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Introduction
If you visit the second floor of the department of mathematics at the University of Groningen, you may appreciate the beauty of some plaster and
string models kept in a glass showcase at the coffee corner. A closer look
at these models shows that they are accompanied with short mathematical
explanations, which describe them as different types of algebraic surfaces,
surfaces from differential geometry, curves etc. And there are more models.
Stepping into the individual offices and taking a look in the library, one discovers a collection of more than 100 mathematical models in the department.
Model building started in the second half of the 19th century. Many
new algebraic curves and surfaces were discovered, along with other objects
in mathematics and physics. In order to be able to visualize such objects
and their properties, the mathematicians started building models to make
them concrete. An important example of building of models takes place in
Germany. Mathematicians such as Felix Klein and Alexander von Brill were
responsible for the design of many mathematical models. Between 1880 and
1935 the German companies L. Brill and M. Schilling distributed massively
copies of these models to the universities in Europe and in America. The
1911 catalogue of M. Schilling [Sch] describes 40 series consisting of almost
400 models. A survey of this collection can be found in [F]. This two volume
book includes photographs of many of these models, as well as a mathematical treatment for many of them.
In Chapter 1 we begin with an account of these German companies and,
later on, we focus on the collection of models in The Netherlands. The last
part of this chapter is dedicated to the collection of Groningen. For this
collection we have tried to answer questions of the following kind: Who was
responsible for buying the models? What was their purpose? Were the modix

x
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els used in lectures? Were the models appreciated for their artistic value?
And, were they on display?
We found that the Groningen professor of geometry Pieter Hendrik Schoute
was the one in charge of buying the models and that he probably used them
during his lectures. As to the later use of the models, we have tried to find information by interviewing several alumni of the University of Groningen who
studied mathematics between 1930 and 1960. In Section 1.4.4 we draw the
conclusion that, although the artistic value of the models might still have
been appreciated, their pedagogical purpose was almost forgotten already
in the 30’s. In view of the large purchase of models in 1908 by Schoute,
we conjecture at the end of Chapter 1 that a major part of the collection
of mathematical models was destroyed in 1906 in the fire of the Academy
Building. The large purchase from 1908 was maybe intended to replace the
previous collection.
In Chapter 1 we also describe how the inventory of the collection was
carried out, and how the restoration of many of the models was done. A
summary of this inventory can be found on the webpage [Po-Za], where a
list of all the models appear along with photographs and short mathematical
explanations. With regard to the restoration, we give an account of the work
of the sculptor Cayetano Ramı́rez López, who restored in 2005 all plaster
models in the Groningen collection. Many of the string models have been
restored by Marius van der Put (professor of algebra and geometry).
From a scientific point of view, one soon realizes the complexity, diversity
and depth of the mathematics behind the models. In Chapters 2, 3 and 4
we focus on the study of the mathematics of the curves and surfaces present
in some of the series in Schilling’s collection. In Chapter 2 we study cubic
surfaces. George Salmon and Arthur Cayley proved in 1849 that a smooth
cubic surface contains precisely 27 lines over the complex numbers. In 1872
Alfred Clebsch discovered the diagonal surface (also known as the Clebsch
surface), which is given by the equations
½ 3
x0 + x31 + x32 + x33 + x34 = 0
x0 + x1 + x2 + x3 + x4 = 0.
This is a smooth cubic surface with the property that all the 27 lines are real.
This surface is represented by the first model from Series VII in Schilling’s
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collection. It is remarkable that this German model of the diagonal surface
is not in the Groningen collection. For this reason, the sculptor Ramı́rez
López was asked, in 2005, to construct for the Groningen collection a plaster
reproduction of the original model of the diagonal surface.
In Section 2.2 we consider smooth cubic surfaces over the real numbers.
Schläfli’s classification of real cubic surfaces [Sch] in terms of the number of
real lines and real tritangent planes is compared to the topological classification, described by H. Knoerrer and T. Miller [KM]. Explicit examples for
this comparison are given.
In 1871 Alfred Clebsch proved that a smooth cubic surface can be obtained as the space of cubic curves in P2 that pass through six points in general position. In more modern terminology, Clebsch’s result can be rephrased
as follows: every smooth cubic surface can be obtained by blowing up P2 at
six points in general position. In Section 2.3, an algorithm is presented that
computes the blow down morphism of a cubic surface. This algorithm provides a new proof of the result of Clebsch. The explicit morphisms for the
cases of the Clebsch diagonal surface and the Fermat cubic surface are calculated (the latter is defined by the equation x30 +x31 +x32 +x33 = 0 in P3 ). In the
last section of Chapter 2, we treat twists of surfaces and calculate explicit
twists of the Clebsch surface and the Fermat surface over Q.
In Chapter 3 we treat various models representing different types of
curves. The first part of the chapter deals with models of cubic curves over
P2 (R) as classified by Möbius in [M]. Newton had classified in 1704 the irreducible curves of degree 3 into five types. Finally, we study twists of curves
and observe that Möbius’ classification does not behave well with respect to
twists, in other words, his classification is not consistent with twisting the
curves.
The second part of the chapter studies two different groups of models of
space curves. Both groups illustrate a classification of singular space curves
into 8 types. A model in the first group of 8 objects consists of a wire representing the curve itself. A model in the second group of 16 objects consists
of strings. These strings represent tangent lines to the space curve. Each
of the 8 types of space curves appears in two different ways, depending on
choices for the osculation plane of the space curve and its projective position.

xii
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Ruled surfaces in P3 , defined as union of straight lines, were studied since
the second half of the 19th century. Series XII in Schilling’s catalogue [Sch]
consists of 10 string models representing ruled surfaces of degree 4. The
mathematical text explaining these models was written by Karl Rohn in
1904 [Ro], and presents an exhaustive and precise study of these surfaces.
The real case gives rise to several surfaces, 10 of which are represented in the
models from Series XII. In Chapter 4 we give a modern interpretation of the
method used by Rohn to find the equations of the surfaces. Ruled surfaces of
order four have earlier been classified by Ludwig Cremona [Cr] and Arthur
Cayley [Ca] in 1868 and 1869 respectively.
Finally, Chapter 5 is devoted to the study of some cardboard models
of polyhedra present in the Groningen collection. These models were constructed by the amateur mathematician Alicia Boole Stott at the end of the
19th century. Boole Stott rediscovered the six regular polytopes, commonly
known by the names: hypertetrahedron, hypercube, hyperoctahedron, 24cell, 120-cell and 600-cell. These objects are the four-dimensional analogous
to the Platonic Solids: tetrahedron, cube, octahedron, dodecahedron and
icosahedron. The set of models made by Boole Stott are series of polyhedra, first increasing and then decreasing in size, that illustrate the threedimensional sections of the 120-cell and 600-cell. These sections, obtained
by intersecting the polytopes with a three-dimensional space, are treated in
detail by Boole Stott in her publication [B-S]. The presence of these models in the University of Groningen is explained by the collaboration between
Boole Stott and Pieter Hendrik Schoute. At the celebration of the 300th
birthday of the University of Groningen, Boole Stott was awarded a honorary doctorate. In this chapter we give an account of Boole Stott’s life and
describe her main results on four-dimensional geometry.
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Chapter 1
Models of surfaces,
a Dutch perspective
1.1

Introduction

The collection of more than 100 mathematical models in the University of
Groningen gives rise to many questions. When were these models made?
Who built them and how? From a local perspective, one may also ask
whether the models were made in Groningen. If not, where did they come
from? Such a big collection must have been rather expensive. Why did
the University spend money on this? Who was responsible for buying the
models? And finally, what was their use?
Many of the models turn out to be sold by the German companies L. Brill
and M. Schilling in the second half of the 19th century. Much information
on the mathematics and the building of models in Germany at that time
can be found in the literature ([F], [Dy] and [Sch1]). We shall next give a
short introduction to the topic, and shall dedicate the remaining part of the
chapter to the story of the mathematical models in The Netherlands, and
more particularly, in Groningen.

1.2

Mathematical models in Germany

In the second part of the 19th century, a wave of innovations occurred in
western Europe and the United States. Germany together with the United
States came ahead of the innovating countries, where science and engineering
1

2
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was combined for the first time ([McN] and [Chr]). We find an example of
this fruitful combination in the polytechnic schools in Germany. In particular
Felix Klein and Alexander von Brill, professors of mathematics at the Polytechnic School of Münich, and Walter von Dyck among others, constructed
mathematical models to make the visualization of geometrical objects easier. The building of models became rather popular among mathematicians
in Germany during the second half of the 19th century and the beginning of
the 20th.

1.2.1

Brill and Schilling

The great period of model building started in the 1870’s, when Ludwig Brill,
brother of Alexander von Brill, began to r and sell copies of some mathematical models. A firm under the name L. Brill was founded in 1880 for
the production of models. The company was established in Darmstadt and
in 1899 it was taken over by Martin Schilling who renamed it. Under this
new name, the firm was first located in Halle a. d. Saale, but later moved to
Leipzig.

Figure 1.1: Cover of Schilling’s catalogue [Sch1]. 1911.
By 1904, Martin Schilling had already produced 23 series of models. In
that year, the firm published a book [Sch2] with the mathematical explana-
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tions of the models existing at the time. Some of these texts have been used
to develop chapters 2, 3 and 4.
The 1911 catalogue of Schilling [Sch1] describes 40 series consisting of
almost 400 models and devices. But by 1932 Martin Schilling informed the
mathematical institute at Göttingen that:
“in the last years, no new models appeared ” ([F]).
These models often represent objects from differential geometry, algebraic
surfaces or instruments for physics. In Schilling’s catalogue [Sch1], the models
are given a name and a short mathematical explanation. Sometimes this is
accompanied with a drawing, as shown in Figure 1.2.

Figure 1.2: Drawings of models: Series XXV, nr. 4 and Series VIII, nr. 1
from Schilling’s catalogue [Sch1].
Another drawing from the catalogue is displayed in Figure 1.3, alongside
the corresponding model (in poor condition) in the Groningen collection.

Figure 1.3: Model nr. 1, Series XII: drawing from [Sch1] and model in the
Groningen collection.
Another collection and catalogue is the one of 1892 [Dy] of Walter von
Dyck. He was a student of Klein at Münich. Under the direction of von

4
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Dyck models were created (see advertisement in Figure 1.4 on the left). Still
another catalogue is the one of H. Wiener [W2].

1.2.2

Felix Klein, use and popularization of models.

During the great period of model building, many models were constructed under the direction of Klein. Klein was appointed at the Technische Hochschule
in Münich in 1875. He and his colleague Alexander von Brill taught there
advanced courses to several excellent students including Walter von Dyck
and Karl Rohn. Klein lectured at the University of Göttingen from 1886
until he retired in 1913 (see [Yo]).
Klein developed his love for geometric models under the influence of Alfred Clebsch. Klein believed strongly in the utility of models and other
illustrative objects for didactic purposes ([Yo]). He not only played an important role in the construction of mathematical models, but also was a key
figure in their popularization. At the end of his life he was proud to be able
to say that no German university was without a proper collection of mathematical models ([Yo]). The idea of model building reached many universities
in Europe and the United States. Klein brought the topic to the new world
when he presented many of the models (including a model of the Clebsch
diagonal surface) at the World Exhibition in Chicago in 1893. During the
congress of mathematics (part of this World Exhibition), Klein gave a series
of talks [Kl]. In several of them he referred to the models.
We quote Klein’s lecture at the Chicago Exhibition. The importance he
attributed to the construction of such models, and the purpose he attributed
to them is expressed by him as follows:
The principal effort has been to reduce the difficulty of mathematical study by improving the seminary arrangements and equipments... [...]... Collections of mathematical models and courses
in drawing are calculated to disarm, in part at least, the hostility directed against the excessive abstractness of the university
instruction. [Kl]

1.2.3

Design and building of the models

The designers of the mathematical models were often students of Alexander
von Brill and Felix Klein (see [Po-Za]). The latter believed that students were
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not merely pupils, but collaborators ([Kl]), and instigated them to design and
build some of the models. An example of this is the series of 20 models
representing singularities of cubic surfaces that Carl Rodenberg, a student
of Klein, presented along with his 1878 thesis (these models are now Series
VII in Schilling’s catalogue). Another example of this collaboration with
students is Karl Rohn. He designed several models, among which are three
plaster models of Kummer surfaces with four, eight and sixteen real double
points (part of Series II in [Sch1]). Rohn also designed the ruled surfaces
of degree four discussed in Section 1.5.2 and Chapter 4. For a list of the
students who designed models see [Sch1] or [Po-Za].
Once a geometric object was mathematically conceived, how could one
realize it as an actual physical model? How is it possible that the results are
so accurate and precise? Little has been found about the actual technique
used to build the models. The two references that we found are a recipe
for modelling in clay ([F]) and a mechanical construction of a model of the
Weierstrass sigma function ([Sny]).
Nowadays, there exist 3D printers for models which can create a plaster
or bronze model of a surface starting from its equation (see [*] and [**]).

1.3
1.3.1

Models in The Netherlands
An overview

More than half of the Dutch universities keep some collection of Brill’s or
Schilling’s models. We briefly describe some of them, namely the ones located
at the Universities of Amsterdam, Leiden and Utrecht.
1. University of Amsterdam. The University of Amsterdam keeps the
largest collection of mathematical models in The Netherlands. It consists of more than 180 models, most of them from the collections of
Brill and Schilling. The University Museum of Amsterdam has made
a detailed inventory of their collection. Most of the plaster models and many of the string ones have been restored. More detailed
information of this collection can be found at the online catalogue
http://opc.uva.nl:8080/. We note that whereas the catalogue gives a
detailed and accurate description of the models from a historical point
of view, photographs and mathematical explanations are missing.

6
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Presently, the models are not on display, but are kept in a depot of the
University Museum of Amsterdam 1 .
2. University of Leiden. The Mathematical Institute of Leiden University
keeps a collection of about 100 models distributed between the library
and room number 210 of the Mathematical Institute. Most models
are preserved in good condition although literature, references or a
local catalogue of the collection have not been found. The staff of the
institute seems to have little information about them.
The library of the Department keeps a total of 53 models, most of
which belong to the collection of Brill (in contrast to the Groningen
collection that mainly belongs to the one of Schilling). Most of the
plaster models, although not very clean, are preserved in good condition
and are distributed on shelves along with books. The string models
are all in very bad condition. In a cupboard in room number 210, we
discovered about 40 models of a variable nature. Although they are not
broken, they are covered with dust and distributed randomly. About
15 of these are not in the collections of Brill or Schilling. They have a
sticker with a name on it, and sometimes a description of the model in
Dutch.
A more detailed description of the Leiden collection can be found in
[Po-Za].
3. University of Utrecht. The Department of Mathematics in Utrecht
keeps about 20 mathematical models. They are in a reasonably good
condition. A few of them are on display in the library of the Department, while the rest of them are kept in a closed part of the library.
Some of the broken models are in the University Museum.

One might wonder how universities of The Netherlands acquired a collection of models. How did these models become known in the first place?
For example, were there advertisements from the Brill or Schilling companies in the Dutch scientific journals of that period? A quick search through
the volumes of the years 1875 to 1910 of the Dutch mathematical journal
1

For more information about this collection, one may contact the conservator History of
the University (Special collections) University Library, UVA Amsterdam, presently Marike
van Roon.
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Nieuw archief voor wiskunde, shows no advertisements concerning the models. However, several advertisements of Brill and Schilling’s collections of
models appeared in the renowned American Journal of Mathematics during the great period of model building (see Figure 1.4). There, the German
models were advertised as instruments for higher mathematical instruction.
Collections of models were bought by many Universities in Europe, including
some Dutch universities.

Figure 1.4: Advertisements in the American Journal of Mathematics: July
1890 and January 1893.

1.3.2

The use of models in The Netherlands

Although the most important motive for buying these models seems to have
been of a didactic nature connected with “Higher Mathematical Instruction”
(see Figure 1.4), one of the few concrete pieces of evidence for this (see also
Section 1.4.4), that we have been able to find, consists of the photograph
shown below (Figure 1.5). In this photograph, dating from 1938, Professor
Van Dantzig is giving one of his lectures at Delft Polytechnic School. On his

8
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table there are two string models. One of them can be identified as model
nr. 5 from Series IV in the Schilling catalogue. It is a hyperbolic paraboloid.
On the blackboard one sees some of the equations defining this surface.

Figure 1.5: Van Dantzig during one of his lectures at Delft Polytechnic in
1938, [Alb3].
The following section is devoted to the study of the collection of models
at the University of Groningen.

1.4

Models in Groningen

In this section, we focus on the collection of mathematical models at the
University of Groningen. We begin by giving a summary of the inventory of
the collection.

1.4.1

Inventory

A complete inventory of the collection of mathematical models at the University of Groningen was carried out between the years 2003 and 2005. From
personal contacts with the curator of the University Museum of Groningen
Rolf ter Sluis, and Marike van Roon from the University Museum of Amsterdam, I learned how to collect and manage the data for the inventory. The
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criterion that was followed in the selection of the fields (aspects) of inventory
is briefly discussed in this section.
The student Lotte van der Zalm was assigned a project titled Geometric
models from November 2004 to March 2005. During this time, Van der Zalm
finished the inventory and designed the web page www.math.rug.nl/models.
In this web page, some selected fields from the inventory are accompanied
by photographs of the models and short mathematical explanations. Now
we give a general description of the collection and short descriptions of the
selected fields.
The collection consists of a total of 151 models. On the web page, the
collection of models is divided into the following groups, determined by the
maker :
1. Brill-Schilling: models of the firms Brill or Schilling.
2. H. Wiener: models described in the catalogue of Hermann Wiener [W2].
3. Alicia Boole Stott: cardboard models representing sections of fourdimensional polytopes. They were made by Alicia Boole Stott. Chapter
5 is dedicated to Boole Stott’s life and work.
4. J. A. Sparenberg, professor emeritus of the University of Groningen.
He designed some models illustrating mechanical phenomena and had
them made at the University of Delft. Three of them are currently at
the University of Groningen.
5. Various: this is a set of about 20 models for which we do not know the
origin.
Some of the inventory fields for models are given below, together with
short explanations. The fields with an asterisk ‘*’ are only used for the
models produced by the Brill or Schilling companies.
Collection: always Mathematical models (this is for the use of the University Museum).
Number : This is of the form M (from ‘model’) followed by a three-digits
number (this identifies the object within the collection of the University
Museum).
Local number : some of the models contain a sticker with a number which
corresponds to a previous local inventory. Neither a catalogue of or literature
on this inventory has been found.
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Name of the model : In the case of Brill and Schilling’s companies, this
gives rise to two fields, namely the one with the German name* which appeared in the catalogue [Sch1] and one with the translated English name.
Name on sticker* : all models from Brill and Schilling came originally
with a sticker. This sticker contains the shortened German name of the
surface represented by the model. This name is also translated into English.
Maker : in this field appears the name of the company or person that
constructed the model: Schilling, Brill, Sparenberg, Boole Stott, etc.
Place of production* : The different possible places in the case of Brill
and Schilling are Darmstadt, Halle a. d. Saale and Leipzig.
Designer : as explained in Section 1.2.3, the models produced by the firms
of Brill and Schilling were designed by mathematicians such as F. Klein,
and A. von Brill, and their students. These names appear in the catalogue
([Sch1]). When the maker is not Brill or Schilling, the name of this field
coincides with the name of the maker.
Place and date of design* : this shows the place where the designer studied
or worked (Münich, Berlin, Darmstadt, Dresden, etc.) and the date when
the model was designed, as it appears in the catalogue [Sch1].
Price* : the price of the model, in German Marks, as it appears in [Sch1].
Photograph number : this is a reference to the photographs taken in
Groningen of each model. Some of them can be found on the webpage
[Po-Za].
Material : plaster, string, wire, wood, cardboard, etc.
Dimensions: height, width and depth of the model in cm.
Current location (Spring 2007): the models are mainly distributed between the Library of the Department of Mathematics at the Zernike Campus, the second floor of the Department of Mathematics and the University
Museum. Most of the remaining ones are distributed between the room of
M. van der Put and room nr. 366 at IWI institute. There is one model in
the room of D. A. Wiersma, dean of the Faculty, and two are in the room of
A. E. P. Veldman.
Literature* : In this field we give references to the catalogues [Sch1], [Dy],
[W2] and to the mathematical explanation in [Sch2].
Condition of the model : this states whether the model is clean, broken,
has parts missing, etc. Note that, in the case of the plaster models, this field
shows the condition in which the model was found before the restoration of
2005 (see section 1.4.2).
Environment conditions: this describes the conditions in which the model
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is kept, i.e., whether it is on display or not. If it is displayed, the light
conditions etc. are given.
Restoration: in case the model has ever been restored, this field gives the
name of the restorer and the date of the restoration.

1.4.2

Restoration

In the months of April and May 2005, the sculptor Cayetano Ramı́rez López
carried out a complete restoration of the plaster models in the Groningen
collection. The project, funded by the University Museum and the Department of Mathematics, consisted of a restoration and cleaning of almost 80
plaster models. Most of these models were dirty or had broken parts. The
dirt was caused by previous handling of them, and on some of them, a spray
was applied. The restoration in these cases consisted of cleaning the model
carefully with thin sandpaper, along with replacing the missing parts by
alabaster, and again sanding to obtain a smooth surface. Many models contained curves that were originally coloured. Literature on the models (like
[Sch2]) was consulted in order to find out the original colour, when this was
not visible anymore. The plaster models that were in a worse condition were
restored using different techniques. One of these models is shown in Figure
1.6 before and after the restoration. For more information one may consult
the complete report on the restoration [Ra].

Figure 1.6: Plaster model before and after the restoration.
Some of the string models have been restored by Marius van der Put. For
photographs of some of them one may look at Chapter 4.
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Year
Professor Yearly amount
1882 to 1907 P. H. Schoute
f 100
1908 P. H. Schoute
f 1060
1909 to 1912 P. H. Schoute
f 100
1913 to 1915 J. A. Barrau
f 100
Total amount spent: f 4260
Figure 1.7: Data concerning the buying of mathematical models by the RUG
between 1882-1915.

1.4.3

History of the Groningen collection

As we have seen in Section 1.4.1, the University of Groningen currently contains a collection of about 150 models. Many questions arise: when where
these models bought? Who decided to buy the models?
To answer this question we had to choose between the Professors of geometry of the time: Pieter Hendrik Schoute (appointed from 1881 to 1913)
and his successor, Johan A. Barrau, or perhaps a later professor. A search at
the archives of the city of Groningen revealed the answer to this question. In
the financial records of the faculty, it was found out that the Department of
Mathematics received a yearly subvention of f 100 for buying mathematical
models. Schoute spent this budget of 100 guilders between 1882 and 1912.
Barrau continued, after Schoute’s death in 1913, to purchase models for another three years. There are no records of what models were acquired (except
for a bill from 1908). Although models were built until 1935, there are no
records of money being spent on models after 1915 (see table in Figure 1.7)
and we do not know whether there were any acquired.
Surprisingly, in the year 1908, the amount spent rose to f 1060, according
to the bill displayed in Figure 1.8. Schoute’s signature appeared at the
end of the document, signed as Hoogleeraar Directeur van de Wiskundige
modellenverzameling.
We know the following about Pieter Hendrik Schoute. He was born at
Wormerveer (The Netherlands) on the 21st of January, 1846. He graduated
in 1867 as a civil engineer at the Polytechnic School of Delft. His thesis,
however, was on mathematics. He did his PhD at Leiden in 1870 with a dissertation (in English): Homography applied to the theory of quadric surfaces.
His thesis advisor was David Bierens de Haan.
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Figure 1.8: Bill for the acquisition of mathematical models in 1908, [Scho].
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After that, he taught mathematics at secondary schools, first at Nijmegen
(from 1871 to 1874) and later on at The Hague (1874 to 1881). In 1881 he was
appointed professor of mathematics at the University of Groningen, where
he worked until his death on April 18th, 1913 [DSB].

Figure 1.9: Pieter Hendrik Schoute, Senaatskamer, Academy Building,
Groningen, oil painting by Thérèse van Duyl-Schwartze.
Remark. We note that Schoute is a very significant figure both in this
chapter and in Chapter 5. In the latter his collaboration with the amateur
mathematician Alicia Boole Stott is related in detail.
Although neither Brill’s nor Schilling’s name appear in the bill of Figure
1.8, the similarity between the listed models and parts of the present collection in Groningen led us to conclude that the models were bought from these
German firms. Indeed there are currently 5 string models illustrating space
curves and 22 plaster models of cubic surfaces in the Groningen collection.
It is remarkable that the main part of the Groningen collection consists of
the Schilling models and only a few of the Brill models. At the end of this
chapter we make a conjecture as to the reason for this occurrence.
The name of a certain Oscar Keip is on the bill. He signs as Instrument
maker and delivered the models to Schoute. Who was Oscar Keip? Was
he only an intermediary between the companies Brill-Schilling and the University of Groningen? Was he also a local producer of models? A search in
the Trade Register of the Chamber of Commerce indicates that a company
called Oscar Keip B. V. was active at Groningen as well as at Amsterdam.
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According to Mr. Kampinga [Kamp], who worked for this company from 1959
to 1998, Oscar Keip was German and founded this company in 1894. The
company dealt with electrical products. Oscar Keip also founded OKaphone
(note this rather special name) in 1930.
We may safely conclude that Schoute used Oscar Keip as his intermediary
for his purchases in Germany. There are some models of space curves that
we have not been able to identify with certainty (see Section 3.2 in Chapter
3. They may have been made by Oscar Keip.

1.4.4

The use of models in Groningen

What was the use of the models in Groningen? Were they used during lectures? Were the models appreciated for their artistic value? Where were the
models kept? And, were they on display? In trying to find out information
about this, I have interviewed several alumni of the University of Groningen who studied mathematics between 1930 and 1960. There is one person,
namely D. Algera, who studied mathematics in Groningen in the 30’s. The
ones who studied after the second World War are: H.J. Buurema, J.H. de
Boer, W. Knol, B.L.J. Braaksma, E.M. de Jager and H. Croon.
The following questions were asked of them.
i) When did you study mathematics at the University of Groningen?
ii) Who were the professors during your time?
iii) Do you remember the mathematical models?
iv) Do you remember where the models were kept?
v) Were the models used in the lectures?
In the course of this section, we will quote some of their answers (text in
italics).
Following a suggestion of J.J. Sloff’s (teacher of education at the University of Groningen from 1957), I interviewed D. Algera. Here is an excerpt
from his letter [Alg] in Dutch translated into English:
I studied mathematics in Groningen from 1930 to 1937. My professors were van der Waerden, Schaake (geometry) and van der
Corput. I have never seen any models.

16 CHAPTER 1. MODELS OF SURFACES, A DUTCH PERSPECTIVE
In the first period after the second World War the professors of mathematics in Groningen were J.C.H. Gerretsen, C.S. Meijer and J. Ridder. These
were the professors of all of the interviewed persons with the exception of D.
Algera. Gerretsen, who was professor of geometry between 1946 and 1977,
seems to have been most interested in the collection of mathematical models. Most of the respondents remembered the models. As to the question
of whether the models were used in the lectures, the following answers were
given. Buurema [Bu] affirms that: Professor J.C.H. Gerretsen sometimes
showed them during his courses, although the actual purpose of those demonstrations was never clear to me. De Jager also remembers Gerretsen using
the models. In particular, he remembers string models of ruled surfaces being shown during the lectures. In contrast to Buurema’s opinion, he found
the use of the models very useful and inspiring [deJag]. However, he does
not remember where the models were kept, and thinks that they were not on
display. De Jager remembers Gerretsen as a gifted teacher who could show
you the beauty of mathematics [deJag].
Braaksma [Br] attributes the interest in the models to Gerretsen, and
seems to remember (although he is not entirely sure) the models being used
during Gerretsen’s lectures. Braaksma also recalls Gerretsen making paper
models to illustrate semi-regular polyhedra.
In contrast with this, W. Knol [Kn] states: In my college days (19501957) in Groningen, my professor of geometry Prof. Gerretsen did not pay
any attention to the models in a closet of the mathematical institute. We
could only look through a window of a closed piece of furniture. It seems that
also his predecessor Prof. Schaake did not use these models as a subject in
his lectures.
J.H. de Boer [Boe], a PhD student of Gerretsen, also remembered the
models but had not seen them in use.
We quote H. Croon’s answer [Cr] on the topic: Although the models must
have been there, I can not remember that in any lectures the models were
used. I contacted a fellow student from that time, Leo van der Weele, who
also stated that the models were never used as far as he could remember.
From these comments, one can draw some conclusions. Although it seems
that Gerretsen showed models during some of his lectures, this didactic use of
them does not seem to have been impressive enough as to remain in the mind
of these alumni. However, a document found in the archives of the Faculty
of Mathematics and Sciences shows that Gerretsen was at least interested in
the maintenance of the mathematical models. This document [Ge] concerns
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the move of the office of Gerretsen and the Mathematical Library to the
Mathematical Institute on the Reitdiepskade in 1957. It shows Gerretsen’s
plan for this new building. One of the seven items where Gerretsen describes
the new structure of the building states that (translated from Dutch):

The room behind the lecture room is destined to become the room for the
models.

From Knol and Algera’s comments one can draw the conclusion that Gerretsen’s predecessor, G. Schaake, was not interested in the didactic aspects
of the models, and was probably not interested in the models at all. Some
questions remain unanswered. What was the location of the collection of
models before 1957? D. Algera states ([Alg]) that there was no Institute of
Mathematics as yet. So where were the models kept during Algera’s years as
a student? De Jager affirms that during his years as a student (1945-1953),
the Institute of Mathematics did not exist as such [deJag]. There were only
two rooms in the Archaeology Institute at the Boteringestraat for Mathematics: one of them was the Mathematical Library, and the other one was
the office of Gerretsen. Lectures were given on the first floor of the Academy
Building. According to de Jager [deJag], this was the case until 1957, when
an Institute of Mathematics was formed at the Reitdiepskade with the successive appointment of more professors of mathematics. De Jager has suggested
that until then the models were probably kept in a closet in the Library at
the Boteringestraat.
As the lectures of mathematics were given in the Academy Building until
1957, one could conjecture that there was already a collection of models kept
in this building when it caught on fire in 1906. Since the Groningen collection consists mostly of models with Schilling’s stickers and not Brill’s (like
the collections of other Dutch universities), one may make the following guess:

A major part of the mathematical models was destroyed in the fire of
the Academy Building, especially the models of the Brill collection. The big
purchase of 1908 came from the wish to replace the previous collection.
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1.5

Some series of models

In this section we give historical introductions to some of the series in
Schilling’s catalogue [Sch1]. The mathematical background of some models
in these series is treated in detail in Chapters 2, 3 and 4 of this thesis.

1.5.1

Curves of degree 3 (Series XVII 2 a/b and XXV)

The seven string models from Series XXV and the two plaster models with
numbers 2a and 2b from Series XVII have that they represent special cubic
curves in common.
There is a classification of Newton. Möbius classified in [M] the irreducible
real cubic curves in the projective plane as belonging to one of seven types.
The two plaster models from Series XVII mentioned above are two balls with
seven curves drawn on them. These seven curves illustrate the seven types of
Möbius’ classification. They were made in 1890 by H. Dollinger, a student of
A. von Brill. These types are also illustrated by the seven string models from
Series XXV. The models were made in 1899 by H. Wiener, and are linked
to his text [W1] of 1901. We do not know whether Wiener knew about the
earlier plaster models representing the same classification.
For a detailed mathematical treatment of Möbius’ classification we refer
to Section 3.1 in Chapter 3.

1.5.2

Ruled surfaces of degree 4 (Series XIII)

Series XIII in Schilling’s catalogue concerns models of ruled surfaces of degree
4. The mathematical explanations in [Sch2] of these surfaces were written by
Karl Rohn (see [Ro]). Rohn who was a student of Klein, wrote his dissertation
under Klein’s guidance and obtained his doctorate in 1878. Rohn made
important contributions to algebraic geometry.
In his text [Ro], Rohn classifies the ruled surfaces of degree 4 and gives
equations for most of the types in his classification. The ten string models
in Series XIII illustrate many of these surfaces. For the photographs of the
models and a modern interpretation of Rohn’s text [Ro], we refer to chapter
4.
Note that there were 15 string models of surfaces delivered in 1908 by
Oscar Keip (see Figure 1.8 in Section 1.4.3). The 10 models from Series XIII
are part of this group. The present collection has only 9 of these series. Of
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the remaining five, three have not been identified. It is possible that the
instrumentmaker Oscar Keip constructed them himself.

1.5.3

Cubic surfaces (Series VII)

Cayley and Salmon proved in 1849 that every smooth cubic surface over
the complex numbers contains precisely 27 lines. Clebsch in 1871 ([Cl])
discovered his Clebsch diagonal surface which has the property that all the
27 lines are real.
Series VII in Schilling’s catalogue [Sch1] consists of 26 plaster models and
one string model all related to the classification of irreducible cubic surfaces
in P3 . The first model in the series illustrates the Clebsch diagonal surface
with its 27 real lines. For a detailed mathematical treatment of this surface
we refer to Chapter 2.
The next 18 models represent cubic surfaces with various types of isolated
singularities. The remaining plaster models represent some cubic surfaces
with non-isolated singularities and some Hessians of cubic surfaces. Singular
cubic surfaces were classified by Schlaefli and Cayley ([Schl], [Ca]) in 1863
and 1869 respectively. In 1879, Klein’s student Carl Rodenberg published his
thesis [Rod] in which another classification of cubic surfaces with singularities
was given. Along with this, he presented a series of plaster models of cubic
surfaces representing all the types of his classification. Series VII is almost
complete in the Groningen collection (there are 22 models from this series).
Recall from section 1.4.3 that there were 20 plaster models of cubic surfaces
delivered in 1908 by Oscar Keip (see Figure 1.8).

