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1 Introduction

1.1 Periodic boundary conditions

To avoid finite size and edge effects, molecular simulations are commonly performed under periodic 
boundary conditions (PBC). The general view of PBC is that the simulation system or unit cell is 
surrounded by identical replicas in a space-filling way. Under PBC a particle leaving the unit cell on 
one side will simultaneously enter the unit cell from the opposite side, without experiencing effects 
due to the border. 
In 3D there are five convex shapes which are space-filling[1]. These are the triclinic box, the hexagonal 
prism, the rhombic dodecahedron, the elongated dodecahedron and the truncated octahedron 
(Figure 3.1). When considering the infinite system obtained by stacking any of these shapes, it can be 
understood that it is possible to express a system or simulation defined as one shape in the form of 
another (Figure 3.2). A mathematical proof for the interconversion of box types is due to Bekker[2]. 
This observation is important, as it shows that one can define all possible box shapes in terms of a 
triclinic box. This particular form has the advantage that it is easy to implement and allows the use 
of efficient algorithms for neighbour searching.

Figure �.�: Space filling convex 
polyhedra. A-E show the five 
convex three-dimensional 
shapes which are space-
filling and can be used to 
setup a molecular simulation: 
the triclinic box (A), the 
hexagonal prism (B), the 
rhombic dodecahedron (C), the 
elongated dodecahedron (D) 
and the truncated octahedron 
(E). F shows a general instance 
of the truncated octahedron.
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For clarity, most of the examples in this chapter concerning periodic boundary conditions will be 
illustrated in 2D. In two dimensions there are only two convex shapes which are space-filling: the 
parallelogram and the hexagon. For this reason, these two shapes are used to demonstrate the 
interconversion of box shapes and other issues concerning PBC. The regular hexagon corresponds to 
the closest packing of a circle and is therefore the two-dimensional analogue of the regular rhombic 
dodecahedron, which corresponds to the closest packing of a sphere.

1.2 Minimal volume simulations

For computational efficiency it is desirable that the total volume of a simulation system is the minimal 
that can be achieved, without affecting the behaviour of the system. In practice, the la�er is generally 
interpreted in the sense that at no point during the simulation two replicas of the macromolecule 
studied should be closer than some predefined distance. If a cut-off radius is used for handling 
electrostatic interactions the distance between two periodic images should consequently be at least 
as large as this distance and preferably larger to account for (small) conformational changes and 
correlations in the system. Ideally, the distance should be such that between periodic images the 
solvent displays bulk-like behaviour. Taking the correlation length of liquid water into account (0.8 
nm)[3, 4], the use of a water layer of 2 nm should be sufficient for this.
The minimum distance criterion can be restated as follows. Let the original macromolecule be called 
m and dilate this shape by a layer equal to half the desired minimal distance between periodic 
images. This dilated molecule will be referred to as M. Then the requirement that no two copies of 
m should lie within the minimum distance can be reformulated in terms of M, stating that no two 
copies of M should overlap.
A consequence of this formulation is that all solvent or volume in a unit cell not contained by M
can be regarded redundant. If the unit cell is denoted B and the redundant volume R, then these are 
related by R = B – M (Figure 3.3). Given that the computational cost of simulation per unit volume 
of M and R is approximately equal, it is clear that approximately )vol(

)vol(
B
R  of the CPU time is spent on 

essentially uninteresting solvent-solvent interactions.

Figure �.�: Interconversion of box 
shapes. (A) Four neighbouring 
hexagonal cells, placed at the 
vertices of a parallelogram. The 
content of the parallelogram is 
equal to that of a hexagonal cell. (B) 
The rhombic dodecahedron is the 
three-dimensional equivalent of the 
hexagon. (C) Cross eye stereoscopic 
image showing eight rhombic 
dodecahedra placed at the vertices 
of a triclinic cell. The content of 
the triclinic cell is equal to that of a 
rhombic dodecahedron. This image 
is the three-dimensional equivalent 
of (A).
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By choosing the box type properly during the setup of a simulation 
one can try to minimize the volume of redundant solvent. The common 
practice to minimize the volume is to fit a rectangular box around 
M, o�en a�er first aligning the molecule m along its principal axes. 
However, during a simulation the molecule may rotate or change its 
shape and this may cause periodic images to directly interact with 
one another. Therefore it is o�en chosen to fit a regular instance of 
the truncated octahedron or the rhombic dodecahedron around 
the circumscribed sphere of M. This allows free rotational motion. 
The rhombic dodecahedron corresponds to the densest packing of a 
sphere and thus yields the most compact simulation system, because 
it corresponds to the densest packing of a sphere. Note that also in 
these box types deformations of the molecule may lead to unwanted 
interactions between periodic images.
To obtain a real minimal volume simulation the first requirement is 
the availability of a method to constrain rotational degrees of freedom. 
Without such constraints the solute can adopt all possible orientations 
and to keep periodic images from interacting one would need a periodic 
cell based on the circumscribed sphere of the solute. Previously, 
Amadei et al. have developed such a method and have shown that 
this method is consistent with unconstrained simulations in terms of 
the statistical mechanical ensemble[5]. However, the availability of a 
rotational constraint algorithm is not sufficient to set up a minimal 
volume simulation. It has to be realized that it is o�en not possible to 
construct a minimal unit cell by fi�ing a convex shape around M, which 
in many cases will be non-convex itself. Instead it is necessary to infer 
from the shape of M what the optimal box shape is. In the following a 
method to obtain a near-minimal volume simulation system based on 
the geometry of a macromolecule is outlined.

