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Cosmological observations have provided us with the measurement of just three numbers that
characterize the very early universe: 1 − ns , N and ln ∆2R . Although each of the three numbers
individually carries limited information about the physics of inflation, one may hope to extract
non-trivial information from relations among them. Invoking minimality, namely the absence of ad
hoc large numbers, we find two viable and mutually exclusive inflationary scenarios. The first is
the well-known inverse relation between 1 − ns and N . The second implies a new relation between
1 − ns and ln ∆2R , which might provide us with a handle on the beginning of inflation and predicts
the intriguing lower bound on the tensor-to-scalar ratio r > 0.006 (95% CL).

I.

INTRODUCTION

Half a century after its discovery in 1965, one would
like to take stock of what we have learned from the Cosmic Microwave Background (CMB), and what this implies for our understanding of the primordial Universe.
While an optimist might marvel that there are (many)
inflationary models giving rise to the required CMB measurements, a pessimist might complain that this stems
from the small amount of data that needs to be explained.
Indeed, notwithstanding the highly accurate measurements of the CMB, the amount of information on our
primordial Universe today consists of many upper and
lower bounds, but just three measured numbers.
The first number is directly related to the amplitude
of CMB temperature fluctuations at the level of one part
in 105 . This translates into a power spectrum of scalar
perturbations generated during inflation that takes the
value [1, 2]
− ln ∆2R (k∗ ) = 19.932 ± 0.034

(68% CL) ,

(1)

at the pivot scale k∗ = 0.05 Mpc−1 . Throughout this paper we will always consider the logarithm of ∆2R rather
than ∆2R itself, because it is precisely the former that
is naturally related to the second primordial number,
namely the scalar spectral index [2]
∂ ln ∆2R (k∗ )
∂ ln k
= 0.0355 ± 0.0049

1 − ns (k∗ ) ≡ −

(2)
(68% CL) .

The scale invariant, Harrison-Zel’dovich power spectrum
with ns = 1 is therefore conclusively ruled out. Instead we have emerged from a primordial Universe with
a percent-level red tilt, ns < 1.
Fluctuations at the pivot scale k∗ left their sound horizon a number N = N∗ of efolds before the end of inflation
(in our conventions, N decreases in time). This number
can be extracted from the expansion history of the universe that we infer from our measurements of matter,

Dark Energy and radiation abundance1 . It is therefore
an observable, not unlike 1 − ns or ln ∆2R . It is true however that the uncertainty on this number is much bigger
than on the other two, due to the lack of constraints on
the history of our universe between reheating and Big
bang nucleosynthesis. What matters for the purpose of
this paper is that N∗ is a number roughly between 40 and
60. This uncertainty will change somewhat the predictions of the model in section II but not its conclusions.
Remarkably, the new model presented in section III is independent of N∗ , and therefore bypasses this uncertainty
completely.
While it is important to continue our effort to extract additional information about the primordial universe, for example from non-Gaussianity or tensor modes,
we should also take the time to ponder what we have
learned from the three primordial numbers we have measured so far. In particular, in this paper we will ask if
current data are already accurate enough to rule out or
perhaps suggest simple relations among N , 1 − ns and
ln ∆2R .
Note that it is hard to extract information about the
mechanism of inflation from the value of each one of these
three numbers taken individually. The reason is that the
values we have measured depend on when we (i.e. the
observers) happen to live in the history of the universe.
To make this point sharper, imagine a universe without
Dark Energy and a civilization that first measures the
CMB hundreds of Hubble times in the future from now.
Each of the three primordial numbers will most probably
take a different value. To proceed from there one would
then need to speculate about the nature of observers and
how they are distributed in time, pushing deeper into
uncharted territory. To overcome this difficulty, we make

1

For example, for a toy universe with only radiation, N∗ is equal
to the number of efolds of decelerated expansion since the end
of inflation to today, which depends only logarithmically on the
unknown scale of reheating.