1.5.4

The model of Clebsch diagonal surface

In the summer of 1872, and under the guidance of Alfred Clebsch, the mathematician and sculptor Adolf Weiler built a model of the diagonal surface.
This model was exhibited at the Chicago’s Exhibition of 1893. We now
quote Klein ([Kl]) in one of his speeches at the Chicago Exhibition, where he
discussed the construction of this particular model:
In 1872 we considered, in Göttingen, the question as to the shape
of surfaces of the third order. As a particular case, Clebsch at
this time constructed his beautiful model of the diagonal surface,
with 27 real lines, which I showed to you at the Exhibition. The
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equation of this surface may be written in the simple form
5
X
1

xi = 0,

5
X

x3i = 0,

1

which shows that the surface can be transformed into itself by the
120 permutations of the x’s... [...] ... By selecting a symmetrical
form for the model, not only is the execution simplified, but what
is of more importance, the model will be of such a character as to
impress itself readily on the mind.
Surprisingly, the model of the Clebsch diagonal surface is missing at
Groningen. Did the University of Groningen ever have this model in its
collection? If so, what happened to it? During his visit at Groningen (2005),
the sculptor Ramı́rez López accomplished the task of building a plaster model
of the diagonal surface, after he had completed the restoration of the plaster models (see Section 1.4.2). This model which now forms part of the
Groningen collection is shown in Figure 1.10.

Figure 1.10: Clebsch diagonal surface by C. Ramı́rez López. University of
Groningen.
The original colouring of the 27 lines is ([Sch2]): 15 in red and 12 in
white. On the model from Fischer’s catalogue ([F]) the lines have three
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different colours: the same 15 in black, and the group of 12 lines divided
into 6 in red and 6 in green (see the mathematical explanation in Chapter
2). The model of Ramı́rez López uses blue for the 15 lines and again red and
green for the two groups of 6 lines.

1.6

Conclusion

The collection of models of the University of Groningen consists mostly of
models from Schilling’s firm. This collection of models, advertised in an
international journal (see Section 1.4), was very popular among the Universities in Europe at the end of the 19th century. The Groningen collection
was on display during several periods. Why did the University of Groningen
spend so much money on it? The models were probably used in Schoute’s
lectures. Concerning their use in later times, one may conclude from Section
1.4.4 that, although the artistic value of the models might still have been
appreciated, their pedagogical purpose was already almost forgotten by the
30’s.
A research similar to the one done on the Groningen collection would be
advisable for the collections of other universities. One can already draw some
conclusions from a quick look at some of the Dutch collections (see Section
1.3). For example, the Leiden collection seems to be of an earlier date than
the one of Groningen.
The mathematical meaning of many of the models seems to have been
forgotten, as well as their pedagogical use. Their beauty, however, keeps
impressing people and their preservation for more than a century is due to
this. They also served as an intriguing topic for a PhD thesis, and might
therefore inspire new students in years to come.
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Chapter 2
Smooth cubic surfaces
In this chapter, the classical theory concerning smooth cubic surfaces is reviewed. Such a surface can be defined as the set of zeroes of a homogeneous
polynomial of degree three in P3 . A cubic surface can also be seen as the
blow up of the projective plane in a set of six points, as was originally proved
by A. Clebsch in 1871.
In Section 2.2, Schläfli’s classification of real cubic surfaces (1858) in
terms of the number of real lines and of real tritangent planes is compared
to the topological one, described by H. Knoerrer and T. Miller (1987). Using this, explicit examples are given. A paper based on this chapter and
written together with Jaap Top is accepted for publication in the Canadian
Mathematical Bulletin.
In Section 2.3, an algorithm is presented that computes the blow down
morphism of a cubic surface. This algorithm provides a new proof of the
result of A. Clebsch (1871). The explicit morphisms for the cases of the
Clebsch diagonal surface and the Fermat cubic surface are calculated.
In the last section, we define twists of a surface, and calculate explicit
twists of the Clebsch surface and the Fermat surface over Q.

2.1

An introduction to smooth cubic surfaces

The origin of the study of cubic surfaces takes place in the beginning of
the 19th century. Mathematicians were studying the structure of algebraic
surfaces in the projective space, in particular, they studied cubic surfaces in
P3 . Such a cubic surface S is defined as the set of zeroes of a homogeneous
27
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polynomial f of degree three in P3 , i.e.,
S = {(x : y : z : t) ∈ P3 | f (x : y : z : t) = 0}.
In this section, we present some chronological facts of importance in the
history of cubic surfaces. We begin with Cayley and Salmon’s discovery of
the existence of 27 lines on a smooth cubic surface and proceed with Schläfli’s
main results: the first one on the configuration of the lines, and the second
one, on the real classification of cubic surfaces. At the end, Clebsch’s notion
of blow-up of a cubic surface is presented. The rest of the section concerns
well known facts on smooth cubic surface as blow-ups.

2.1.1

The 27 lines

The interest in cubic surfaces grew enormously after 1849, when the English mathematicians Arthur Cayley and George Salmon made the following
discovery:
Theorem 1. Any smooth cubic surface over C contains precisely 27 lines.
Cayley and Salmon started a correspondence about the number of lines
on a smooth cubic surface. Cayley discovered that the number of lines must
be finite, and communicated this to Salmon, who quickly replied with a proof
that the number of lines is in fact 27. We sketch Salmon’s proof:
Proof.
• S contains a line: an elementary and self-contained proof of this can be
found in [Reid, pp. 102-106] and [Top]. The classical proof (compare
[Reid, (8.15)] and [Top, pp. 42]) runs as follows. Write G = G(1, 3)
for the Grassmannian of lines in P3 ; this is a variety of dimension 4.
Define
V := {(`, F ) ∈ G × P19 | F vanishes on `}.
It is easy to verify that the projection π1 : V → G is surjective and its
fibers have dimension 15. Hence V has dimension 19. The existence
of cubic surfaces for which the set of lines on them is finite and nonempty implies that the projection π2 : V → P19 is surjective. Hence
every cubic surface contains a line.
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• Now suppose `1 is a line on the cubic surface S. We claim that there
are exactly 5 planes H passing through `1 such that the intersection
H ∩ S = `1 ∪ `2 ∪ `3 with `i all distinct.
In general, if H is a plane passing through `1 , the intersection H ∩ S =
`1 ∪Q where Q is a conic. Since S is smooth, Q can either be irreducible
or consist of two different lines. We may choose coordinates on P3 such
that `1 is given by x2 = x3 = 0 and H by x2 = µx3 . The intersection
H ∩ S is given by: f = x3 Q(x0 , x1 , x3 ) where
Q(x0 , x1 , x3 ) = x20 A(µ, 1) + x0 x1 B(µ, 1) + x21 C(µ, 1)
+x0 x3 D(µ, 1) + x1 x3 E(µ, 1) + x23 F (µ, 1).
Consider the last equation as a conic in x0 , x1 and x3 . One has that Q
is singular if and only if the determinant:
¯
¯
¯ 2A B
D ¯¯
¯
∆ = ¯¯ B 2C E ¯¯ = 0.
¯ D E 2F ¯
This gives us

4ACF + BDE − CD2 − AE 2 − B 2 F = 0,

(2.1)

which is an equation in µ of degree 5 (except when x3 = 0 is one of the
planes H, which may be excluded after a change of coordinates). If we
prove that this equation has only simple roots, we are done. Changing
coordinates again if necessary, we may assume that x2 = 0 is a root of
∆, and prove that x22 does not divide ∆. Let H = {x2 = 0} be the
corresponding plane. Then, H ∩ S = `1 ∪ `2 ∪ `3 . One can assume
that the lines contained in H = {x2 = 0} are given by the following
equations, taking into consideration whether or not the three lines are
concurrent.
1. `1 = {x3 = 0}, `2 = {x0 = 0}, `3 = {x1 = 0} or
2. `1 = {x3 = 0}, `2 = {x0 = 0}, `3 = {x0 = x3 }.

In the first case, f can be written as: f = x0 x1 x3 + x2 · g with g a
quadratic form. Comparing this with the expression of Q(x0 , x1 , x3 ),
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we conclude that B(x2 , x3 ) = x3 + const · x2 and x2 |A, C, D, E, F .
Placing the last relations in (2.1) and reducing it modulo x22 one obtains:
∆ = −x23 F

mod x22 .

Let us see that x22 does not divide F . For that, consider the nonsingular
point (0, 0, 0, 1) ∈ S. Since x2 |F we have that F = ax23 x2 + bx3 x22 + x32 ,
and since (0, 0, 0, 1) is not singular, we conclude that the coefficient
a 6= 0, that is, x22 does not divide ∆.
In a very similar manner, case 2 can be proved. We have therefore
proved that ∆ has only simple roots. This means that there are 5
values of µ for which the corresponding plane H intersects S in three
lines, or in other words, the line `1 lies in 5 such planes.
• There are at least 27 lines on S: Fix a plane H containing `1 and
intersecting S in `1 and two other lines. Then H ∩ S = `1 ∪ `2 ∪ `3 .
Apart from the plane H, there are 4 other planes containing `1 where
two more lines lie. The same occurs for the lines `2 and `3 , that is, the
total number of lines is: 3 + 4 × 2 + 4 × 2 + 4 × 2 = 27.
• There are no more than 27: Let ` be a line on S. Fix a plane H such
that H ∩ S = `1 ∪ `2 ∪ `3 . The line ` intersects the plane H in a point
p. On the one hand, it holds that H ∩ S ∩ ` ⊆ H ∩ S = `1 ∪ `2 ∪ `3 .
On the other hand, H ∩ S ∩ ` = H ∩ ` = {p}. Hence, p ∈ `1 ∪ `2 ∪ `3 ,
in particular, p is in one of the lines `i with i = 1, 2, 3. The plane
generated by the two lines ` and `i is a plane passing through `i and
intersecting S in two other lines. Since we have already counted all such
planes, we conclude that ` is one of the lines counted in the previous
paragraph.

2.1.2

Schläfli double six

The 27 lines on a cubic surface form a very special configuration. To be able
to describe the intersection behaviour of the 27 lines, the Swiss mathematician Ludwig Schläfli introduced in 1858 the concept of double six (see [Sch]).
A double six is a set of 12 of the 27 lines on a cubic surface S, represented
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with Schläfli’s notation as:
µ
¶
a1,1 a1,2 a1,3 a1,4 a1,5 a1,6
,
a2,1 a2,2 a2,3 a2,4 a2,5 a2,6
with the following intersection behaviour: aij intersects akl if and only if
i 6= k and j 6= l. A smooth cubic surface has 36 double sixes.
With this new definition, Schläfli described in [Sch] the intersection of
the 27 lines as follows:
Theorem 2. The 27 lines on a smooth cubic surface can be given by 12 lines
ai,j (with i ∈ {1, 2} and j ∈ {1, . . . , 6}) and 15 lines cn,m (with n < m and
m, n ∈ {1, . . . , 6}). The lines ai,j form a double six. The line cn,m intersects
the lines ai,n , ai,m and all ci,j for i, j ∈
/ {n, m}.

2.1.3

The real case

Schläfli was the first to study cubic surfaces defined over R. A plane intersecting a smooth cubic surface in three lines is called a tritangent plane.
In [Sch], Schläfli classified the real cubic surfaces according to their number of real lines and real tritangents. The same result was also obtained by
Cremona in [Cr].
Theorem 3 (Schläfli, 1858 and Cremona, 1868). The number of real
lines and of real tritangent planes on any smooth, real cubic surface is one
of the following, in which each pair really occurs: (27, 15), (15, 15), (7, 5),
(3, 7), (3, 13).

2.1.4

Clebsch’s result

Alfred Clebsch proved in [Cl] that any smooth cubic surface over the complex
numbers can be obtained by mapping P2 to P3 by a space of cubics passing
through six points in general position (i.e., no three on a line and no six on
a conic).
Theorem 4 (Clebsch, 1871)). Let {p1 , . . . , p6 } ⊆ P2 be a set of six points
in general position. Consider the space of cubic curves in P2 passing through
the six points. This space has dimension 4. Let {f1 , f2 , f3 , f4 } be a basis of
the space, and define
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Φ : P2 99K P3
p 7→ (f1 (p) : f2 (p) : f3 (p) : f4 (p)).
Then,
i) The closure of Φ(P2 − {p1 , . . . , p6 }) is a smooth cubic surface.
ii) Every smooth cubic surface can be obtained in this way.

2.1.5

Cubic surfaces as blow ups

Clebsch’s result in Theorem 4 can be rephrased in a modern way using the
notion of blow-up, which we briefly recall here:
Theorem 5. Let X be a smooth surface and p ∈ X. Then, there exists a
surface Blp X, and a morphism ² : Blp X −→ X, unique up to isomorphism,
such that:
1. The restriction of ² to ²−1 (X − p) is an isomorphism onto X − p,
2. ²−1 (p) is isomorphic to P1 .
Proof. Compare [Be], [Ha].
We say that Blp X is the blow-up of X at p, and ²−1 (p) is called the exceptional divisor of the blow-up. Let C denote an irreducible curve contained
in a surface X that passes through p. Then, the closure of ²(C − p) in Blp X
is an irreducible curve called the strict transform of C.
The definition of blow-up of a surface X at a point can be naturally
extended to a notion of blow-up of a surface X at a finite set of points
{p1 , . . . , pn } ⊆ X. For instance, the blow-up at {p1 , p2 } ⊆ X is defined as
Bl²−1 (p2 ) Blp1 X.
In terms of this, the second part of the result of Clebsch can be stated as:
Theorem 6. Every smooth cubic surface S ⊂ P3 (C) can be obtained by
embedding the blow-up of P2 at some set of six points in general position in
P3 , using the anti-canonical map (compare [Ha, V , 4]).
Proof. A proof of this result can be found in [Be], Theorem IV.1 and Proposition IV.9. It also follows from Section 2.3.
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In other words, S admits a ‘blow-down morphism’ ϕ : S → P2 , characterized by the properties that ϕ is an isomorphism from S \ ∪6i=1 `i to
P2 \ {p1 , . . . , p6 }, in which the `i ⊂ S are six pairwise disjoint lines and the
pi ∈ P2 are six pairwise different points. Furthermore, ϕ(`i ) = pi . (See
Section 2.2 for explicit examples of blow-down morphisms).
The 27 lines on a smooth cubic surface can be described in terms of
blow-ups:
Theorem 7. Let S be a smooth cubic surface obtained by blowing up P2 at
the points p1 , . . . , p6 . Then, S contains 27 lines which are:
1. The six exceptional divisors Ei for i = 1, . . . , 6.
2. The strict transform Fij of
¡6¢the line passing through pi and pj , for all
1 ≤ i < j ≤ 6. There are 2 = 15 such lines.
3. The strict transforms Gj of the six conics in P2 passing through
{p1 , . . . , p6 }\{pj } for j = 1, . . . , 6.

Proof. See [Be], Proposition IV.12.

Schläfli’s notation for the 27 lines is:
1. The exceptional divisors Ei are denoted by i.
2. The strict transforms Fij are denoted by ij.
3. The strict transforms Gj are denoted by j 0 .
Note that this explains his results mentioned in Section 2.1.2. The twelve
lines from the first and third group form a double six:
¶
µ
1 2 3 4 5 6
.
10 20 30 40 50 60
We end by giving a small lemma which will be needed in the course of
the chapter.
Lemma 1. Let S be a smooth cubic surface. Given two skew lines `1 and `2
on S, there exist precisely five lines m1 , . . . , m5 on S such that `1 ∩ mi 6= ∅ 6=
`2 ∩ mi for i = 1, . . . , 5.

Proof. Suppose that the surface is obtained by blowing up the six points
p1 , . . . , p6 . It is known that we can suppose that the two skew lines are,
using Schläfli’s notation, 1 and 10 . Then, the only lines that intersect both 1
and 10 are: 12,13,14,15,16.
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2.2

Real cubic surfaces

In this section, the topological classification of smooth real cubic surfaces is
recalled, and compared to Schläfli’s classification. In the last part, explicit
examples of surfaces of every possible type are given. Given such a smooth,
cubic surface S over R, we recall Schläfli’s classification:
Theorem 8. The number of real lines and of real tritangent planes on any
smooth, real cubic surface is one of the following, in which each pair really
occurs: (27, 15), (15, 15), (7, 5), (3, 7), (3, 13).
An alternative way to classify, is by the topological structure on the space
of real points S(R) ⊂ P3 (R). This was done by several authors including
H. Knörrer and T. Miller (1987), R. Silhol (1989) and J. Kollár (1997). The
result is as follows [KM], [Si], [K].
Theorem 9. A smooth, real cubic surface is isomorphic over R to a surface
of one of the following types.
1. A surface S obtained by blowing up P2 in 6 real points (no 3 on a line,
not all 6 on a conic). In this case, S(R) is the non-orientable compact
connected surface of Euler characteristic −5.
2. A surface S obtained by blowing up P2 in 4 real points and a pair of
complex conjugate points (again, no 3 on a line, not all 6 on a conic).
In this case, S(R) is the non-orientable compact connected surface of
euler characteristic −3.
3. A surface S obtained by blowing up P2 in 2 real points and 2 pairs of
complex conjugate points (again, no 3 on a line, not all 6 on a conic).
In this case, S(R) is the non-orientable compact connected surface of
euler characteristic −1.
4. A surface S obtained by blowing up P2 in 3 pairs of complex conjugate
points (again, no 3 on a line, not all 6 on a conic). In this case, S(R)
is homeomorphic to P2 (R), which has euler characteristic 1.
5. A surface S constructed as follows. Take a smooth, real conic given
as F = 0 and 5 real points P1 , . . . , P5 on it. Take a 6th real point
P6 6= P5 on the tangent line to the conic at P5 , such that no 3 of
the 6 points are on a line. Write the conic through P1 , . . . , P4 , P6 as
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G = 0. The rational map P2 · · · → P2 defined by P 7→ τ (P ), in which
{P, τ (P )} is the intersection of the conic given by G(P )F −F (P )G = 0
and the line through P and P6 , then extends to an involution τ on the
blow-up B of P2 in the points P1 , . . . , P6 . Define X as the quotient B ×
Spec(C)/(τ ×c), in which c is complex conjugation. Then S(R) consists
of two connected components, one homeomorphic to the 2-sphere S 2 and
the other to P2 (R).
A straightforward and amusing consequence is
Corollary 1. A smooth, cubic surface S defined over R does not admit any
real blow-down morphism to P2 if, and only if S(R) is not connected.
Note that the ‘if’ part of this corollary is obvious for a purely topological
reason: any surface admitting a real blow-down morphism to a variety whose
real points form a connected space, is itself connected. The corollary yields a
‘visual’ way to recognize real, smooth cubic surfaces not admitting any real
blow-down morphism to P2 .
In this section we show (Proposition 1) how the description given in Theorem 9 implies, and in fact yields the same classes of real cubic surfaces, as
the classical classification of Schläfli. We also present explicit examples, in
two ways: directly working from cubic equations, and also starting from the
description given in Theorem 9.
The work reported on in this section started when Remke Kloosterman
showed us an abstract proof of the existence of a so-called real Del Pezzo
surface of degree two which does not admit a real blow-down morphism to
P2 ; see also the survey paper of Kollár [K]. Explicit equations for all cases
described in Theorem 9, are also presented in a recent paper by Holzer and
Labs [HL, Table 2].

2.2.1

Real lines and real tritangent planes

In this section we show that Schläfli’s classification is in fact the same as the
topological one.
Proposition 1. The enumerative classification of Schläfli presented in Theorem 3 yields the same five classes as the topological one given in Theorem 9.
More precisely, in the notation of the latter theorem: the number of real lines
and of real tritangent planes for each type is as follows.
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type (1)
(27, 45)

type (2)
(15, 15)

type (3)
(7, 5)

type (4)
(3, 7)

type (5)
(3, 13)

This is achieved by directly describing the real lines and the real tritangent
planes for each of the five types given in Theorem 9.
We start by recalling some standard notation for the lines and tritangent
planes, originally used by Schäfli.
Notation. Let S be the smooth cubic surface obtained by blowing up P2 at
the six points {p1 , . . . , p6 }. Denote the set of 27 lines on S as follows. The
image in S ⊂ P3 of the exceptional line corresponding to pi , is denoted as i,
for i = 1, . . . 6. Next, ij is the image in P3 of the strict transforms of the line
passing through pi and pj . Finally, j 0 will be the image in P3 of the strict
transform of the conic passing through all pi , for i 6= j.
A tritangent plane P is completely determined by the three lines li such
that P ∩ S = l1 ∪ l2 ∪ l3 . Denote P = hl1 , l2 , l3 i.
Lemma 2. Let S be the smooth cubic surface obtained by blowing up P2 at
the six points {p1 , . . . , p6 }. Then, the 45 tritangent planes of S are:
1. The 30 planes hi, j 0 , iji with i, j ∈ {1, . . . , 6}, i 6= j and
2. The 15 planes hij, kl, mni, with {i, j, k, l, m, n} = {1, 2, 3, 4, 5, 6}.
Proof. In fact, the lemma provides the description of the tritangent planes
in terms of a ‘Schläfli double six’, as was already given by L. Schläfli [Sch,
p. 116, 117]. We sketch the (quite obvious) proof for convenience.
Suppose the plane P contains the line i. Then it does not contain any
line j for j 6= i since such lines i, j do not intersect. If P contains j 0 , then for
the same reason j 6= i. Under this condition, i and j 0 indeed intersect, and
both intersect the line ij. Hence P = hi, j 0 , iji. It is easily seen that this is
the only type of tritangent plane containing a line i or a line j 0 .
Two different lines ij and kl intersect precisely, when the numbers {i, j}
and {k, l} are disjoint. Is this the case, then mn (with {m, n} the remaining
two numbers in {1, . . . , 6}) is the unique third line intersecting both ij and
kl. This yields the tritangent planes hij, kl, mni.
We now describe the number of real lines and real tritangent planes for
each of the cases described in Theorem 9. This is quite simple, and somewhat
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similar to arguments as can be found in 19th century papers by L. Schläfli,
L. Cremona and A. Clebsch. However, surprisingly, we did not find the result
in the classical literature, nor in modern texts on cubic surfaces such as the
books by B. Segre [Se], by Yu.I. Manin [M] or by R. Silhol [Si].
Notation Let ‘¯’ denote complex conjugation. We will write j̄ (and in the
same manner j¯0 ... et cetera) to denote the exceptional line corresponding to
the point p̄i . Note that this equals the conjugate line of the exceptional line
corresponding to pi .
We discuss the various types described in Theorem 9 case by case.
Type (1).
Here, the cubic surface S is obtained by blowing up six real points in P2 .
In this case, all 27 lines and all 45 tritangent planes are real.
Type (2).
Now S is obtained by blowing up four real points and one pair of complex
conjugate points. I.e., the set of six points is given by: {a1 , a¯1 , a2 , a3 , a4 , a5 }.
i) The real lines are:
of type i: 2, 3, 4 and 5;
of type j 0 : 20 , 30 , 40 and 50 ;
of type (ij): {i, j} = {ī, j̄} ⇔ ij ∈ {11̄, 23, 24, 25, 34, 35, 45}.

In total, there are 4 + 4 + 7 = 15 real lines.
ii) The real tritangent planes are:

of type hi, j 0 , iji: all 12 planes with i, j ∈ {2, 3, 4, 5};

of type hij, kl, mni: the planes h11̄, 23, 45i, h11̄, 24, 35i, h11̄, 25, 34i.
In total, there are 12 + 3 = 15 real tritangent planes.

Type (3).
Here S is obtained by blowing up two real points and two pairs of complex
conjugate points. I.e., the set of six points is given by: {a1 , a¯1 , a2 , a¯2 , a3 , a4 }.
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i) The real lines are:
of the kind i: 3 and 4;
of the kind j 0 : 30 and 40 ;
of the kind (ij): 11̄, 22̄, 34.
In total, there are 7 real lines.
ii) The real tritangent planes are:
of type hi, j 0 , iji: h3, 40 , 34i and h4, 30 , 43i;

of type hij, kl, mni: h11̄, 22̄, 34i, h34, 12̄, 1̄2i and h34, 12, 1̄2̄i.
In total, there are 5 real tritangent planes.

Type (4).
In this case, the cubic surface S is obtained by blowing up three pairs of
complex conjugate points. Write the points as {a1 , a¯1 , a2 , a¯2 , a3 , a¯3 }.
i) The only real lines in this case are 11̄, 22̄, 33̄. Hence there are precisely
three real lines in S.
ii) We now calculate the number of real tritangent planes of S. Clearly, no
tritangent plane of the form hi, j 0 , iji is fixed by complex conjugation.
Furthermore, every real tritangent plane must contain a real line, i.e.,
one of the three lines {11̄, 22̄, 33̄}.

The planes hi, ī0 , iīi are not fixed by complex conjugation. The real
ones are h11̄, 22̄, 33̄i, h11̄, 23, 2̄3̄i, h11̄, 23̄, 2̄3i,
h22̄, 13, 1̄3̄i, h22̄, 13̄, 1̄3i, h33̄, 12, 1̄2̄i and h33̄, 12̄, 1̄2i.

There are 7 real tritangent planes.
Type(5).

This case is obtained by changing the real structure on a special kind of
surface as described in type (1).
Let a1 , . . . , a6 be the six real points in P2 which will be blown up. By
construction, the line connecting a5 and a6 is tangent in a5 to the conic
passing through a1 , . . . , a5 . Let B be the real, cubic surface in P3 obtained
by the usual embedding of the blow-up of P2 in the points ai . We first
describe the action of the involution τ on the 27 lines in B.

39

2.2. REAL CUBIC SURFACES
Firstly, let {1, 2, 3, 4} = {i, j} ∪ {k, l}. Then
τ:

ij ←→ kl.

Indeed, take a general point u on the line Lij containing ai and aj . The
(singular) conic through a1 , . . . , a4 , u equals the union Lij ∪ Lkl , and since
{u, τ (u)} = (Lij ∪ Lkl ) ∩ L where L is the line connecting u and a6 , the image
τ (u) is a general point on Lkl . In a similar way, using the conic through
a1 , . . . , a5 and observing that L56 is tangent to this conic, it follows that
τ:

5 ←→ 5

and
τ:

60 ←→ 60 .

Now take a general point u on the line L56 . Clearly, its image under τ is
again a general point on L56 , hence
τ:

56 ←→ 56.

Next, take j ∈ {1, 2, 3, 4} and consider a general point u ∈ Lj6 . The conic
Cu passing through a1 , . . . , a4 , u then obviously intersects Lj6 in the points u
and aj . This means τ (u) = aj , so in particular, the rational involution map
τ on P2 restricted to Lj6 is not even bijective. However, changing the point
u also changes the direction of the tangent line to Cu at aj . On the blow up
B, this shows
τ:
j6 ←→ j.
A similar argument yields that τ maps the general point on the conic through
a1 , . . . , a4 , a6 , to a6 , and
τ:
50 ←→ 6.
It is now a straightforward computation to determine the action of τ on
the remaining lines of B: one may use the observation that for any pair of
lines `1 , `2 ⊂ B, the intersection number `1 · `2 equals τ (`1 ) · τ (`2 ). Using
this, it follows that for each j ∈ {1, 2, 3, 4} one has
τ:

j 0 ←→ j5.

With this information one can also describe the action of complex conjugation c on the real cubic surface S = B × Spec(C)/(τ × c). Namely, over C
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this surface is isomorphic to B, giving an identification of the lines and tritangent planes of B with those of S. Then by construction a line/tritangent
plane of S is real if, and only if the corresponding line/tritangent plane of B
is fixed by τ × c. Since c fixes all lines and tritangent planes of B, this means
we have to count the ones fixed by τ .
i) As is explained above, 5, 60 and 56 are the only lines in B fixed by τ .
Hence S contains precisely 3 real lines.
ii) To determine the tritangent planes fixed by τ , observe that any such
plane contains at least 1 line in B fixed by τ , so at least one of the lines
5, 60 or 56.
The tritangent planes fixed by τ then are:
of type hi, j 0 , iji: the 4 planes h5, j 0 , j5i with j ∈ {1, 2, 3, 4} and the
4 planes hi, 60 , i6i with i ∈ {1, 2, 3, 4} and the 2 planes h5, 60 , 56i and
h6, 50 , 56i;
of type hij, kl, mni: the 3 planes hij, kl, 56i with {i, j, k, l} = {1, 2, 3, 4}.

This gives 13 planes, hence S contains precisely 13 real tritangent
planes. Note that in exactly one of them, namely in the one corresponding to h5, 60 , 56i, the 3 lines in S contained in it are all real as
well.
Remark: In particular, the above description shows that every smooth,
real cubic surface has at least one real tritangent plane that contains 3 real
lines of the surface. In the case that the total number of real lines equals 3,
this means that these three lines pairwise intersect and that in fact this real
tritangent plane is unique. This is an observation already made by Schläfli
[Sch, p. 118 cases D, E].

2.2.2

Examples

In this section, we present explicit examples of surfaces of every possible type
in the classification. More kinds are also obtained in Section 2.4.2.
The family Sλ
Let Sλ be the cubic surface in P4 given by the equations:
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λx3 + y 3 + z 3 + w3 + t3 = 0
x+y+z+w+t
= 0.

An equation for Sλ in P3 is
λx3 + y 3 + z 3 + w3 + (−x − y − z − w)3 = 0.
A straightforward calculation shows that Sλ is a smooth cubic surface for all
λ ∈ C, except λ = 1/4 and λ = 1/16. In case λ = 1/16, the unique singular
point is (x : y : z : w : t) = (−4 : 1 : 1 : 1 : 1). For λ = 1/4, there are exactly
4 singular points, given by taking x = −2, three of the remaining coordinates
+1, and the last one −1. In fact, the number of isolated singularities on a
cubic surface cannot exceed 4, and the surface with 4 such singular points is
unique. We give a proof of this in the following theorem:
Theorem 10. If a cubic surface has finitely many singular points, then the
number of singular points is less than or equal to four. Moreover, the cubic
surface containing precisely 4 singular points is unique up to linear isomorphism.
Proof. Let F (x1 , x2 , x3 , x4 ) = 0 define a cubic surface S with finitely many
singular points. Suppose that the number of singular points is at least 4. Put
four singular points in general position (the four points are not contained in
a plane, since otherwise there would be infinitely many singular points)
(1 : 0 : 0 : 0), (0 : 1 : 0 : 0), (0 : 0 : 1 : 0), (0 : 0 : 0 : 1).
Consider a plane through 3 of those points. It cuts S in a curve of degree
3 with 3 singular points. We conclude that the intersection consists of 3 lines
(counted with multiplicity).
We conclude that F (0, 0, x3 , x4 ) is identical 0, because the line through
(1, 0, 0, 0) and (0, 1, 0, 0) lies on S. Therefore, F does not contain the terms:
x33 , x23 x4 , x3 x24 , x34 . The same holds for every pair of coordinates. Therefore,
F = c 1 x2 x3 x4 + c 2 x1 x3 x4 + c 3 x1 x2 x4 + c 4 x1 x2 x3 .
None of the ci is 0 since otherwise F would be reducible. The transformation xi 7→ ci xi for i = 1, . . . , 4, and division by c1 · · · c4 brings F into the
form:
F = x2 x3 x4 + x1 x3 x4 + x1 x2 x4 + x1 x2 x3 .
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A computation shows that the only singular points on F = 0 are (1 : 0 :
0 : 0), (0 : 1 : 0 : 0), (0 : 0 : 1 : 0), (0 : 0 : 0 : 1). We conclude that 4 is the
maximum number of singular points and that the surface with four singular
points is unique up to coordinate changes.
This surface was first studied by A. Cayley and it is called the ‘Cayley
cubic surface’; compare [Hu, pp. 115–122]. Some 19th century plaster models
of it appear in the celebrated ‘Rodenberg series’; see [F, pp. 16-17], [Po-Za,
Serie VII, nr. 2-6].
We now continue the discussion on the family Sλ . For real λ > 1/4, all
Sλ (R) are topologically the same. The special one with λ = 1 is the Clebsch
diagonal surface. Hence for λ > 1/4, the surface Sλ is of type (1). An explicit
blow-down morphism, defined over Q, in the case λ = 1 is constructed in
section 2.3.1.
Similarly, for all real λ < 1/16 the Sλ (R) are homeomorphic. The case
λ = 0 yields the Fermat cubic surface. It is a well-know exercise (e.g.,
[Ha, Exc. V 4.16]), to show that it contains exactly 3 real lines and 7 real
tritangent planes. Hence for λ < 1/16, the surface Sλ is of type (4) (see [Se]
for an intuitive proof of this). An explicit blow-down morphism, defined over
Q, in the case λ = 0 was first presented by N. Elkies [El]. In the next section,
we present another blow-down morphism for the Fermat.
In the singular surface S = S1/16 , the point (−4 : 1 : 1 : 1) is an isolated
point of the real locus S(R). To see this, use the equation
x3 /16 + y 3 + z 3 + 1 − (x + y + z + 1)3 = 0
for an open affine part of S; on this part, we consider the point (−4, 1, 1).
The change of variables
r = x + 4,

s = y − 1,

t=z−1

yields the new equation
9
6t2 + 6s2 + r2 + 6rs + 6st + 6rt + F (r, s, t)
4
in which F is a homogeneous cubic. Clearly, the quadratic part of this defines
a positive definite form, hence (0, 0, 0) is an isolated point in the real locus
defined by the equation.
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In fact, what happens in Sλ (R) when λ decreases from 1/4 to 1/16, is
that for λ = 1/4 we have a 2-sphere which is connected to the rest of the
surface in the 4 singular points. When λ decreases, the contact of this 2sphere with the rest of the surface disappears. The 2-sphere becomes smaller
until at λ = 1/16 it shrinks to a single point (the singular point), and for
λ < 1/16 this point has disappeared. In particular, what we claim here, is
that for 1/16 < λ < 1/4, the real locus Sλ (R) is not connected and hence
Sλ is of type (5). This can be shown topologically; instead, we briefly sketch
below how one finds the 3 real lines and 13 real tritangent planes in the case
1/16 < λ < 1/4.
Observe that the three real lines given in parametric equations as
l1 = (0 : −t : t : 1), l2 = (0 : −1 : t : 1), l3 = (0 : t : −1 : 1)
are contained in Sλ .
Let H be a plane containing l1 . One can write H = {ax + b(y + z) = 0}.
Suppose first that a = 0. This describes the real tritangent plane H =
{y + z = 0}, meeting S in l1 and in a pair of complex conjugate lines. In
case a 6= 0, the plane can be given as Hb = {x + by + bz = 0}. We count the
number of tritangent planes of this type.
One has
Hb ∩ Sλ = l1 ∪ Cb
where Cb is a (possibly reducible) conic. In order for Hb to be a tritangent
plane, we need Cb to be singular. Since 1/16 < λ < 1/4, this happens
for exactly four different real values of b, which gives us 4 real tritangent
planes (in particular, the case b = 0 yields H = {x = 0}, which is the plane
that contains the three real lines l1 , l2 and l3 ). We have then counted 5 real
tritangent planes. Again using 1/16 < λ < 1/4, it follows that each of them,
apart from {x = 0}, contains l1 and a pair of complex conjugate lines. By
proceeding in the same way with the tritangent planes containing l2 and l3
respectively, we find 4 real tritangent planes for each case, all containing l2
resp. l3 as the only real line (apart from the plane H = {x = 0} that contains
all of l1 , l2 and l3 ). In total, we have now counted 12 pairs of complex
conjugate lines and 3 real lines, hence these are all the lines of Sλ . Since
every real tritangent plane contains a real line of Sλ , the above calculation
in fact yields all real tritangent planes of Sλ . Therefore, the surface contains
precisely 5 + 4 + 4 = 13 real tritangent planes.
This finishes the calculation.
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Shioda’s construction
Instead of starting from cubic equations directly, one can of course derive
such equations starting from 6 points in the plane. A very convenient way to
do this, is described by T. Shioda [Sh, § 6]. His observation is, that although
the 6 points are required not to be contained in any conic, they will certainly
be smooth points on some irreducible, cuspidal cubic curve. After a linear
transformation, one may assume that this cubic curve C is given by the
equation y 2 z − x3 = 0. Then
t 7→ at := (t−2 : t−3 : 1)
defines an isomorphism of algebraic groups over Q from the additive group
Ga to the group of smooth points on C (in which t = 0 maps to the point
(0 : 1 : 0) which is taken as the neutral element). The latter group has
the property that 3 points at1 , at2 , at3 in it, are on a line precisely when
t1 P
+ t2 + t3 = 0 and similarly, 6 smooth points atj are on a conic if, and only
if
tj = 0.
Now, given 6 values tjP
∈ Ga which are pairwise different, such that no
3 of them add to 0 and
tj 6= 0, Shioda [Sh, Thm. 14] explicitly gives
an equation for the corresponding smooth, cubic surface. His result is the
following:
Let c, ai , a0i and a0ij be the following linear forms in t1 , . . . , t6 :
c := −

6
X

ti , ai :=

i=1

c
2c
c
− ti , a0i := − − ti , aij := + ti + tj ,
3
3
3

and f the polynomial
f (x) :=

6
Y
i=1

(x + ai )(x + a0i )

Y

(x + aij ).