1.3 Boxes and lattices

First, the concept of a simulation box must be disregarded and instead 
one must consider the complete infinite simulation system. Let s denote 
a single unit cell, consisting of a PBC box containing a molecule m and 
surrounding solvent. Then S will denote the infinite simulation system 
obtained by tiling the complete space with s. It has been shown that 
S can be regarded to consist of an infinite number of single systems 
s located at la�ice points. The underlying la�ice L is an infinite set of 
points defined as

with i, j, k being integers. Here, the vectors a, b and c are called the 
la�ice vectors, which are determined by the type and shape of s.
An illustration of the tiling and the underlying la�ice is given in Figure 
3.4. Although the type and the shape of s define the la�ice L it can be 

Figure �.�: Redundant volume 
in a simulation system. (A) A 
schematic representation of a 
complex macromolecule m. (B) m
dilated by a radius equal to half the 
desired distance between any two 
periodic images in the final system, 
giving M. (C) The rectangular box 
B best fi�ing around M. (D) The 
‘redundant’ volume in B, R. cba  kjiL (3.1)
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seen that the opposite is not true. The la�ice L does not contain information defining the type and 
shape of s; in S there is no such thing as a box. In fact, the box is the result of an arbitrary choice and 
is introduced to define a representative part of the infinite simulation system. The box or shape of 
the unit cell can be any one of an infinite number of Voronoi regions[6] of the la�ice L. In the general 
sense the Voronoi region, also called the Dirichlet region, can be defined as the set of points for 
which it holds that each point is closer to the central la�ice point than to any of the other la�ice 
points. However, by choosing a different generator for the Voronoi region than a la�ice point, other 
shapes can be obtained, including any of the five convex space-filling polyhedra.
Taking the infinite system S or the la�ice view as a starting point, the problem of minimizing R can 
be reformulated as the problem of finding the densest la�ice packing of the dilated macromolecule 
M. For polyhedral convex shapes a method exists to determine the densest packing analytically. 
However, most biologically relevant macromolecules typically result in non-convex M. For these 
cases no analytical method is available to determine the densest la�ice packing and in the following 
a heuristic approach to approximate the densest la�ice packing is outlined. The resulting packing 
is referred to as the near-densest la�ice packing (NDLP) of M. The first step in this approach is similar 
to the analytic approach for convex polyhedra. This is complemented with a check to filter out 
incorrect packings due to the none-convexity of M.

2 The setup of a minimal volume simulation

2.1 The near-densest lattice packing

The procedure to determine the NDLP is illustrated schematically Figure 3.5 and for a protein in 
Figure 3.6 (page 66). The first step in calculating the NDLP is the construction of the contact body
of M. This body, denoted N, has the important property that a translated copy of N, has the important property that a translated copy of N M placed on 
any point of its boundary will touch M without overlapping (see Figure 3.6). The contact body 
of M can be constructed in the following way. First, M is inverted in the origin, yielding –M is inverted in the origin, yielding –M is inverted in the origin, yielding – ,
 defined as  

 can be constructed in the following way. First, 
 

 can be constructed in the following way. First, 
 M M     MM  a  a  : Then from the two sets of points formed by M and –M and –M and –  the Minkowski 

sum is taken, indicated by ⊕, which generates a new set of points consisting of all pairwise sums. 

Figure �.�: The la�ice underlying 
the infinite simulation system. (A) 
A dilated macromolecule M. (B) The 
circumscribed circle around M. (C) 
The hexagon best fi�ing around M. 
(D) A simulation unit cell s. (E) The 
infinite simulation system S, obtained 
by stacking s in a space-filling way. 
(F) The la�ice connecting the centres 
of the simulation systems in S. (G) 
In an infinite simulation system, the 
information about the original box 
shape is not retained. Only the la�ice 
structure is known. (H) The la�ice 
vectors can be used to define a unit 
cell shape, including any of the five 
convex shapes.