2
one choice and one assumption. The choice is to consider
only relations among at least two of the three primordial
numbers. The assumption is that these relations should
be valid over a wide range of efolds, and not just within
the window of about 7 efolds that we have been able to
probe with cosmological observations.
The assumption is motivated by the fact that inflation
provides a very robust and elegant explanation of the
approximate scale invariance of primordial perturbations
in terms of the isometries of quasi-de Sitter spacetime. It
is therefore enticing to interpret observations within this
elegant paradigm rather than believe that they crucially
rely on the specific time-scale of intelligent, carbon-based
life forms in a Dark Energy dominated universe.
We take minimality as our guiding principle: a model
should have as few unexplained hierarchies as possible.
More specifically, we do not allow ourselves to introduce
any ad hoc very large or very small number. Instead we
ask whether models exist in which the smallness of 1 − ns
and the largeness of N∗ or − ln ∆2R can be directly related
to each other. Of course there are many models that
fit the data that are not minimal in this specific sense.
Whether our own universe is described by one of those
models or by a minimal one should be decided on the
basis of observations. In the following we will construct
two models that are minimal in this sense and show that
both make testable predictions and could therefore be
ruled out in the not so distant future.
Our first result is that only two of the three primordial
numbers can be related in a minimal way, but not all
three of them at the same time (see figure 1). In other
words, two numbers must be fixed by observation. Since
we measure a red spectral tilt, it must be that − ln ∆2R
becomes an even larger number at shorter scales, whereas
N decreases towards an order one number. This strongly
suggests that the measured largeness of − ln ∆2R (k∗ ) is
not related to the largeness of N∗ , proving our initial
point. There are therefore only two mutually exclusive
options: the smallness of 1 − ns (k∗ ) is related either to
the largeness of N∗ or to the largeness of − ln ∆2R (k∗ ).
We will consider each possibility in turn in the next two
subsections and conclude with some general comments
on the role played by the running of the spectral tilt in
this distinction.

II.

TILT AND EFOLDS

We follow the approach proposed in [3, 4] (see [5] for
an early discussion) to infer a relation between the tilt
of the power spectrum and the number of efolds. We
assume that the relation
1 − ns (k∗ ) =

γ
,
N∗

(3)

which we observe at CMB scales with γ an order one
constant, holds for a much larger range of scales and
hence range of N . The latest Planck measurement of the

FIG. 1: Only two pairs of the three measured primordial numbers can be related in a minimal way. The two relations involve the spectral index and either the number of efolds (section II) or the amplitude (section III). The two options are
mutually exclusive.

spectral index yields
γ = (2.1 ± 0.3) ×

N∗
60

(68% CL) .

(4)

It would be interesting to understand if γ being an integer
has some special implication for the (non-linear) regime
of primordial perturbations. Here we simply notice that
the uncertainties on 1 − ns (k∗ ) and N∗ are so large that
the data do not yet provide any indication that this holds
for our universe.
The Ansatz in (3) determines the entire scale dependence of the primordial spectrum of scalar perturbations. In particular, now we can turn the definition of
the tilt (2) into a differential equation for ∆2R (N ) using
dN = −d ln k. The solution is
− ln ∆2R (N ) = C − γ ln N ,

(5)

where the integration constant is fixed by measurements
to C = − ln ∆2R (k∗ ) + γ ln N∗ ' 29. This relation is not
minimal because it requires introducing the large number
C  1. This confirms our general argument at the end
of the introduction that the negative sign of the spectral
tilt prevents a minimal relation between the largeness of
N and − ln ∆2R . In this class of models, like in almost all
other models of inflation in literature, the normalization
of the power spectrum (a.k.a. the COBE normalization)
is fixed ad hoc, by appropriately choosing the scale of
inflation. A very different perspective will be proposed
in the next section.
An interesting consequence of the 1/N relation (3) is
that one can determine the tensor-to-scalar ratio r from
the slow-roll relations:
,N
cs,N
1 − ns = 2 −
−
(6)

cs
r
1 ∂r
,
(7)
=
−
8cs
r ∂N
where we allowed for a time-dependent speed of sound

3
cs (N ) and used r = 16cs . The general solution of (7) is
!#−1
"
Z N
dn
γ
.
(8)
r(N ) = 8 N
A−
γ
N0 n cs (n)
When the speed of sound cs = 1 we find the result [6]
r=

16(γ − 1)
,
2N + A(γ − 1)N γ

(9)