1≤i<j≤6

Let ei denote the coefficient of f in x27−i . Shioda’s result is the following:
Theorem 11. Let Qi = (t−2
: t−3
: 1) ∈ P2 (1 ≤ i ≤ 6) be six points on the
i
i
cuspidal cubic X 3 − Y 2 Z = 0 and assume the condition
(#) ti 6= tj (i 6= j), ti + tj + tk 6= 0 (i, j, k distinct),

6
X
i=1

ti 6= 0.
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Then the cubic surface V ⊆ P3 obtained by blowing up these points has the
following defining equation
Y 2 W + 2Y Z 2 = X 3 + X(p0 W 2 + p1 ZW + p2 Z 2 ) + q0 W 3 + q1 ZW 2 + q2 Z 2 W
where pi , qj are given by:
p2
p1
q2
p0
q1
q0

=
=
=
=
=
=

²2 /12
²5 /48
(²6 − 168p32 )/96
(²8 − 294p42 − 528p2 q2 )/480
(²9 − 1008p1 p22 )/1344
(²12 − 608p21 p2 − 4768p0 p22 − 252p62 − 1200p32 q2 + 1248q22 )/17280.

Moreover, the above cubic surface V is smooth if and only if the assumption
(#) is satisfied.
We give some examples to illustrate Shioda’s result. Take 4 values t1 ,. . .,t4
and put t5 := −(t1 + t2 + t3 + t4 )/2 and t6 := t1 + t2 + t3 + t4P
. Assume
that the tj are pairwise different, no 3 of them add to 0 and
tj 6= 0.
Take (t1 , . . . , t6 ) := (0, 1, 2, 5, −4, 8). With this choice, the conic through
at1 , . . . , at5 meets C in at5 with multiplicity 2 (since t1 +t2 +t3 +t4 +2·t5 = 0).
The tangent line to this conic at at5 is by construction tangent to C as well,
and because t6 + t5 + t5 = 0, the third point of intersection with C is at6 .
Hence this is a configuration as is used in the construction of cubic surfaces
of type (5). As an explicit example, take (t1 , . . . , t6 ) := (0, 1, 2, 5, −4, 8). The
corresponding cubic surface of type (1) has equation
964825 2 79 2 433748125 3 141859 2
xw − xz +
w +
z w.
768
2
55296
96
The involution τ is in this case given as
y 2 w + 2yz 2 = x3 −

τ (x : y : z : w) := (x : y : −z : w).

This implies that after changing the sign of the coefficients of yz 2 and xz 2
and z 2 w, a cubic surface of type (5) is obtained.
√
√
Starting from the set {± −1, 1 ± −1, ±1}, the method yields the cubic
surface of type (3), given by y 2 w + 2yz 2 =
x3 −

3025 2 55
1
5525 3
8345
67 2
xw + xzw − xz 2 −
w +
zw2 +
z w.
8748
81
3
354294
39366
243
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To obtain an example of type (2), one takes
√ 4 real values and one pair
of complex conjugates. For example, {±1, ± −1, 2, 3} yields the equation
y 2 w + 2yz 2 =
x3 −

2.3

138025 2 245
16
48982975 3 600565 2 1439 2
xw −
xzw − xz 2 +
w +
zw +
z w.
34992
81
3
5668704
78732
486

Algorithm for the blow down morphism

Let S be a smooth cubic surface over C. Recall that S admits a blow-down
morphism Ψ : S −→ P2 , characterized by the properties that:
1. Φ is an isomorphism from S \ ∪6i=1 `i to P2 \ ∪6i=1 pi , with `i ⊆ S six
pairwise disjoint lines and pi ∈ P2 six points in general position for
i = {1, . . . , 6},
2. Φ(`i ) = pi .
In this section we provide a new, algorithmic proof of Theorem 4, (ii) of
Clebsch.
Remark: In [B-P] there is a completely different approach, using syzygies,
for computing the cubic equation from the 6 points in P2 . This method also
includes the computation of the equation of the cubic surface obtained by
blowing up 5 points of P1 × P1 .
Theorem 12. The following algorithm, which takes as input a smooth cubic
surface S over C and a line `1 on it, realizes a nonsingular cubic surface as
a blow up of 6 points.
Let S be a smooth cubic surface in P3 (C) given by a cubic homogeneous
polynomial f in C[X0 , X1 , X2 , X3 ].
Sketch of the Algorithm
• Find a line `2 ⊆ S such that `1 ∩ `2 = ∅.
• Define the rational map Φ1 : S ⊆ P3 99K `1 × `2 as follows. Let
p ∈ S \ (`1 ∪ `2 ) be a point on the surface. Calculate the unique line
` ∈ P3 , such that p ∈ `, ` ∩ `1 = {q1 } and ` ∩ `2 = {q2 }. Define
Φ1 (p) = (q1 , q2 ) ∈ `1 × `2 .
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• Consider V the space of homogeneous polynomials of degree 1 in
C[x1 , . . . , x4 ], and W ⊆ V the subspace given by {h ∈ V | h(`1 ) = 0}.
The space V /W has dimension 2. Let {β1 , β2 } be a basis of V /W .
Then, the map
`1 −→ P(V /W ) ' P1
x 7→ (β1 (x) : β2 (x))
is an isomorphism.
Actually one can take for β1 , β2 two distinct elements of {x1 , . . . , x4 },
say xj , xk .
The same can be done for the line `2 , and we have a basis {β˜1 , β˜2 } =
{xl , xm }. We have the isomorphism given by:
f : `1 × `2 −→ P1 × P1
(x, x0 ) 7→ ((β1 (x) : β2 (x)), (β˜1 (x0 ) : β˜2 (x0 )))
Note that f is well defined up to isomorphisms of the two P1 ’s.
• Find the five lines m1 , . . . , m5 on S that intersect both `1 and `2 (see
lemma 1).
• The map f ◦Φ1 : S 99K P1 ×P1 blows down the five lines mi to five points
pi = ((xj (mi ) : xk (mi )), (x0l (mi ) : x0m (mi )) ∈ P1 × P1 for i = 1, . . . , 5.
Choose one such point, say p1 , and compute its coordinates.
• Define Φ2 : P1 × P1 99K P2 as follows: Consider the space of forms of
0
bidegree (1, 1) in C[Xj , Xk , Xl0 , Xm
] (i.e., polynomials that are homo0
geneous of degree 1 in (Xj , Xk ) and in (Xl0 , Xm
)). Any such a form is
given by:
0
0
αXj Xl0 + βXj Xm
+ γXk Xl0 + δXk Xm
,
with α, β, γ, δ ∈ C.

Consider the subspace of the forms that vanish at p1 . This space has
dimension 3. Find a basis {f1 , f2 , f3 } of this space and define Φ2 as:
Φ2 : P1 × P1 99K
P2
p
7→ (f1 (p) : f2 (p) : f3 (p)).
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• The complete blow down morphism is Φ = Φ2 ◦ f ◦ Φ1 .

In the next proposition it will be verified that the algorithm has the
property of Theorem 12.
Proposition 2. The map Φ defines a birational morphism S → P2 which
blows down 6 lines and is an isomorphism outside these lines.
Proof. One can assume after a linear change of variables that the smooth
cubic surface S contains the two skew lines
½
½
x0 = 0
x2 = 0
`1 =
and `2 =
x1 = 0
x3 = 0.
Since `i ⊆ S, the equation defining S is given by:
αx20 x3 + βx21 x2 + x0 x1 h1 (x2 , x3 ) + x3 x0 f1 (x2 , x3 ) + x1 x2 g1 (x2 , x3 ) = 0
where h1 , f1 and g1 are linear forms in the variables x2 and x3 .
In order to define f , we will suppose that the bases considered are:
{β1 , β2 } = {x2 , x3 } and {β̃1 , β̃2 } = {x0 , x1 }. We can therefore assume that
the map f ◦ Φ1 is in this case given by:
f ◦Φ1

((a : b : c : d)) 7→ ((c : d), (a : b)),
defined on S outside `1 ∪ `2 . After a possible change of coordinates
¡ 0¢
¡ ¢
¡ 0¢
A xx00 and xx23 = A0 xx20 , one can assume m1 to be given by
1

¡ x0 ¢
x1

=

3

m1 =

½

x0 = 0
x2 = 0.

The point p1 = f ◦ Φ1 (m1 ) is p1 = ((0 : 1), (0 : 1)). A basis for the space of
forms of bidegree (1, 1) vanishing at ((0 : 1), (0 : 1)) is {ac, ad, bc}. Hence,
the total map Φ : S 99K P2 is given by:
Φ

((a : b : c : d)) 7→ (ac : ad : bc).
Let us now see that Φ is everywhere defined on S. The map is not defined
if and only if:
ac = ad = bc = 0
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which happens if and only if
a = b = 0 or c = d = 0 or a = c = 0,
i.e., the lines `1 , `2 and m1 .
We begin by considering a point of the form p = (0 : 0 : p3 : p4 ) ∈ `1 ⊂ S.
We will show that Φ is well defined at p. In order to do that, we consider a
point q = (q1 : q2 : q3 : q4 ) in the tangent space Tp S of S at p, with q1 6= 0
and q2 6= 0. Then, p + ²q ∈
/ `1 and Φ(p + ²q) with ²2 = 0 should not depend
on q.
On the one hand, one has that the image
Φ(p + ²q) = Φ(²q1 : ²q2 : p3 + ²q3 : p4 + ²q4 ) = (q1 p3 : q1 p4 : q2 p3 ).
If p3 = 0, i.e., for the point (0 : 0 : 0 : 1) on `1 , one has that Φ(p + ²q) =
(0 : 1 : 0), independent of q. If p4 = 0, then q2 = 0 and Φ(p + ²q) = (1 : 0 : 0)
is also independent of q.
On the other hand, q ∈ Tp S implies p4 f1 (p3 , p4 )q1 + p3 g1 (p3 , p4 )q2 = 0. It
follows that Φ(p + ²q) is independent of q, and in fact
Φ(p) = (−p3 g1 (p3 , p4 ) : −p4 g1 (p3 , p4 ) : p4 f1 (p3 , p4 )).
The same holds for the points on `2 .
For a point p = (0 : p2 : 0 : p4 ), the tangent space Tp S is given by
(p2 h1 + p4 f1 )x0 + (βp22 + p2 g1 )x2 = 0. It follows that q ∈ Tp S implies (p2 h1 +
p4 f1 )q1 + (βp22 + p2 g1 )q3 = 0. We conclude that Φ(p + ²q) = (0 : q1 p4 : p2 q3 )
is also independent of q.
The map Φ is a birational morphism: one can find its inverse as Φ−1
1 ◦
2
f ◦ Φ−1
:
A
point
(x
:
x
:
1)
∈
P
is
sent
to
((x
/x
:
1),
(x
:
1))
in
0
1
0
1
0
2
1
1
P × P . The two points on the lines `1 and `2 are given by:
−1

(p1 , p2 ) = ((0 : 0 : x0 : x1 ), (x0 : 1 : 0 : 0)) ⊆ `1 × `2 .
One can calculate the line `p1 p2 passing through p1 and p2 :
`p1 p2 = {(λx0 : λ : x0 : x1 )} ⊆ P3
and intersect it with S. We recall that the equation of S can be given by:
αx20 x3 + βx21 x2 + x0 x1 (a1 x2 + b1 x3 ) + x3 x0 (a2 x2 + b2 x3 )
+x1 x2 (a3 x2 + b3 x3 ) = 0.
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The intersection ` ∩ S consists of the points p1 ,p2 and a third point p ∈ S
that defines the rational map Φ−1 :
Φ−1 : P2 \ ∪6i=1 pi −→ P3
¡
(x : y : z) 7→
x(−a3 xz − b3 yz − a2 xy − b2 y 2 ) :
z(−a3 xz − b3 yz − a2 xy − b2 y 2 ) :
x(βz 2 + a1 xz + b1 yz + αxy) :
¢
y(βz 2 + a1 xz + b1 yz + αxy) .

Remark: Note that the map Φ2 blows up the point p1 = f ◦ Φ1 (m1 ) = ((0 :
1), (0 : 1)), and blows down the following two lines that intersect on the point
p1 :
r1 : {(0 : 1)} × P1 and r2 : P1 × {(0 : 1)}.
The six points {p1 , . . . , p6 } are obtained as follows: Four of them are
Φ(m2 ), Φ(m3 ), Φ(m4 ), Φ(m5 ). The remaining two are Φ2 (r1 ) and Φ2 (r2 ).
Note that the above map Φ−1 is given by p 7→ (f1 (p) : . . . : f4 (p)), where
{f1 , . . . , f4 } is a basis of the space of cubic curves passing through the points
p1 , . . . , p6 . In particular, it is a map given by cubic polynomials.
In the next section we present some examples of real surfaces for which
the explicit blow down morphism is calculated.
Remark: The algorithm really requires a given line `1 ⊆ S as input. Given
the equation of a surface, we do not know an efficient way of finding a line
on it.
Algorithm for real surfaces
Now we assume that the cubic surface S is given over R. Then S ⊆ P3R
and S is given by a cubic form in R[X1 , . . . , X4 ] (where R[X1 , . . . , X4 ] denotes
the homogeneous coordinate ring of P3R ). As we saw in Section 2.2, a real
blow down morphism exists in this case precisely when the surface is of type
1), 2), 3) or 4) given in Theorem 9. We assume that S is of type 1), 2), 3)
or 4) and distinguish the following two cases:

2.3. ALGORITHM FOR THE BLOW DOWN MORPHISM

51

1. S is of type 1), 2) or 3): then, S contains a skew pair of real lines
{`1 , `2 }. In this case, the algorithm is exactly the same as in the complex case, where one should replace C by R everywhere. The morphism
Φ : S −→ P2R blows down a real configuration of six lines. This configuration depends on the type 1), 2) or 3).
2. S is of type 4): then S does not contain a skew pair of real lines. In
¯ where `¯ is the
this case, there exists a skew pair of complex lines {`, `},
complex conjugate of the line `.
We briefly sketch the steps to follow in such case:
¯ a pair of skew conjugate lines on S.
• Choose {`, `},
• Build a map Φ1 : S ⊆ P3 99K ` × `¯ as in the complex case.

• Let VR = Rx1 + · · · + Rx4 and VP= Cx1 +P· · · + Cx4 . Complex
conjugation on V is defined by:
ai x i =
ai xi . Let ` define a
2-dimensional subspace W ⊆ V and ` define the subspace W ⊆ V .
Choose β1 , β2 ∈ V such that their image in V /W , denoted by the
same symbols, form a basis.
For V /W we choose β1 , β2 as representatives of a basis. This
defines the map f : `×` −→ P1 ×P1 . The real structure considered
on P1 × P1 is the one induced by f . In particular, for p = (a, b) ∈
P1 × P1 one has p = (b, a).

• Find the five lines m1 , . . . , m5 on S that intersect both ` and
`. Since the set {`, `} is defined over R, so is {m1 , . . . , m5 }. In
particular, this means that at least one of the lines mi , say m1 , is
real.

• The map f ◦ Φ1 blows down the five lines mi to five points pi ∈
P1 ×P1 for i = 1, . . . , 5. Compute the coordinates of the real point
p1 , i.e, p1 = (a, a) ∈ P1 × P1 .

• Let X1 , X2 and X10 , X20 denote the homogeneous coordinates of P1
and P1 . Complex conjugation on the forms of bidegree
P (1, 1) 0 on
1
1
P × P (with the above real structure) is given by:
αij Xi Xj =
P
αij Xi0 Xj . A basis {f1 , f2 , f3 } for the 3-dimensional real space
of the forms of bidegree (1, 1) vanishing at p1 , and invariant under
the complex conjugation as defined here, defines the rational map
Φ2 : P1 × P1 99K P2 by p 7→ (f1 (p) : . . . : f3 (p)).
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• Φ = Φ2 ◦ f ◦ Φ1 : S −→ P2R , is a real morphism blowing down 6
lines consisting of 3 pairs of conjugated complex lines.

Remark: As we know from section 2.2, a real morphism to P2R blowing down
6 lines does not exist for surfaces of type 5). In fact, the above algorithm
fails already in the very first step: there exists no pair of skew conjugate lines
on the surface.

2.3.1

Examples: The Clebsch and the Fermat

Next, we calculate the explicit blow down morphism for two surfaces: the
Clebsch diagonal surface and the Fermat cubic surface.
The Clebsch diagonal surface
Recall that the Clebsch diagonal surface is a smooth cubic surface S given
by the following equations in P4 :
½ 3
x0 + x31 + x32 + x33 + x34 = 0
S=
x0 + x1 + x2 + x3 + x4 = 0.
An equation for S in P3 is:
S = x30 + x31 + x32 + x33 + (−x0 − x1 − x2 − x3 )3 = 0.
Consider the line
`1 =

½

x0 = 0
x1 + x2 = 0

on S.
• The Clebsch surface has the property that all its 27 lines are defined
over R. The 27 lines can be given in two groups as:
i) 15 lines defined over Q of the form:
li,jk =
where i, j, k ∈ {0, 1, 2, 3, 4}.

½

xi = 0
xj + xk = 0
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√
ii) 12 lines defined over Q( 5) and not over Q. According to Clebsch’s
construction in [Cl], these lines can be given in the following form.
Let ζ be a fifth root of unity ζ := e2πi/5 . Write {1, 2, 3, 4} =
{j, k, l, m} and consider the point
pjkmn = (ζ j , ζ k , ζ m , ζ n , 1) ∈ P4
and its complex conjugate pjkmn . The line connecting pjkmn and
pjkmn is real and it is contained in S. There are 12 pairs of lines
{pjkmn , pjkmn } (since we may assume that j = 1 or 2. For each of
the possibilities, there are 3 possible choices for k, 2 for l and 1
for m. I.e., one has 2 × 3 × 2 = 12 pairs). The set of these 12 lines
can be rewritten in the following manner:

∆(j,k,m,n)


 xj + τ x k + xm = 0
xk + τ x j + xn = 0
=

τ x j + τ x k − x4 = 0

with {j, k, m, n} = {0, 1, 2, 3}, j < k and τ =

√
1+ 5
.
2

Let us consider the line
`2 =

½

x4 = 0
x0 + x2 = 0

which is skew to `1 , and apply the algorithm to the two lines {`1 , `2 }.
• As it is explained in the algorithm, the blow-down morphism is built
in two steps:
Φ

Φ

2
1
P2 .
`1 × `2 ' P1 × P1 −→
S ⊆ P3 −→

Recall that Φ1 (p) = (p1 , p2 ) ∈ `1 × `2 , where p1 and p2 are the intersections points of ` with `1 and `2 respectively, and ` is the unique
line passing through p and intersecting both the lines. In order to
find p1 and p2 , let us consider the plane Hi passing through `i and
p = (a : b : c : d) for i = 1, 2:
H1 = {x0 (−b − c) + ax1 + ax2 = 0} and
H2 = {x0 (d + b) + x1 (−a − c) + x2 (d + b) − a − c = 0}.
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The point p1 is the intersection point H2 ∩ `1 :
p1 = (0 : −a − c : a + c : a + b + c + d),
and p2 is the intersection point H1 ∩ `2 :
p2 = (−a : −a − b − c : a : a + b + c).
• Consider V the space of homogeneous polynomials of degree 1 in
C[x1 , . . . , x4 ], and W ⊆ V the subspace given by {h ∈ V | h(`1 ) =
0} and W 0 the subspace {h ∈ V | h(`2 ) = 0}. Consider the bases
{β1 , β2 } = {x2 , x3 } and {β˜1 , β˜2 } = {x02 , x03 } of the spaces V /W and
V /W 0 respectively. Define f as:
f : `1 × `2 −→ P1 × P1
((x0 : x1 : x2 : x3 ), (x00 : x01 : x02 : x03 )) 7→ ((x2 : x3 ), (x02 : x03 )).
The map f ◦ Φ1 is given by:
S ⊆ P3 99K P1 × P1
(a : b : c : d) 7→ ((a + c : a + b + c + d), (a : a + b + c)).
• By lemma 1, we know that there exist precisely 5 lines on S that
intersect both `1 and `2 . These five lines are:
½
½
½
x1 = 0
x0 = 0
x4 = 0
,
, m3 =
, m2 =
m1 =
x0 + x2 = 0
x1 + x3 = 0
x0 + x3 = 0
½
½
x0 + τ x 2 + x3 = 0
x0 + τ x 2 + x3 = 0
and m5 = m4 =
m4 =
x2 + τ x 0 + x1 = 0
x2 + τ x 0 + x1 = 0
where τ =

√
1− 5
.
2

• By the definition of Φ1 , the five lines mi are blown down to five points
pi :
i) f ◦ Φ1 (m1 ) = ((∞ : 1), (−1 : 1)),

ii) f ◦ Φ1 (m2 ) = ((1 : 1), (0 : 1)),
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iii) f ◦ Φ1 (m3 ) = ((0 : 1), (∞ : 1)),

iv) f ◦ Φ1 (m4 ) = ((τ : 1), (−τ : 1)),

v) f ◦ Φ1 (m5 ) = ((τ : 1), (−τ : 1)).

Consider any of the points pi (since they are all real), for instance, the
point p2 = Φ1 (m2 ) = ((1 : 1), (0 : 1)).
• Consider a basis for the subspace of the forms of bidegree (1, 1) in
C[X2 , X3 , X20 , X30 ] that vanish in the point ((1 : 1), (0 : 1)), for example
the basis
B = {X2 X30 − X3 X30 , X3 X20 , X2 X20 }.
This basis defines the map Φ2 :

Φ2 : P1 × P1 −→ P2
((x2 : x3 ), (x02 : x03 )) 7→ (x2 x03 − x3 x03 : x3 x02 : x2 x02 )
• The complete blow down morphism is given by Φ = Φ2 ◦ f ◦ Φ1 :
Φ : S ⊆ P3 −→ P2
(a : b : c : d) 7→ ((−b − d)(a + b + c) :
a(a + b + c + d) : a(a + c)).
In order to find the six points in P2 , note that four of them are the images
Φ(m1 ), Φ(m3 ), Φ(m4 ), Φ(m5 ). The remaining two are the images of the lines
r1 = P1 × {(1 : 1)} and r2 = {(0 : 1)} × P1 under Φ2 . That is, the six points
are:
(1 : 0 : 1), (0 : 1 : 0), (−τ : −τ : 1), (−τ , −τ : 1), (1 : 0 : 0), (0 : 1 : 1).
The six lines that are blown down to the six points are the four lines
m1 , m3 , m4 , m5 and the two lines:
½
½
x2 = 0
x1 = 0
−1
−1
and Φ1 (r2 ) =
Φ1 (r1 ) =
x1 + x3 = 0
x2 + x4 = 0

56

CHAPTER 2. SMOOTH CUBIC SURFACES
The blow-up map Ψ = Φ−1 is:
Ψ : P2 99K S ⊆ P3
(x : y : z) 7→ ((−z + y)(−z 2 + xz + xy) : −z 3 + xz 2 + yz 2 − x2 y :
x(z 2 − xz − y 2 ) : z(−xz + x2 + yz − y 2 )).

An application to Coding Theory
In this section, we give an application of some of the results obtained in the
previous section to coding theory. In particular, we calculate the number of
words of minimum weight in a BCH-code. This number is relevant, since it
is related to the maximal number of errors that the code can detect.
We begin by defining some basic notions of coding theory.
Definition 1.
1. A linear code C over Fq of length n is a linear subspace of the vector
space Fnq consisting on n-tuples c = (a0 , . . . , an−1 ) with ai ∈ Fq . The
elements c = (a0 , . . . , an−1 ) ∈ C are called words.
2. A linear code C is a cyclic code if for every word c = (a0 , . . . , an−1 ) ∈ C,
the word c = (an−1 , a0 , . . . , an−2 ) is also in C.
3. The Hamming distance d(c1 , c2 ) between two words c1 , c2 ∈ C is defined
as the number of coefficients where c1 and c2 differ. The Hamming
distance defines a metric on Fnq .
4. The weight w(c) of a word c ∈ C is the number of non-zero coordinates
of c. In other words, w(c) = d(c, 0).
5. The minimum weight of a linear code C is given by
dmin (C) = min{w(c) : c ∈ C, c 6= 0}.
BCH codes are named after Bose, Chaudhuri and Hocquenghem. To define them, consider the finite field F2m and a generator α of the multiplicative
group F∗2m . Put n = 2m − 1 and define the binary linear cyclic code of length
n as:
C = {(a0 , a1 , . . . , an−1 ) ∈

Fn2

|

n−1
X
i=0

ai αi = 0 and

n−1
X
i=0

ai αi3 = 0}.
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One can calculate the minimal weight of a given code C by finding the
solutions to the system
n−1
X

ai αi = 0 and

i=0

n−1
X

ai αi3 = 0.

i=0

It can easily be proven that the system has no solutions with distinct αi for
n ≤ 4. Hence, dmin (C) ≥ 5. If c = (a0 , . . . , an−1 ) ∈ C has weight 5, this
means there exist
0 ≤ i1 < i2 < . . . < i5 ≤ n − 1
such that aj = 0 if j ∈
/ {i1 , . . . , i5 } and aj = 1 otherwise. Since c ∈ C, the
point (αi1 : · · · : αi5 ) is a point on the Clebsch with coordinates in F2m , that
is
½ 3
αi1 + αi32 + αi33 + αi34 + αi35 = 0
αi1 + αi2 + αi3 + αi4 + αi5 = 0.
Calculating the solutions to this system is equivalent to counting the number
#S(F2m ) of points on the Clebsch with coordinates in F2m .
Lemma 3. The number #S(F2m ) of points of the Clebsch with coordinates
in F2m is given by:
½ 2m
2 + 7 · 2m + 1 if m is even
#S(F2m ) =
22m + 5 · 2m + 1 if m is odd.
Proof. Recall that the Clebsch diagonal surface is obtained by blowing up
the six points:
(1 : 0 : 1), (0 : 1 : 0), (1 : 0 : 0), (0 : 1 : 1), (−τ : −τ : 1), (−τ , −τ : 1)
√

√

where τ = 1+2 5 and τ = 1−2 5 . The six points are in P2 (Z[τ ]).
One can define F4 as Z[τ ]/(2) = F2 [τ + (2)], with τ + (2) a root of
2
x + x + 1 = 0. After reducing the six points modulo 2, one sees that they
are all in P2 (F4 ) and that they are still in general position. The four points
(1 : 0 : 1), (0 : 1 : 0), (1 : 0 : 0), (0 : 1 : 1)
are in P2 (F2 ), and the remaining two are in P2 (F4 ) \ P2 (F2 ).
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Hence, the number a of points in P2 (F2m ) is
½
a = 4 if m even
a = 6 if m odd.

We recall that the Clebsch can be obtained by blowing up the P2 at six
point (a of them in P2 (F2m )). Since these points are replaced by P1 ’s, one
has that the total number of points in S in F2m can be calculated as:
#P2 (F2m ) + a − a · #P1 (F2m ).
One can write P2 (F2m ) as {(0 : 0 : 1), (0 : 1 : x), (1 : y : z) | x, y, z ∈ F2m }.
Hence, #P2 (F2m ) = 1 + 2m + 22m . The number of points of P1 (F2m ) is 2m + 1,
that is,
½ 2m
2 + 7 · 2m + 1 if m is even
#S(F2m ) =
22m + 5 · 2m + 1 if m is odd.
We can now prove the result:
Theorem 13. The number of words of weight 5 in C is given by:
½
(q − 1)(q − 4)2 /5!
for q = 2m if m is even
(q − 1)(q − 2)(q − 8)/5! for q = 2m if m is odd.
Proof. Among all points in #S(F2m ), we only need those whose coordinates
are all distinct and differ from zero. After a short computation (see [Vlugt]),
m
¡one
¢ sees that we must leave aside a total of 15(2 ) − 15 points, namely:
5
= 10 points¡ in
3
¢ the orbit of (1 : 1 : 0 : 0 : 0) under the automorphism
5
group S5 of S, 1 = 5 points in the orbit of (1 : 1 : 1 : 1 : 0) and 15(2m − 2)
points in the orbit of (1 : 1 : a : a : 0) with a ∈ F2m \F2 .
In the case when m is even, the number of words of weight 5 are counted
as follows: By lemma 3, the number of points of S that are in F2m whose
homogeneous coordinates are distinct and differ from zero is:
(2m )2 + 7(2m ) + 1 − (15(2m ) − 15) = (2m − 4)2 .
Every projective solution gives 2m − 1 affine ones. Since the solution are up
to permuting the five coordinates, one has that the total number or words of
weight five for m even is:
(2m − 1)(2m − 4)2 /5!.
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In a similar way, the formula for m odd is obtained:
(2m − 1)(2m − 2)(2m − 8)/5!.
Alternative proofs of this theorem can be found in [Vlugt] and [McW-Sl].
The Fermat cubic surface
The Fermat cubic is a surface of type 4) in Schläfli’s classification. It does
not contain a skew pair of real lines. Hence, we will consider a pair of skew
complex conjugate lines.
We recall that the Fermat cubic surface S is the smooth cubic surface in
3
P defined by the polynomial
x30 + x31 + x32 + x33 .
The 27 lines on the Fermat can be given in three groups as:
i) 9 lines of the form:
½

x0 + ωx1 = 0
x2 + ω 0 x3 = 0,

½

x0 + ωx2 = 0
x1 + ω 0 x3 = 0,

½

x0 + ωx3 = 0
x1 + ω 0 x2 = 0,

ii) 9 lines of the form:

iii) 9 lines of the form:

where ω and ω 0 are cubic roots of unity (not necessarily primitive). Now fix
a primitive third root of unity ω and consider the line on S:
½
x0 + ωx1 = 0
`=
x2 + ωx3 = 0,
and the conjugate line `
`=
which is skew to `.