60 Chapter 3

The resulting set of points is the contact body of M, which is symmetric and centred around the 
origin:

The objective of finding the NDLP can then be rephrased as the search for a configuration of M and 
three translates, Ma, Mb and Mc, which minimizes the volume of the triclinic cell spanned by a, b and 
c under the constraint that none of these bodies overlap. At first glance this would involve searching 
through all possible combinations of a, b and c and hence poses a nine-dimensional minimization 
problem. However, by restricting the combinations of a, b and c to be searched to those which result 
in a configuration of M, Ma, Mb and Mc in which every body touches all three other ones, the initial 
nine-dimensional minimization problem reduces to a minimization problem in three dimensions. 
This can be understood as follows. For the placement of Ma there are two degrees of freedom, namely 
the surface of N. Then for Mb  to be placed such that it touches both M and Ma the search space is 
confined to the intersection line of N and N and N Na with one degree of freedom. Likewise, the restriction for 
placement of Mc to touch the three other bodies narrows down the search to the small set of points 
where N, N, N Na and NbNbN  intersect. The degrees of freedom for choosing c are consequently zero. The 
dimensionality of the parameter space to be searched therefore equals 2 + 1 + 0 = 3. 
For each combination of a, b and c the volume is calculated as the determinant of the matrix formed 
by the three vectors: ),,det( cba , and the combination corresponding to the minimal volume is 
stored. A final check is added to verify that there are no overlaps. Though this is evident for M, Ma, Mb

and Mc, there may be a la�ice point cbad  kji  (i, j, k integer), for which M and Md overlap. 
An illustration of this is given in Figure 3.7. It should be noted that these cases are pathological 
and unlikely to occur when dealing with macromolecules. However, the check is performed to be 
mathematically consistent. It involves testing all la�ice points within a range of half the diameter of 
N from the origin to see whether any of these fall in the interior of N from the origin to see whether any of these fall in the interior of N N.

Figure �.�: Determination of the NDLP 
in two dimensions. Taking an arbitrary 
non-convex shape M, the near-densest 
la�ice packing is determined in the 
following way. (A) M is inverted in the 
origin, giving -M. (B) For each point 
on the boundary of M a copy of -M
is placed. The shape thus obtained is 
called the contact body (N). (C) Each 
copy of M placed at a boundary point 
of N will touch the original shape N will touch the original shape N M, 
without overlapping. (D) A second 
copy of M placed on the points of 
intersection of N and its translate N and its translate N Na
touches both M and the translate Ma
without overlapping. (E) The near 
densest la�ice packing (NDLP) follows 
from the translation vectors, which 
span a parallelogram, corresponding 
to the unit cell.

 MMMMN  baba ,: (3.2)
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The complete algorithm for calculating the NDLP can be outlined as follows:

from m and r_dil construct M

from M construct N

foreach a on boundary of N do

 foreach b on boundary_intersection N, N_a do

  foreach c on boundary_intersection N, N_b, N_c do

   if abs(det(a,b,c))<old_det_abc and not points_of_L_inside_N then

    store a, b, c

  end // c loop

 end // b loop

end // a loop

put m in box with a, b, c

For convex bodies there are alternative contact situations 
yielding a minimal volume, which do not fulfil the all-contact 
situation of {M, Ma, Mb and Mc}. This may also hold for non-
convex bodies, though li�le is known about that. To resolve 
such configurations it would be necessary to search all 
combinations of a, b and c, rather than the situations of our 
choice. This would require much more CPU time, probably 
without resulting in a considerably denser packing. 
Initially, the algorithm was tested on simple bodies with a 
known densest packing: a sphere and a regular tetrahedron. 
The densest la�ice packing of the sphere is given by 

7405.0
23

 . The density calculated by the NDLP 
algorithm was 0.7447, which is slightly larger than the 
analytical solution. The difference is probably the result of 
the approximation of the sphere by an inscribed polyhedron 
with 326 vertices. For the regular tetrahedron the NDLP 
algorithm gave a packing density of 0.3672, which is in 
almost perfect agreement with the theoretical maximum of 

3673.049
18  .

2.2 The near-densest lattice packing of membrane proteins

For membrane proteins it is desirable to minimize the volume of the simulation system, just as 
it is for other proteins. However, in membrane systems the orientations of the first two vectors 
are constrained to lie in the plane of the membrane. Therefore, for membrane proteins only shi�s 
exactly perpendicular to the membrane normal should be allowed for the first two translates Ma and 
Mb, reducing the search to a one dimensional minimization problem. The third vector will again 
follow from searching the limited set of points where the contact bodies of Ma, Mb and Mc intersect.

