggested by Leibfried12, is to make a continuum approximation right from the beginning. Instead of
dealing with a coplanar row of discrete dislocations, it is supposed that the crack
plane contains a dislocation density smeared out over the crack plane (for dislocation-based fracture mechanics we refer to the recently published text by Weertman13). The stress field of a crack running from –a to a can then simply be related
to the stress fields of individual dislocations and via the dislocation distribution
B(x1) on the crack plane (x2 = 0) by integration

σ

a

crack
ij

(x1 , x2 ) = ∫ B( x1′)σ ijdis ( x1 − x1′, x2 )dx1′ .

(6.3−1)

−a

The boundary-value problem of a crack occupying |x1| < a with −∞ < x3 < ∞ and
subjected to either tensile or shear stresses turns out to be equivalent to a double
pile-up of either edge or screw dislocations in the region −a < x1 < a caused by a
dislocation source at x1 = 0. Components of the stress show a square-root singularity close to the crack tip at x1 = ±a, x2 = 0. This description is valid for a
Griffith crack.
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However, it is quite clear that close to the crack tip the stresses are above the yield
stress of the material. Plastic flow due to dislocations around the crack-tip region
continues until the stress singularity is removed, either by the stresses of the dislocations created during plastic flow, or by blunting of the crack tip due to the emission of dislocations. Mathematically, the pile-up of dislocations produces an infinite stress at the crack tip. Mathematically, this unrealistic result can be avoided
by abandoning linear continuum mechanics in the tip region14. In terms of dislocation theory, the non-linearity can be dealt with quite simply by allowing some of
the leading dislocations in the pile-up to leak away forward into the material
ahead of the crack. This is known as the Bilby-Cottrell-Swinden (BCS)description15. In the latter, plastic relaxation is introduced at the crack tip in the
region −c < x1 < −a and a < x1 < c. The relaxation is restricted to the crack plane
and to stresses below τYIELD, the macroscopic yield stress of the material. In fact,
the square-root singularity is now replaced by a logarithmic singularity, which is
too weak to give rise to a strong stress concentration. The main advantage of the
BCS-approach is that it justifies the empirical Orowan-Irwin modification to the
Griffith equation. The modification consists of replacing the surface free energy
by an effective surface energy that includes plasticity in ductile materials. In addition, this model allows for relaxation at the crack tip to be visualised in terms of
dislocations moving away from a tip against a resistive stress.
By placing a discrete dislocation in the neighbourhood of a crack, the stress fields
of the induced dislocation distribution give rise to stress intensity factors at the
crack tip. These factors differ from those belonging to the “classical” crack. Rice
and Thomson16 obtained the stress intensity factors when a discrete dislocation
with arbitrary Burgers vector is positioned close to the crack, whereas Weertman17
gave a general solution of a dislocation placed at arbitrary position. Both solutions
refer to a stationary crack. Roberts18 and others have pursued this line of thinking
somewhat further by allowing for multiple dislocations and their motion.
With reference to our own analysis in section 6.2, the ‘static’ stress intensity factor may depend intricately and subtly on pre-existing dislocations rather than on
dislocations nucleated and emitted at the crack tip. It is clear that pre-existing
dislocations introduce a new K’-field, and depending on the sign of the Burgers
vectors these dislocations may either shield or anti-shield the externally applied
stress field described solely by K. The pre-existing dislocations may multiply and
while being attracted to the crack (depending on their Burgers vector), they may
cause crack opening displacements. The absorbed Burgers vectors create steps and
ledges on the crack plane. The anti-shielding dislocations, which in front of the
crack exert an attractive force to the crack, may actually orient in the form of pileups from a (Frank-Read) source of length L in front of the crack. Actually, this
pile-up itself may even generate a microcrack in front of the macrocrack. In that
case, the critical stress intensity factor will become proportional to the square root
of the distance L. In other words, the critical energy release rate for fracture may
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become much larger than what one would expect from the length of the crack
alone.
To unravel the basic concepts for dynamic crack propagation, the DDP-approach
may prove itself particularly useful. Only recently a discrete analysis of mode-I
crack growth was carried out19. There, the fracture properties of a material are
based on a cohesive surface constitutive equation and plastic flow occurred by a
collective motion of discrete dislocations. From this analysis, it is interesting to
note that the fracture behaviour depends very sensitively on the density of preexisting dislocation sources around the crack. At a low density, only isolated dislocations are generated, leading to brittle failure. At a high density of dislocation
sources, a continuous crack tip blunting without crack propagation is observed.
Certainly, when one considers fracture at high strain rate deformation, the dynamics should be properly incorporated. The analysis should not be solely based
on a stationary crack that emits dislocations, as is usually done in literature. It is
feasible that a stationary crack may emit dislocations, whereas a fast moving crack
will only nucleate dislocations which are not moving at a velocity high enough to
escape from the stress field of the moving crack. In such a situation, although
dislocations are nucleated indeed they will not necessarily contribute to a relaxation of the (cleavage) fracture stress. The intrinsically ductile failure under stationary conditions may still exhibit a brittle failure under dynamic conditions. Indeed, recent results of DDP simulations20 do suggest this, even though these calculations did not yet include full dynamic, i.e. inertia effects.
Using a relatively simple model of the type used by Roberts, Gumbsch21 has recently explored some of these issues, again under quasi-static conditions and ignoring dissipative temperature changes. He also confirmed the above-mentioned
sensitivity to pre-existing dislocations and the competition between dislocation
mobility and nucleation. Although these seem to be all-important aspects of dynamic fracture, to the best of our knowledge there are only a few attempts known
in the literature to tackle this question22 but even so not at the level of dislocations.
In principle the DDP-approach, including the local temperature effects as delineated in this thesis, can be explored further to elucidate these fundamental problems in dynamic fracture mechanics at high strain rate deformations.
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SAMENVATTING