½

x0 + ω 2 x1 = 0
x2 + ω 2 x3 = 0
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• We proceed to build the map Φ1 (p) = (p1 , p2 ) ∈ ` × `. We find p1 and
p2 as follows. Let p = (a : b : c : d) ∈ P3 . Let H2 be the plane passing
through ` and p. Such a plane can be given by:
H2 = {(x0 : x1 : x2 : x3 ) ∈ P3 |
(c + dω 2 )x0 + (cω 2 + dω)x1 − (a + bω 2 )x2 − (aω 2 + bω)x3 = 0}.
Intersect the plane H2 with the line ` and obtain p1 :
p1 = (−aω − b : a + bω 2 : −ω(c + dω 2 ) : c + dω 2 ).
The second coordinate p2 ∈ ` is:
p2 = (−aω 2 − b : a + bω : −ω 2 (c + dω) : c + dω).
Define Φ1 as Φ1 (p) = (p1 , p2 ).
• Let VR = Rx1 + · · · + Rx4 and V = Cx1 + · · · + Cx4 . Let ` define
a 2-dimensional subspace W ⊆ V and ` define the subspace W ⊆ V .
Consider the bases {x1 , x3 } and {x01 , x03 } of the spaces V /W and V /W
respectively. Define f as:
f

` × ` −→ P1 × P1
((x0 : x1 : x2 : x3 ), (x00 : x01 : x02 : x03 )) 7→ ((x1 : x3 ), (x01 : x03 ))
• In total, the map f ◦ Φ1 is given by:
S ⊆ A3 −→ P1 × P1
(a : b : c : d) 7→ ((a + bω 2 : c + dω 2 ), (a + bω : c + dω)).
• By applying lemma 1 to the two lines ` and `, we have that there exist
5 lines on S intersecting both ` and `. The five lines are given by:
½
½
x0 + ωx1 = 0
x0 + ω 2 x1 = 0
m1 =
m2 =
2
x2 + ω x3 = 0,
x2 + ωx3 = 0,
½
½
x0 + ω 2 x2 = 0
x0 + ωx2 = 0
m4 =
m3 =
x1 + ω 2 x3 = 0
x1 + ωx3 = 0,
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and the real line
m5 =

½
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x0 + x2 = 0
x1 + x3 = 0.

• By the definition of Φ1 , the five lines m1 . . . m5 are sent to five points:
i) f ◦ Φ1 (m1 ) = ((∞ : 1), (0 : 1)),

ii) f ◦ Φ1 (m2 ) = ((0 : 1), (∞ : 1)),

iii) f ◦ Φ1 (m3 ) = ((−ω : 1), (−ω : 1)),

iv) f ◦ Φ1 (m4 ) = ((−ω 2 : 1), (−ω 2 : 1)),
v) f ◦ Φ1 (m5 ) = ((−1 : 1), (−1 : 1)).

Consider the real point p5 = ((−1 : 1), (−1 : 1)).
• We look for forms of bidegree (1, 1)
αX1 X10 + βX1 X30 + γX3 X10 + δX3 X30 ,
with
δ ∈PC, that are invariant under complex conjugation
P α, β, γ,
0
αij Xi Xj 7→
αij Xi0 Xj .

A basis for the subspace of forms that vanish in ((−1 : 1), (−1 : 1)) is:

{f1 , f2 , f3 } = {2X1 X10 +X1 X30 +X3 X10 ,

X1 X30 − X3 X10
, −X1 X10 +X3 X30 }.
2ω + 1

Define Φ2 : P1 × P1 99K P2 that maps ((x1 : x3 ), (x01 : x03 )) to
(2x1 x01

+

x1 x03

+

x01 x3

x1 x03 − x01 x3
:
: −x1 x01 + x3 x03 ).
2ω + 1

• The complete blow down morphism is given by Φ2 ◦ f ◦ Φ1 :
S ⊆ P3 −→ P2
(a : b : c : d) 7→ (2a2 − a(2b − 2c + d) + b(2b − c + 2d) :
ad − bc : −a2 − b2 + c2 + ab − cd + d2 ).
The map Φ2 blows up the point ((−1 : 1), (−1, 1)) and blows down the
following two lines that intersect in the point ((−1 : 1), (−1, 1)):
r1 = {(−1 : 1)} × P1 and r2 = P1 × {(−1 : 1)}.
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Next, we present the six points in P2 for the Fermat cubic that correspond
to this blow down morphism: Four of the points are the images of the four
lines m1 , m2 , m3 , m4 under the blow down morphism. The remaining two
can be obtained by applying Φ2 to the lines r1 = {(−1 : 1)} × P1 and
r2 = P1 × {(−1 : 1)}.
(ω : 1 : 0), (ω 2 : 1 : 0), (2 : 0 : ω), (2 : 0 : ω 2 ), (ω : 1 : −ω), (ω 2 : 1 : −ω 2 ).
The six lines that are blown down to these six points are the four lines
m1 , m2 , m3 , m4 and the lines
½
½
x0 + ω 2 x3 = 0
x0 + ωx3 = 0
−1
−1
Φ1 (r1 ) =
and Φ1 (r2 ) =
2
x2 + ω x1 = 0
x2 + ωx1 = 0.
The blow-up map Ψ = Φ−1 : P2 99K P3 maps (x : y : z) to:
(−x3 − 2x2 z + 3x2 y + 12yxz − 3xy 2 − 4xz 2 + 6y 2 z + 12yz 2 + 9y 3 :
x3 + 2x2 z + 3x2 y + 12yxz + 3xy 2 + 4xz 2 − 6y 2 z + 12yz 2 + 9y 3 :
−8z 3 − 8xz 2 − 9y 3 − x3 − 3x2 y − 3xy 2 − 4x2 z − 12y 2 z :
8z 3 + 8xz 2 − 9y 3 + x3 − 3x2 y + 3xy 2 + 4x2 z + 12y 2 z) .
Remark 1: This differs from the blow-up map given by Elkies [El]. We do
not know whether or not his blow-up map is related to ours.
P
Remark 2: Euler was the first one to give all rational solutions of 3i=0 x3i =
0. His parameterization is given by the following polynomials of degree 4:
p
q
r
s

=
=
=
=

3(bc − ad)(c2 + 3d2 )
(a2 + 3b2 )2 − (ac + 3bd)(c2 + 3d2 )
3(bc − ad)(a2 + 3b2 )
−(c2 + 3d2 )2 + (ac + 3bd)(a2 + 3b2 ).

The details of his method can be found in [D, pp. 552-554]. A general
method that yields parameterizations of cubic surfaces by polynomials of
degree 4, is described in [Ba-Ho-Ne]. The algorithms described in this section
may be regarded as an improvement of their method.
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2.4

Twists of surfaces over Q

In this section we compute twists over Q of the Clebsch diagonal surface and
the Fermat cubic surface. First, we define H1 and give some background
knowledge on the theory of twists.

2.4.1

H1 (Gal(Q/Q), G)

Let X be an algebraic surface defined over Q and G = Aut(X ×Q Q) the
group of the Q-automorphisms of X ×Q Q. The Galois group Gal(Q/Q) acts
on G as follows:
Let g ∈ G, and σ ∈ Gal(Q/Q). Define σ(g) as the unique automorphism
in G such that the following diagram commutes:
X ×Q Q
idX × σ ↓

X ×Q Q

g

−→
σ(g)

−→

X ×Q Q
↓ idX × σ

X ×Q Q ,

It is immediate to verify that: (To ease notation we will write composition
of maps as hg instead of h ◦ g.):
1. σ(g) = (idX × σ)g(idX × σ)−1 ∈ G.
2. σ(gh) = σ(g)σ(h)
3. (στ )(g) = σ(τ (g)).
In particular, σ(g) defines an action of the Galois group Gal(Q/Q) on G.
Definition 2. Let σ(g) be the action described before. A 1-cocycle is a map
c : Gal(Q/Q) −→ G such that c(στ ) = c(σ)σ(c(τ )).
Two 1-cocycles c, c0 are equivalent if there is an h ∈ G such that for all
σ, c(σ) = h−1 c0 (σ)σ(h). This defines an equivalence relation. The set of
equivalence classes is denoted by H1 (Gal(Q/Q), G).

2.4.2

Explicit twists of surfaces

Definition 3. Let X be an algebraic surface over Q. A form or a twist
of X is another algebraic surface Y defined over Q such that there exists a
Q-isomorphism
f : X ×Q Q −→ Y ×Q Q.
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The set of twists of X modulo Q-isomorphism is denoted by T wist(X).
Let X be an algebraic surface. For each twist Y ∈ T wist(X) choose
a Q-isomorphism f : X ×Q Q −→ Y ×Q Q. Let σ ∈ Gal(Q/Q). Define
σ(f ) : X ×Q Q −→ Y ×Q Q such that the following diagram is commutative.
X ×Q Q
idX × σ ↓

X ×Q Q

f

−→
σ(f )

−→

Y ×Q Q
↓ idY × σ

Y ×Q Q ,

Define the map c : Gal(Q/Q) −→ G attached to f by c(σ) := f −1 σ(f ) ∈
Aut(X ×Q Q). Then, the following statements hold:
Theorem 14. Using the previous notation,
1. c is a cocycle (i.e., for all σ, τ ∈ Gal(Q/Q), c(στ ) = (c(σ))σ(c(τ ))).
2. A different choice of f leads to an equivalent cocycle.
3. The natural map
T wist(X) −→ H1 (Gal(Q/Q), G)
is a bijection, that is, the twists of X are in one-to-one correspondence
with the elements of H1 (Gal(Q/Q), G).
Proof. See [Sil].

2.4.3

Twists of the Clebsch

Recall that the Clebsch diagonal surface is the smooth cubic surface S given
by the following homogeneous equations in P4 :
½ 3
x0 + x31 + x32 + x33 + x34 = 0
S=
x0 + x1 + x2 + x3 + x4 = 0.
The description of all lines on S as given in 2.3.1 shows:
Proposition 3. Let S be the Clebsch diagonal surface.
1. The number of rational lines on S is 15.
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2. The number of rational tritangents on S is 15.
Proof. Recall that
√ S is obtained by blowing up 6 points: 4 defined over Q
and one Gal(Q( 5)/Q) conjugate pair.
We now calculate twists of this surface. It is known that Aut(S ×Q Q)) =
S5 (see [Hu]). The automorphisms group S5 acts on S by permuting the set
{x0 , x1 , x2 , x3 , x4 }.
Note that, in this case, the action of Gal(Q/Q) on S5 is trivial. Hence, it
holds that c(σ1 σ2 ) = c(σ1 )σ1 (c(σ2 )) = c(σ1 )c(σ2 ), i.e., H 1 (Gal(Q/Q), S5 ) =
Hom(Gal(Q/Q), S5 )/conj, where “conj” denotes conjugation by elements in
S5 .
The Clebsch surface can be represented by its homogeneous coordinate
ring A:
Q[x0 , x1 , x2 , x3 , x4 ]
A = P4
P
( j=0 xj , 4j=0 x3j )
Let σ ∈ Gal(Q/Q) and let h : Gal(Q, Q) −→ S5 be a homomorphism. By
the general theory as described in Theorem 14, h defines a twists S twist of S.
We will now describe this twist.
We define a new action ρh of Gal(Q/Q) on Q ⊗Q A as follows:
ρh (σ)(λ ⊗ a) = σ(λ) ⊗ h(σ)(a) for all λ ⊗ a ∈ Q ⊗ A.

More precisely, ρh acts on A as:

ρh (σ)(xi ) = xh(σ)i ,
for all i = 0, . . . , 4.
The elements of the homogeneous coordinate ring of the
P4twisted
Psurface
twist
S
are the invariants of Q ⊗Q A = Q[x0 , x1 , x2 , x3 , x4 ]/( j=0 xj , 4j=0 x3j )
under ρh . In fact
(Qx0 + Qx1 + Qx2 + Qx3 + Qx4 )ρh = Qy0 + Qy1 + Qy2 + Qy3 + Qy4
for certain linear forms yi . These yi generate the coordinate ring of S twist .
In the following, we illustrate this for the case of homomorphisms h :
Gal(Q/Q) −→ S5 which have as image a subgroup of order 2, and for one
example in which the image is a subgroup of order 5.
Notation: We denote by {0, 1, 2, 3, 4} the set of five elements that S5 permutes. Then, (i, j) ∈ S5 denotes the two-cycle that permutes the elements i
and j, and so on.
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√
Twist by Gal(Q( d)/Q) and a 2-cycle.
All 2-cycles give the same class. Then, one√can consider the 2-cycle given
by h(0, 1)i, with (0, 1) ∈ S5 . Let Gal(Q( d)/Q) = {1, σ}. Define h :
Gal(Q/Q) −→ h(0, 1)i by the diagram:
Gal(Q/Q)
res &

h

−→

√
Gal(Q( d)/Q)

h(0, 1)i ≤ S5
%c

where c is an isomorphism such that c(σ) = (0, 1).
Proposition 4. Let S twist be the twisted surface of the Clebsch S by the
homomorphism h : Gal(Q/Q) −→ h(0, 1)i. Then,
1. The surface S twist is given by the equations

 y03 3y0 y12
+
+ y23 + y33 + y43 = 0
twist
S
=
4
8d
 y +y +y +y =0
0
2
3
4

2. The number of rational lines and rational tritangents on S twist is (3, 13).

Proof.
1. Notation: In the following,
s will denote the 2-cycle (0, 1). The action
√
of ρs (σ) of σ on Q( d) ⊗Q A is given by:
√ ρs (λ ⊗ xi ) = σ(λ) ⊗ xs(i) for
all i = 0, . . . , 4. The invariants in Q( d)[x
√ 0 , x1 , x2 , x3 , x4 ] under this
action are generated by y0 = x0 +x1 , y1 = d(x0 −x1 ), y2 = x2 , y3 = x3
and y4 = x4 . We now write the xi ’s in terms of the yi ’s:
y0
y0
y1
y1
+ √ , x1 =
− √ , x2 = y2 , x3 = y3 , x4 = y4 .
2
2
2 d
2 d
P
P
and substitute them in the equations 4j=0 xj = 0 and 4j=0 x3j = 0.
The new equations in terms of the yi ’s that define the twisted surface
are:
x0 =

S twist


 y03
y0 y12
+
3
+ y23 + y33 + y43 = 0
=
4
8d
 y + y + y + y = 0.
0
2
3
4
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2. Let us now calculate the number of lines of S twist that are defined over
Q.
In general, a line l ⊆ S, where S is the original surface, is defined over
Q ⇔ σ(l) = l. We now have an isomorphism: S ×Q Q ' S twist ×Q Q.
A line ˜l ⊆ S twist is defined over Q ⇔ ρs (σ)(l) = l.

We recall (see Section 2.3.1) that the 27 lines on the Clebsch can be
given in the following two groups:
(a) 15 lines defined over Q of the form:
`i,jk =

½

xi = 0
xj + xk = 0

where i, j, k ∈ {0, 1, 2, 3, 4}. Since all lines of this type are defined
over Q, the map ρs (σ) acts on `i,jk by: ρs (σ)(`i,jk ) = `s(i),s(j)s(k) .
It is easy to see that the only rational lines in this group are `2,01 ,
`3,01 and `4,01 .
√
(b) 12 lines defined over Q( 5) as follows:

∆(j,k,m,n)


 xj + τ x k + xm = 0
xk + τ x j + xn = 0
=

τ x j + τ x k − x4 = 0

√
with {j, k, m, n} = {0, 1, 2, 3}, j < k and τ = 21 + 21 5. These
twelve lines form the following double six D:
¶
µ
∆(0,1,2,3) ∆(0,2,3,1) ∆(0,3,1,2) ∆(1,2,0,3) ∆(1,3,2,0) ∆(2,3,0,1)
.
∆(0,1,3,2) ∆(0,2,1,3) ∆(0,3,2,1) ∆(1,2,3,0) ∆(1,3,0,2) ∆(2,3,1,0)
To calculate the action of ρs (σ) on the lines, we distinguish two cases:
√
√
(a) Suppose that Q( d) 6= Q( 5). We look for lines ` ⊆ S such
that ρs (σ̃)(`) = ` for all σ̃ ∈ Gal(Q/Q). One must distinguish the
following cases:
√
i. σ̃|Q(√d) = σ and σ̃|Q(√5) 6= id. In this case, the action sends 5
√
to − 5 and interchanges x0 ↔ x1 . The action on the rational
lines is the following: ρs (σ̃)(`i,jk ) = `s(i),s(j)s(k) . Hence, the
rational lines fixed by this action are: `2,01 , `3,01 , `4,01 .
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√
Concerning the 12 lines defined over Q( 5) that form the
double six D, one has that ρs (σ̃)(D) equals:
∆(0,1,3,2) ∆(0,2,1,3) ∆(0,3,2,1) ∆(1,2,3,0) ∆(1,3,0,2) ∆(2,3,1,0)
∆(0,1,2,3) ∆(0,2,3,1) ∆(0,3,1,2) ∆(1,2,0,3) ∆(1,3,2,0) ∆(2,3,0,1)
That is, there are no lines of this type fixed by ρs (σ̃).
Therefore, in the remaining cases we will only look at the
action of ρs (σ̃) on the rational lines.
ii. σ̃|Q(√d) = σ and σ̃|Q(√5) = id. In this case, the action on the
rational lines is the same as in previous case. That is, the
action fixes the lines `2,01 , `3,01 , `4,01 .
√
√
iii. σ̃|Q(√d) = id and σ̃|Q(√5) 6= id. The action sends 5 to − 5
and leaves the coordinates xi ’s invariant. Hence, ρs (σ̃) fixes
all 15 rational lines `i,jk .
iv. σ̃|Q(√d) = id and σ̃|Q(√5) = id. Again, ρs (σ̃) fixes all rational
lines.
The lines on S that are fixed by ρs (σ̃) for all σ̃ ∈ Gal(Q/Q) are
the three lines `2,01 , `3,01 , `4,01 . The same can be done to calculate
the number of tritangents of S twist that are defined over Q (i.e.,
the pairs of intersecting lines {`1 , `2 } on S such that {ρs (σ̃)(`1 ),
ρs (σ̃)(`2 )} = {`1 , `2 }). This leads to 13 tritangent planes, corresponding to the pairs: {`0,12 , `1,02 }, {`0,13 , `1,03 }, {`0,14 , `1,04 },
{`0,23 , `1,23 }, {`0,24 , `1,24 }, {`0,34 , `1,34 }, {`2,34 , `3,42 }, {`2,03 , `2,13 },
{`2,04 , `2,14 }, {`3,02 , `3,12 }, {`3,04 , `3,14 }, {`4,02 , `4,12 }, {`4,03 , `4,13 }.
√
√
(b) Suppose that Q( d) = Q( 5). We repeat the reasoning and
distinguish two cases:
√
√
i. σ̃|Q(√5) 6= id. In this case, the action sends 5 to − 5 and
interchanges x0 ↔ x1 . As before, ρs (σ̃) fixes the three rational
lines `2,01 , `3,01 , `4,01 and no line of type ∆(j,k,m,n) . The action
fixes the 13 tritangents given above.
ii. σ̃|Q(√5) = id. The action fixes all the lines and tritangents on
S.
Again, one has that the twisted surface has 3 rational lines and
13 rational tritangents.
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√
Twist by Gal(Q( d)/Q) and the product of two 2-cycles.
Consider the homomorphism h : Gal(Q/Q) −→ S5 given by h(σ) =
(0, 1)(2, 3). In this case, h factors as h = cf in the following manner:
Gal(Q/Q)
res &

h

−→

√
Gal(Q( d)/Q)

h(0, 1)(2, 3)i ≤ S5
%c

where c is an isomorphism such that c(σ) = (0, 1)(2, 3).
Notation: In the following we will denote the permutation (0, 1)(2, 3)
by s. We have the following result:
Proposition 5. Let S twist be the twisted surface of the Clebsch S by the
homomorphism h. Then,
1. S twist is given by the equations:

 y03 3y0 y12 y23 3y2 y32
+
+
+
+ y43 = 0
twist
S
=
4
8d
4
8d
 y + y + y = 0.
0
2
4
2. The number of rational lines and rational tritangents on S twist is (3, 7).
√
Proof.
1. Denote by ρs (σ) the action on Q( d) ⊗Q A given√
by: ρs (σ)(λ ⊗
xi ) = σ(λ)⊗xs(i) for all i = 0, . . . , 4. The invariants in Q( d)[x
√ 0 , x1 , x2 ,
x3 , x4 ] under this
√ action are generated by y0 = x0 +x1 , y1 = d(x0 −x1 ),
y2 = x2 , y3 = d(x2 − x3 ) and y4 = x4 . One can write the xi ’s in terms
of the yi ’s:
x0 =

y1
y0
y1
y2
y3
y2
y3
y0
+ √ , x1 = − √ , x2 = + √ , x3 = − √ , x4 = y4 .
2 2 d
2 2 d
2 2 d
2 2 d

P
P
and substitute them in the equations 4j=0 xj = 0 and 4j=0 x3j = 0,
obtaining the new equations in terms of the yi s of the twisted surface:

 y03 3y0 y12 y23 3y2 y32
+
+
+
+ y43 = 0
4
8d
4
8d
 y + y + y = 0.
0
2
4
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2. In the same manner as in the previous case, we now calculate the
number of lines of S twist that are defined over Q, i.e., the lines l ∈ S
such that ρs (σ̃)(l) = l for all σ̃ ∈ Gal(Q/Q). Again, we distinguish the
following cases:
√
√
(a) Suppose that Q( d) 6= Q( 5). One must again distinguish the
following cases:
i. σ̃|Q(√d) = σ and σ̃|Q(√5) 6= id. In this case, the action sends
√
√
5 to − 5 and interchanges x0 ↔ x1 and x2 ↔ x3 . The
action on the rational lines is the following: ρs (σ̃)(`i,jk ) =
`s(i),s(j)s(k) . Hence, the rational lines fixed by this action are:
`4,01 , `4,02 , `4,03 .
One can easily see that there are no lines of type ∆(j,k,m,n)
that remain fixed under the action of ρs (σ̃).
Hence, in the remaining cases we will only look at the action
of ρs (σ̃) on the rational lines.
ii. σ̃|Q(√d) = σ and σ̃|Q(√5) = id. In this case, the action on the
rational lines is the same as in previous case. That is, the
action fixes the lines `4,01 , `4,02 , `4,03 .
√
√
iii. σ̃|Q(√d) = id and σ̃|Q(√5) 6= id. The action sends 5 to − 5
and leaves the coordinates xi invariant. Hence, ρs (σ̃) fixes all
15 rational lines `i,jk .
iv. σ̃|Q(√d) = id and σ̃|Q(√5) = id. Again, ρs (σ̃) fixes all rational
lines.
The lines on S that are fixed by ρs (σ̃) for all σ̃ ∈ Gal(Q/Q) are
the three lines `4,01 , `4,02 , `4,03 . There are 7 tritangents that are
fixed by the action, namely the ones corresponding to the pairs:
{∆(0,1,2,3) , ∆(2,3,1,0) }, {∆(0,2,3,1) , ∆(0,2,1,3) }, {∆(0,2,1,3) , ∆(0,3,2,1) },
{∆(1,2,0,3) , ∆(1,2,3,0) }, {∆(1,3,2,0) , ∆(1,3,0,2) }, {∆(2,3,0,1) , ∆(0,1,3,2) },
{`4,01 , `4,02 }.
√
√
(b) Suppose that Q( d) = Q( 5). Proceeding in the same way as
in the case of a 2-cycle, we see that we obtain the same result
as above, namely, the twisted surface has 3 rational lines and 7
rational tritangents.
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Twists of the Clebsch diagonal surface over R
If we consider S as a cubic surface over R, its twist over R are, completely analogously, in bijection with conjugate classes of homomorphisms
h : Gal(C/R) −→ S5 . For the case when S is the Clebsch diagonal surface,
one obtains that:
Proposition 6. There are precisely three quadratic twists over R for the
Clebsch diagonal surface. They are the following, namely
1. The trivial twist S. It has (27, 45) lines and tritangents over R.
2. The twisted surface
S (01)


 y03
y0 y12
−
3
+ y23 + y33 + y43 = 0
=
4
8
 y + y + y + y = 0.
0
2
3
4

This surface has (3, 13) lines and tritangents over R.
3. The twisted surface
S (01)(23)


 y03 3y0 y12 y23 3y2 y32
−
+
−
+ y43 = 0
=
4
8
4
8
 y + y + y = 0.
0
2
4

This surface has (3, 7) lines and tritangents over R.
Cyclic extension of degree 5. Case h(0, 1, 2, 3, 4)i.

Consider the homomorphism h : Gal(Q/Q) −→ h(0, 1, 2, 3, 4)i ≤ S5 . We
look for fields K such that h factors as h = cf in the following manner:
Gal(Q/Q)
res &

h

−→
Gal(K/Q)

h(0, 1, 2, 3, 4)i ≤ S5
%c

where c is an isomorphism. Since h(0, 1, 2, 3, 4)i is cyclic of order 5, the field
2πi
K satisfies Q ⊆ K ⊆ Q(e n ) with n such that 5 | ϕ(n), and Q ⊆ K a Galois
−1
extension of degree 5. We choose n = 11 so K = Q(cos( 2π
)) = Q( ζ+ζ2 ) =
11
Q(ζ + ζ −1 ), with ζ a primitive 11-th root of unity.
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An automorphism σ ∈ Gal(Q(ζ)/Q) of order 5 is given by σ(ζ) = ζ 2 .
−1
The restriction of σ to Gal(Q( ζ+ζ2 )/Q) generates this Galois group. We
put c(σ) = (0, 1, 2, 3, 4).
In the next proposition, we give the equations for the twist of S and the
number of rational lines and rational tritangents. The example shows that
it is possible to obtain complicated examples from simple ones.
Proposition 7. Let S twist be the twisted surface of the Clebsch S by h described above. Then,
1. S twist is given by the equations:

y0 + y1 + y2 + y3 + y4 = 0



3

y13 − y23 − y33 − y43 + 7y02 y1 − 4y02 y2 − 4y02 y3 − 4y02 y4

 −4y0 −

−2y0 y12 − y12 y2 − y12 y3 − y12 y4 − y1 y22 − y22 y3 − y22 y4 − 2y0 y32
S twist =
−y1 y32 − y2 y32 − y4 y32 − 2y0 y42 − y1 y42 − y2 y42 − y3 y42




−2y0 y1 y2 − 2y0 y1 y3 + 9y0 y1 y4 + 9y0 y2 y3 − 2y0 y2 y4



−2y0 y3 y4 − y1 y2 y3 − y1 y2 y4 − y1 y3 y4 − y2 y3 y4 = 0.

2. The number of rational lines and rational tritangents on S twist is (0, 0).

Proof.

1. We have a new action ρh (σ) of Gal(Q/Q) on Q ⊗Q A as follows:
ρh (σ)(ζ ⊗ xi ) = σ(ζ) ⊗ c(σ)(xi ) = ζ 2 ⊗ xc(σ)(i) ,

with γ = ζ+ζ −1 . We now look for the invariants in Q(ζ+ζ −1 )[x0 , x1 , x2 ,
x3 , x4 ] under the action of ρh (σ). These invariants will be generated
over Q by forms a0 x0 + a1 x1 + a2 x2 + a3 x3 + a4 x4 satisfying:
a0 x0 + · · · + a4 x4 = ρh (σ)(a0 x0 + a1 x1 + a2 x2 + a3 x3 + a4 x4 ) =
σ(a0 )x1 + σ(a1 )x2 + σ(a2 )x3 + σ(a3 )x4 + σ(a4 )x0 .
I.e., we look for a0 , a1 , a2 , a3 , a4 such that σ(a0 ) = a1 , σ(a1 ) = a2 ,
σ(a2 ) = a3 , σ(a3 ) = a4 , σ(a4 ) = a0 .
One can verify that the relation between the xi ’s and suitable invariants
yi ’s is the following:
x0
x1
x2
x3
x4

= γy0 + σ(γ)y1 + σ 2 (γ)y2 + σ 3 (γ)y3 + σ 4 (γ)y4
= σ(γ)y0 + σ 2 (γ)y1 + σ 3 (γ)y2 + σ 4 (γ)y3 + γy4
= σ 2 (γ)y0 + σ 3 (γ)y1 + σ 4 (γ)y2 + γy3 + σ(γ)y4
= σ 3 (γ)y0 + σ 4 (γ)y1 + γy2 + σ(γ)y3 + σ 2 (γ)y4
= σ 4 (γ)y0 + γy1 + σ(γ)y2 + σ 2 (γ)y3 + σ 3 (γ)y4
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where γ = ζ + ζ −1 , σ(ζ) = ζ 2 and the determinant of the matrix of the
coefficients is non-zero.
P
The equation 4i=0 xi = 0 gives −yP
0 − y1 − y2 − y3 − y4 = 0. Let us see
what happens
when we calculate 4i=0 x3i = 0. One has for instance
P
that x30 = 0≤i,j,k≤4 σ i (c)σ j (c)σ k (c)yi yj yk . Hence,
4
X
i=0

x3i =

X

trace(σ i (c)σ j (c)σ k (c))yi yj yk .

0≤i,j,k≤4

To obtain the explicit new equation, one must calculate every coefficient
1
of yi yj yk . We recall
P that traceQ(ζ+ζ −1 )/Q (x) = 2 traceQ(ζ)/Q (x) and that
traceQ(ζ)/Q (c) = σ∈Gal(Q(ζ)/Q) σ(c).

For instance, the coefficient of y03 equals trace(c3 ) = trace(ζ 3 + 3ζ +
3ζ −1 + ζ −3 ) = 12 (−1 − 3 − 3 − 1) = −4. In a similar manner, the rest
of the coefficients can be calculated. The final equation is:

−4y03 − y13 − y23 − y33 − y43 + 7y02 y1 − 4y02 y2 − 4y02 y3 − 4y02 y4
−2y0 y12 − y12 y2 − y12 y3 − y12 y4 − y1 y22 − y22 y3 − y22 y4 − 2y0 y32
−y1 y32 − y2 y32 − y4 y32 − 2y0 y42 − y1 y42 − y2 y42 − y3 y42 − 2y0 y1 y2
−2y0 y1 y3 + 9y0 y1 y4 + 9y0 y2 y3 − 2y0 y2 y4 − 2y0 y3 y4 − y1 y2 y3
−y1 y2 y4 − y1 y3 y4 − y2 y3 y4 = 0.
2. The rational lines of the new surface will be those lines ` ∈ S such that
ρh (σ̃)(`) = ` for all σ̃ ∈ Gal(Q/Q). The first group of 15 lines are of
the form:
½
xi = 0
`i,jk =
xj + xk = 0.
In this case,
ρh (σ̃)(`i,jk ) =

½

xc(σ)(i) = 0
xc(σ)(j) + xc(σ)(k) = 0

with σ̃ such that σ̃|Q(ζ) is σ. Since c(σ) = (0, 1, 2, 3, 4), we have that
ρh (`i,jk ) 6= `i,jk for all i, j, k ∈ {0, 1, 2, 3, 4}. Thus, there are no rational
lines on the new surface coming from this group.
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ρh (σ̃) acts on the double six formed by the 12 other lines of the Clebsch.
One can easily see that ρh (σ̃)(D) equals
µ

∆(2,3,0,1) ∆(1,2,0,3) ∆(0,3,1,2) ∆(1,3,2,0) ∆(0,1,2,3) ∆(0,2,3,1)
∆(2,3,1,0) ∆(1,2,3,0) ∆(0,3,2,1) ∆(1,3,0,2) ∆(0,1,3,2) ∆(0,2,1,3)

¶

,

i.e., there are no rational lines of this type either.
Hence, the twisted surface contains no rational lines.
Since there are no rational lines there are also no rational tritangents:
indeed, if there was one, then the Galois group of Q/Q would cyclically
permute the three lines on it; hence so would Gal(Q/Q(ζ)). This is
impossible, since over Q(ζ), S twist and S become isomorphic.

We complete our treatment of the Clebsch diagonal surface by showing:
Theorem 15. There is no form of the Clebsch with all the 27 lines defined
over Q.
Proof. Let S be the Clebsch cubic surface. Consider h : Gal(Q/Q) →
Aut (S) = S5 a homomorphism that defines S twist with all lines defined over
Q. We recall that a line ` ⊆ S is rational in S twist if and only if ρh (σ)(`) = `
for all σ ∈ Gal(Q/Q). Therefore h(σ) fixes all lines on S defined over Q. In
particular, h(σ) fixes the five rational lines given by: `1 : (0 : λ : −λ : µ : −µ),
`2 : (λ : 0 : −λ : µ : −µ), `3 : (λ : −λ : 0 : µ : −µ), `4 : (λ : −λ : µ : 0 : −µ),
`5 : (λ : −λ : µ : −µ : 0). Then, c(σ) is the identity and S = S twist has not
all lines defined over Q, contradicting the assumption on S twist .