Figure 3.7: Three-dimensional densest 
packing configuration of a body in which Md
has points lying in the interior of M.
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3 Performing simulations using the NDLP

3.1 Simulation Speed

The method to construct an NDLP box has been tested on a series of 19 proteins of varying size and 
shape, and the results are compared with results from the more general box types: the cubic box, the 
best-fi�ing rectangular box, the truncated octahedron and the rhombic dodecahedron (Table 3.1). 
For each protein in each box type a short simulation (50 ps with a time step of 2 fs) was performed 
to compare the simulation speed using a NDLP box in combination with rotational constraints to 
that obtained using the other box types. It can be seen that, on average, the NDLP box is 50% of 
the volume of the rectangular box and 39% of the volume of the dodecahedron. A similar picture 
is obtained when looking at the simulation speed. Simulations performed in an NDLP box are on 
average two times faster than a simulation of the same protein in a rectangular box, and the speed-
up factor is 2.5 on average when compared to a rhombic dodecahedron. 
It should be noted that the time to calculate the NDLP can range from less than an hour to several 
hours, whereas the time to determine any of the more conventional box types around a given 
molecule is negligible. However, the increase in simulation speed and the duration of a typical MD 
simulation make the use of a NDLP box worthwhile.

Table �.�: Sizes of simulation systems in three different box types (rectangular box, rhombic dodecahedron 
box and the appropriate NDLP box), together with the simulation times for a 50 ps simulation. Boxes were 
setup such that the minimal distance between the solute and any of its periodic images was 1 nm.

Macromolecule Rectangular Box Dodecahedron NDLP Triclinic Speedup

Nr. PDB-ID Atoms
Volume

(nm3)
Time 
(min)

Volume
(nm3)

Time 
(min)

Volume
(nm3)

Time 
(min) Factor 1 Factor 2

1 1A32 1102 398.58 288 577.82 411 118.93 85 3.38 4.83
2 1A6S 805 141.25 97 142.43 105 80.08 58 1.67 1.81
3 1ADR 763 126.45 91 167.25 119 80.73 55 1.65 2.16
4 1AKI 1321 188.46 134 233.54 168 93.99 67 2.00 2.50
5 1BW6 595 144.18 99 130.27 89 66.32 45 2.20 1.97
6 1HNR 485 110.32 77 124.31 89 59.30 41 1.87 2.17
7 1HP8 686 133.17 94 177.10 129 77.57 53 1.77 2.43
8 1HQI 982 201.62 143 218.77 158 103.71 72 1.98 2.19
9 1NER 768 170.14 118 147.91 105 85.35 58 2.03 1.81

10 1OLG 1808 297.63 210 468.93 337 203.44 145 1.44 2.32
11 1PRH 11676 1031.30 759 1337.80 987 611.67 467 1.62 2.11
12 1STU 668 130.79 91 190.32 136 73.41 50 1.82 2.72
13 1VCC 883 141.12 100 152.69 108 69.77 49 2.04 2.20
14 1VII 389 95.42 66 99.74 68 46.96 32 2.06 2.12
15 2BBY 767 155.59 109 159.26 113 80.78 56 1.94 2.01
16 1D4V 3192 1184.47 859 1319.21 951 451.23 329 2.61 2.89
17 1AAB 898 264.91 190 402.38 292 167.93 116 1.63 2.51
18 2ORC 720 197.03 139 230.64 161 125.85 88 1.58 1.82
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3.2 Anticipating conformational changes

When simulating a molecule in a NDLP box conformational changes can readily lead to direct 
interactions between adjacent periodic images. This is also the case for the more general box types, 
but the effect is more pronounced in a tight packing situation. This can be dealt with in several 
ways. For instance, the radius of dilation can be chosen such that the minimum distance between 
periodic images is increased. Though this will lessen the benefit of using the NDLP method, it may 
still reduce the total system size. Besides, the increased minimal distance will actually decrease the 
probability of direct interactions, compared to a reference system with the original minimal distance 
between the periodic images.
Another possibility to counteract direct interactions is to anticipate conformational changes in the 
calculation of the NDLP. As an example, structures 17 and 18, which were determined by NMR, 
consist of sets of structures which satisfy a set of constraints obtained from the experiments. Such 
a set can be taken as an initial estimate of the flexibility in the protein and the whole set can be 
used to determine the packing to account for structural fluctuations. In the examples given, all 
structures were superimposed by performing an all-atom least-squares fit and the resulting set of 
points formed by all structures was used to determine the NDLP (Figure 3.8, page 67). 
The conformational freedom can also be estimated by generating a set of structures based on 
geometric restrictions inferred from the starting structure, e.g. by using CONCOORD[7]. The 
resulting set of structures can be used for determining the NDLP, taking the flexibility of the protein 
into account. Finally, it is possible to calculate the NDLP for a series of structures obtained from an 
initial simulation, which is useful to speed up the sampling for replicate runs.