S C H E I D I N G S - E N omvormprocessen gaan veelal gepaard met hoge vervormingssnelheden. Voorbeelden hiervan zijn een metalen plaat die door een explosie in
een mal geperst wordt of een kogel die een pantserplaat doorboort. Ook bij minder
gewelddadige processen met een lagere globale vervormingssnelheid kan deze lokaal toch nog oplopen tot 103−104 s−1. Een voorbeeld is het ponsen van een gat in
een metalen plaat. Onder dergelijke omstandigheden is het moeilijk om de mechanische respons tijdens het vervormen te meten. Toch bestaat er in de industrie grote behoefte om het vervormingsgedrag onder deze extreme condities goed te kunnen voorspellen. Met nauwkeurige voorspellingen tijdens de ontwerpfase kunnen
veel nabewerkingsstappen worden geëlimineerd. Momenteel worden dergelijke
voorspellingen veelal gedaan op basis van bekend verondersteld materiaalgedrag
op een macroscopische schaal, de zogenaamde constitutieve vergelijkingen.
Dit proefschrift stelt een geheel andere aanpak voor: voorspellen van de macroscopische eigenschappen op basis van microscopische processen. Daarbij wordt
een bepaald lijndefect in een polykristallijn materiaal, de zogenaamde dislocatie,
als singuliere pakezel beschouwd van de mechanische belasting. Met name concentreert het onderzoek zich op de afschuiving van slechts één korrel op de micrometer-schaal. Op deze lengteschaal spelen de spannings- en verplaatsingsvelden
van dislocaties een belangrijke rol, evenals hun interactie onderling en hun interactie met obstakels.
Na de inleiding in Hoofdstuk 1 beschrijft Hoofdstuk 2 de methodologie van de simulaties. De modellering vindt plaats in een tweedimensionale rekencel, die periodiek is in de horizontale richting. De rekencel representeert een slipsysteem in
een korrel van een dichtgepakt metaal. De rekencel bevat daartoe randdislocaties
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die over parallelle, horizontale glijvlakken bewegen. Op de glijvlakken bevinden
zich verder nog gebieden waar dislocaties worden gegenereerd, en obstakels die
vrije dislocatiebewegingen hinderen. Verder zijn regels vastgelegd voor het geval
twee dislocaties elkaar tegenkomen.
Om de vervorming van de rekencel te berekenen is gekozen voor de methode van
Discrete Dislocation Plasticity (DDP). Deze methode is gekozen omdat daarmee
de dislocatie-interacties expliciet worden beschreven. De spannings- en
verplaatsingsvelden van randdislocaties in een oneindig medium zijn algemeen
bekend. In het geval van een eindig medium kunnen randeffecten een belangrijke
rol spelen. De methode van Discrete Dislocation Plasticity lost dit op door het
probleem te splitsen. Eerst worden de dislocatie-interacties beschreven als in een
oneindig medium, en vervolgens wordt met behulp van een eindige elementen
methode voor de randeffecten en randvoorwaarden gecorrigeerd.
In extreme gevallen kan een dislocatiesnelheid dezelfde orde van grootte bereiken
als de geluidssnelheid in het materiaal. In een elastische beschrijving is de geluidssnelheid de maximale snelheid voor signaaloverdracht. Bij dergelijke snelheden kunnen de spannings- en verplaatsingsvelden van een dislocatie niet meer benaderd worden met hun statische vorm. Om de velden bij hoge dislocatiesnelheden toch te kunnen beschrijven moet een transformatie worden toegepast (de
Lorentz-transformatie), die ook gebruikt wordt in de speciale relativiteitstheorie.
In dit geval neemt de geluidssnelheid de rol over van de lichtsnelheid. Vooral voor