Remark: In [Swin], Swinnerton-Dyer formulates a necessary and sufficient criterion for a cubic surface S defined over a number field K to be
rational over K to P2 : S should contain a Gal(K/K)-stable set of n skew
lines for n ∈ {2, 3, 6}. Using the methods of this section, this criterion can
be checked for forms of the Clebsch diagonal surface over Q. We have not
done this yet.
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Twists of the Fermat

We recall that the Fermat cubic is the smooth cubic surface given by the
following polynomial in P3 :
x30 + x31 + x32 + x33 .
Consider the vector space V = Ce0 + · · · + Ce3 . The group S4 acts on V as
follows: π ∈ S4 acts by πei = eπ(i) for i = 0, . . . , 3. The group
N = {ζ = (ζ0 , ζ1 , ζ2 , ζ3 ) ∈ C4 | ζi3 = 1 for all i and ζ0 . . . ζ3 = 1}
acts on V by ζei = ζi ei for i = 0, . . . , 3. The group G of the automorphisms
is the semidirect product N o S4 . The group structure is given by
π(ζ0 , . . . , ζ3 ) = (ζπ−1 (0) , . . . , ζπ−1 (3) )π.
Any element σ ∈ Gal(Q/Q) acts on G by
σ((ζ0 , . . . , ζ3 ), π) = ((σ(ζ0 ), . . . , σ(ζ3 )), π).
One has the following result:
√
Lemma 4. Fix a quadratic field Q( d). There are precisely three quadratic
twists
√ over Q for the Fermat cubic S which become isomorphic to S over
Q( d). They are given by the homomorphisms: h : Gal(Q/Q) −→ S4 with
images the subgroups: < (0, 1) >, < (0, 1)(2, 3) > and < (1) >.
√
Proof. A 1-cocycle c : Gal(Q( d/Q) = {1, σ} −→ G is given by c(σ) =
ζπ ∈ G satisfying c(σ)σ(c(σ)) = 1. In particular, π has order 1 or 2 and we
may suppose that π ∈ {1, (01), (01)(23)}. Now, we have to distinguish some
cases:
√
√
1. Q( d) = Q( −3) = Q(ω), where ω is a primitive third root of unity.
• Case π = 1. Now c(σ) = (ζ0 , . . . , ζ3 ) is any element of N . An
equivalent cocycle c0 has the form c0 (σ) = h−1 c(σ)σ(h). One can
choose h ∈ N such that c0 (σ) = 1. Indeed, this follows from
(ω 2 )−1 ωσ(ω 2 ) = 1 and (ω)−1 ω 2 σ(ω) = 1. In other words, this
subcase produces as twist S itself.
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• Case π = (01). In this case c(σ) = ζπ = (ζ0 , . . . , ζ3 )π and
(ζ0 , . . . , ζ3 )π(σ(ζ0 ), . . . , σ(ζ3 ))π −1 = 1. This implies that
(ζ0 σ(ζ1 ), ζ1 σ(ζ0 ), ζ22 , ζ32 ) = 1. Hence ζ2 = ζ3 = 1 and ζ0 ζ1 = 1 and
σ(ζ0 ) = ζ0 , σ(ζ1 ) = ζ1 . Hence, (ζ0 , . . . , ζ3 ) = 1.
• Case π = (01)(23). Now c(σ) = ζπ = (ζ0 , . . . , ζ3 )π and
(ζ0 σ(ζ1 ), ζ1 σ(ζ0 ), ζ2 σ(ζ3 ), ζ3 σ(ζ2 )) = 1. The possibilities for ζ are
1,(ω, ω, ω 2 , ω 2 ),(ω 2 , ω 2 , ω, ω). Consider the equivalent 1-cocycle c0
given by c0 (σ) = h−1 c(σ)σ(h) for some h = (h0 , . . . , h3 ) ∈ N . Now
c0 (σ)=(h0 , h1 , h2 , h3 )−1 ζπ(σh0 , σh1 , σh2 , σh3 )π −1 π and we would
like (h0 , h1 , h2 , h3 )−1 ζ(σh1 , σh0 , σh3 , σh2 ) = 1. For ζ = 1 we take
h = 1. For ζ = (ω, ω, ω 2 , ω 2 ) we take h = (ω, 1, ω 2 , 1). For
ζ = (ω 2 , ω 2 , ω, ω) we take h = (ω 2 , 1, ω, 1).
We have√therefore seen that there are three twists for S over the
field Q( −3).

√
√
√
2. Q( d) 6= Q( −3). The Galois group Gal(Q( d)/Q) = {1, σ} acts
trivially on G. A 1-cocycle is now determined by c(σ) = ζπ and has to
satisfy ζπζπ −1 π 2 = 1.
• Case π = 1. Then, 1 = ζπζπ −1 = ζ 2 implies that ζ = 1. In this
case, the twist is just S itself.
• Case π = (01). Then, (ζ0 , ζ1 , ζ2 , ζ3 )(ζ1 , ζ0 , ζ2 , ζ3 ) = 1 is equivalent to ζ0 ζ1 = ζ2 = ζ3 = 1. This leads the possibilities ζ =
1, (ω, ω 2 , 1, 1), (ω 2 , ω, 1, 1). We will produce h ∈ N such that
the equivalent 1-cocycle c0 given by c0 (σ) = h−1 c(σ)h satisfies
c0 (σ) = π. In this first case h = 1 works. In case ζ = (ω, ω 2 , 1, 1),
h = (ω, 1, ω 2 , 1) works. In case ζ = (ω 2 , ω, 1, 1), h = (ω 2 , 1, ω, 1)
works.

• Case π = (01)(23). Then c(σ) = ζπ and ζ = (ζ0 , ζ1 , ζ2 , ζ3 )
satisfies (ζ0 , ζ1 , ζ2 , ζ3 )(ζ1 , ζ0 , ζ3 , ζ2 ) = 1. As before one can find
h ∈ N such that c0 (σ) = h−1 c(σ)h = π. Consider for example
ζ = (ω, ω 2 , ω, ω 2 ). Then h = (1, ω 2 , ω, 1) works. The other cases
are similar.
√ We conclude that there are three twists of S over the
field Q( d).
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We proceed to calculate the quadratic twists of the Fermat cubic surface.
First, we describe the 27 lines and the 45 tritangents on the Fermat cubic as
follows:
1. The 27 lines on the Fermat can be given in three groups as:

 L0,m,n = {(−ω m : −ω n z : z : 1) | z ∈ C)}
L1,m,n = {(−ω n z : −ω m : z : 1) | z ∈ C)}

L2,m,n = {(−ω n z : z : −ω m : 1) | z ∈ C)},

with n, m ∈ Z/3Z.

2. The 45 tritangents are:
• 27 planes given by the polynomials:
Pa,b,c : x0 + ω a x1 + ω b x2 + ω c x3 (a, b, c ∈ Z/3Z),
• 18 planes given by:
Qn,m,a : xn + ω a xm = 0, with n < m and a ∈ Z/3Z.
We deduce from this that the number of rational lines and rational tritangents
on the Fermat cubic surface is (3, 7).
Proposition 8. Let S twist be the twist surface of the Fermat surface S by
c(σ) = (0, 1). Then, an equation for S twist is:
2(

y0 y 2
y0 3
) + 3 1 + y23 + y33 = 0.
2
4d

The number of rational lines and rational tritangents on S twist is
√
√
1. (1, 3) if Q( d) 6= Q( −3).
√
√
2. (3, 7) if Q( d) = Q( −3).
√
√
√
Proof.
One
can
calculate
the
invariants
of
Q(
d)x
d)x
+
Q(
d)x2 +
+
Q(
1
0
√
√
√
d and interchanges x0 and
Q( d)x3 under the action that sends d to − √
x1 . They are generated by y0 = x0 + x1 , y1 = d(x0 − x1 ), y2 = x2 and
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y3 = x3 . By substituting the invariants in the equation
obtain the new equation:
2(

P3

j=0

x3j = 0 we

y0 3
y0 y 2
) + 3 1 + y23 + y33 = 0.
2
4d

We proceed to calculate the number or rational lines and rational tritangents on the twisted surface.
√
√
1. Suppose that Q( d) 6= Q( −3). We look for lines ` ⊆ S such that
ρc (σ̃)(`) = ` for all σ̃ ∈ Gal(Q/Q). One must distinguish the following
cases:
(a) σ̃|Q(√d) = σ and σ̃|Q(√−3) 6= id. In this case, the action sends ω to
ω 2 and interchanges x0 ↔ x1 .

• The action on the lines is the following: ρc (σ̃) interchanges
L0,m,n ↔ L1,−m,−n and L2,m,n ↔ L2,−m,n . The lines fixed by
this action are: L2,0,0 , L2,0,1 , L2,0,2 .
• The action fixes the 3 planes P0,0,0 , P2,1,1 and P1,2,2 and the 6
planes Q0,1,a and Q2,3,a for a, b ∈ Z/3Z.

(b) σ̃|Q(√d) = σ and σ̃|Q(√−3) = id. In this case, the action leaves ω
invariant and interchanges x0 ↔ x1 .

• The action on the lines is: ρc (σ̃) interchanges L0,m,n ↔ L1,m,n
and L2,m,n ↔ L2,m,−n . The lines fixed by this action are:
L2,0,0 , L2,1,0 , L2,2,0 .
• The action fixes the 18 planes P0,b,c and the 4 planes Q0,1,0
and Q2,3,a .

(c) σ̃|Q(√d) = id and σ̃|Q(√−3) 6= id. In this case, the action sends ω
to ω 2 and leaves the coordinates xi ’s invariant.
• The action on the lines is: ρc (σ̃) interchanges L0,m,n ↔
L0,−m,−n , L1,m,n ↔ L1,−m,−n and L2,m,n ↔ L2,−m,−n . The lines
fixed by this action are: L0,0,0 , L1,0,0 , L2,0,0 .
• The action fixes the plane P0,0,0 and the 6 planes Qn,m,0 .
(d) σ̃|Q(√d) = id and σ̃|Q(√−3) = id. In this case, ρc (σ̃) fixes all the
lines and tritangents.
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The only line fixed by ρc (σ̃) for all σ̃ ∈ Gal(Q/Q) is the line L2,0,0 .
There are 3 tritangents fixed by the action, namely the planes: P0,0,0 ,
Q0,1,0 and Q2,3,0 .
Remark: Although it is not necessary, one can check that these are
indeed rational tritangents in the twisted surface by interchanging the
xi ’s with the yi ’s in the equations of the tritangents and observing that
the result is a rational tritangent. Indeed, in this way one obtains
the tritangents: y0 + y2 + y3 = 0, y0 = 0, y2 + y3 = 0 and the line
(0 : z : −1 : 1).
√
√
2. Suppose that Q( d) = Q( −3). We repeat the reasoning and distinguish two cases:
(a) σ̃|Q(√−3) 6= id. In this case, the action sends ω to ω 2 and interchanges x0 ↔ x1 .

• The action on the lines is: ρc (σ̃) interchanges L0,m,n ↔
L1,−m,−n and L2,m,n ↔ L2,−m,n . The lines fixed by this action
are: L2,0,0 , L2,0,1 , L2,0,2 .
• The action fixes the 3 planes P0,0,0 , P2,1,1 and P1,2,2 and the 4
planes Q0,1,a and Q2,3,0 .

(b) σ̃|Q(√−3) = id. The action fixes all the lines and tritangents on S.
In total, one has that ρc (σ̃) fixes the 3 lines L2,0,0 , L2,0,1 , L2,0,2 and the
7 tritangents P0,0,0 , P2,1,1 , P1,2,2 , Q0,1,0 , Q0,1,1 , Q0,1,2 , Q2,3,0 . .

Proposition 9. Let S twist be the twist surface of the Fermat surface S by
c(σ) = (0, 1)(2, 3). Then, an equation for S twist is:
2(

y0 3
y0 y 2
y2
y2 y 2
) + 3 1 + 2( )3 + 3 3 = 0.
2
4d
2
4d

The number of rational lines and rational tritangents on S twist is
√
√
1. (3, 3) if Q( d) 6= Q( −3).
√
√
2. (15, 15) if Q( d) = Q( −3).
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√
√
√
Proof.
d)x0 + Q( d)x1 + Q( d)x2 +
√ One can calculate the invariants√of Q( √
Q( d)x3 under the action that sends d to − d and interchanges
√ x0 ↔ x1
and x2 ↔ x3 . They are
√ generated by y0 = x0 + x1 , y1 = d(x0 − x1 ),
y2 = x2 +Px3 and y3 = d(x2 − x3 ). By substituting the invariants in the
equation 3j=0 x3j = 0 we obtain the new equation:
y0 y 2
y2
y2 y 2
y0 3
) + 3 1 + 2( )3 + 3 3 = 0.
2
4d
2
4d
√
√
1. Suppose that Q( d) 6= Q( −3). As in the previous case, one must
calculate the action of ρc (σ̃) on the lines on S. Again, we distinguish
the same cases as above:
2(

(a) In this case, ρc (σ̃) interchanges L0mn ↔ L0,−n,−m , L1,m,n ↔
L1,−n,−m and L2,m,n ↔ L2,m,n . The lines fixed by this action are:
L0,0,0 , L0,1,2 , L0,2,1 , L1,0,0 , L1,1,2 , L1,2,1 and all the lines of type
L2,m,n . The action fixes the 9 planes Pa,a−b,b and the two planes
Q0,1,0 and Q2,3,0 .
(b) The action ρc (σ̃) interchanges L0,m,n ↔ L0,n,m , L1,m,n ↔ L1,n,m
and L2,m,n ↔ L2,−m,−n . The lines fixed by this action are: L0,0,0 ,
L0,1,1 , L0,2,2 , L1,0,0 , L1,1,1 , L1,2,2 and L2,0,0 . The fixed tritangents
are: P0,b,b , Q0,1,0 and Q2,3,0 .
(c) The action interchanges L0mn ↔ L0,−m,−n , L1,m,n ↔ L1,−m,−n and
L2,m,n ↔ L2,−m,−n . The lines fixed by this action are: L0,0,0 , L1,0,0
and L2,0,0 . The planes fixed are: P0,0,0 and Qn,m,0 .
(d) ρc (σ̃) fixes all lines and tritangents.
The lines fixed by ρc (σ̃) for all σ̃ ∈ Gal(Q/Q) are the lines L0,0,0 ,L1,0,0
and L2,0,0 . The 3 tritangents fixed are P0,0,0 , Q0,1,0 and Q2,3,0 .
√
√
2. Suppose that Q( d) = Q( −3). By the same reasoning as above, one
has that the action fixes the 15 lines: L0,0,0 ,L0,1,2 ,L0,2,1 ,L1,0,0 ,L1,1,2 ,L1,2,1
and all the lines of type L2,m,n and the 15 planes: P1,0,1 , P2,0,2 , P0,0,0 ,
P1,1,0 , P2,1,1 , P0,1,2 , P2,2,0 , P0,2,1 , P1,2,2 , Q0,1,0 , Q0,1,1 , Q0,1,2 , Q2,3,0 , Q2,3,1 ,
Q2,3,2 .
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Twists of the Fermat cubic surface over R
Viewing the Fermat cubic S as a surface over R, one obtains in the same way
twists S (01) and S (01)(23) over R corresponding to Gal(C/R) → G with image
generated by (1, (01)) resp. (1, (01)(23)).
Proposition 10. The twists of the Fermat cubic S over R are described as
follows.
1. The trivial twist S.
2. The twisted surface
S (01) = 2(

y0 y 2
y0 3
) − 3 1 + y23 + y33 = 0.
2
4

3. The twisted surface
S (01)(23) = 2(

y0 3
y0 y 2
y2
y2 y 2
) − 3 1 + 2( )3 − 3 3 = 0.
2
4
2
4

In all three cases, the surface has (3, 7) lines and tritangents over R.
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[Sch] Schläfli, L. An attempt to determine the twenty-seven lines upon a
surface of the third order, and to divide such surfaces into species in
reference to the reality of the lines upon the surface, Quart. J. pure
appl. math., vol. 2 (1858), 110–120.
[Se] Segre, B. The non-singular cubic surfaces: A new method of investigation with special reference to questions of reality, Oxford, 1942.
[Sh] Shioda, T. Weierstrass Transformations and Cubic Surfaces, Comment.
Math. univ. St. Pauli, vol. 44 (1995), 109–128.
[Si] Silhol, R. Real Algebraic Surfaces, Springer-Verlag, Lecture Notes in
Math., vol. 1392, 1989.
[Sil] Silverman, J.H. The Arithmetic of Elliptic Curves, Springer-Verlag,
Graduate Texts in Math., vol. 106, 1986.

BIBLIOGRAPHY

85

[Swin] Swinnerton-Dyer, H.P.F. Applications of algebraic geometry to number theory, Proc. 1969 summer inst. number theory, Proc. Symp. Pure
Math, AMS vol. 20 (1971), 1–52.
[Top] Top, J. Kubische gipsmodellen, Structuur in schoonheid, Vakantiecursus 2004, CWI, Amsterdam.
[Vlugt] van der Vlugt, M. An application of Elementary Algebraic Geometry
in Coding Theory, Nieuw Archief voor Wiskunde, vol. 14 (1996), 159–
165.

86

BIBLIOGRAPHY

Chapter 3
Models of curves
In the present chapter, we will treat various models representing different
types of curves. The first section deals with models of cubic curves over
P2 (R) as classified by Möbius in [M]. The second section of the chapter
studies two different groups of models illustrating space curves.

3.1

Models of cubic curves over P2(R)

The models treated in this section belong to Martin Schilling’s collection.
Namely, we study the 7 string models from Series XXV and 2 plaster models
from Series XVII. These models have in common that they are all representing particular cubic curves. The string models from Series XXV were made
in 1899 by Hermann Wiener, and are linked to his text [H-W1] of 1901. The
complete series is shown in Figure 3.1.

Figure 3.1: Seven string models, Series XXV, University of Amsterdam.
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The two plaster models from Series XVII correspond to the numbers 2a
and 2b of Schilling’s catalogue [Sch]. These models are shown in Figure 3.2,
and consist of two balls made of plaster with curves of degree three drawn
on them. They are discussed in more detail in Section 3.1.3.

Figure 3.2: Plaster models, Series XVII nr. 2a and 2b, University of Groningen.
The nine models that have been mentioned all represent real curves of
degree three in the real projective plane P2 (R). The models illustrate the
seven different types of real cubic curves as classified by Möbius (see [M]).
These curves are represented in thread or in plaster depending on the ways of
visualizing the real projective space P2 (R). One can consider the following:
Setup:
1. The real projective plane P2 (R) can be considered as the space of all
lines in R3 that pass through the origin.
2. Alternatively, the real projective plane P2 (R) can be considered as the
set of pairs of antipodal points on the sphere S 2 . I.e., the sphere as the
usual 2 : 1 covering of P2 (R)
Φ : S 2 −→ P2 (R).
One can now look at curves Γ ⊆ P2 (R) in two different ways:
1. As families of lines in R3 through the origin.
2. As their preimage under Φ:
Φ−1 (Γ) ∈ S 2 .
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The seven thread models represent cubic curves described as families of
lines. The seven curves shown on the two plaster models represent cubic
curves as preimages under Φ.

3.1.1

Results on cubic curves

In order to understand Möbius’ classification, we need some background
knowledge on the theory of cubic curves. We begin by giving the following definition:
Definition 4. Let C be a plane curve given by a homogeneous polynomial
F . An inflection point or a flex point p of C is a non-singular point of C such
that the intersection of the tangent line at p with the curve C has multiplicity
≥ 3.
The tangent line to C at a flex point p is called a flex line of C.
In order to compute the flex points on a curve C, one can use the following
result:
Theorem 16. Let C be a curve given by F = 0. The flex points of C are
the smooth points of C satisfying
µ 2 ¶
∂ F
H(x) = det
= 0.
∂xi xj
Proof. See [W, Thm. 6.3].
The polynomial H in this theorem is called the Hessian of C (or of F ),
and H = 0 defines the so-called Hessian curve of C.
Remark: Suppose that C is an irreducible cubic curve in P2 . Then its
Hessian curve is also a cubic. Since not every smooth point of C is a flex, it
follows that C has at most nine flex points.
The following theorem is well known and simplifies the study of many
properties of the cubic curves in P2 (R).
Theorem 17. Let C denote an irreducible cubic curve defined over R. Then
C has a real flex point and after a linear change of variables defined over R, C
is given by y 2 z − f (x, z), where f is a homogeneous polynomial of degree 3 in
x. In this form, the real flex point is given as (0 : 1 : 0) and the corresponding
flex line is z = 0.
Proof. See [W, Thm. 6.4].
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3.1.2

Newton’s classification of cubic curves

In 1704 Isaac Newton classified the irreducible curves of degree 3 in P2 (R).
This classification appears in the appendix Enumeratio Linearum Tertii Ordinis of his book Opticks (see [N]). In this appendix, Newton considers the
irreducible cubic curves given in its Weierstrass form:
y 2 z = x3 + ax2 z + bxz 2 + cz 3 = f (x, z)
and classifies them in terms of f (x, 1) = x3 + ax2 + bx + c into the following
five types :
1. Parabola pura: f (x, 1) has precisely one real root which is simple. The
curve is non-singular and its real locus has one component. (Fig. 9a
and 9b by Möbius [M]).
2. Parabola campaniformis cum ovali: f (x, 1) has three distinct real roots.
The curve is non-singular and its real locus has two components. (See
Fig. 7 by Möbius [M]).
3. Parabola nodata: f (x, 1) has a real double root α and a real simple
root β with α > β. The curve has an ordinary double point with real
tangents. (Fig. 10 by Möbius [M]).
4. Parabola punctata: f (x, 1) has a real double root α and a real simple
root β with α < β. The curve has an isolated double point with
conjugate tangents. (Fig. 8 by Möbius [M]).
5. Parabola cuspidata: f (x, 1) has one triple real root (Fig. 11 by Möbius
[M]).
Obviously, Newton’s classification of irreducible cubic curves over R uses
Theorem 17 above. Although he stated this theorem, he did not provide
a proof. Plücker [P] refined Newton’s classification and gave a complete
detailed proof (see [At]).

3.1.3

Möbius’ classification

As we have seen in Section 3.1.1, an irreducible cubic curve has at most 9 flex
points over C. In fact, a real irreducible cubic curve can either have 1 real
flex point or 3. Möbius studies which types of Newton’s classification contain
1 or 3 real flex points. His results are collected in the following theorem:
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Figure 3.3: Möbius’ drawings on Newton’s types of cubic curves ([M]).
Theorem 18. Let C be an irreducible cubic curve over R. The number of
real flex points on the curve is as follows, depending on its type in Newton’s
classification:
1. The Parabola pura, Parabola campaniformis cum ovali and Parabola
punctata have three real flex points.
2. The Parabola nodata and Parabola cuspidata have one real flex point.
In case 1., the three real flex points are collinear.
Proof. We present a modern proof of this, based on the fact that a group
structure can be defined on a smooth irreducible plane cubic curve. Let Cs
be the set of smooth points on C. It is well known ([W, Thm. 6.4]) that Cs
contains a real flex point. After a real, linear change of coordinates we may
assume that O = (0 : 1 : 0) is a flex point and z = 0 is the associated flex
line. One can consider the group structure on the set Cs defined as: choose
the neutral element of the group to be O = (0 : 1 : 0). One can define the
sum of two points P + Q to be the third point of intersection of the line P Q
with the curve C.
It follows that P is a flex point of C if and only if 3P = 0 in the group
Cs . In order to find the real flex points, one can study the real locus of Cs
for the five types of irreducible cubic curves:
1. The Parabola pura is smooth and its real locus has one component.
Hence Cs (R) is isomorphic to R/Z.
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2. The Parabola campaniformis cum ovali is smooth and its real locus has
two components. Then, Cs (R) ' R/Z × Z/2Z.
3. For the Parabola nodata, Cs (R) ' R∗ ' R × Z/2Z.
4. For the Parabola punctata, Cs (R) ' {z ∈ C∗ | |z| = 1} ' R/Z.
5. For the Parabola cuspidata, Cs (R) ' R.

It follows immediately that for the cases iii) and v) the only element of
order 3 in Cs is the point O = (0 : 1 : 0). For the remaining cases, Cs has
three elements of order 3, that is, C has 3 real flex points.
For the last assertion, observe that if P 6= Q are real flex points, then
3(−P − Q) = −3P − 3Q = 0 hence −(P + Q) is also a real flex point. Since
P, Q and −(P + Q) add up to zero, they are on a line, and these are all the
real flex points. An elementary proof, relying on the fact that C may be
assumed to be given by an equation y 2 z = f (x, z), is presented in [T].
Cubic curves on S 2
As we mentioned in the beginning of the chapter, Möbius uses for his classification the antipodal map
Φ : S 2 −→ P2 (R).
In this way, lines in P2 (R) correspond to large circles in S 2 .
Suppose that Γ is a cubic curve in P2 (R) with only one real flex point.
Then, Möbius’ classification and Newton’s classification coincide. The Parabola nodata is called type 6 by Möbius and the Parabola cuspidata type 7.
Suppose that Γ is a cubic curve in P2 (R) that has 3 real flex points.
Möbius considers the following four lines in P2 (R).
1. The flex lines `1 , `2 , `3 at the three real flex points.
2. The real line ` that contains the three real flex points (see Theorem
18).
Via the antipodal map, these four lines correspond to four large circles
on S 2 . These circles give a tiling of S 2 . Möbius obtains the following result:
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Theorem 19. Let Γ ⊆ P2 (R) be a cubic curve with three real flex points.
Let `1 , `2 , `3 , ` be the lines described before, and consider the tiling of the
sphere given by the large circles {Φ−1 (`1 ), Φ−1 (`2 ), Φ−1 (`3 ), Φ−1 (`)}. Then,
the subdivision can only consist of triangles and quadrangles. Furthermore,
one of the following holds.
1. The subdivision contains only triangles (this happens if and only if the
three flex lines `1 , `2 , `3 are concurrent in P2 (R)). This cannot occur with a Parabola Campaniformis cum ovali or a Parabola punctata.
Möbius calls these curves neutral curves and they are of type 5 in his
classification.
2. The subdivision contains triangles and quadrangles and the curve lies
in the area of the quadrangles. This happens for the Parabola Campaniformis cum ovali (called type 3 by Möbius), the Parabola punctata
(called type 2 by Möbius) and the Parabola pura (called type 1 in his
classification). Möbius calls these curves 3-curves.
3. The subdivision contains triangles and quadrangles and the curve lies
in the area of the quadrangles. As in case 1, this cannot happen for the
Parabola Campaniformis cum ovali and the Parabola punctata. Möbius
calls these curves 4-curves and they are of type 4 in his classification.
Proof. To verify this, suppose that `1 is the line at infinity (z = 0) in P2 .
The tiling of R2 = P2 (R)\`1 is then given by the affine parts of the lines `2 ,
`3 and `. Since ` contains the unique point at infinity on C and `2 does not,
` and `2 are not parallel. Similarly, ` and `3 are not parallel. One has the
following two possibilities:
1. `2 and `3 are parallel. The tiling of R2 obtained here then yields case
1. We will prove below that this can only occur for certain Parabola
pura.
2. `2 and `3 are not parallel. Then, `, `2 and `3 cut out a triangle in R2
with vertices the two affine flex points and the point of intersection of
`2 and `3 . This gives 8 triangles in S 2 , bordered by part of three of the
four circles Φ−1 (`), Φ−1 (`i ), and 6 quadrangles.
• If the curve C intersects the triangle in R2 bordered by `1 , `2 and
`3 , then it crosses the boundary only at the flex points ` ∩ `2 and
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` ∩ `3 . These points being flexes and the curve being cubic means,
that at ` ∩ `2 the curve passes from one side of `2 to the other,
and from one side of ` to the other (see Figure 3.4).

Figure 3.4: 3-curve.
Similarly at ` ∩ `3 . This implies that the curve passes from a
triangle to a triangle. This yields case 2.
This settles the proof in the case that the real locus consists of
only one component. For the Parabola campaniformis cum ovali
and Parabola punctata we may assume that C is given by y 2 z =
f (x, z). The component not meeting the line `1 : z = 0 is then
fixed by the map (x : y : z) 7→ (x : −y : z). This implies the curve
is in the triangle.
• Similarly, case 3. is obtained.

Möbius also proved that for the Parabola pura, all three cases of Theorem
19 can occur.
In this way, Möbius obtains his classification of the cubic curves in P2 (R)
into 7 species. We give examples of this in the next section.
Note that this subdivision is consistent, that is, it remains invariant under
real projective transformations.
Weierstrass form
In order to prove Möbius’ classification of cubic curves, we first fix R2 =
P2 (R)\`1 , that is, R2 with coordinates xz and yz . Consider such a curve given
by y 2 z = f (x, z) = x3 + ax2 z + bxz 2 + cz 3 . In this form, one of the three
real flex points is the point at infinity (0 : 1 : 0). Note also that if (α : β : γ)
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is a real flex point of Γ different from (0 : 1 : 0), then (α : −β : γ) is also a
real flex point of the curve. Moreover, β 6= 0 since otherwise the tangent line
x = αz at (α : 0 : 1) also meets the curve at (0 : 1 : 0), so (α : 0 : 1) is not
a flex point. This provides an alternative proof of the fact that the real flex
points are collinear (see Theorem 18).
One can consider the four lines `1 , `2 , `3 , ` as before. These lines are now
given by:
1. The flex line `1 of the flex point (0 : 1 : 0) (given by the line at infinity
z = 0).
2. The flex line `2 of the flex point (α : β : 1), with β > 0.
3. The flex line `3 of the flex point (α : −β : 1), with β > 0.
4. The line ` that contains the three real flex points (given by the equation
x − αz = 0).
Observe that the two flex lines `2 and `3 considered in the affine plane are
the mirror image of each other under reflection int he line y = 0. One can
look at the affine line `2 and consider the slope of `2 . We have the following
correspondence with Möbius’ result:
Theorem 20. Let Γ ⊆ P2 (R) be an irreducible cubic curve given by y 2 z =
f (x, z) = x3 + ax2 z + bxz 2 + cz 3 , and consider the lines `1 , `2 , `3 and ` as
before. Consider the tiling of S 2 given by the large circles
{Φ−1 (`1 ), Φ−1 (`2 ), Φ−1 (`3 ), Φ−1 (`)}
. Let `2 ∗ be the affine flex line of the flex point (α, β). Then,
1. The slope of `2 ∗ equals 0 ⇔ the subdivision of S 2 contains only triangles.
2. The slope of `2 ∗ is > 0 ⇔ the subdivision of S 2 contains triangles and
quadrangles and the curve lies in the area of the triangles (i.e., Γ is a
3-curve).
3. The slope of `2∗ is < 0 ⇔ the subdivision of S 2 contains triangles and
quadrangles and the curve lies in the area of the quadrangles (i.e., Γ is
a 4-curve).
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Proof. For the first case, note that the slope of `2∗ equals 0 if and only if `2∗
and `3∗ are parallel. The last holds if and only if `1 , `2 and `3 are concurrent
in P2 (R). This implies, by Theorem 19, that the tiling of S 2 contains only
triangles.
Let (α : β : 1) be the real flex point with β > 0. Suppose that the largest
zero of f√
(x, 1) = x3 + ax2 + bx + c occurs at x = ζ. Then, ζ < α and the
graph of f is convex in an interval (α−², α) and lies below `2∗ , and concave
in an interval (α, α + ²) and lies above `2∗ . The triangle bounded by `, `2 and
`3 being to the left or to the right of ` determines that the curve lies inside
or outside the triangle.
Figure 3.1.3 shows the 7 types of cubic curves on the sphere by Möbius:

Figure 3.5: From left to right: P. pura 1, 2 and 3, P. campaniformis cum ovali, P.
nodata, P. punctata, P. cuspidata.

Cubic curves on S 2 : plaster models
The two models from Series XVII nr. 2a and 2b represent two balls made of
plaster, and are shown in Figure 3.2. They contain the seven types of cubic
curves in Möbius’ classification. We recall from [Do] the equations of the
curves that are represented in the two balls:
1. The model on the left corresponds to Series XVII, nr. 2a. It contains
4 curves given by the following types and equations:
• Parabola campaniformis cum ovali, Möbius type 3 :
1
y 2 z = (x + 12z)(x + 5z)(x + 2z)
4
• Parabola nodata, Möbius type 6 :
y 2 x = −9(x + z)2 (x + 6z)
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• Parabola punctata, Möbius type 2 :
9
1
y 2 z = (x + z)2 (x + z)
4
2
• Parabola cuspidata, Möbius type 7 :
9
y 2 x = −(x + z)3
2
2. The model on the right corresponds to Series XVVII, nr. 2b. It contains
3 curves given by the following types and equations:
• Parabola pura, Möbius type 1 :

20x3
4
}
y 2 = {(x + 3z)2 −
9
x − 4z

• Parabola pura, Möbius type 4 :

4
25x3
y 2 = {(x + 3z)2 −
}
9
x + 6z

• Parabola pura, Möbius type 5 :

4
(4x)3
y 2 = {(x + 3z)2 −
}
9
x + 3z

It is clear, by looking at the zeroes of the righthand side of the equations, that the curves on the first ball are of the type given above.
Let us now study the three examples on the second ball. The three
curves are given in such a way that two of the flex points have coordinates (0 : 2 : 1) and (0 : −2 : 1) with associate flex lines y = 32 (x + 3z)
and y = − 23 (x + 3z) respectively. The third flex point is the point
(0 : 1 : 0). We study the three cases in detail:
3

20x
(a) The curve is given by y 2 = 49 {(x + 3z)2 − x−4z
}: The third flex line
is given by x = 4z. Since the three flex lines are not concurrent,
the tiling of the sphere will contain triangles (bounded by the three
lines y = ± 23 (x+3z) and x = 0) and quadrangles (bounded by the
four lines y = ± 23 (x + 3z), x = 0 and the line x = 4z). We claim
that the curve is a 3-curve (i.e., it lies in the area of the triangles):
observe that the curve goes to infinity when x approaches 4 from
the left. In particular, this means that the curve has no points
inside the quadrangles. See Fig 3.6 (a).
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Figure 3.6: From left to right: 3-curve from (a), 4-curve from (b) and neutral
curve from (c).
3

25x
}. The third flex
(b) The curve is given by y 2 = 49 {(x + 3z)2 − x+6z
line is given by x = −6z. Since the three flex lines lines are
not concurrent, the tiling of the sphere will contain triangles and
quadrangles. The triangles are bounded by the three lines y =
± 23 (x + 3z) and x = 0. The quadrangles are bounded by these
three lines and the line x = −6z.
The curve goes to infinity when x approaches −6 from the right,
so the curve remains inside the quadrangles, i.e., it is a 4-curve.
See Figure 3.6 (b).

(c) In the last case, the three flex lines are y = 23 (x + 3z), y =
− 23 (x + 3z) and x = −3z which intersect in the point (−3 : 0 : 1).
Therefore, the tiling of the sphere contains only triangles, i.e., the
curve is of type 5 in Möbius classification. See Figure 3.6 (c).