4 Discussion and conclusion

In the previous section it is shown how a minimal simulation system can be constructed from the 
geometry of the macromolecule to be studied. This method, based on finding the near-densest la�ice 
packing (NDLP), effectively decreases the size of a system by 50% on average compared to the same 
macromolecule in a rectangular box with the same minimal distance between two periodic images. 
Using this method the simulation efficiency can be increased twofold, which is particularly useful 
for the simulation of large complexes, such as (cell surface) receptor systems, allowing simulations 
of tens of nanoseconds as in the case of the TRAIL-DR5 complex (Chapter 5) and the EPO-EPOR 
complex (Chapter 6).
The NDLP method is complemented by a routine to visualize the resulting box in its most natural 
and illustrative form, the molecular shaped box. This routine is based on a new method to determine 
the minimal distance between particles in a periodic system. Apart from showing the system as a 
macromolecule surrounded by solvent, this mode of visualization also reveals the distribution of 
the solvent around the solute. 
Note that the NDLP box results in a more even distribution of solvent around the solute compared 
with alternative box types and possible artefacts due to the solvent distribution are avoided. On the 
other hand, using a tight packing may pose constraints on the solvent and thus on the dynamics of 
the solute. The investigation of these effects, i.e. the potential effect of the box shape on the simulation 
outcome of macromolecules, is the subject of the next chapter.
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5  Appendix A: Lattice reduction

When a simulation box is calculated for a given macromolecule m using the NDLP algorithm, the 
orientation of the resulting la�ice vectors spanning the box depends on the orientation of m. For 
reasons of efficiency, molecular simulation so�ware should require simulation boxes to comply with 
a number of conditions. Taking the triclinic representation of a box type, these conditions are that 
the first box vector should be aligned with the x-axis, the second box vector should lie in the xy-plane 
and the third box vector should have a positive z-component. Furthermore, there are conditions 
concerned with the relative lengths of the vectors. Together these conditions can be summarized as 
follows, where the box vectors are denoted vi = (xi, yi, zi)’

where 31  ij . 
It may be necessary to transform the box obtained by the NDLP method in such a way that it is 
compliant with these rules. It should be noted that this can always be achieved by applying a 
rotation and a la�ice reduction. More generally formulated, it can be stated that any space-filling 
box can be transformed to a box with identical content, complying with the conditions given above 
(Figure 3.9).
The aim of la�ice reduction is to find a reduced basis for a la�ice defined by n vectors. In two or 
three dimensions, this basis is formed by the two or three shortest independent vectors, respectively. 
Several methods are available, both general and specifically aimed at finding a reduced basis for the 
three dimensional case. For an overview of these methods, the reader is referred to references [8, 
9]. The approach taken here is based on the LLL-algorithm, suggested by and named a�er Lenstra, 
Lenstra and Lovász[10]. However, since that method was originally meant for la�ices of higher 
dimensions, it is possible to use a simplified algorithm when working in three dimensions. 
Let L denote a la�ice in three dimensions as given in 3.1 and let
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Figure �.�: Any box in a periodic system can be transformed into a box with equal content, 
such that the box vectors are mutually independent, the first vector is aligned with the x-axis, 
the second vector lies in the xy-plane and the third vector has a positive z-component. This is 
accomplished by performing la�ice reduction and a rotation.
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and

inductively define the vectors v1
*, v2

* and v3
*, according to the Gram-Schmidt orthogonalization 

process, where (,) denotes the inner product. Then a basis for L is considered reduced if 

for 31  ij
For sake of completeness, note that a second condition exists for la�ices of higher dimension:

for ni 1
Also note the similarity between 3.8 and the condition for triclinic boxes stated in 3.5. Actually, 
the condition can be restated thus, that a triclinic box in a simulation should be represented by the 
vectors of the reduced basis for L. 
To find the reduced basis one has to iteratively calculate the projections for all pairs of vectors and 
shi� the vectors according to the calculated coefficients µĳ. This should be repeated until all pairs of 
vectors comply with 3.8, and for systems of higher dimensions, also with 3.9. 
When a reduced basis is obtained for the la�ice, all that remains to make the simulation box comply 
with the conditions 3.3 and 3.4 is a rotation such that the largest vector is aligned with the x-axis, the 
second largest vector lies in the xy-plane and the third vector has a positive z-component. This can 
be done conveniently using the following method. Let vk denote the largest, and k denote the largest, and k vl the second largest 
vector. Then let nk, k, k nl, and nm be given by

