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Chapter 1
Models of surfaces,
a Dutch perspective
1.1

Introduction

The collection of more than 100 mathematical models in the University of
Groningen gives rise to many questions. When were these models made?
Who built them and how? From a local perspective, one may also ask
whether the models were made in Groningen. If not, where did they come
from? Such a big collection must have been rather expensive. Why did
the University spend money on this? Who was responsible for buying the
models? And finally, what was their use?
Many of the models turn out to be sold by the German companies L. Brill
and M. Schilling in the second half of the 19th century. Much information
on the mathematics and the building of models in Germany at that time
can be found in the literature ([F], [Dy] and [Sch1]). We shall next give a
short introduction to the topic, and shall dedicate the remaining part of the
chapter to the story of the mathematical models in The Netherlands, and
more particularly, in Groningen.

1.2

Mathematical models in Germany

In the second part of the 19th century, a wave of innovations occurred in
western Europe and the United States. Germany together with the United
States came ahead of the innovating countries, where science and engineering
1
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was combined for the first time ([McN] and [Chr]). We find an example of
this fruitful combination in the polytechnic schools in Germany. In particular
Felix Klein and Alexander von Brill, professors of mathematics at the Polytechnic School of Münich, and Walter von Dyck among others, constructed
mathematical models to make the visualization of geometrical objects easier. The building of models became rather popular among mathematicians
in Germany during the second half of the 19th century and the beginning of
the 20th.

1.2.1

Brill and Schilling

The great period of model building started in the 1870’s, when Ludwig Brill,
brother of Alexander von Brill, began to r and sell copies of some mathematical models. A firm under the name L. Brill was founded in 1880 for
the production of models. The company was established in Darmstadt and
in 1899 it was taken over by Martin Schilling who renamed it. Under this
new name, the firm was first located in Halle a. d. Saale, but later moved to
Leipzig.

Figure 1.1: Cover of Schilling’s catalogue [Sch1]. 1911.
By 1904, Martin Schilling had already produced 23 series of models. In
that year, the firm published a book [Sch2] with the mathematical explana-
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tions of the models existing at the time. Some of these texts have been used
to develop chapters 2, 3 and 4.
The 1911 catalogue of Schilling [Sch1] describes 40 series consisting of
almost 400 models and devices. But by 1932 Martin Schilling informed the
mathematical institute at Göttingen that:
“in the last years, no new models appeared ” ([F]).
These models often represent objects from differential geometry, algebraic
surfaces or instruments for physics. In Schilling’s catalogue [Sch1], the models
are given a name and a short mathematical explanation. Sometimes this is
accompanied with a drawing, as shown in Figure 1.2.

Figure 1.2: Drawings of models: Series XXV, nr. 4 and Series VIII, nr. 1
from Schilling’s catalogue [Sch1].
Another drawing from the catalogue is displayed in Figure 1.3, alongside
the corresponding model (in poor condition) in the Groningen collection.

Figure 1.3: Model nr. 1, Series XII: drawing from [Sch1] and model in the
Groningen collection.
Another collection and catalogue is the one of 1892 [Dy] of Walter von
Dyck. He was a student of Klein at Münich. Under the direction of von

4
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Dyck models were created (see advertisement in Figure 1.4 on the left). Still
another catalogue is the one of H. Wiener [W2].

1.2.2

Felix Klein, use and popularization of models.

During the great period of model building, many models were constructed under the direction of Klein. Klein was appointed at the Technische Hochschule
in Münich in 1875. He and his colleague Alexander von Brill taught there
advanced courses to several excellent students including Walter von Dyck
and Karl Rohn. Klein lectured at the University of Göttingen from 1886
until he retired in 1913 (see [Yo]).
Klein developed his love for geometric models under the influence of Alfred Clebsch. Klein believed strongly in the utility of models and other
illustrative objects for didactic purposes ([Yo]). He not only played an important role in the construction of mathematical models, but also was a key
figure in their popularization. At the end of his life he was proud to be able
to say that no German university was without a proper collection of mathematical models ([Yo]). The idea of model building reached many universities
in Europe and the United States. Klein brought the topic to the new world
when he presented many of the models (including a model of the Clebsch
diagonal surface) at the World Exhibition in Chicago in 1893. During the
congress of mathematics (part of this World Exhibition), Klein gave a series
of talks [Kl]. In several of them he referred to the models.
We quote Klein’s lecture at the Chicago Exhibition. The importance he
attributed to the construction of such models, and the purpose he attributed
to them is expressed by him as follows:
The principal effort has been to reduce the difficulty of mathematical study by improving the seminary arrangements and equipments... [...]... Collections of mathematical models and courses
in drawing are calculated to disarm, in part at least, the hostility directed against the excessive abstractness of the university
instruction. [Kl]