3.1.4

Twists of curves

Consider the irreducible cubic curve C over R given in the form y 2 z = x3 +
ax2 z +bxz 2 +cz 3 . We study the twists of the curve over R. Let Aut(C) be the
group of automorphisms of C over C that send (0 : 1 : 0) to (0 : 1 : 0). Recall
that the twists of C are given by the elements of H1 (Gal(C/R), Aut(C)). It
is known (see [Sil, Cor. 5.4.1]) that Aut(C) is isomorphic to the group µi
for n = 2, 4 and 6, where µi the group of i-th roots of unity. Moreover,
the isomorphism Aut(C) −→ µi commutes with the action of Gal(C/R).
Let Gal(C/R) = hσi. Then, the elements of H1 (hσi, µi ) are given by the
equivalence classes of cocycles c : Gal(C/R) −→ µi . We study the twists of
C for the three cases µ2 , µ4 and µ6 in the following lemma:
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Lemma 5. H1 (Gal(C/R), µi ) is in all cases, a group of order 2 generated by
the class of the cocycle c : σ 7→ a with c(1) = 1 and c(σ) = a, where a is a
generator of µi (note that aσ(a) = 1).
Proof. In all cases, we have a surjective homomorphism:
Φ : µi −→ H1 (hσi, µi )
ζ 7→ [c with c(1) = 1, c(σ) = ζ]
| ζ ∈ µi }. Hence,
whose kernel are the coboundaries { σ(ζ)
ζ
H1 (hσi, µi ) '

µi
.
Ker(Φ)

We study H1 (hσi, µi ) for the three cases i = 2, 4 and 6:
1. Aut(C) ' µ2 . In this case, the kernel of Φ : µ2 −→ H1 (hσi, µ2 ) is
trivial, so one has that the twists are given by H1 (hσi, µ2 ) ' µ2 . This
gives us only one nontrivial twist, namely the one given by the cocycle
of order 2: c(σ) = (x : y : z) 7→ (x : −y : z). To calculate the equation
of the twisted curve of the curve given by y 2 z = x3 + ax2 z + bxz 2 + cz 3 ,
we calculate the invariants in C[x, y, z] under the action:
x, y, z →
7 x, −y, z
i
7 −i.
→
Three invariants are given by the elements µ = x and ψ = iy and ζ = z
and an equation for the twisted curve is:
ψ 2 ζ = −µ3 − aµ2 ζ − bµζ 2 − cζ 3 .
2. Aut(C) ' µ4 , which holds for the curves y 2 z = x3 + axz 2 . In this case,
Ker(Φ) ' h±1i ⊆ µ4 and there is again only one non-trivial twist given
by the cocycle of order 4: c(σ) = (x : y : z) 7→ (−x : iy : z). The
invariants in C[x, y, z] of the action
x, y, z 7→ −x, iy, z
i
7→ −i
√ y and ζ = z and the equation
are generated by µ = −ix and ψ = 1+i
2
2
3
for the twisted curve is: ψ ζ = µ − aµζ 2 .
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3. Aut(C) ' µ6 , which holds for the curves y 2 z = x3 + az 3 . In this case,
the kernel of Φ is isomorphic to hωi ⊆ µ6 , with ω a cube root of unity.
Therefore, there is again only one non-trivial twist that can be given
by the cocycle of order 2: c(σ) = (x : y : z) 7→ (x : −y : z). This twist
is identical with the quadratic twist. As in case 1., the equation of the
twisted curve is ψ 2 ζ = µ3 − aζ 3 .
Let us study the non-trivial twists of the curves in Newton’s and Möbius’
classifications.
1. Quadratic twist. We first study what happens to the curves in Newton’s
classification:
(a) C is a Parabola pura: C is of the form y 2 z = (x−az)(x2 +bz 2 ),
with a, b ∈ R, b > 0. An equation for the twisted curve is: ψ 2 ζ =
(−µ + aζ)(µ2 + bζ 2 ) which defines again a Parabola pura.
(b) C is a Parabola campaniformis cum ovali : C is of the form
y 2 z = (x − az)(x − bz)(x − cz), with a, b, c ∈ R. An equation for
the twisted curve is: ψ 2 ζ = (µ + aζ)(µ + bζ)(µ + cζ) which defines
again a Parabola campaniformis cum ovali.
(c) C is a Parabola nodata: C is of the form y 2 z = (x−az)2 (x−bz),
with a > b. An equation for the twisted curve is: ψ 2 ζ = (µ +
aζ)2 (µ + bζ) with −a < −b which defines a Parabola punctata.

(d) C is a Parabola punctata: As studied before, one sees that the
twisted curve defines a Parabola nodata.
(e) C is a Parabola cuspidata: C is of the form y 2 z = (x − az)3 .
The twisted curve can be given by: (µ + az)3 which defines again
a Parabola cuspidata.
We note that cases (c), (d), (e) concern singular curves for which
Lemma 5 also holds. Let us now look at Möbius’ classification into
three types of the Parabola pura. Suppose that the Parabola pura is
given by the equation
y 2 z = x3 + az 3 . For a > 0 the curve
has a real
√
√
√
flex point at (0, a). The flex line associated to (0, a) is y = a
which has slope 0. Hence, the curve
is√a neutral curve. For a < 0, the
√
3
curve has a real flex point at ( −4a, −3a) and the slope of the flex
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line associated to the flex point is
the equation defines a 3-curve.

√

3 3 (−4a)2
√
2 −3a

which is positive. Hence,

The curve becomes ψ 2 ζ = µ3 − az 3 after twisting, which defines a
3-curve when a > 0 and a neutral-curve when a < 0.
We study another example of Parabola pura, namely the one given by
the equation y 2 z = (x + z)3 + x2 z. This curve has a real flex point at
(−1, 1), and the associated flex line is y = −x. Hence it is a 4-curve.
An equation for its twist is ψ 2 ζ = (µ−ζ)3 −µ2 ζ, which defines a 3-curve
(one can again calculate the real flex point with positive y-coordinate,
and see that the slope of its associated flex line is positive).
On the other hand, the 3-curve given by y 2 z = (x − z)3 + x2 z has as
twist a curve given by ψ 2 ζ = (µ+ζ)3 −µ2 ζ which is again a 3-curve. We
have seen that one obtains different results depending on the equation
of the curve, which shows that Möbius’ classification is not consistent
with respect of twisting of the curves.
2. Twist of degree 4. The curve y 2 z = x3 + axz 2 defines a Parabola pura
of type 3-curve when a > 0, a Parabola cuspidata when a = 0 and
a Parabola campaniformis cum ovali when a < 0. After twisting, the
Parabola pura of type 3-curve becomes a campaniformis cum ovali and
vice versa. The cuspidata remains a cuspidata after twisting.
3. Twist of degree 6. The twists of the curve y 2 z = x3 + az 3 are the same
as its quadratic twists, hence have been studied in the first case already.

3.2

Models of space curves

In this section we study two families of models of space curves. The first
family consists of 8 wire models that form Series XI in [Sch]. The second
family belongs to Wiener’s catalogue [H-W2] and consists of 16 models made
of string. Both families represent types of space curves.

3.2.1

Wire models of space curves

In this section, we study the models of Series XI in Schilling’s collection. The
Series consists of 8 models representing space curves. In Figure 3.7 one of
them is displayed.
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Figure 3.7: Wire model, Series XI nr. 2, University of Groningen.
Most of the contents of this section can be found in [F]. These 8 models
were designed by C. Wiener to illustrate the results on singularities of space
curves of his text [C-W]. In order to understand the models, we recall some
facts concerning differential geometry:
Consider the space curve given by the map
Φ : I ⊆ R −→ R3
t 7→ (a1 (t), a2 (t), a3 (t)),
P∞
j
where I is an interval containing 0 and ai (t) =
j=1 bij t are convergent
power series in a neighbourhood of t = 0, for i = 1, 2, 3 (that is, ai (t) ∈ tR{t}
where R{t} is the ring of convergent power series in the variable t).
We say that the curve is singular at t = 0 if ai (t) ∈ t2 R{t} for all
i = 1, 2, 3, and there exists i0 ∈ {1, 2, 3} such that ai0 (t) is not in R{tn } for
n ≥ 2. Suppose that the curve Φ(t) does not lie on a plane. Then one can
define the tangent line of the curve at t = 0 as the limit where t → 0 of
the line generated by Φ0 (t). Analogously, the osculation plane of the curve
is defined as the limit where t → 0 of the plane generated by the vectors
Φ0 (t) and Φ00 (t). The normal vector of the osculation plane is the limit of
Φ0 (t) ∧ Φ00 (t). Any other point of the curve is non-singular and one defines
the tangent line and osculation plane in the usual way.
Let t ∈ (−², ²) and Φ(t) = (a1 (t), a2 (t), a3 (t)). The curve Φ(t) can be put
in its standard form, i.e.,
Φ(t) = (t` , c1 tm + higher order terms, c2 tn + higher order terms)
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where ` < m < n. Then, we can normalize Φ0 (t) = (`t`−1 , c1 mtm−1 +
. . . , c2 ntn−1 + . . .) to
(1,

c2 n n−`
c1 m m−`
t
+ ...,
t
+ . . .).
`
`

Analogously, Φ00 (t) = (`(`−1)t`−2 , c1 m(m−1)tm−2 +. . . , c2 n(n−1)tn−2 +. . .)
is normalized to
(1,

c1 m(m − 1) m−`
c2 n(n − 1) n−`
t
+ ...,
t
+ . . .).
`(` − 1)
`(` − 1)

Then, one obtains the eight cases in Wiener’s classification by assigning a
set of three signs (±, ±, ±) to each of the curves following the criteria given
below (this classification can be found in [F]).
1. A ‘+’ sign is placed in the first place (+, , ) when the curve Φ(t)
considered in a small neighborhood of t proceeds after t = 0 in the
same direction. This happens when ` is odd.
2. A ‘+’ sign is placed in the second place ( , +, ) when the tangent line
considered in a small neighbourhood of t proceeds to rotate after t = 0
in the same direction. This means that in the normalization of Φ0 (t),
the order of c1`m tm−` + . . . is odd. That is, m − ` is odd.
3. A ‘+’ sign is placed in the third place ( , , +) when the osculation
plane considered in a small neighborhood of t proceeds to revolve after
t = 0 in the same direction. This means that the smallest non-zero
exponent of t in Φ0 (t) ∧ Φ00 (t) = (d1 tn−` + . . . , d2 tn−m + . . . , d3 + . . .).
is odd. That is, n − m is odd.
The equations of the curves Φ : I −→ R3 that the eight models from Series
XI are representing have been simplified from the ones in [F] and are given
below, together with their type.
1. Φ(t) = (t, t2 , t3 ) of type (+, +, +).
2. Φ(t) = (t, t2 , t4 ) of type (+, +, −).
3. Φ(t) = (t, t3 , t6 ) of type (+, −, +).
4. Φ(t) = (t, t3 , t9 ) of type (+, −, −).
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5. Φ(t) = (t2 , t3 , t6 ) of type (−, +, +).
6. Φ(t) = (t2 , t3 , t9 ) of type (−, +, −).
7. Φ(t) = (t2 , t4 , t7 ) of type (−, −, +).
8. Φ(t) = (t2 , t4 , t8 ) of type (−, −, −).
Remark: The classification of space curves into 8 types were interpreted
by Felix Klein [K] as follows: Let the curve Φ(t) = (a1 (t), a2 (t), a3 (t)) be in
its standard form. In this form, the curve lies in the positive octant (i.e.,
ai (t) > 0 for i = 1, 2, 3) for t > 0. For t < 0 the curve can lie in 8 possible
octants, which gives the 8 possible cases given above.

3.2.2

String models of space curves

H. Wiener constructed a series of 16 string models to exhibit the 8 cases of
space curves described in previous section (see [H-W2]). The strings on the
models are representing the tangent lines at points of the space curve. This
results in a string model contained in a cube. H. Wiener uses the opposite
sign convention. The first 8 models from Reihe VII in [H-W2] are representing
the following space curves:
1. Φ(t) = (12t, 12t2 , 12t3 ) of type (−, −, −).
2. Φ(t) = (12t, 12t2 , 12t4 ) of type (−, −, +).
3. Φ(t) = (12t, 12t3 , 12t4 ) of type (−, +, −).
4. Φ(t) = (12t2 , 12t3 , 12t4 ) of type (+, −, −).
5. Φ(t) = (12t, 12t3 , 12t5 ) of type (−, +, +).
6. Φ(t) = (12t2 , 12t3 , 12t5 ) of type (+, −, +).
7. Φ(t) = (12t2 , 12t4 , 12t5 ) of type (+, +, −).
8. Φ(t) = (12t2 , 8t4 + 2t5 + 2t6 , 9t6 + 3/2t7 + 3/2t8 ) of type (+, +, +).
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The additional 8 models in this series are obtained by placing the osculation plane in another projective position. The University of Groningen
keeps three models that look like the ones in H. Wiener’s collection. The
model displayed in Figure 3.8 shows the tangent lines at points of the space
curve given by Φ(t) = (12t2 , 12t3 , 12t4 ). However, we have been unable to
identify the remaining two models of the collection of Groningen. This could
mean that the three string models in Groningen do not belong to Wiener’s
collection, but were made by somebody else. This is also suggested by the
fact that the size of these models is 21.5 × 21.5 × 21.5 cm, while the catalogue
of Wiener mentions the size 24 × 24 × 24 cm.

Figure 3.8: String model representing tangent lines to the curve Φ(t) =
(12t2 , 12t3 , 12t4 ), University of Groningen.
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Chapter 4
Ruled surfaces of degree 4
In this section, we describe the models from Series XIII of Schilling’s collection. The series consists of 10 models that illustrate a classification of the
ruled surfaces S ⊆ P3 given by a homogeneous real irreducible polynomial
of degree 4. In the following, we study K. Rohn’s text [Rohn] that describes
the mathematics of the models from this Series. In his text, Rohn uses as a
definition of a ruled surface the following:
Definition 5. Let S ⊆ P3 be a surface. S is a ruled surface if it is a union
of straight lines.
Remark: In this text, we do not study the connection with the modern,
more abstract definition of ruled surface, as given in [Be] or [Ha]. We only
use the given classical definition.
If a point p ∈ S lies on more than one line it is called a special point
of S. The collection of all special points forms a curve (see [Ed, Chapter
I]), which is the singular locus of S. The following theorem from the 19th
century classifies the ruled surfaces over C in terms of this singular locus.
Theorem 21. Let S be a ruled surface which is not a cone given by a homogeneous irreducible polynomial of degree 4, with singular locus the curve
Γ ⊆ P3 (C). Then, Γ ⊆ P3 (C) is one of the following:
1. Γ consists of two skew double lines (including a limit case).
2. Γ consists of a double line and a double conic.
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3. Γ consists of a double space curve of degree 3.
4. Γ consists of a triple line.
Proof. See [Ed, Chapter I].
The proof as given in [Ed] starts by intersecting the surface with a general
plane through a general line of the surface. This intersection is required to
consist of the line together with an irreducible curve of degree 3. This is the
reason why cones are excluded: for a cone, the intersection would be a union
of lines.
In the following, we study the four cases of the theorem and describe the
equations for the surfaces represented by the models. We begin studying the
first case of Theorem 21, namely the case when the ruled surface S contains
two double lines. This case yields the models 1, 2, 3, 4 and 5 of Series XIII.
The surfaces that the models are representing are described in detail by Rohn
in [Rohn] and his explicit calculations are replaced by modern proofs in the
present text.

4.1

Ruled surfaces with two skew double lines

Let P3 be the projective space with coordinates x1 , x2 , y1 , y2 . We recall the
following definition:
Definition 6. A bi-homogeneous form G ⊆ P3 of type (i, j) is a polynomial
in the variables x1 , x2 , y1 , y2 such that
G(λx1 , λx2 , µy1 , µy2 ) = λi µj G(x1 , x2 , y1 , y2 )
for all λ, µ ∈ C.
The following theorem gives a construction for ruled surfaces using a pair
of skew lines:
Theorem 22. Consider the rational map:
Φ:

P3
99K P1 × P1
(x1 : x2 : y1 : y2 ) 7→ ((x1 : x2 ), (y1 : y2 )).

Let Γ ⊂ P1 × P1 be a curve. Then, the closure of Φ−1 (Γ) is a ruled surface
S ⊂ P3 . Let Γ be given by a bi-homogeneous polynomial F of type (2, 2), then
S is also given by F .
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Proof. Note that Φ is not defined on {L1 ∪ L2 }, where Li are the two skew
lines in P3 given by L1 = {(x1 : x2 : 0 : 0)} and L2 = {(0 : 0 : y1 : y2 )}.
Let S be the closure of Φ−1 (Γ) and consider the restricted morphism of Φ:
S\{L1 ∪ L2 } → Γ. Let us show that S is a ruled surface. It suffices to show
that any point of S\{L1 ∪ L2 } lies on a straight line contained in S.
For every point ((a1 : a2 : b1 : b2 )) ∈ S\{L1 ∪ L2 }, Φ(a1 : a2 : b1 :
b2 ) = ((a1 : a2 ), (b1 : b2 )) ∈ Γ. Hence F (a1 , a2 , b1 , b2 ) = 0. The closure of
Φ−1 ((a1 : a2 ), (b1 : b2 )) is the line {(λa1 : λa2 : µb1 : µb2 ) | (λ : µ) ∈ P1 }
which connects the two points (a1 : a2 : 0 : 0) and (0 : 0 : b1 : b2 ) on L1 and
L2 respectively. Hence, the surface S is ruled.
For a geometrical meaning of the map Φ, we refer to Chapter 2.
We have the following result:
Proposition 11. Let S ⊂ P3 be given by F = 0 with F homogeneous polynomial of degree 4. Suppose that the two lines L1 and L2 given above are
double lines. Then, F is bi-homogeneous of type (2, 2). Moreover, S is a
ruled surface.
Proof. One can write F = F2,2 + F1.3 + F3,1 + F0,4 + F4,0 , where Fi,j is bihomogeneous of type (i, j). Since F = 0 contains L1 and L2 one has that
F0,4 = F4,0 = 0. Using that the points of L1 have multiplicity 2, one finds
that F3,1 (a1 , a2 , y1 , y2 ) = 0 for all (a1 , a2 ) 6= (0, 0). Hence, F3,1 = 0. Using
the line L2 one finds that F1,3 = 0. Thus, F = F2,2 .
The surface S is ruled since any point (a1 : a2 : b1 : b2 ) ∈ S is either on
L1 or L2 , or satisfies (a1 , a2 ) 6= (0, 0) and (b1 , b2 ) 6= (0, 0). In the latter case,
the line (λa1 : λa2 : µb1 : µb2 ) with (λ : µ) ∈ P1 contains the point and is in
S.
Let S be given by an irreducible bi-homogeneous polynomial F of type
(2, 2). Then, we can write F in the form
A(x1 , x2 )y12 + B(x1 , x2 )y1 y2 + C(x1 , x2 )y22
with A, B and C homogeneous polynomials of degree 2 in x1 and x2 . Since F
is not divisible by a polynomial in x1 and x2 , it follows that gcd(A, B, C) = 1.
Since F is not divisible by a polynomial in y1 or y2 , it follows that AC 6= 0.
Furthermore, there is no linear relation αA + βB + γC = 0 with αγ 6= 0
(because F is not divisible by a linear form in y1 and y2 ).
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Proposition 12. Let Γ ⊂ P1 × P1 be a curve given by a polynomial F bihomogeneous of type (2, 2) of the form:
A(x1 , x2 )y12 + B(x1 , x2 )y1 y2 + C(x1 , x2 )y22 .
Suppose the discriminant B 2 − 4AC has four different zeroes. Then, the
curve Γ has genus 1.
Proof. Consider the projection of Γ to the first P1 , pr1 : Γ → P1 , which is
a 2 : 1 map. By assumption, the discriminant B 2 − 4AC has four different
zeroes p1 , p2 , p3 , p4 . Hence, Γ is non-singular and pr1 : Γ → P1 is ramified
with ramification index 2 at the four points pi for i = 1, . . . , 4. By the
Riemann-Hurwitz formula, the genus g of Γ satisfies 2 − 2g = 2(−2) + 4 = 0
hence g = 1.
From now on, we will assume that the discriminant of the polynomial F
defining Γ ⊂ P1 × P1 has four different zeroes. Hence, the curve Γ is nonsingular and has genus 1. Let us choose a point e ∈ Γ. This makes the curve
Γ into an elliptic curve with neutral element e for its group structure. The
following two lemmas will be needed in the proof of Theorem 23.
Lemma 6. Let Γ be an elliptic curve with neutral element e ∈ Γ. Consider
the automorphisms σ and τa with a ∈ Γ of Γ, given by σ(p) = −p and
τa (p) = p + a. Then,
The automorphisms of order two of Γ are:
1. στa with a ∈ Γ
2. τa with a 6= e a point of order two on Γ.
Proof. See [Sil, §3].
Lemma 7. Let Γ, στa and τa as in Lemma 6. Then,
1. Γ/hστa i ' P1 and
2. Γ/hτa i with a ∈ Γ of order 2, is isomorphic to an elliptic curve.
Proof.
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1. The map f : Γ → Γ/hστa i is a 2 : 1 map. It is ramified at the points
p ∈ Γ with στa (p) = p, i.e., points p such that 2p = −a. Considering
the isomorphism of the elliptic curve Γ ' C/Λ ' S 1 × S 1 one sees that
this equation has four solutions for p. Hence, the map f is ramified
at four points with ramification index 2. By the Riemann-Hurwitz
formula, this implies that Γ/hστa i has genus 0 and is isomorphic to P1 .
2. Again, the Riemann-Hurwitz formula applied to the covering Γ →
Γ/hτa i shows that Γ/hτa i has genus 1.
Now consider a projection pri : Γ ⊂ P1 × P1 −→ P1 . This map has degree
2, hence defines Γ as a Galois cover of P1 of degree 2. This implies that a
unique automorphism Φi of Γ of order 2 exists, such that pri ◦ Φi = pri and
Γ
pri &

−→ Γ/hΦi i
%c
P1

where c is an isomorphism and Φi is given by στai for i = 1, 2. Note that
a1 6= a2 since otherwise F would be reducible. The lemmas will be used to
produce a standard form for the curves Γ.
Theorem 23. Let Γ ⊂ P1 ×P1 be an elliptic curve given by a bi-homogeneous
polynomial of type (2, 2). Then, there exists an automorphism A : P1 × P1 →
P1 × P1 such that A(Γ) is symmetric in the following sense:
(p, q) ∈ A(Γ) ⇒ (q, p) ∈ A(Γ).
In particular, A(Γ) is given by a bi-homogeneous polynomial F of type (2, 2),
such that
F (x1 , x2 , y1 , y2 ) = F (y1 , y2 , x1 , x2 ).
Proof. All automorphisms of P1 × P1 are of the form (p, q) 7→ (B1 (p), B2 (q))
or (p, q) 7→ (B1 (q), B2 (p)) . If an automorphism (p, q) 7→ (B1 (p), B2 (q))
has the required property, then also (p, q) 7→ (B3 B1 (p), B3 B2 (q)) for any
automorphism B3 of P1 works. Similarly, also (p, q) 7→ (B1 (q), B2 (p)) will
work. Hence, it is no restriction to consider only automorphisms of P1 ×P1 of
the form (p, q) 7→ (f (p), q), with f an automorphism of the first P1 . Suppose
that the automorphism
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A : P1 × P1 → P1 × P1
(p, q) 7→ (f (p), q)
has the required property. We now try to describe such f . Now, (p, q) ∈ Γ ⇒
(f (p), q) ∈ A(Γ) ⇒ (q, f (p)) ∈ A(Γ) ⇒ (f −1 (q), f (p)) ∈ Γ. We therefore
obtain an automorphism C of Γ given by:
C:Γ → Γ
(p, q) 7→ (f −1 (q), f (p)).
Clearly, C is an automorphism of order 2. By Lemma 6, C has one of the
following forms:
1. στa with a ∈ Γ or
2. τa with a 6= e a point of order two on Γ.
We claim that Cστa1 = στa2 C, where ai is as defined below Lemma 7. To
see that, let γ = (p, q) ∈ Γ. Then, pr2 (C(γ)) = pr2 (f −1 (q), f (p)) = f (p) =
f (pr1 (γ)) = f (pr1 (στa1 (γ))) = pr2 (C(στa1 (γ)). By the discussion following
Lemma 7, this implies that C(στa1 (γ) is either C(γ) or στa2 (C(γ)). The first
equality implies that 2γ = −a1 which has only four solutions. Hence, the
second equality holds for almost all γ ∈ Γ and thus holds for all γ ∈ Γ. We
conclude that Cστa1 = στa2 C.
Using the last equality and Lemma 6, we have to consider the following
possibilities.
1. Suppose that C = στc for some c ∈ Γ. Then, one has that στc στa1 =
στa2 στc . This is equivalent to a1 + a2 = 2c. There are 4 points c ∈ Γ
satisfying this equation.
2. Suppose that C = τc with c ∈ Γ an element of order 2. Then, τc στa1 =
στa2 τc implies a1 = a2 , which yields a contradiction.
We have therefore proved that the automorphism C of order 2 of Γ is
given by C = στc , with 2c = a1 + a2 .
Vice versa, suppose c ∈ Γ satisfies 2c = a1 + a2 . Define f : P1 → P1 by
f (pr1 (γ)) := pr2 (στc (γ)),
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for all γ ∈ Γ.
We show that the map f is well defined: suppose that pr1 (γ) = pr1 (γ 0 )
and γ 6= γ 0 . Then, γ 0 = στa1 γ and pr2 (Cγ 0 ) = pr2 (Cστa1 γ) = pr2 (στa2 Cσ) =
pr2 (Cγ). It is easily verified that f is an isomorphism and has the required
property.
The previous theorem shows that the bi-homogeneous polynomial F that
defines Γ ⊂ P1 × P1 can be assumed to be symmetric. In order to simplify
further the equation defining Γ, Rohn introduces the following definition:
Definition 7. Let Γ ⊂ P1 × P1 be given by F = Ay12 + By1 y2 + Cy22 with
A, B, C homogeneous in x1 and x2 of degree 2. The discriminant B 2 − 4AC
is said to be normalized if it is a scalar multiple of x41 + bx21 x22 + x42 .
The polynomial F is in its normal form if F is symmetric (in the sense
of Theorem 23), and if its discriminant is normalized.
Lemma 8 (Rohn). Suppose F = Ay12 + By1 y2 + Cy22 is symmetric and its
discriminant has 4 distinct zeroes. Then an automorphism s of P1 exists
such that F (s(x), s(y)) is in normal form.
Proof. One can normalize the discriminant B 2 − 4AC as follows: recall that
the discriminant has four simple zeroes p1 , p2 , p3 and p4 on the first P1 . By
a change of coordinates, we can suppose that p1 = 0, p2 = ∞, p3 = 1 and
p4 = λ. There exists an automorphism s of P1 permuting each pair {0, ∞}
and {1, λ}, namely the automorphism s given by
s : P1

P1
λ
z→
7
.
z
→

√
The automorphism s has order two, and fixes the two points ± λ. Again by
a change of coordinates, we can suppose that these two points are 0 and ∞,
which transforms the automorphism s into s(z) = −z. In terms of this, the
four elements pi that are pairwise interchanged are given by ±d and ±e. The
discriminant is therefore (written in affine coordinates) az 4 +bz 2 +c with ac 6=
0 which becomes, after shifting z to some δµ, µ4 +bµ2 +1. Rewriting in terms
of homogeneous coordinates, one obtains the required form of Definition 7.
One can calculate that the discriminant of F (s(x1 , x2 ), s(y1 , y2 )) is a scalar
multiple of the discriminant of F ((x1 , x2 ), (y1 , y2 )). Since F (s(x), s(y)) is
clearly symmetric, the last implies that it is in normal form.
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We now determine the shape of an F which is in normal form. Put µ = xx21
and λ = yy12 . Then, one has that a symmetric polynomial F has the following
general form (using Rohn’s notation):
a11 λ2 µ2 + a22 (λ + µ)2 + a33 + 2a23 (λ + µ) + 2a13 λµ + 2a12 λµ(λ + µ),
with aij ∈ C and with discriminant

µ4 (a212 − a11 a22 ) + 2µ3 (a12 a13 − a11 a23 ) + µ2 (a213 + 2a13 a22 −
2a12 a23 − a11 a33 ) + 2µ(a13 a23 − a12 a33 ) + a223 − a22 a33 .

The discriminant is in its normal form if and only if
a12 a13 − a11 a23 = 0, a13 a23 − a12 a33 = 0
a212 − a11 a22 = a223 − a22 a33 .
One may suppose, by scaling, that a11 = a33 = 1. The last equation
implies a12 = ±a23 . Suppose that a12 6= 0. Then a23 6= 0 and a13 = ±1. One
can check in this case that F becomes reducible. Hence, we may suppose
that a12 = a23 = 0 and a11 = a33 = 1. This gives the final normal form for
F:
a11 (x21 y12 + x22 y22 ) + a22 (x21 y22 + x22 y12 ) + 2a13 x1 x2 y1 y2
with aij ∈ C, and discriminant a scalar multiple of
T4 +

a211 + a222 − a213 2
T + 1.
a11 a22

The real case:
We now want to find the equations of the surfaces represented in models
1 to 5 from Series XIII. The above calculations are valid over C. In order to
study the models, we need to see what happens when the curve Γ is defined
over R, i.e., when the polynomial F has real coefficients. Furthermore, we
assume that Γ(R) is not empty, since otherwise the real model would not
have points. As in the complex case, we make Γ into an elliptic curve by
fixing a neutral element e ∈ Γ(R). It is well known (see [Sil] and also Section
3.1.3 of Chapter 3) that the group Γ(R) is either isomorphic to S 1 (we will
call this the connected case) or to S 1 × Z/2Z (the disconnected case). It
follows that in the connected case, Γ(R) has two elements of order dividing
2, and in the disconnected case there are 4 such elements. From Lemma 6
one easily obtains the following result.
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Lemma 9. Let Γ(R) be an elliptic curve with neutral element e ∈ Γ(R).
Consider the automorphisms σ and τa with a ∈ Γ(C) as in the complex case.
Then,
The real automorphisms of order two of Γ are:
1. στa with a ∈ Γ(R)
2. τa with a ∈ Γ(R) of order 2.
We now reconsider the proof of Theorem 23. Since in our case the projections pri : Γ → P1 are defined over R, it follows that the points ai ∈ Γ
such that pri στai = pri are real points of Γ. We now study whether a real
automorphism A of P1 × P1 exists. This is the case if and only if a c ∈ Γ(R)
exists such that 2c = a1 + a2 . We study the two cases separately:
The connected case:
Since Γ(R) ' S 1 , it is clear that there are two such real solutions to the
equation 2c = a1 + a2 . Hence Theorem 23 holds with a real automorphism
A and a real polynomial F in this case.
We next study which of the four complex ramification points of the two
projections pri : Γ → P1 are real. The ramification points of pr1 are the fixed
points b ∈ Γ of στa1 , with a1 ∈ Γ(R). Rohn calls these points pinch points.
One has that στa1 (p) = p ⇔ −a1 = 2b. This has two real solutions b and two
complex conjugated. Hence, two of the ramification points for pr1 : Γ → P1
are real and the other two are complex conjugated. The same holds for the
ramification points of pr2 : Γ → P1 . After a real change of variables of P1 ,
we may assume that these ramification points are given by ±α and ±βi. In
these new variables, the discriminant is a scalar multiple of T 4 + bT 2 − 1. An
analogous calculation to the one below the proof of Lemma 8 shows that Γ
may be assumed to be given as
a11 (−x21 y12 + x22 y22 ) + a22 (x21 y22 + x22 y12 ) + 2a13 x1 x2 y1 y2
with aij ∈ R, and whose discriminant has the form
T4 +

a211 − a222 − a213 2
T − 1.
a11 a22

There are no models in the series that illustrate this case. We have
represented the ruled surface given by the previous equation in Figure 4.1.
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Figure 4.1: Ruled surface with two real double lines and two real pinch points.
Remark: Note that the real pinch points are situated on L1 and L2 , respectively.
The disconnected case:
We study the real pinch points and the real solutions to the equation
2c = a1 + a2 . We distinguish four cases:
1. a1 and a2 lie on the component of the identity of Γ(R). Then also a1 +a2
is on this component. Hence, the equation 2c = a1 + a2 has also four
real solutions, so again Theorem 23 holds with a real automorphism A
and a real polynomial F . Moreover, the equation 2b = −ai has four
real solutions b, so the maps pri have all four ramification points real.
Therefore, one obtains for this case the same equation as in the complex
case, namely:
a11 (x21 y12 + x22 y22 ) + a22 (x21 y22 + x22 y12 ) + 2a13 x1 x2 y1 y2
with aij ∈ R. The discriminant has up to a real scalar the form
T4 +

a211 + a222 − a213 2
T + 1.
a11 a22

Remark: Note that the polynomial T 4 + bT 2 + 1 has four distinct
zeroes precisely when b 6= 2. These zeroes are all real when b < −2,
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and all complex in the remaining cases. So in our case, we deduce that
a211 +a222 −a213
< −2. Model nr. 1 in Series XIII represents the case where
a11 a22
all zeroes are real (see Figure 4.2).

Figure 4.2: String model representing a ruled surface with two real double lines
and four real pinch points on each line. Series XIII nr. 1, University of Groningen.

2. Both a1 and a2 do not lie on the component of the identity of Γ(R).
Then, a1 + a2 is in the component of the identity. Hence as before,
the equation 2c = a1 + a2 has four real solutions, so again Theorem
23 holds with a real automorphism A and a real polynomial F . Since
also −a1 and −a2 are not in the component of the identity of Γ(R),
there are no real solutions to 2b = −ai . Hence, the maps pri have
all four ramification points imaginary. It can be calculated that the
discriminant is in this case up to scalar of the form T 4 + bT 2 + 1 with
b > −2 and b 6= 2. Therefore, the corresponding equation reads:
a11 (x21 y12 + x22 y22 ) + a22 (x21 y22 + x22 y12 ) + 2a13 x1 x2 y1 y2
with aij ∈ R and discriminant upto real scalar of the form
T4 +
with

a211 +a222 −a213
a11 a22

> −2 and

a211 + a222 − a213 2
T + 1,
a11 a22
a211 +a222 −a213
a11 a22

6= 2.

This type of equation yields model nr. 2 from Series XIII which is
shown in Figure 4.3.
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Figure 4.3: String model representing a ruled surface with two real double lines
and no real pinch points. Series XIII nr. 2, University of Groningen.