Now nk, k, k nl, and nm form an orthonormal basis, for which holds that vk is aligned with k is aligned with k nk, and k, and k vl lies in 
the plane spanned by nk and k and k nl. If these three vectors are regarded the columns of a 3×3 matrix N, it is 
easy to verify that the inverse of N is a rotation matrix which transforms the triclinic box spanned by 
vk, k, k vl and vm, such that the first two conditions with regards to the orientation are met. This follows 
from the fact that NN-1 = I. As a last step, the sign of the z-component of the transformed vector vm

*

has to be checked, and if the sign is negative, then the vector has to be multiplied by -1. From the 
la�ice it is easily seen that this vector is equally valid as a basis vector for the triclinic unit cell. 
Alternatively, when the ultimate aim is to meet all conditions stated in the introduction, the rotation 
and la�ice reduction can be combined in reversed order to make the procedure more efficient. 
However, in this case the rotation should be performed such, that the shortest vector is aligned with 
the x-axis, the second shortest vector lies in the xy-plane and the longest vector has a positive z-
component, according to the rotation described, but with reversed order for the la�ice vectors. Then 
the whole la�ice reduction can subsequently be performed in three steps. Let L denote a (rotated) 
la�ice defined by three vectors v1, v2 and v3, which are aligned such that:

),/(),( ***
jjjiij vvvv (3.7)

2
1ij (3.8)
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1
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Figure �.�: Determination of the NDLP in three dimensions. In the upper le� corner a macromolecule (PDB ID 
code 1A32) is shown in a space-filling representation. The upper right corner shows the same molecule, dilated by 
a layer of 1 nm, taken from the centres of the atoms. The middle le� image shows the all-contact (but no overlap) 
situation of the original dilated molecule and three translated copies, according to the near-densest la�ice packing. 
In the middle right image, the triclinic box spanned by the translation vectors is shown, together with the original 
molecule and seven periodic images, placed at the vertices. The image in the lower le� corner shows the triclinic 
unit cell, with the fragments of the protein showing the content of the simulation system. The fragmentation is 
not a problem, because the whole molecule will be regained due to the tessellation. This is illustrated in the image 
in the lower right corner, which shows the original molecule in space-filling representation centred in the triclinic 
simulation box. The solvent included in the simulation system is shown according to the molecular shaped box 
representation.
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Then it is easily verified that a reduced base (v1, v2
’, v3

’’) is obtained when the following steps are 
performed:

where round is a function which returns the integer nearest to the argument given.
Transformation of the original macromolecule m by N-1 results in the proper configuration for a 
simulation. As a final step in the setup of a simulation system, the volume not occupied by m is 
filled with solvent.

Figure �.�: Anticipating 
conformational changes in the 
setup of a simulation cell. Direct 
interactions between periodic 
images in a simulation can occur 
due to conformational changes. 
This can be prevented by taking 
into account additional volume to 
allow such changes in the setup of 
the simulation box. For example, 
an NMR ensemble can be regarded 
an estimate of the conformational 
ensemble containing information 
regarding the flexibility. Using 
the ensemble for the calculation 
of the NDLP, rather than a single 
structure, ensures that the range 
of structures estimated by the 
ensemble will fit and the most 
likely conformational changes will 
not give rise to direct interactions 
between periodic images. For this 
example the NMR ensemble with 
PDB ID 1AAB was used.
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6 Appendix B: Visualization of the NDLP – The 

molecular shaped box

As has been mentioned in the introduction, it is o�en not possible to fit a convex box around a non-
convex shape in its densest packing in such a way that all parts of this shape are contained by the 
box. In other words, in many cases the solute will be fragmented in the box or parts are sticking out 
of it (Figure 3.10). When visualizing a simulation system this may give a wrong impression.  In other 
cases it may be desirable to look at the solvent distribution around the solute for a given system.
In the introduction it was stated that the box is the result of an arbitrary choice and depends on 
the metric or generator used to construct the Voronoi region of the la�ice (L ). Now if the solute is 
chosen as the generator, the Voronoi region will be constructed such that each particle is assigned 
to the nearest image of the solute. This will typically result in a non-convex shape which follows the 
geometry of the solute and is therefore herea�er referred to as the molecular shaped box.
The principle behind the construction of the molecular shaped box from a given simulation system is 
simple. For each particle of the surroundings the distance to the central solute has to be determined 
and the image of that particle which is closest to the solute is stored. Essentially this means that for 
each particle i of the solvent and each particle j of the solute the minimal distance in the infinite 
periodic system (S) has to be determined.
Let A denote a set of atoms corresponding to a solute and let B denote a set of atoms forming 
the surroundings. In more general terms, A is the generator for the Voronoi region and B is the 
set of particles to be processed. The routine to construct the molecular shaped box can be wri�en 
schematically as follows:

1. For each pair of particles from A and B determine the minimal distance in the periodic 
system.

2. If the distance is shorter than any distance previously determined for the particle 
from set B, then store the distance and the corresponding position for this particle.