hoge snelheden verandert het veld drastisch: op het glijvlak verandert zelfs het
teken van de schuifspanning!
Boven een bepaalde opgelegde spanning kunnen de obstakels de dislocatiebeweging niet meer tegenhouden. Dit heet het viskeuze regime dat verder naar de fysica uitgediept wordt in Hoofdstuk 3. De dislocatiebeweging wordt echter nog wel
gedempt. De relatie tussen aangelegde spanning en dislocatiesnelheid heet de
drag-relatie. Meestal wordt hiervoor een lineair verband aangenomen. Bij hoge
spanningen leidt dit echter tot supersonische dislocatiesnelheden. Door verschillende fysische dempingsmechanismen te beschouwen (vasthouden door verontreinigingen, elektronen- en fononendemping) hebben wij een drag-relatie afgeleid
die sterk overeenkomt met de in de literatuur gepostuleerde relatie. Het mechanisme van vasthouden door verontreinigingen, dat bij langzame vervorming een dominante rol speelt, blijkt al bij relatief lage snelheden uitgeschakeld te worden.
In de simulaties van Hoofdstuk 4 blijkt dat sommige dislocaties inderdaad de snelheden bereiken waarbij de velden significant veranderen. Lokaal kan dit grote verschillen in de spanning en verplaatsing geven. Toch laat een vergelijking van de
spanning-rek curven zien dat dit op een grotere lengteschaal geen significant effect meer heeft. Dit komt door het relatief kleine aantal dislocaties dat de hoge
snelheden bereikt, zodat de lokale spanningsverandeirngen in de overallspanning
een verwaarloosbare invloed hebben.
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Een van de effecten van een zeer snelle lokale vervorming is een plotselinge temperatuurstijging. Hierover gaat Hoofdstuk 5. Deze temperatuurstijging kan zó
hoog zijn dat het materiaal smelt. De temperatuurstijging wordt veroorzaakt doordat de mechanische arbeid die tijdens het proces wordt verricht, in warmte wordt
omgezet. Door de korte procestijd heeft de geproduceerde warmte geen tijd om
zich door het materiaal te verspreiden. Lokaal veroorzaakt dit een grote temperatuurstijging. Dit heeft weer effect op de effectieve obstakelsterkten en de dislocatiedemping, waardoor de vervorming anders verloopt dan wanneer de warmte voldoende tijd gehad zou hebben om zich over een groter gebied te verspreiden.
Er zijn schattingen bekend van de orde van grootte van de temperatuurstijging tengevolge van bewegende dislocaties. Deze analyses gelden echter voor thermisch
evenwicht, lage vervormingssnelheden en een constante afstand tussen dislocaties.
Uit deze analyses volgt dat de maximale temperatuurstijging door dislocatiebeweging van de orde van enkele tientallen graden is, wat lang niet genoeg is om het
materiaal te laten smelten. Een verklaring die wordt gegeven is een pile-up van
dislocaties tegen een obstakel die plotseling doorbroken wordt. Alle energie die
opgeslagen ligt in de pile-up zou dan in een keer omgezet worden in warmte.
In Hoofdstuk 5 wordt de vraag onderzocht of deze conclusies ook gelden voor
snelle vervorming. De methode van Discrete Dislocation Plasticity heeft het voordeel dat van alle warmtebronnen (de dislocaties) positie en snelheid bekend zijn
en leent zich daarom uitstekend voor het doen van meer precieze uitspraken over
de temperatuurstijging. In Hoofdstuk 5 wordt aangetoond dat het temperatuurveld
zowel analytisch als numeriek te berekenen is. Daarbij wordt rekening gehouden
met het feit dat de procestijd korter is dan de tijd die de gegenereerde warmte nodig heeft om tot een evenwichts-temperatuurverdeling te komen. Het analytische