where A is an integration constant. This solution has two
regimes corresponding to A ' 0 or A ' 1 (excluding the
possibility that we are observing the transition between
these two, as this requires a fine-tuned value for A which
would invalidate the premise of this work):
• The first regime A ' 0 leads to the same predictions as monomial inflation:
60
r ' (0.15 ± 0.04) ×
(68% CL) .
(10)
N∗
This is already in strong tension with CMB observations that put the 95% CL at r ≤ 0.08 (eq (167)
of [2]).
• The second regime A ' 1 implies r ∼ 16/N γ and
hence is typically at the permille level. In this case
the exact value is not fixed due to the integration
constant A and the uncertainty on N∗ .
To gain insight into the more general case of a non-trivial
speed of sound [7], it is instructive to look at (6). Two
distinct cases can be discerned:
• cs is constant or slowly varying, but possibly different from one. Then the last term in (6) drops out
and the analysis is the same as for cs = 1 except
that r = 16cs  is smaller by a factor of cs . This allows one to change the overall normalization of the
tensor spectrum at the expense of having a nonunity speed of sound, and hence a non-Gaussianity
eq,or
of order fNL
' 1 − 1/c2s [8] or larger because of
c3 [9]. Therefore one can only significantly alter
the prediction (10) at the price of having a sizable
non-Gaussianity.
• cs has a significant N -dependence. Then either the
last term in (6) dominates, or all three terms contribute at the same order. In the former case one
has
cs = cs (N = 1)N −γ ,

The models in this section share some common traits.
First, as the slow-roll parameters scale as 1/N , the universe asymptotes a de Sitter spacetime in the far past
(when N is large). It can be shown [10] that there is an
eternal inflation regime at some point in the past. Second, the running of the spectral index is quadratic in the
slow-roll parameters and negative for all of these models
(see section IV). Third, a large number of inflationary
models with specific scalar potentials falls in this class,
ranging from chaotic inflation with monomial potentials
V ' φλ to e.g. Starobinsky inflation with γ = 2. The
field range of these models can be analyzed universally,
allowing for a generalization of the Lyth bound [11, 12].

III.

AMPLITUDE AND TILT

As we have discussed, the redness of the spectral tilt
implies that − ln ∆2R grows as N decreases, meaning that
the two measured large numbers − ln ∆2R (k∗ ) and N∗ cannot be minimally related. This suggests that − ln ∆2R
might instead be related to Ñ ≡ N0 − N , with N0 some
fixed time in our past. In words this means that the largeness of − ln ∆2R (namely the distance from some eternal
inflation regime − ln ∆2R ' 1) might be related to the
largeness of the number of efolds Ñ elapsed from some
initial event in our past at N = N0 . Naively this seems
a cul-de-sac: we measure − ln ∆2R (k∗ ) and N∗ but know
nothing about N0 and so we cannot use observations to
guess the relation − ln ∆2R (Ñ ), as we did in the previous
section for 1 − ns (N ).
An interesting way out can be found as follows. If
we assume that Ñ is the relevant large number in the
problem, such that − ln ∆2R = − ln ∆2R (Ñ ) and 1 − ns =
1 − ns (Ñ ), then we can invert the last relation, namely
Ñ = Ñ (1 − ns ) and substitute it into the first. This
allows us to bypass Ñ and look for a minimal relation
between − ln ∆2R and 1 − ns . The measured valued of
these two quantities at cosmological scales suggest the
minimal relation
− ln(∆2R ) =

λ
,
1 − ns

(12)

with λ a constant fixed by the measurements (1) and (2)
λ = 0.7 ± 0.1

(68% CL) ,

(13)

(11)

which for γ ∼ 2 (see (4)) yields too much variation in the speed of sound between N = 60 and
N = 1. This would imply either a violation of the
constraints on non-Gaussianity at N = 60 or a superluminal speed of sound as N approaches small
values. We are left only with the possibility that
all terms contribute at the same order, leading to a
scaling of cs anywhere in between N 0 and N −γ ; in
fact, by the same arguments as above, one would
require this scaling to be fairly close to a constant.

which is indeed order one as required by minimality. The
Ansatz (12) and the definition of the tilt (2) lead to a
differential equation for the tilt that can be solved to
give
(1 − ns )2 =

λ
λ
=
,
2(N0 − N )
2Ñ

(14)

where the initial time N0 appears naturally as an integration constant needed to offset the possibly negative denominator. This confirms our expectations that

4
Ñ ≡ N0 − N is the relevant large number in the problem. The measurement of the tilt at the pivot scale fixes
the corresponding value
Ñ∗ = 278 ± 34

(68% CL) .