In Figure 3.6 the molecular shaped box is shown as the last image and in Figure 3.11 a molecular 
shaped box representation is shown for the same protein originally put in a cubic box, a rectangular 
box, a truncated octahedron, a rhombic dodecahedron and the appropriate NDLP box. Representing 
the system in this way reveals that the distribution of solvent around a solute is much more regular 
in the case of the NDLP box than for the other box types.

7 Appendix C: Determining the minimal distance 

between particles in a periodic system

It is o�en thought that to determine the minimal distance, and to find the nearest neighbour, for 
two particles i and j in a simulation cell one has to determine the distances between i and all 27 
periodic images of j. Moreover, the distance between two particles in the infinite la�ice is o�en 
calculated by iteratively determining distances between i and j, shi�ing j over the la�ice, minimizing 
the distance.
However, the reduced la�ice introduced in Appendix A allows determining the minimal distance 
between two particles in only a few steps. In the following it is shown that for all distances falling 
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within a certain cut-off, the minimal distance can be obtained directly, while for larger distances an 
additional six images need to be checked in order to identify the smallest distance. Both methods 
also give the relative position of the image of j closest to i.
Let L denote a reduced la�ice, defined by three vectors, as given in Appendix A. Then let L denote 
the matrix formed by the three reduced basis vectors. Given that L is non-singular it can be inverted, 
giving a matrix which transforms the la�ice to the orthonormal la�ice; LL-1 = I. The inverse L-1 can 
equally be used to transform the coordinates of the particles in the system to represent the relative 
positions in the box. In other words, the inverse of the matrix L can be used to transform the system 
to its box coordinates. If ri is a three dimensional vector in real Cartesian coordinates, then its position 
in terms of the box space is given by:

These box coordinates have the property that the integer portions give the la�ice point and the 
fractions give the relative position inside the cell. If then the vector dĳ  is introduced, denoting the 
difference between ri and rjrjr , it can be easily verified that this difference vector has its equivalent in j, it can be easily verified that this difference vector has its equivalent in j

box coordinates, given by

Like with coordinates, the integer portions of dĳ* indicate the number of shi�s over the three la�ice 
vectors, whereas the fractions give the relative position in a single cell. This is not necessary equal 
to the shortest distance, since under periodic boundary conditions the shortest distance may well be 
found by taking any of the other images in adjacent boxes. However, this procedure already shows 
that it is not necessary to calculate the distances iteratively, as the shortest distance from ri to rjrjr will 
lie within one box length from ri . This also means that in principle one only needs to take eight 
images of rjrjr , lying around j, lying around j ri, into account, since one of those will yield the shortest distance. This is 
also true when the distance to be calculated is the shortest distance between a point and its closest 
periodic image, which is an important indicator for possible PBC artefacts during the simulation 
due to direct interactions of a particle with one of its own images.
It is, however, possible to obtain the shortest distance in even fewer steps. Let dĳ’ = (x’, y’, z’) denote 
the vector of fractional portions of dĳ*. Then there are eight images of dĳ’ surrounding the origin, one 
of which should be the closest point. Given that the vectors in box coordinates are orthonormal, the 
position corresponding to the minimal distance is presumably expected to lie within the rectangular 
box spanned by the points (-0.5, -0.5, -0.5) and (0.5, 0.5, 0.5). This means that in principle the shortest 
distance can be obtained using the following conditional assignments:

 if  ( x’ < 0.5 )  x’’ = x’  else  x’’ = x’ – 1 
 if  ( y’ < 0.5 )  y’’ = y’  else  y’’ = y’ – 1
 if  ( z’ < 0.5 )  z’’ = z’  else z’’ = z’ – 1

dĳ’’ = ( x’’, y’’, z’’ ) 

This is also shown graphically in Figure 3.12. The corresponding distance in real coordinates can be 
obtained from this distance using the following transformation, where dĳ now denotes the shortest 
distance:

where A = L’L is introduced to indicate that the matrix multiplication needs only to be performed 
once for every frame.

ii rLr 1*  (3.19)

ijijijij rLrLrrLdLd 1111* )(   (3.20)