model is vervolgens gebruikt om het numerieke model te valideren. Het model
laat in Aluminium en Titaan de invloed van lokalisatie van de temperatuur zien.
De berekeningen van Hoofdstuk 5 wijzen uit, dat de temperatuurstijging tengevolge van bewegende dislocaties ten hoogste enkele tientallen graden bedraagt.
Hoofdstuk 6 bevat, naast een samenvatting, ook een vooruitblik. De temperatuurstijging die Hoofdstuk 5 voorspelt op basis van de DDP-methode wordt vergeleken met een berekening die uitgaat van een macroscopische constitutieve vergelijking. Hoewel beide berekeningen elkaar bevestigen, voorspellen ze niet het smelten van het metaal. Een dergelijke temperatuurstijging zou echter wél veroorzaakt
kunnen worden door het zich voortplanten van een scheur. De spanningen en verplaatsingen rond een scheur kunnen beschreven worden in termen van distributies
van dislocaties, die weer gemodelleerd kunnen worden met de DDP-methode.
Hierin kunnen eventueel dynamische effecten (inertia) en het bewegen van initieel
aanwezige dislocaties rond de scheur worden meegenomen. De lokale temperatuurstijging bij snelle vervorming wordt slechts voor een klein deel gegenereerd
door het afschuiven van het materiaal, terwijl het zich snel voortplanten van een
scheur temperatuurstijgingen kan opleveren van honderden graden.
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vruchtbare samenwerking en de grondigheid van zijn werkwijze. Tenslotte wil ik
Irene De Hosson, die menigmaal als steunpilaar fungeerde als ik mijn weg door
het administratieve doolhof weer eens kwijt was, hartelijk bedanken.
De onderzoeksgroep Materiaalkunde vormt een hecht geheel. Discussies van absurd laag tot absurd hoog niveau wisselen elkaar in prettig tempo af, zowel in Het
Lab als aan De Tap. Voor al deze gezelligheid bedank ik Dimitri van Agterveld,
Peter-Henk Amesz, Jan-jaap Aué, Peter Balke, Henk Bron, Paul Bronsveld, Nuno
Carvalho, Patricia Carvalho, Steven Celotto, Coen van Dijk, Durandus Dijken,
Bas Groen, Henk Haarsma, Marc-jan de Haas, Jan Harkema, Hans Hegeman, Jaap
Hooijmans, Jacob Kerssemakers, Bart Kooi, Arjen Kloosterman, James Kuipers,
Ferry van Looyengoed, Uko Nieborg, Vašek Ocelik, Lodewijk de Mol van Otterloo, George Palasantzas, Yutao Pei, Klaas Post, Ronald Popma, Oomke Schutter,
Erik Teeuw, Tiedo Tinga, Reint Vegt, Arjan Vreeling, Yanguo Wang, Liwen
Zhang, Xiao Bo Zhou en Edzo Zoestbergen. Tussen kamergenoten ontstaat in de
loop der jaren een speciale band. Daarom wil ik in het bijzonder mijn medebewoners van “Geek Room” 13.48 bedanken: Jim-Wah “levensgenieter” Chung
en Emiel “licht is groen optrekken dus en snel een beetje” Metselaar.
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DANKWOORD

Voor het snel oplossen van grote ijle matrices was de hulp van de heer Botta onmisbaar. Jan Kraak wil ik bedanken bij de ondersteuning die hij door de jaren
heen heeft gegeven op het gebied van data-visualisatie. Veel dank ben ik verschuldigd aan de hoogleraren De Raedt, Duifhuis en Van Veen voor het doornemen van
het concept-proefschrift.
Ook buiten de directe omgeving van Het Lab zijn er mensen die de afgelopen jaren tot een feest hebben gemaakt. Familie (ouders!), vrienden, bedankt dat jullie
mij ook de laatste maanden nog hebben getolereerd, en dat geldt natuurlijk
speciaal voor mijn ouders en Lisa. Alla fine devo ringraziare Jeff (ancora) per aver
mandato me ad Udine ed il Prof. Bianchi del Politecnico di Milano per aver
mandato lei nello stesso posto. Lisa, l’averti incontrato è la cosa piú bella che mi
sia mai capitata!