(15)

Using N∗ = 60, the integration constant is completely
determined: N0 ' 338.
The N -dependence of the amplitude of the power spectrum is easily read off from (12):
p
(16)
− ln ∆2R = 2λÑ ,
which indeed relates the largeness of − ln ∆2R to that of
Ñ , as expected.  can be computed from (6) assuming
for simplicity a constant speed of sound
= p

1/2
2λÑ − 1 + 8Ae−

√

'
2λÑ

1 − ns
,
2

(17)

where in the last line we neglected the exponentially suppressed term proportional to the integration constant A
and assumed Ñ  1. Unlike for the models in the previous section, here the prediction for r is independent of
N∗ , hence bypassing our ignorance of the details of reheating. Neglecting the exponentially suppressed term in
(17) (but not the -1), we find
r = 16  c1+2
' 0.30 × c1.0355
.
s
s

(18)

Here, we improved the usual leading order relation r =
16cs with the slow-roll suppressed correction discussed
in [13] (leading to changes of order 10% or less), and used
2 ' 1 − ns ' 0.0355.
The relation between the spectral index and the tensorto-scalar ratio2 is plotted in the upper panel of figure 2
for various values of cs . Clearly cs = 1 is excluded. From
the Planck plus Bicep constraint r < 0.08 at 95% CL [2],
we find the upper bound3 cs < 0.28, implying equilateral or orthogonal non-Gaussianity of order one or larger.
The lower panel of figure 2 shows the size of equilateral
and orthogonal non-Gaussianities for the same values of
cs . Following the analysis of [9], the marginalized constraint is cs > 0.024 at 95% CL [15]. This implies a lower
bound on the tensor-to-scalar ratio: r > 0.006 at 95% CL
(r > 0.008 at 68% CL). Therefore, within the theoretical
priors of this model, a vanishing tensor-to-scalar ratio is
excluded by the constraints on non-Gaussianity.
Finally, we can integrate  = r/(16cs ) to find the scalar
potential that corresponds to this model (always for constant cs ). Using again the approximated form of (17), as
appropriate for Ñ  1, we find
i
h
√
(19)
V ' V0 exp −(3 λφ/(2MPl ))2/3 ,

FIG. 2: We show the 68% and 95% CL contours for the spectral index and tensor-to-scalar ratio (upper panel) and nonGaussianity (lower panel) [2, 15]. In both panels we superimpose the specific predictions of this model for various values
of cs = (0.024, 0.06, 0.28, 1).

which is valid for φ  MPl .
Two comments are in order. First, as we move back
in time approaching N = N0 three things happen almost simultaneously that invalidate our analysis: the
4
energy density becomes of order MPl
, the slow-roll parameters become of order one and the power spectrum
becomes of order one. Depending on the details of the
UV-completion of gravity it is therefore plausible that
the past of this model contains no regime of eternal inflation. A similar approach has been advocated in [10].
Second, the slow roll parameters decrease towards the
end of inflation (see (14)). This implies that in order to
end inflation we must introduce a waterfall field, whose
corrections to our derivation are negligible at N & 60
but grow large as N approaches zero (e.g. a 1/N 2 correction to 1 − ns ). Notice that the relation (12) and the
prediction for r in (17) are always valid as long as the
contribution from the waterfall field is negligible, irrespectively of when inflation ends.

IV.

2
3

For a similar analysis of non-Gaussianities when the tensor-toscalar ratio is large see [14].
This model therefore predicts new physics beyond the standard,
weakly-coupled, slow-roll paradigm in the sense of [13].

DISCUSSION

The two models discussed in this Letter represent
benchmarks of simplicity in an otherwise unlimited landscape of possibilities. By excluding them, we will learn,
even in the absence of a detection, that our universe hap-

5
pens to be a little bit less minimal, at least in the specific
sense discussed here.
It is interesting to consider the running of the tilt,
which is observationally constrained to [2]
αs = −

d
ns = −0.0085 ± 0.0076
dN

(68% CL) . (20)

In the model of section II, α is naturally second order in
1 − ns and negative:
αs = −

1
γ
2
= − (1 − ns ) .
2
N
γ

much less common scaling than that in (21). A very interesting generalization of this fact with implications for
the current generation of CMB polarization experiment
will be discussed elsewhere. In both cases the running
will be most likely undetectable with Euclid [17] or CMB
spectral distortion as measured e.g. by PIXIE [18]. A
running at order (1 − ns )2 might be within reach once we
colonize the dark side of the moon. Notice however, that
given the lower bound on r, the model in section III can
be ruled out or confirmed in the next few years.

(21)

At the pivot scale, the central value is αs (k∗ ) = −6 ×
10−4 . This permille and negative value turns out to be a
generic prediction that applies to many other inflationary
models [16]. In the model of section III, α is instead third
order in 1 − ns and positive:
r
1
λ
3
= (1 − ns ) .
(22)
αs =
λ
8Ñ 3
We find the central value αs (k∗ ) = 6 × 10−5 , an order of
magnitude smaller than in the previous case. This is a
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