''''''"'''' )()()()( ijijijijijijij AddLdLdLdLdd  (3.22)

(3.21)
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Figure 3.11: The molecular shaped box representation of common box shapes. Different box types Figure 3.11: The molecular shaped box representation of common box shapes. Different box types Figure 3.11: The molecular shaped box representation of common box shapes. Different box types 
yield different distributions of solvent around a given solute. The molecular shaped box allows 
visualizing this distribution. In this figure, the colour indicates the minimal distance in the periodic 
system from the solute to the solvent atom. For example, the use of a cubic box (A) can be shown to 
result in an uneven distribution. To a lesser extent, this is also true for the truncated octahedron (B) 
and the rhombic dodecahedron (C). The use of an NDLP box (D) results in a distribution of solvent 
which follows the geometry of the solute.

Figure �.��: Visualizing a solvated simulation system with periodic boundary conditions. In 
some cases, a solute can not be represented as a solvated molecule inside a simulation cell. Either 
parts of the solute are sticking out of the solvent (A) or the solute has to be fragmented to fit in the 
simulation cell (B). Using a method to construct a molecular shaped box, it is possible to redistribute 
the solvent around the solute in such a way, that the solute is shown surrounded by solvent (C). For 
the redistribution, the solvent atoms or molecules are shi�ed over the la�ice.

A. C.B.

A.

C.

B.

D.
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Although this procedure will yield the 
smallest distance correctly for the majority 
of pairs of points it should be noted that 
there are cases in which this distance is 
not the shortest vector connecting these 
points. This is illustrated in Figure 3.13, 
which shows a parallelogram with its 
corresponding hexagonal representation, as 
a two-dimensional example. The filled areas 
show the regions for which the shortest 
distance will be determined incorrectly 
using the method outlined above. The 
same basically holds for triclinic boxes. 
These areas are, however, defined and can 
be inferred from the original box vectors 
beforehand. However, this complicates the 
procedure and it is proposed to use a simple 
approximation in stead.
From the box vectors one can determine the 
maximum distance within which a point 
will always be closer to the origin than any 
of its images. This la�er distance, denoted 
dmax, is equal to half the length of the shortest 
vector. Now if the distance determined from 
dĳ’’ falls within this maximum distance, no 
further tests are required and the minimum 
distance and position are obtained. If, on 
the other hand, the distance falls beyond 
the maximum distance, further tests have 
to be performed to determine the shortest 
distance. This requires the calculation of 
distances for six additional images and 
determining the smallest of these. However, 
if one is only interested in distances within 
a certain cut-off, e.g. for the calculation of 
forces or for monitoring direct interactions 
between periodic images of a molecule, it 
is usually sufficient to calculate only dĳ’’, 
as distances falling beyond dmax are not 
relevant.
Next to the method to determine the 
molecular shaped box, this routine also 
formed a basis for the calculation of the bond 
valence sums in Chapter 7. In both cases, 
it was found that no relevant information 
was lost due to the neglect of miscalculated 
minimal distances in the extreme regions of 
the unit cell.

Figure �.��: Determining the minimal distance between particles 
in a periodic system. (A) Six simulation cells from a periodic 
system in real coordinates. (B) The same six cells transformed 
to box coordinates. In this new coordinate system the integers 
provide an index for the simulation cell and the fractions of the 
coordinates denote the relative position inside a cell. If dĳ’ denotes 
the difference vector between two particles, the fractional parts of 

ĳ
the difference vector between two particles, the fractional parts of 

ĳ

the coordinates yield position dĳ*. This is not the shortest distance, 
as this will most likely lie within the area spanned by (-0.5,-0.5) 

ĳ
as this will most likely lie within the area spanned by (-0.5,-0.5) 

ĳ

and (0.5,0.5) in box coordinates (shaded area in both panels). 
The correct position can be easily obtained by subtracting 1 from 
each coordinate with a value larger than 0.5. In this example, that 
concerns both coordinates. Thus the vector of shortest distance is 
found to be dĳ”.

Figure �.��: Critical regions in the determination of the shortest 
distance in a periodic system. (A) The parallelogram shows the 
volume spanned by the la�ice vectors of some periodic system. 
In red the regions are shown for which the shortest distance as 
obtained with the method proposed is not the correct distance. 
The correct distances lie in the regions coloured green. This area 
corresponds to the Voronoi region of the la�ice. Any distance 
within the yellow or white areas is always assigned correctly. The 
white region in the centre shows the circle with radius equal to 
�min( x1, y2 ), which is a save estimate of the points which are 
assigned correctly. (B) The same system as in (A), transformed to 
box coordinates.
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