3. If a1 lies in the component of the identity of Γ(R) and a2 does not,
then, there are 4 real ramification points for pr1 and none for pr2 .
The equation 2c = a1 + a2 has no real solutions for c. Rohn uses
a trick to arrive at a normal form for this case. Namely, instead of
using the flip as in the proof of Theorem 23, now the automorphism
((x1 : x2 ), (y1 : y2 )) 7→ ((iy1 : y2 ), (−ix1 : x2 )) of order 2 is used. The
invariant forms of type (2, 2) for this automorphism are all
a11 λ2 µ2 − a2 2(λ2 − µ2 ) − a11 + 2a13 λµ
with aij ∈ C. It can be shown that in the present case a real transformation exists which puts the curve in this form with aij ∈ R:
a11 (x21 y12 − x22 y22 ) − a22 (x21 y22 − x22 y12 ) + 2a13 x1 x2 y1 y2
The two discriminants with respect to the first and second P1 ’s are a
scalar multiple of
T4 +

a2 + a222 + a213 2
a211 + a222 + a213 2
T + 1 and T 4 − 11
T + 1,
a11 a22
a11 a22

respectively. This equation yields model nr. 3 from Series XIII which
is shown in Figure 4.4.
4. If a2 lies in the component of the identity of Γ(R) and a1 does not,
then, there are 4 real ramification points for pr2 and none for pr1 . The
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Figure 4.4: String model representing a ruled surface with two real double lines
and four real pinch points on one of the lines. Series XIII nr. 3, University of
Groningen.

equation 2c = a1 + a2 has no real solutions for c. This case is similar
to the previous case.
Rohn also studies the situation where the ruled surface has a pair of
complex conjugated lines as double lines. After a transformation λ = α + iβ
and µ = α − iβ, his equation reads
(α2 + β 2 )2 + 1 + 2bα2 + 2cβ 2 = 0,
with b < −1 and c arbitrary (or c < −1 and b arbitrary).
This equation gives rise to model 4 of Series XIII, shown in Figure 4.5.
Remark: Note that this is related to the blow-down morphism for real cubic
surfaces containing a pair of complex conjugate skew lines (see Chapter 2).

4.1.1

The limit case

Rohn considers a limit case of the previous case which consists of moving the
double line L1 to the line L2 until, in Rohn’s terminology, L1 is infinitely near
to L2 . The result is a ruled surface, now with the singular line L2 which Rohn
calls a Selbstberührungsgerade (self intersecting line). L2 is more singular
than a double line: any plane passing through L2 intersects the surface in L2
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Figure 4.5: String model representing a ruled surface with two complex conjugated
double lines. Series XIII nr. 4, University of Groningen.
and in two more lines intersecting on L2 . On L2 there are four pinch points.
This yields model number 5 of the series (see Figure 4.6), with equation:
a(x41 + x42 ) + 2b1 x21 x22 + b2 (x1 y2 − x2 y1 )2 = 0.
The condition b1 /a < −1 is needed here to make sure that these pinch points
are real. Note that the equation is no longer bi-homogeneous but is still
symmetric.

4.2

Ruled surfaces with a double line and a
double conic

In this case, the singular locus of the ruled surface S is assumed to be the
union of a straight line L and a conic Q, where the intersection L ∩ Q is
one point and L and Q are not in the same plane. Rohn fixes homogeneous
coordinates x1 , x2 , y1 and y2 on P3 such that L is given by y1 = y2 = 0
and Q is given by x1 = 0 = y22 − x2 y1 . The line L ⊂ P3 and the conic
Q ⊂ P3 can be parameterized respectively as {(λ : 1 : 0 : 0) | λ ∈ C} and
{(0 : 1 : µ2 : µ) | µ ∈ C}.
Rohn now considers bi-homogeneous curves Γ ⊂ P1 × P1 ' L × Q of type
(2, 2) with the property that L∩Q defines a singular point of Γ and such that
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Figure 4.6: String model representing a ruled surface with self intersecting line.
Series XIII nr. 5, University of Groningen.
the projections Γ → P1 ramify over points ±λ0 respectively ±µ0 . Explicitly,
such a curve Γ is given by an equation
a11 λ2 µ2 + a22 (µ2 ± λ2 ) + 2a13 λµ = 0.
As before, we write pr1 and pr2 for the two projections of Γ to L and Q. For
any point γ ∈ Γ one considers the straight line connecting pr1 (γ) and pr2 (γ).
The union of all these lines {(0 : 1 : µ2 : µ) + ρ(λ : 1 : 0 : 0)} forms a surface
in P3 . From the equation (ρλ : ρ + 1 : µ2 : µ) = (x1 : x2 : y1 : y2 ) and the
equations defining L and Q one obtains the parameters
y1
x1 y1
µ=
and λ =
.
y2
x2 y1 − y22
Substituting these values in the equation of Γ,

a11

¡

¡ y12
x1 y1
x1 y1 ¢2 y12
(x1 y1 )2 ¢
y1
+ 2a13
·
+
a
±
·
= 0,
22
2
2
2
2 2
2
x2 y1 − y2
y2
y2
(x2 y1 − y2 )
x2 y1 − y2 y2

and multiplying the expression by (x2 y1 − y22 )2 · y22 one obtains:

a11 (x1 y1 )2 · y12 + a22 y12 (x2 y1 − y22 )2 ± (x1 y1 )2 y22 + 2a13 (x2 y1 − y22 )y2 x1 y12 = 0.

Dividing the expression by y12 we obtain a component, given by an equation of degree 4:
a11 (x1 y1 )2 + a22 (x2 y1 − y22 )2 ± x21 y22 + 2a13 (x2 y1 − y22 )y2 x1 = 0.
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Note that the equation is no longer bi-homogeneous of type (2, 2) nor
symmetric.
Remark: The condition that L ∩ Q is one point p which moreover defines
a singular point (p, p) ∈ Γ is necessary in order to be able to divide out the
equation by y12 . If L ∩ Q = ∅, or if (p, p) ∈
/ Γ, then the equation of the surface
would be irreducible of degree 6.
a2 −a2
The case with the ‘+’ sign and the condition a1311 a2222 > 0 corresponds to
the case when all the 8 pinch points are real. This case is illustrated in model
nr. 8 of the series (shown in Figure 4.7).

Figure 4.7: String model representing a ruled surface with a double line and a
double conic intersecting eachother. Series XIII nr. 8, University of Padova.

4.3

Ruled surfaces with a double space curve
of degree 3

In this case, the singular locus of the ruled surface S is a curve N ⊂ P3 called
normal curve given by the embedding
P1 → P3
(x1 : x2 ) 7→ (x31 : x21 x2 : x1 x22 : x32 ).

Again, one considers a curve Γ ⊂ N × N ' P1 × P1 , non-singular and bihomogeneous of type (2, 2). Let pr1 and pr2 denote the two projections of Γ
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to N . For a general point γ ∈ Γ one considers the straight line connecting
pr1 (γ) and pr2 (γ). The closure of the union of all these lines forms the surface
S. The classification of the curve Γ ⊂ N × N is the same as in the previous
cases. The equation for the surface is
a11 (X 2 ± Z 2 ) + a22 Y 2 + 2(a13 − a22 )XZ,
where X = (x1 y1 − x22 ), Y = (x1 y2 − x2 y1 ), Z = (x2 y2 − y12 ). The case
when the surface has four real pinch points corresponds to model nr. 9 of
the series, and the case where all pinch points are complex yields model 10
(shown in Figure 4.8).

Figure 4.8: String model representing a ruled surface with a double space curve
of degree 3. Series XIII nr. 10, University of Groningen.

4.4

Ruled surfaces with a triple line

This case is related to the case in Section 4.1. One has a similar result as
that of Proposition 11.
Proposition 13. Let S ⊂ P3 be an irreducible surface given by F = 0 with
F homogeneous polynomial of degree 4. Suppose that the line L = {(x1 : x2 :
0 : 0)} is triple. Then, F has the form
x1 A(y1 , y2 ) + x2 B(y1 , y2 ) + C(y1 , y2 )
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with A, B and C homogeneous polynomials in y1 and y2 of degrees 3, 3 and
4 respectively. Moreover, S is a ruled surface.
Proof. Decompose F as F = F2,2 + F1,3 + F3,1 + F0,4 + F4,0 , where Fi,j is bihomogeneous of type (i, j). Since F is zero on L, one has F4,0 = 0. Consider
the point (0 : 1 : 0 : 0) and affine coordinates u := xx21 , v := xy12 , w := xy22 . The
affine equation
¡ F22,2 (u, 1, v, w)+F1,3 (u, 1, v, w)+F¢3,1 (u,
¡ 1, v, w)+F0,4 (u, 1, v,¢w)
has
¡ 3 the form u 2A2 (v, w) + uB2 (v, w) + C2 (v, w) +¢ uA
¡ 3 (v, w) +¢B3 (v, w) +
u A1 (v, w) + u B1 (v, w) + uC1 (v, w) + D1 (v, w) + A4 (v, w) , where Ai ,
Bi , Ci and Di are homogeneous polynomials of degree i. The intersection
of the surface with a plane y2 = αy1 yields a curve, which should contain
the line L as a triple line. In other words, the polynomial u2 A2 (v, αv) +
uB2 (v, αv)+C2 (v, αv)+uA3 (v, αv)+B3 (v, αv)+u3 A1 (v, αv)+u2 B1 (v, αv)+
uC1 (v, αv)+D1 (v, αv)+A4 (v, αv) contains a factor v 3 . This implies the form
of the equation for S.
We note that the g.c.d (A, B, C) = 1 since S is irreducible. Consider a
point (a1 : a2 : b1 : b2 ) ∈ S with (b1 , b2 ) 6= (0, 0). If A(b1 , b2 ) = B(b1 , b2 ) = 0,
then also C(b1 , b2 ) = 0. This contradicts g.c.d (A, B, C) = 1. Hence, there
exists a pair (c1 , c2 ) 6= (0, 0) (unique up to a multiple) such that c1 A(b1 , b2 ) +
c2 B(b1 , b2 ) = 0. Then, the line through (a1 , a2 , b1 , b2 ) and (c1 , c2 , 0, 0) lies on
S which implies that S is a ruled surface.
Let (a1 : a2 : 0 : 0) ∈ L be a point on the triple line L. In general, there
are 3 tangent planes at the point. The union of these tangent planes is given
by the cubic equation a1 A(y1 , y2 ) + a2 B(y1 , y2 ) = 0. In general, there are 4
points on L such that two of the three tangent planes coincide. These points
are called again by Rohn pinch points. The realness of these four pinch points
and the possible coincidence of them gives rise to various models. Only two
of them are in the series. Namely model nr. 6 with four real pinch points
(shown in Figure 4.9), and model nr. 7, where A and B are assumed to have
a common linear factor (see Figure 4.10).
Remark: The historical part of [Be, III] and the exercises 9 and 10 give
some hints for the classification of ruled surfaces of degree 4 in P3 , as given
by Rohn. A complete modern treatment seems to be missing in the literature.
We note that the above classification is somewhat vague and moreover
cones in P3 have been excluded (see Theorem 21). An example of a cone is
the following: Let x1 , x2 , x3 x4 denote homogeneous coordinates for P3 . Let
F = F (x1 , x2 , x3 ) be homogeneous of degree 4, defining a non-singular curve
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Figure 4.9: String model representing a ruled surface with a triple line and four
real pinch points. Series XIII nr. 6, University of Padova.

Figure 4.10: String model representing a ruled surface with a triple line. Series
XIII nr. 7, University of Groningen.
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C ⊂ P2 . The cone of C is the surface S ⊂ P3 given by the same equation
F = 0. This surface consists of the lines connecting the point (0 : 0 : 0 : 1)
with the points of C ⊂ P2 ⊂ P3 .
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Chapter 5
Alicia Boole Stott and
four-dimensional polytopes
5.1

Introduction

In this chapter we present the life and work of Alicia Boole Stott (1860-1940),
an Irish woman who considerably contributed to four-dimensional geometry.
Although she never studied mathematics, she learned herself to ‘see’ the
fourth dimension. Using the special capacity of her mind, she developed
a new method to visualize four-dimensional polytopes. In particular, she
constructed the three-dimensional sections of these four-dimensional objects.
The result is a series of three-dimensional polyhedra, which she illustrated
making drawings and three-dimensional models. The presence of an extensive collection in the University of Groningen (The Netherlands) reveals a
collaboration between Boole Stott and the Groningen professor of geometry
P. H. Schoute. This collaboration lasted more than 20 years and combined
Schoute’s analytical methods with Boole Stott unusual ability to visualize the
fourth dimension. After Schoute’s death (1913), the University of Groningen in 1914 awarded an honorary doctorate to Boole Stott. She remained
isolated from the mathematical community until about 1930, when she was
introduced to the geometer H. S. M. Coxeter with whom she collaborated
until her death in 1940.
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Boole Stott’s life
Gems from the basement

In the spring of 2001 an old paper roll containing drawings of polyhedra
was found in the basement of the Mathematics, Astronomy and Physics
building at the Zernike Campus of the University of Groningen (see Figure 5.14 in section 5.3.1). The drawings, carefully made and beautifully
coloured, looked like a series of related Archimedean solids, first increasing and then decreasing in size. The roll was unsigned but the drawings
were quickly recognised to be representations of three-dimensional models
held at the Groningen University Museum and known to be the work of
Alicia Boole Stott (1860-1940), the daughter of the logician George Boole
(1815-1864). Further investigation revealed that Boole Stott had enjoyed a
fruitful collaboration with the Groningen Professor of Geometry, Pieter Hendrik Schoute (1846-1913) for over twenty years1 , and had been awarded an
honorary doctorate by the University of Groningen in 1914. After Schoute’s
death in 1913, Boole Stott’s drawings and models remained in the Groningen University Mathematics Department. The drawings appear to display
three-dimensional sections of regular four-dimensional polytopes, obtained by
intersecting the four-dimensional polytopes with a three-dimensional space.
Looking at the complete set of drawings it is possible to see that one section
develops into another by a further shift of the three-dimensional space.
In this chapter we trace the history of Boole Stott’s drawings and models,
beginning with a biography of Boole Stott, and finishing with a detailed
description of two of her publications. As will be described, Boole Stott,
had a rather special education under the tutelage of her mother (her father
George Boole having died when she was only four). We set Boole Stott’s
work into its historical context with an account of the early history of fourdimensional geometry, followed by a discussion of the work of Boole Stott’s
predecessors, notably Ludwig Schlaefli (1814-1895) and Washington Irving
Stringham (1847-1900).
It is clear that Boole Stott developed a mental capacity to understand
the fourth dimension in way that differed considerably from the analytic
approach of other geometers of the time, in particular that of Schoute. But
how did she come to develop such an understanding of four-dimensional
1

There is an error in the Dictionary of Scientific Biography (and it is repeated on the
St Andrew’s website) where Schoute’s date of death is given as 1923.
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geometry? Did her isolation from the mathematical community and her
special education play a role in her discoveries? In Section 5.2.4 we consider
these questions and discuss the origins of Boole Stott’s interest in polytopes.
Boole Stott’s collaboration with Schoute, which is described in detail in
Section 5.2.6, raises several questions concerning their actual working practice - How often, when and where did they meet? Why did the models
and drawings end up in Groningen? - which we attempt to answer. With
Schoute’s death, Boole Stott’s mathematical activity seems to have drawn
to a halt and it was only several years later that Boole Stott’s interest in
polytopes was revived. In 1930 Boole Stott’s nephew, Geoffrey Ingham Taylor (1886-1975), introduced her to the young HSM Coxeter (1907-2003), the
two became friends, and Coxeter later made several references to her in his
works.
Boole Stott’s published her main results on polytopes in two papers of
1900 [B-S 2] and 1910 [B-S 4]. As the discussion in Section 5.3 shows, the
first paper [B-S 2] relates to the drawings and the models. This publication
studies the three-dimensional sections of the regular polytopes, which are
series of three-dimensional polyhedra. In order to illustrate these sections,
Boole Stott made drawings and cardboard models of the sections of the two
most complicated polytopes. Boole Stott’s work was receipted by some of
her contemporaries, but was almost forgotten later on.

5.2.2

The beginnings of four-dimensional geometry

Geometry as studied to the middle of the 19th century dealt with objects
of dimension no greater than three. The interest among mathematicians in
the fourth dimension seems to have arisen in the middle of the 19th century
after the Habilitation lecture of Riemann (1826-1866), given on June 10th,
1854. In this lecture [Rie], published by Richard Dedekind after Riemann’s
death, Riemann introduced the notion of an n-dimensional manifold. The
lecture had few mathematical details but was presented with many ideas
about what geometry should be. With the increasing use of analytical and
algebraic methods, the step to a higher number of dimensions became necessary. Various mathematicians generalized their theories to n dimensions.
From that moment on, interest in higher dimensional spaces was booming.
By 1885 several articles on the topic had appeared, written by mathematicians such as William Clifford (1845-1879) [Cli] or Arthur Cayley (1821-1895)
[Cay]. Another important figure who popularized the topic was Howard Hin-
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ton (1853-1907), an English high school teacher of mathematics. In his book
The fourth dimension [Hin2] Hinton introduced the term tesseract for an
unfolded hypercube.

5.2.3

Polytopes and modelling

Four-dimensional polytopes are the four-dimensional analogue of polyhedra.
They were discovered by the Swiss mathematician L. Schlaefli. Between 1850
and 1852, Schlaefli had developed a theory of geometry in n-dimensions. His
work, Theorie der vielfachen Kontinuität [Schl1], contained the definition
of the n-dimensional sphere and the introduction of the concept of fourdimensional polytopes, which he called polyschemes. He proved that there
are exactly six regular polytopes in four dimensions and only three in dimensions higher than four. Unfortunately, because of its size, his work was
not accepted for publication. Some fragments of it were sent by Schlaefli to
Cayley, who acted as an intermediary and published them in the Quarterly
Journal Of Pure And Applied Mathematics [Schl2]. The manuscript was not
published in full until after his death [Schl1]. Thus, mathematicians writing
about the subject during the second half of the century were partly unaware
of Schlaefli’s discoveries.
The first person to rediscover Schlaefli’s polytopes was W. I. Stringham.
His paper [Stri], much referred to, became important since it provides an
intuitive proof of the existence of the six regular polytopes, and gives explicit
constructions for each of them. It also includes one of the earliest known
illustrations of four-dimensional figures, displayed in Figure 5.1.

5.2.4

A special education

Alicia Boole Stott was born in Castle Road, near Cork (Ireland) on June 8th,
1860 [McH]. She was the third daughter to the today famous logician George
Boole (1815-1864) and Mary Everest (1832-1916). George Boole died from
fever at the age of 49. George’s widow Mary and five daughters were left
with very little money, so Mrs Boole was forced to move to London, taking
Alicia’s four sisters with her. Alicia had to stay at Cork with her grandmother
Everest and an uncle of her mother [McH]. At the age of eleven, she moved
to London to live with her mother and sisters for seven years. Her stay in
London was only interrupted by one visit to Cork in 1876, where she worked
in a children’s hospital for a short period [Cox5].
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Figure 5.1: Projections of four-dimensional polytopes by Stringham [Stri].
Since Alicia was a woman born around the middle of the nineteenth century, she had hardly any educational opportunity. In England colleges did
not offer degrees to women, and women could only aspire to study some
classical literature and other arts, and hardly any science [Mich]. Alicia’s
knowledge of science consisted only of the first two books of Euclid [Cox1].
Having so little knowledge of science, how is it possible that Alicia developed such an understanding of four-dimensional geometry? Did her special
environment stimulated her? The family situation certainly provided her
with a very particular education. She was only four years old when her father died, so she could not have received much mathematical influence from
him. However, she certainly received a good tuition from her mother. Mary
Everest Boole had studied with her husband, George Boole. When Boole
died, Everest Boole moved to England and was offered a job at Queen’s College in London as a librarian. Her passion however was teaching, and she
liked giving advice to the students [Mich]. She had innovating ideas about
education, believing for example that children should manipulate things in
order to make the unconscious understanding of mathematical ideas grow
[Mich]. Her belief that models should be used in order to visualize and understand geometrical objects is reflected in the following words:
There is another set of models, the use of which is to provide
people who have left school with a means of learning the relation
between three dimensions and four. [Eve1]
The geometric education may begin as soon as the child’s hands
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can grasp objects. Let him have, among his toys, the five regular
solids and a cut cone. [Eve2]

Most of Everest Boole’s books were published years after they were written. Michalowicz [Mich] proffers some explanation as to why Everest Boole’s
work remained unknown for so long. It is therefore probable that Everest
Boole had these ideas on the use of models by the time she educated her
daughters, in particular her daughter Alicia. Apart from the education provided by her mother, Alicia was also strongly influenced by the amateur
mathematician Howard Hinton, whom she met during her London period.
Hinton was a school teacher, and was very interested in four-dimensional
geometry.
Hinton was fascinated by the possibility of life in either two of four dimensions. He used hundreds of small colour cubes and assigned a Latin name to
each of them. After having contemplated them for years he claimed that he
had learned to visualize the fourth dimension [McH]. He stimulated Alicia
and her sisters during his visits to the family by putting together the small
cubes and by trying to make them perceive the hypercube. He also made
them memorize the arbitrary list of Latin names he had assigned to them
[McH]. This seems to have strongly inspired Alicia in her later work, and
she soon started surprising Hinton with her ability to visualize the fourth
dimension. Little more is known about their contact, apart from Alicia’s
contribution to Hinton’s book: A new era of thought [Hin1]. She wrote part
of the preface, as well as some chapters and appendices on sections of some
three-dimensional solids. Hinton is also remembered for his books The fourth
dimension [Hin2] and An episode of flatland [Hin3].
In 1889 Alicia lived near Liverpool working there as a secretary [Cox5].
She married the actuary Walter Stott in 1890 and had two children, Mary
(?-?)2 and Leonard (1892-1963) [McH]. Boole Stott returned to do research
by the time the children were growing up. On a family picture dated around
1895, Boole Stott is present with her two children in the company of her four
sisters, her mother and some of her nephews (see Figure 5.2).
2

I have not been able to find the precise years of Mary, but she was born before 1895
(see E. I. Taylor’s diary [Tay-E] and Boole Stott’s letter to her sister Margaret [B-S 1])
and was still alive in December 1958, when she wrote her will [Sto]
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Figure 5.2: From left to right, from up to down: Margaret Taylor, Ethel L. Voynich, Alicia Boole Stott, Lucy E. Boole, Mary E. Hinton, Julian Taylor, Mary Stott,
Mary Everest Boole, George Hinton, Geoffrey Ingram Taylor, Leonard Stott. Boole
Stott’s three sisters Margaret, Ethel and Mary married E. I. Taylor, W. M. Voynich and H. Hinton respectively. (Courtesy of the University of Bristol)

5.2.5

Boole Stott’s models of polytopes

Inspired by Howard Hinton, Boole Stott undertook a study of four-dimensional geometry between 1880 and 1890. She worked as an amateur, without any
scientific education or scientific contacts. Probably unaware of the existence
of the six regular polytopes in the fourth dimension, she succeeded in finding
them by herself again [McH]. As reminded earlier, these six polytopes, first
discovered by Schlaefli in 1840, were independently rediscovered by Stringham [Stri] and other mathematicians [Cox1]. Five of these polytopes are the
four-dimensional analogues of the five regular polyhedra, namely the hypercube, hyperoctahedron, hypertetrahedron, 120-cell and 600-cell. The extra
one is called the 24-cell and has no three-dimensional analogue.
Boole Stott also calculated series of sections of all six three-dimensional
regular polytopes, building them in beautiful cardboard models. These sections consist of a set of increasing semiregular polyhedra, that vary in shape
and colour. Figure 5.3 shows a picture of a showcase [B-S 7] kept at the
Groningen University Museum containing Boole Stott’s models.
Her method to obtain these sections was completely based on geometrical
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Figure 5.3: Models of sections of the 600-cell and the 120-cell. [B-S 7]. (Courtesy
of the University Museum, Groningen)
visualization. How do the models Boole Stott built help in the understanding of these four-dimensional bodies? To answer this, one must step into a
dimension lower: consider the two-dimensional sections of a tetrahedron that
consist of a series of increasing triangles. By looking at these triangles, we
get information about the shape of the tetrahedron. Since we live in a threedimensional space, we cannot visualize four-dimensional bodies, in particular
the regular polytopes. However, by looking at the increasing polyhedra built
by Boole Stott, we can get an idea of the shape of such a polytope.
Boole Stott’s method consisted on unfolding the four-dimensional polytopes so that we can visualize them in the three-dimensional space.

5.2.6

Boole Stott and the Netherlands

After the drawings and models made by Boole Stott had been found in
Groningen, the present research started. We soon found out about Boole
Stott’s collaboration with P. H. Schoute, who was a professor of mathematics
at the University of Groningen.
For a short biography and a portrait of Schoute, we refer to Section 1.4.3
in Chapter 1. In 1894, Schoute ([Schou1], [Schou2] and [Schou3]) described
by analytical methods the three-dimensional central sections of the four-
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dimensional polytopes. According to Coxeter [Cox1], Boole Stott got to
know about Schoute’s publications from her husband (it remains unclear
how Walter Stott would have known about Schoute’s work). She realized that
Schoute’s drawings of the sections were identical to her cardboard models and
sent photographs of the models to Schoute. These models showed that her
central diagonal3 sections agreed with his results. This is displayed in Figure
5.4, where the drawing on the left is from [Schou3] and the photograph on the
right is a model by Boole Stott, currently present at Groningen University
Museum.

Figure 5.4: Schoute’s drawing [Schou3] and Boole Stott’s model of the central
diagonal section of the 600-cell from [B-S 7]. (Courtesy of the University Museum,
Groningen)

Schoute was very surprised and immediately answered asking to meet her
and proposing a collaboration [McH]. How did this collaboration actually
work? Schoute came to England during some of his summer holidays to stay
with Boole Stott at her maternal cousin’s house in Hever [Cox1]. In the
photograph Figure 5.5, Schoute is present in the company of Boole Stott and
some of her family during one of his visits.
Boole Stott and Schoute worked together for almost twenty years, combining Boole Stott’s ability for visualizing four-dimensional geometry with
Schoute’s analytical method [McH]. Schoute persuaded her to publish her results. Her main publications are [B-S 2] and [B-S 4] published in the journal
of the Dutch Academy of Science Verhandelingen der Koninklijke Akademie
van Wetenschappen te Amsterdam.
3

See Definition 10.
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Figure 5.5: From left to right, from up to down: Mary Stott, G. I. Taylor, Margaret Taylor, Pieter Schoute, Alicia Boole Stott. [B-S 10]. (Courtesy of the University of Bristol)
Apart from Schoute’s visits to England, the collaboration between the two
partners also worked via correspondence. Boole Stott, in a letter [B-S 5] to
her nephew Geoffrey Ingram Taylor, discusses a manuscript that she received,
probably from Schoute, about one of her publications:
... I have not done anything more interesting than staining very
shabby floors and such like homehold thing for some time; but last
night I received by post a M.S. of 70 very closely written pages
containing an analytical counterpart of my last geometrical paper.
Of course I must read it. It is the second attempt and was only
written because I did not like the first but I am such a duffer at
analytical work anyhow that I don’t suppose I shall like this very
much better. [B-S 5].
Boole Stott’s words show the contrast of every day life with her mathematical
work, and reveal much modesty concerning her analytical abilities.
The journal Verhandelingen der Koninklijke Akademie van Wetenschappen te Amsterdam where Boole Stott published her results was the journal
of the Dutch Academy of Sciences; it was read internationally by the mathematicians of the time. Some of them refer to Boole Stott’s work in their work:
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for example, E. Jouffret refers to Boole Stott publication of 1900 in [Jou, pp.
107]. Other references to her work can be found, for example, in the work
of the Dutch mathematicians Willem Abraham Wythoff (1865-1939) [Wyth]
and Jacob Cardinal (1848-1922) [Car].
Although Boole Stott published her results in a Dutch journal and a big
part of her collection is present in Groningen, it remains unclear whether
she ever went to The Netherlands or not. The set of models were proven to
be a present from Boole Stott to Schoute [Schou4] what suggests that they
could have been sent from England. Concerning her drawings at Groningen, a
closer look at the paper she used reveals that some of the sheets are originally
English, and others Dutch, which leads us to no conclusion either.

5.2.7

An honorary doctorate

Because of Boole Stott’s important contributions to mathematics, the board
of the University of Groningen decided to award a doctorate to her in 1914.
With that purpose, Johan Antony Barrau (1873-1953) (the successor of
Schoute after the death of the latter in 1913) wrote a recommendation letter
to the board of the University together with a list of Boole Stott’s publications [Bar]. This list included the three joint publications with Schoute
[BS-Sch 1], [BS-Sch 2] and [BS-Sch 3], and Boole Stott’s papers [B-S 3a] and
[B-S 4], but Barrau missed [B-S 2]. The text in Barrau’s letter, originally in
Dutch, reads:
From these papers, one infers a very special gift for seeing the
position and forms in a space of four dimensions. Three of these
papers are written jointly with late prof. Dr. P. H. Schoute connected during so many years to the University of Groningen; And
this fruitful cooperation with the professor that she lost, is the
reason for the Faculty of Mathematics and Physics to propose
Mrs A. Boole Stott for the doctorate honoris causa in Mathematics and Physics, to confer on the occasion of the coming festive
commemoration of the 300th birthday of the University.
Boole Stott was informed about the doctorate by the University in a
printed announcement, 20 April 1914 (Figure 5.6 and [B-S 6]), in which she
was invited to attend the festive promotion ceremony on July the 1st. Note
in the figure that there was not a female version of such a document, which
indicates how rare it was for a woman to receive an honorary doctorate at
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that time. Contrary to what Coxeter claims [Cox1], Boole Stott did not come
to Groningen to attend the ceremonies ([**]). The plan was that Boole Stott
would stay with Schoute’s widow [Sch-J]. However, the list of accommodation
for the 68 honoris causa candidates contains the remark does not come for
Alicia Stott [*]. Some small question remains open. Why did Boole Stott
not go to the ceremony?
Concerning the honoris causa diploma, note that the message in figure 5.6
is not the original diploma but an announcement of it. What happened to
the original document? A private communication with Boole Stott’s grandnephews Geoffrey and James Hinton revealed that the original diploma had
been in their possession for some time, but had somehow disappeared afterward.

Figure 5.6: Message to Boole Stott that she was awarded an honorary doctorate.
[B-S 6]. (Courtesy of the University of Cambridge)

5.2.8

Boole Stott and Coxeter

Boole Stott resumed her mathematical work in 1930, which had stopped
since Schoute’s death in 1913, when she met H. S. M. Coxeter [Cox1] by her
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nephew Geoffrey Ingram Taylor4 (1886-1975). The correspondence between
Taylor and his aunt Boole Stott reveals a closeness between the two relatives.
Taylor, aware of her mathematical activities, might have decided to introduce
her aunt to Coxeter. When Boole Stott and Coxeter met, she was then a
70 year old woman whilst Coxeter was only 23. Despite this difference of
age, they became friends. They used to meet and work at several topics in
mathematics. In a particular occasion [Rob], Coxeter invited Boole Stott
to a tea party at Cambridge University, where they would deliver a joint
lecture. She attended the party bringing along her a set of models which she
donated for permanent exhibition to the department of mathematics. These
models are currently in the office of Professor Lickorish at the department.
Coxeter’s own words [Cox1] describe Boole Stott as:
The strength and simplicity of her character combined with the
diversity of her interests to make her an inspiring friend.
In his later work, Coxeter often made reference to her and her work, and
called her “Aunt Alice”, as Boole Stott’s nephew Taylor used to do. Coxeter
[Cox1] describes her married life saying:
In 1890 she married Walter Stott, an actuary; and for some years
she led a life of drudgery, rearing her two children on a very small
income.
Boole Stott died at 12 Hornsey Lane, Highgate, Middlesex, on December
17, 1940 [The Times, December 18, 1940].
Since Coxeter and Boole Stott do not have any common publications, it
is not always easy to know what precise contributions Boole Stott has made.
However, we have some idea about this thanks to several remarks about her
work that Coxeter made in his publications.

5.3

Boole Stott’s mathematics

Alicia Boole Stott published her main results in two papers. The first one
called On certain series of sections of the regular four-dimensional hypersolids
was published in 1900 and deals with three-dimensional sections of fourdimensional polytopes. In her second publication Geometrical deduction of
4

Taylor became one of the most brilliant and influential mathematical physicist of the
20th century. He was expert on fluid dynamics and wave theory [OxDNB]
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semiregular from regular polytopes and space fillings, published in 1910, Boole
Stott gives a method to obtain semi-regular polyhedra and polytopes from
regular ones.
We next present a mathematical description of Boole Stott’s result in her
paper [B-S 2].

5.3.1

1900 paper on sections of four-dimensional polytopes

Boole Stott publication On certain series of sections of the regular fourdimensional hypersolids [B-S 2] describes a rather intuitive and elegant method to obtain the three-dimensional sections of the regular polytopes. To
ease understanding of the paper, we present some definitions.
Definition 8. A regular polytope in 4-dimensional space is a subset of R4
bounded by isomorphic 3-dimensional regular polyhedra. These polyhedra
are called cells in the papers of Boole Stott and Schoute. If two cells have a
non empty intersection, then the intersection is a 2-dimensional face of both
cells.
The number of vertices, edges, faces and cells of these polytopes are given
in table Figure 5.7.
Polytope
v
e
f
c
cell
Hypertetrahedron or 5-cell
5
10
10
5
tetrahedron
Hypercube or 8-cell 16
32
24
8
cube
Hyperoctahedron or 16-cell
8
24
32 16
tetrahedron
24-cell 24
96
96 24
octahedron
120-cell 600 1200 720 120 dodecahedron
600-cell 120 720 1200 600
tetrahedron
Figure 5.7: Polytopes in four dimensions.
Boole Stott gave an intuitive proof of the uniqueness of the six regular polytopes in four dimensions. Her proof went as follows. Let P be a
regular polytope whose cells are cubes. Let V be one of the vertices of P ,
and consider the diagonal section of P corresponding to an affine space K,
close enough to V so that K intersects all the edges coming from V . The
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corresponding section must be a regular polyhedron bounded by equilateral
triangles. Furthermore, there are only three regular polyhedra bounded by
triangles, namely the tetrahedron (bounded by 4 triangles), the octahedron
(bounded by 8 triangles) and the icosahedron (bounded by 20 triangles).
Then, the polytope can only have 4, 8, or 20 cubes meeting at each vertex.
Considering the possible angles in 4 dimensions, Boole Stott shows that the
only possibility for P is to have 4 cubes at a vertex (8 and 20 are too many),
which gives the 8-cell (or hypercube).
Proceeding in the same way, she found the remaining 5 polytopes.
After her proof, Boole Stott proceeded by considering three dimensional
perpendicular sections, which are defined below.
Definition 9. Let O be the center of a given polytope P , and C be the
center of one of its cells. Let H be some affine 3-dimensional subspace,
perpendicular to OC. A perpendicular section is H ∩ P .
Although the publication [B-S 2] treats only perpendicular sections, Boole
Stott also made models of diagonal sections of polytopes (see for example the
model on the right in Figure 5.4). These sections are defined as:
Definition 10. Let O be the center of the polytope P , and V be one of
its vertices. Let K be some affine 3-dimensional subspace, perpendicular to
OV . A diagonal section (or cross section) is K ∩ P .
We now give Boole Stott’s description of the perpendicular sections for
two of the polytopes in detail, namely, the hypercube and the 24-cell. We
also discuss the other polytopes and remark that the drawings reproduced in
the figures are Boole Stott’s drawings. We note that Boole Stott’s method
consisted of unfolding the four-dimensional polytope into the third dimension. Once the polytope is represented in a three-dimensional space, the
calculations become much simpler and easier to visualize.
The 8-cell or the hypercube
Boole Stott begins by studying the perpendicular sections of the hypercube
(see Definition 9). The three-dimensional sections will result from intersecting the polytope with particular three-dimensional spaces.
Let P1 denote the hypercube. P1 is the analogues of the cube in four
dimensions. It is characterized by having 8 cubes, 4 of them meeting at every
vertex. Figure 5.8 is Boole Stott’s representation of part of the unfolding
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hypercube. Since it is an unfolding of a 4-dimensional object, vertices, edges
and faces occur more than once (this, of course, can only be understood in 4
dimensions).

Figure 5.8: Hypercube: four cubes meeting at a vertex A. [B-S 2].
The first three-dimensional section is the result of intersecting the polytope with a three-dimensional space Hi containing the cube ABCDEF GH
in Figure 5.8. To obtain the second section, the space H1 is moved towards the center of the polytope, until it passes through the point a. Call
this new three-dimensional space H2 . The second section is P1 ∩ H2 . Note
that the faces of the new section must be parallel to the faces of the cube
ABCDEF GH. In particular, the section P1 ∩ H2 contains the squares abcd,
abf g and adef (see Figure 5.8). After the necessary identification of the
points, edges and faces that occur more than once in the unfolded polytope,
and using the symmetry of the polytope, one can conclude that the section
P1 ∩ H2 is again a cube isomorphic to the cube ABCDEF GH.
Analogously, the third section will again be a cube. This simple example gives the idea of Boole Stott’s method. Let us now consider the more
interesting case of the 24-cell, which is still not too difficult to visualize.
The 24-cell
Let P2 denote the 24-cell. We note that this polytope is the only one without
an analogues in 3 dimensions. Its 24 cells are octahedra, and 6 of them meet
at every vertex. In Boole Stott’s representation (see Figure 5.9), only 4
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octahedra are drawn. Note that the figure is again an unfolding, and the two
A0 should be identified and similarly, for AE and AC.
The perpendicular sections that Boole Stott described are parallel to the
octahedron ABCDEF .

Figure 5.9: Four octahedra of the 24-cell. [B-S 2].

1. Let H1 be the space containing the octahedron ABCDEF . The first
section H1 ∩ P2 is clearly the octahedron ABCDEF itself.
2. Let H2 be the space parallel to H1 and passing through the point a,
the mid-point between A and AC. The second section H2 ∩ P2 is a 3dimensional solid whose faces are parallel to the faces of the octahedron
ABCDEF or the rectangle BCEF . In Figure 5.10 two of these faces
are shadowed. Since the drawing of the octahedra meeting at A is
not complete (3 octahedra are missing), we only see part of the final
section. The remaining part can be deduced by symmetry.
3. Let H3 be the space parallel to H1 and passing through the vertex
AC. The section H3 ∩ P contains the following faces: A rectangle ABACAEAF parallel to the rectangle BCEF , and a triangle
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Figure 5.10: Section H2 ∩ P of the 24-cell. [B-S 2].
AEACCE parallel to the face ACE (the shadowed faces of Figure
5.11).
4. By symmetry, the fourth section passing through a1 , the mid-point
between AC and A0 , is isomorphic to the second section.
5. Again by symmetry, the last section through A0 is an octahedron.

The 16-cell or the hyperoctahedron
This polytope is the analogues of the octahedron in four dimensions. It is
bounded by 16 tetrahedra, 8 of them meeting in every vertex. After drawing
five of them as in previous cases, Boole Stott used the same method to obtain
the 3-dimensional sections. The first and last sections are clearly tetrahedra
(since the 16-cell is bounded by tetrahedra). The other three sections are
shown in the next figure:
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Figure 5.11: Section H3 ∩ P of the 24-cell. [B-S 2].

Figure 5.12: Five tetrahedra of the 16-cell. [B-S 2].
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Figure 5.13: 2nd, 3rd and 4th sections of the 16-cell. [B-S 2].
The 120-cell
The 120-cell is bounded by 120 dodecahedra. In making the sections of this
polytope, Boole Stott gives drawings of their unfoldings. These sections are
also drawn in [B-S 8]. Figure 5.14 shows some of them.

Figure 5.14: Sections of the 120-cell. [B-S 8].

The 600-cell
This is the most complicated polytope. The complete sections are drawn in
Boole Stott’s paper and constructed in cardboard by her. The models are
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currently in exhibition at the University Museum of Groningen. Figure 5.15
illustrate unfoldings and cardboard models of the sections of the 600-cell.5

Figure 5.15: Drawings in [B-S 7] and models in Groningen University Museum of perpendicular sections of the 600-cell.

5

Note that the drawing on the right hand side corresponds with the uppermost cardboard model.
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1910 paper on semi-regular polytopes

In her paper Geometrical deduction of semi-regular from regular polytopes
and space fillings [B-S 4], Alicia Boole Stott gave a new construction for
the so-called Archimedean solids and her discovery of many of their four
dimensional analogues. Inspired by some stereographic photographs of semiregular polyhedra sent to her by Schoute, she got the idea of deriving semiregular polyhedra from regular ones. In this way, she discovered many of the
Archimedean polytopes (i.e., the generalization of semi-regular solids to any
dimension).
Semi-regular polyhedra in 3 dimensions
Definition 11. A convex semi-regular polyhedron is a convex polyhedron
whose faces are regular polygons of two or more different types, ordered in
the same way around each vertex.
There are different kinds of convex semi-regular polyhedra:
1. An n-gonal prism is a convex semi-regular polyhedron constructed from
two parallel regular polygons with n sides (n 6= 4) called bases and n
squares.
2. An n-gonal antiprism is a convex semi-regular polyhedron constructed
from two parallel polygons with n sides and 2n triangles.
3. An Archimedean solid is a convex semi-regular polyhedron which is not
a prism or an antiprism. There are 13 different Archimedean solids.
Archimedes (287 BD-212 BC) discovered these thirteen solids. His original manuscripts were lost, but Pappus of Alexandria (290 AD-350 AD) attributes the discovery to him in his Book V.
Five of the Archimedean solids can be obtained by the process of truncation (i.e., cutting off all corners) of the five Platonic solids (see Figure 5.16 nr.
1, 2, 3, 4, and 5), namely the truncated tetrahedron, truncated cube, truncated
octahedron, truncated dodecahedron and the truncated icosahedron. Truncating the cube (or octahedron) and the dodecahedron through the middle of an
edge, we get the cuboctahedron and the icosidodecahedron (see Figure 5.16 nr.
6, 7). Truncating all vertices and edges of the last two (see Figure 5.16 nr. 8,
9) will give the Great rhombicuboctahedron and the Great rhombicosidodecahedron. Truncating the vertices and edges of the cube (or octahedron) and
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the dodecahedron (or icosahedron) will give the Small rhombicuboctahedron
and the Small rhombicosidodecahedron (see Figure 5.16 nr. 10, 11). The last
two Archimedean solids are obtained by the process snubbing (moving the
faces of two Platonic solids outwards while giving each face a twist) of the
cube and the dodecahedron (see Figure 5.16 nr. 12, 13). The results of this
process are called the snub cube and the snub dodecahedron.
In the following table, v and e denote respectively the number of vertices and
edges of an Archimedean solid. Further p∗i denotes the number of pi -gonal
faces.
Name
Truncated tetrah.
Truncated cube
Truncated octah.
Truncated dodec.
Truncated icosah.
Cuboctahedron
Icosidodecahedron
Great rhombicuboct.
Great rhombicosid.
Small rhombicuboct.
Small rhombicosidod.
Snub cube
Snub dodecahedron

Symbol
(3, 6, 6)
(3, 8, 8)
(4, 6, 6)
(3, 10, 10)
(5, 6, 6)
(3, 4, 3, 4)
(3, 5, 3, 5)
(4, 6, 8)
(4, 6, 10)
(3, 4, 4, 4)
(3, 4, 5, 4)
(3, 3, 3, 3, 4)
(3, 3, 3, 3, 5)

v
12
24
24
60
60
12
30
48
120
24
60
24
60

e
18
36
36
90
90
24
60
72
180
48
120
60
150

p∗3
4
8

p∗4

p∗5

p∗6
4

p∗8
6

6

8

20

12
12

8
20

8
20
32
80

p∗10

20

6
12
12
30
18
30
6

8
20

6
12

12
12

Figure 5.16: Archimedean solids in three dimensions.
Boole Stott’s method is based on two operations on polytopes, one is the
inverse of the other, called expansion and contraction. This gives a new and
very elegant way to construct these solids.
Definition 12. For i = 0, 1, 2, . . . , n−1, let Li denote the set of i-dimensional
faces of a regular n-dimensional polytope with O as centre (e.g., L0 consists
of the vertices, L1 consists of the edges). Let Mi denote the set of centers of
the elements of Li . The ek -expansion of the polytope is described as follows:
1. Every lk ∈ Lk is moved away from O at a certain distance in the
direction Omk , where the point mk ∈ Mk is the center of lk .
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2. All these distances are equal and taken so that the vertices in this
position now form a new semi-regular polytope.
The operation ck -contraction is a sort of inverse of expansion. For a given
semi-regular polytope and a special choice of elements in Lk , the contraction
consists of moving towards O those elements until they meet.
These two operations provide an elegant way to construct from a regular
polytope a semi-regular one.
Examples of expansion in 3 dimensions: From now on, {3, 3}, {4, 3},
{3, 4}, {5, 3} and {3, 5} will denote the tetrahedron, cube, octahedron, dodecahedron and icosahedron. The letter ‘t’ in front of a solid will denote the
corresponding truncated solid.
1. e1 expansion: This concerns the edges L1 . This e1 expansion applied
to any Platonic solid has as result the same solid but now truncated.
Thus, for any Platonic solid S, we have e1 (S) = tS.

Figure 5.17: Example: e1 ({3, 4}) =t{3, 4} in [B-S 4].
2. e2 expansion: This concerns the 2-dimensional faces. Boole Stott
shows that the e2 expansion of a Platonic solid and of its dual produces
the same Archimedean solid (see Figure 5.18). There are three different
solids coming out of this operation, namely:
i) e2 ({3, 3}) = (3, 4, 3, 4)
ii) e2 ({4, 3}) = e2 ({3, 4}) = (3, 4, 4, 4)
ii) e2 ({5, 3}) = e2 ({3, 5}) = (3, 4, 5, 4)
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Figure 5.18: Example: e2 ({4, 3}) and e2 ({3, 4}). [B-S 4].
Semi-regular polytopes in 4 dimensions
Definition 13. An Archimedean 4-dimensional polytope is a convex polytope
whose cells (i.e., 3-dimensional faces) are regular or semi-regular convex polyhedra, and such that the group of symmetries of the polytope is transitive
on its vertices.
The complete list of Archimedean 4-dimensional polytopes was first given
by J. H. Conway in [Con] using a computer search. The list consists of:
1. 45 polytopes: These are characterized by having n-gonal prisms and
Archimedean solids as cells. These polytopes are known through the
work of Wythoff in 1918 [Wyth], who gave a method to construct them.
However, all 45 had previously been discovered by Boole Stott [B-S 4].
2. Prismatic polytopes: These are convex semi-regular 4-dimensional
polytopes having as cells two isomorphic convex semi-regular polyhedra
(called the bases) and prisms.
i) There are 17 of these whose bases are Platonic solids (here we
exclude the cube) or Archimedean solids.
ii) There are infinitely many prismatic polytopes whose bases are
prisms or antiprisms.
3. Cartesian products: Boole Stott defined in [B-S 4, pg 4 footnote]
the Cartesian product of any two polytopes as:
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Definition 14. Let P1 ⊆ Rn be an n-dimensional polytope and let
P2 ⊆ Rm be an m-dimensional polytope. The Cartesian product of P1
and P2 is the polytope:
P1 × P2 = conv({(x, y) ∈ Rn+m | x ∈ P1 , y ∈ P2 },
where conv denotes the convex hull. There are infinitely many polytopes of this type.

4. The snub 24-cell: This consists of 120 tetrahedra and 24 icosahedra.
It was first discovered by Thorold Gosset in 1900 [Gos]. Boole Stott
collaborated with Coxeter in the investigation of this polytope, and she
made models of its sections [Cox1].
5. The Grand Antiprism: This consists of twenty 5-gonal antiprisms,
and 300 tetrahedra. It was first discovered by John Conway and
Michael Guy in 1965 using a computer search.
Boole Stott made very important contributions in her 1910 paper to the
semi-regular polytopes in 4 dimensions. She was the first to find all 45 polytopes discussed in the first item of the list above. Her results (using her
notation) are summarized in Figure 5.19 and 5.20. The symbols {3, 3, 3},
{4, 3, 3}, {3, 3, 4}, {3, 4, 3}, {5, 3, 3} and {3, 3, 5} denote the hypertetrahedron, hypercube, hyperoctahedron, 24-cell, 120-cell and 600-cell respectively,
and Pn denotes the n-gonal prism.
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Nr

Symbol

Cells

1

{3, 3, 3}

5 {3, 3}

2
3
4
5
6

e1 {3, 3, 3}

5 t{3, 3} and 5 {3, 3}

e2 {3, 3, 3}

5 (3, 4, 3, 4), 10 P3 and 5 {3, 4}

e1 e2 {3, 3, 3}

5 t{3, 4}, 10 P3 and 5 t{3, 3}

e3 {3, 3, 3}

10 {3, 3} and 20 P3

e1 e3 {3, 3, 3}

5 t{3, 3}, 10 P6 , 10 P3 and 5 (3, 4, 3, 4)

c0 e1 {3, 3, 3}

5 {3, 4} and 5 {3, 3}

{4, 3, 3}

8 {4, 3}

7 e1 e2 e3 {3, 3, 3}

10 t{3, 4} and 20 P6 .

c0 e1 e2 {3, 3, 3}

10 t{3, 3}

8
9

10
11
12
13
14
15
16

e1 {4, 3, 3}
e2 {4, 3, 3}

8 (3, 4, 4, 4), 32 P3 and 16 {3, 4}

e1 e2 {4, 3, 3}

8 t(3, 4, 3, 4), 32 P3 and 16 t{3, 3}

e3 {4, 3, 3}

e1 e3 {4, 3, 3}

19
20
21
22
23

16 {4, 3}, 32 P3 and 16 {3, 3}

8 t{4, 3}, 24 P8 , 32 P3 and 16 (3, 4, 3, 4)

e2 e3 {4, 3, 3}

8 (3, 4, 4, 4), 24 {4, 3}, 32 P6 and 16 t{3, 3}

c0 e1 {4, 3, 3}

8 (3, 4, 3, 4), 16 {3, 3}

{3, 3, 4}

16 {3, 3}

17 e1 e2 e3 {4, 3, 3}
18

8 t{4, 3} and 16 {3, 3}

c0 e1 e2 {4, 3, 3}

e1 {3, 3, 4}
e2 {3, 3, 4}

e1 e2 {3, 3, 4}

8 t(3, 4, 3, 4), 24 P8 , 32 P6 and 16 t{3, 4}
8 t{3, 4}, 16 t{3, 3}

16 t{3, 3} and 8 {3, 4}

24 (3, 4, 3, 4) and 24 {4, 3}

24 t{3, 4} and 24 {4, 3}

Figure 5.19: Boole Stott’s semi-regular polytopes (I) in [B-S 4].
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Nr

Symbol

Cells

24

{3, 4, 3}

24 {3, 4}

25
26
27
28

e2 {3, 4, 3}

24 (3, 4, 4, 4), 96 P3 and 24 (3, 4, 3, 4)

e1 e2 {3, 4, 3}

24 t(3, 4, 3, 4), 96 P3 , 24 t{4, 3}

e3 {3, 4, 3}

48 {3, 4}, 192 P3

e1 e3 {3, 4, 3}

24 t{3, 4}, 96 P6 , 96 P3 and 24 (3, 4, 4, 4)

c0 e1 e2 {3, 4, 3}

48 t{4, 3}

29 e1 e2 e3 {3, 4, 3}

24 t(3, 4, 3, 4), 192 P6 , and 24 t(3, 4, 3, 4)

{5, 3, 3}

120 {5, 3}

30
31
32
33

e1 {5, 3, 3}
e2 {5, 3, 3}

120 t{5, 3} and 600 {3, 3}

120 (3, 4, 5, 4), 1200 P3 and 600 {3, 4}

e3 {5, 3, 3}

120 {5, 3}, 720 P5 , 1200 P3 and 600 {3, 3}

e1 e3 {5, 3, 3}

120 t{5, 3}, 720 P10 , 1200 P3 and 600 (3, 4, 3, 4)

38 e1 e2 e3 {5, 3, 3}

120 t(3, 5, 3, 5), 720 P10 , 1200 P6 and 600 t{3, 4}

c0 e2 {5, 3, 3}

120 {3, 5}, and 600 {3, 4}

34
35
36
37
39
40
41
42
43
44
45

e1 e2 {5, 3, 3}
e2 e3 {5, 3, 3}

120 t(3, 5, 3, 5), 1200 P3 and 600 t{3, 3}

120 (3, 4, 5, 4), 720 P5 , 1200 P6 and 600 t{3, 3}

c0 e1 {5, 3, 3}

120 (3, 5, 3, 5), and 600 {3, 3}

c0 e1 e2 {5, 3, 3}

120 t{3, 5}, and 600 t{3, 3}

e1 {3, 3, 5}

600 t{3, 3} and 120 {3, 5}

{3, 3, 5}

e2 {3, 3, 5}

e1 e2 {3, 3, 5}

600 {3, 3}

600 (3, 4, 3, 4), 720 P5 and 120 (3, 5, 3, 5)

600 t{3, 4}, 720 P5 and 120 t{3, 5}

Figure 5.20: Boole Stott’s semi-regular polytopes (II) in [B-S 4].
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Conclusion

Boole Stott’s figure represents a fascinating example of an amateur woman
mathematician at the turning of the 19th and 20th centuries. Her story
tells us several things. The contemporary interest in the fourth dimension
plays an essential role in Boole Stott’s story, and it is reflected in the work
of the figures that influenced her. However, Boole Stott’s intuition for fourdimensional space developed in a completely different way to theirs, due
to the restriction of educational possibilities for women of the time. This,
combined with the particular education received by Boole Stott from her
family, seems to have led her to her discoveries. Boole Stott’s methods,
far from the analytical approach common in her contemporaries, show an
extraordinary ability to visualize the fourth dimension.
The way her mathematics influenced others was clearly affected by the
fact that many of her discoveries were not properly published, but are only
known through some references to her work by Schoute or Coxeter. Still,
Boole Stott is vividly remembered through her publications and her collections of models and drawings, which remind us of the beauty and dimensions
of her work.
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Resumen
En la segunda mitad del siglo XIX se descubrieron nuevas curvas y superficies algebraicas, además de otros objetos geométricos. Con el fin de facilitar
el estudio de dichos objetos, numerosos matemáticos comenzaron a construir
modelos que harı́an posible su visualización. De esta manera, se pudo pasar
del objeto abstracto matemático al modelo concreto, facilitándose enormemente el estudio y el descubrimiento de las propiedades de dichos objetos.
En muchas de las universidades los modelos han estado en exposición a lo
largo de los años, apreciados no sólo por su valor didáctico y cientı́fico, sino
también por el artı́stico.
Encontramos un importante ejemplo de construcción de modelos en Alemania. Matemáticos como Felix Klein o Alexander von Brill diseñaron numerosos modelos. Entre los años 1880 y 1935 dichos modelos fueron construidos utilizando materiales como escayola, cuerda, metal, etc. y distribuidos
de forma masiva por las compañı́as alemanas L. Brill y M. Schilling a universidades europeas y americanas. El catálogo de M. Schilling de 1911 describe
40 series, con un total de casi 400 modelos.
Hoy en dı́a podemos encontrar estas colecciones alemanas en numerosas
universidades europeas. En el transcurso de esta tesis nos centraremos en
el estudio, desde un punto de vista histórico y matemático, de la colección
de modelos de la Universidad de Groningen. Dicha colección abarca alrededor de 150 modelos. Gran parte de ella proviene de las compañı́as alemanas
mencionadas anteriormente y constituirá el tema central de la tesis.
El capı́tulo 1 es una introducción histórica a esta parte de la colección.
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En él comenzaremos estudiando diversos aspectos de los modelos en Alemania y en Holanda, centrándonos más adelante en la colección de Groningen. En concreto intentaremos averiguar cuándo adquirió la Universidad de
Groningen la colección de modelos, qué profesores estuvieron a cargo de su
adquisición y cuál era su utilización. En este capı́tulo nos planteamos también
la posibilidad de que muchos de los modelos fueran destruidos tras el incendio de 1906 del edificio académico de la universidad. Describiremos también
los aspectos considerados en la realización del inventario de la colección, ası́
como la restauración de muchos de los modelos. Todos los modelos de escayola de esta colección fueron restaurados en 2005 por el escultor Cayetano
Ramı́rez López. Muchos de los modelos de cuerda han sido también restaurados por el ca- tedrático de álgebra y geometrı́a Marius van der Put.
Los capı́tulos 2, 3 y 4 constituyen la parte más matemática de la tesis.
En ellos estudiamos en detalle las superficies y curvas algebraicas representadas por algunos de los modelos de M. Schilling. En concreto, el capı́tulo
2 está dedicado al estudio de superficies cúbicas. Una superficie cúbica se
define como el conjunto de ceros (en el espacio tridimensional) de un polinomio de grado 3. Arthur Cayley y George Salmon demostraron en 1849
que las superficies cúbicas sin singularidades sobre los números complejos
contienen exactamente 27 rectas. Alfred Clebsch definió la superficie diagonal que tiene la propiedad de tener todas las 27 rectas reales. Una de
las representaciones afines de esta superficie viene dada por la ecuación
x3 + y 3 + z 3 + 1 − (x + y + z + 1)3 = 0. Cabe notar que el modelo alemán de
esta superficie no se encuentra en la colección de Groningen. Por este motivo,
el escultor Ramı́rez López construyó un modelo en escayola de la superficie
diagonal, en el que se pueden apreciar las 27 rectas y su geometrı́a.
Clebsch demostró en 1871 que las superficies cúbicas sobre los complejos se pueden obtener en función del espacio lineal de curvas cúbicas
planas que pasan por seis puntos dados (en posición general). En particular
una base {f1 , . . . , f4 } de dicho espacio nos proporciona una parametrización
p 7→ (f1 (p) : . . . : f4 (p)) de la superficie cúbica. En una terminologı́a más
moderna, lo anterior equivale a decir que toda superficie cúbica sobre los complejos se puede obtener como la explosión de seis puntos (en posición general).
En el transcurso del capı́tulo proporcionaremos un algoritmo para obtener los
seis puntos para una superficie cúbica dada, y lo daremos explı́citamente para
ciertas superficies cúbicas reales. Más adelante contestaremos la pregunta de
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qué superficies cúbicas admiten tal parametrización sobre los números reales.
Finalizaremos estudiando twists de superficies cúbicas sobre los números
racionales.
El capı́tulo 3 está dedicado al estudio de diversos modelos de curvas algebraicas. En particular nos centraremos en estudiar dos grupos de modelos
pertenecientes a dos series distintas de M. Schilling. Ambos grupos ilustran
la clasificación de las curvas cúbicas reales en el plano dada por Möbius. La
segunda parte del capı́tulo está dedicada al estudio de modelos de curvas
espaciales.
En el capı́tulo 4 describimos la clasificación de Karl Rohn de las superficies
regladas de grado four. Una superficie reglada en el espacio tridimensional
está formada por lı́neas rectas. En el capı́tulo se asumirá que la superficie
también es el conjunto de ceros de un polinomio de grado cuatro. La clasificación de Rohn viene dada en términos de las singularidades de la superficie.
El caso real da lugar a varias superficies, 10 de las cuales están representadas
por los 10 modelos de cuerda que componen la Serie XII (catálogo de M.
Schilling). A lo largo del capı́tulo daremos una interpretación moderna del
método utilizado por Rohn para obtener las ecuaciones de grado cuatro de
las superficies.
Para finalizar, estudiaremos en el capı́tulo 5 un grupo de modelos de
poliedros, hechos de cartón, de la colección de Groningen. Dichos modelos
representan secciones tridimensionales de los politopos regulares en cuatro
dimensiones y fueron construidos por la matemática amateur Alicia Boole
Stott al final del siglo XIX. Boole Stott redescubrió los seis politopos regulares conocidos comúnmente por los nombres: hipertetraedro, hipercubo,
hiperoctahedro, 24-cell, 120-cell, y 600-cell. Estos politopos son los análogos
en cuatro dimensiones a los Sólidos Platónicos: tetraedro, cubo, octaedro,
dodecaedro e icosaedro. La presencia de dichos modelos en la Universidad de
Groningen se debe a la colaboración de Boole Stott con el geómetra Pieter
Hendrik Schoute, ca- tedrático de la época en dicha universidad. Durante las
celebraciones en 1914 del 300 aniversario de la Universidad de Groningen,
Boole Stott recibió un doctorado honorario. En el transcurso del capı́tulo
relataremos la vida de Boole Stott y describiremos sus principales descubrimientos en el ámbito de la geometrı́a de cuatro dimensiones.
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Samenvatting
In de tweede helft van de 19-de eeuw ontdekte men nieuwe algebraı̈sche krommen en oppervlakken en vele andere meetkundige objecten. Als hulp bij het
bestuderen daarvan ondernamen veel wiskundigen de constructie van modellen om die objecten te visualiseren. Op die manier kon men overstappen
van het abstracte mathematische object naar het concrete model, hetgeen
voor het bestuderen en ontdekken van zijn eigenschappen erg nuttig was.
In veel universiteiten zijn die modellen jarenlang tentoongesteld, niet alleen
vanwege hun wetenschappelijke en didactische waarde maar ook vanwege hun
artistieke waarde.
Een belangrijk voorbeeld van het construeren van modellen vinden we in
Duitsland. Wiskundigen zoals Felix Klein en Alexander von Brill ontwierpen talloze modellen. In de jaren 1880 tot 1935 werden deze gebouwd met
materialen als gips, draad, metaal enz. Door de Duitse firma’s L. Brill en
M. Schilling werden grote hoeveelheden van deze modellen geleverd aan Europese en Amerikaanse universiteiten. De catalogus van M. Schilling uit 1911
geeft een beschrijving van 40 series die een totaal van ongeveer 400 modellen
omvat.
Tegenwoordig treft men deze Duitse collecties aan op vele Europese universiteiten. In dit proefschrift wordt met name de collectie modellen van
de universiteit van Groningen vanuit een historisch en vanuit een wiskundig
gezichtspunt bestudeerd. Die collectie bestaat uit ongeveer 150 objecten.
Een groot deel is afkomstig van de bovengenoemde Duitse firma’s. Zij vormen het centrale thema van dit proefschrift.
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Hoofdstuk 1 geeft een historisch overzicht van dit deel van de collectie.
Daarin bestuderen we eerst diverse aspecten van de modellen in Duitsland en
Nederland en vervolgens concentreren we ons op de Groningse collectie. In
concreto, proberen we te achterhalen wanneer de Groningse universiteit die
collectie modellen heeft aangeschaft, welke professoren die aanschaf hebben
verricht en hoe die collectie gebruikt werd. Uit de resultaten hiervan menen
we te kunnen concluderen dat bij de brand van het Academiegebouw in 1906
veel modellen verwoest zijn. Verder beschrijven we welke aspecten een rol
gespeeld hebben bij de inventarisatie van de collectie en bij de restauratie
van veel objecten. Alle gipsmodellen in de collectie zijn in 2005 gerestaureerd door de beeldhouwer Cayetano Ramı́rez López. Veel draadmodellen
zijn door Marius van der Put (leerstoel algebra en meetkunde) gerestaureerd.
De hoofdstukken 2, 3 en 4 vormen het meer wiskundige deel van het
proefschrift. Daar worden in detail enkele series algebraı̈sche oppervlakken
en krommen uit de collectie van M. Schilling bestudeerd. Hoofdstuk 2 behandelt kubische oppervlakken. Een kubisch oppervlak is de verzameling
van de nulpunten (in de drie-dimensionale ruimte) van een polynoom van
de derde graad. Arthur Cayley en George Salmon bewezen in 1849 dat een
niet singulier kubisch oppervlak, over de complexe getallen, precies 27 rechte
lijnen bevat. Alfred Clebsch ontdekte het diagonaaloppervlak, een kubisch
oppervlak waarbij alle 27 rechte lijnen reëel zijn. Een (affiene) vergelijking
voor dit oppervlak is x3 + y 3 + z 3 + 1 − (x + y + z + 1)3 = 0. Merkwaardig
is dat het Duitse gipsmodel van dit oppervlak niet tot de Groningse collectie
behoort. Naar aanleiding hiervan heeft de beeldhouwer Ramı́rez López een
gipsmodel geconstrueerd waarop de 27 lijnen en hun geometrie duidelijk te
zien zijn.
Clebsch bewees in 1871 dat ieder kubisch oppervlak over de complexe
getallen verkregen kan worden in termen van de lineaire ruimte van de
vlakke derdegraads krommen die door zes gegeven punten (in algemene ligging) gaan. Namelijk, een basis {f1 , . . . , f4 } voor deze ruimte levert een
parametrizering p 7→ (f1 (p) : . . . : f4 (p)) van een kubisch oppervlak. In moderne wiskundetaal betekent dit dat ieder kubisch oppervlak verkregen kan
worden door het ’opblazen’ van zes punten (in algemene ligging) in het vlak.
In hoofdstuk 2 wordt een expliciet algoritme gegeven dat voor een gegeven
kubisch oppervlak die zes punten berekent. Dit algoritme wordt toegepast
op een aantal reële kubische oppervlakken. Vervolgens beantwoorden we de
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vraag, welke reële kubische oppervlakken een dergelijke, over de reële getallen
gegeven parametrisering toelaten. Het hoofdstuk eindigt met een berekening
van de ’twists’ over de rationale getallen van kubische oppervlakken.
In hoofdstuk 3 worden diverse modellen van algebraı̈sche krommen onderzocht. We concentreren ons, in het bijzonder, op twee groepen modellen
uit twee verschillende series van M. Schilling. Beide groepen illustreren de
classificatie door Möbius van reële krommen van graad drie in het vlak. Het
tweede deel van dit hoofdstuk behandelt de modellen van ruimtekrommen.
In hoofdstuk 4 komt de classificatie, door Karl Rohn, van de regeloppervlakken van graad vier aan bod. Een regeloppervlak is een oppervlak
in de driedimensionale ruimte dat opgebouwd is uit rechte lijnen. Hier
wordt bovendien verondersteld dat het oppervlak ook de verzameling van
de nulpunten is van een polynoom met graad vier. Rohns classificatie wordt
gegeven in termen van de singuliere punten van zo’n oppervlak. Over de
reële getallen vindt men verscheidene families. Tien daarvan zijn uitgevoerd
als draadmodellen en die vormen serie XII in de catalogus van M. Schilling.
Dit hoofdstuk geeft een moderne interpretatie van de methode die Rohn gebruikte voor het vinden van de vergelijkingen van de vierde graad van de
regeloppervlakken.
Ten slotte behandelt hoofdstuk 5 een groep van modellen uit de Groningse
collectie bestaande uit, in karton uitgevoerde, polyeders. Deze representeren
driedimensionale doorsneden van vierdimensionale regelmatige polytopen.
Zij werden ontworpen door Alicia Boole Stott, een amateur wiskundige uit
het eind van de 19-de eeuw. Boole Stott herontdekte de zes regelmatige
polytopen die bekend staan onder de namen: hypertetraeder, hyperkubus,
hyperoctaeder, de 24-cell, de 120-cell en de 600-cell. Deze objecten zijn de
vierdimensionale analogieën van de Platonische lichamen: tetraeder, kubus,
octaeder, dodecaeder en icosaeder. Het bestaan van deze modellen in de
collectie van de Groningse universiteit is te danken aan de samenwerking
tussen Boole Stott en de meetkundige Pieter Hendrik Schoute, hoogleraar
te Groningen. Tijdens de viering, in 1914, van het 300 jarige bestaan van
de Groningse universiteit ontving Boole Stott een eredoctoraat. Haar leven
en haar belangrijkste bijdragen aan de vierdimensionale meetkunde is in dit
hoofdstuk beschreven.
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