1.2.3

Design and building of the models

The designers of the mathematical models were often students of Alexander
von Brill and Felix Klein (see [Po-Za]). The latter believed that students were
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not merely pupils, but collaborators ([Kl]), and instigated them to design and
build some of the models. An example of this is the series of 20 models
representing singularities of cubic surfaces that Carl Rodenberg, a student
of Klein, presented along with his 1878 thesis (these models are now Series
VII in Schilling’s catalogue). Another example of this collaboration with
students is Karl Rohn. He designed several models, among which are three
plaster models of Kummer surfaces with four, eight and sixteen real double
points (part of Series II in [Sch1]). Rohn also designed the ruled surfaces
of degree four discussed in Section 1.5.2 and Chapter 4. For a list of the
students who designed models see [Sch1] or [Po-Za].
Once a geometric object was mathematically conceived, how could one
realize it as an actual physical model? How is it possible that the results are
so accurate and precise? Little has been found about the actual technique
used to build the models. The two references that we found are a recipe
for modelling in clay ([F]) and a mechanical construction of a model of the
Weierstrass sigma function ([Sny]).
Nowadays, there exist 3D printers for models which can create a plaster
or bronze model of a surface starting from its equation (see [*] and [**]).

1.3
1.3.1

Models in The Netherlands
An overview

More than half of the Dutch universities keep some collection of Brill’s or
Schilling’s models. We briefly describe some of them, namely the ones located
at the Universities of Amsterdam, Leiden and Utrecht.
1. University of Amsterdam. The University of Amsterdam keeps the
largest collection of mathematical models in The Netherlands. It consists of more than 180 models, most of them from the collections of
Brill and Schilling. The University Museum of Amsterdam has made
a detailed inventory of their collection. Most of the plaster models and many of the string ones have been restored. More detailed
information of this collection can be found at the online catalogue
http://opc.uva.nl:8080/. We note that whereas the catalogue gives a
detailed and accurate description of the models from a historical point
of view, photographs and mathematical explanations are missing.

6
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Presently, the models are not on display, but are kept in a depot of the
University Museum of Amsterdam 1 .
2. University of Leiden. The Mathematical Institute of Leiden University
keeps a collection of about 100 models distributed between the library
and room number 210 of the Mathematical Institute. Most models
are preserved in good condition although literature, references or a
local catalogue of the collection have not been found. The staff of the
institute seems to have little information about them.
The library of the Department keeps a total of 53 models, most of
which belong to the collection of Brill (in contrast to the Groningen
collection that mainly belongs to the one of Schilling). Most of the
plaster models, although not very clean, are preserved in good condition
and are distributed on shelves along with books. The string models
are all in very bad condition. In a cupboard in room number 210, we
discovered about 40 models of a variable nature. Although they are not
broken, they are covered with dust and distributed randomly. About
15 of these are not in the collections of Brill or Schilling. They have a
sticker with a name on it, and sometimes a description of the model in
Dutch.
A more detailed description of the Leiden collection can be found in
[Po-Za].
3. University of Utrecht. The Department of Mathematics in Utrecht
keeps about 20 mathematical models. They are in a reasonably good
condition. A few of them are on display in the library of the Department, while the rest of them are kept in a closed part of the library.
Some of the broken models are in the University Museum.

One might wonder how universities of The Netherlands acquired a collection of models. How did these models become known in the first place?
For example, were there advertisements from the Brill or Schilling companies in the Dutch scientific journals of that period? A quick search through
the volumes of the years 1875 to 1910 of the Dutch mathematical journal
1

For more information about this collection, one may contact the conservator History of
the University (Special collections) University Library, UVA Amsterdam, presently Marike
van Roon.
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Nieuw archief voor wiskunde, shows no advertisements concerning the models. However, several advertisements of Brill and Schilling’s collections of
models appeared in the renowned American Journal of Mathematics during the great period of model building (see Figure 1.4). There, the German
models were advertised as instruments for higher mathematical instruction.
Collections of models were bought by many Universities in Europe, including
some Dutch universities.

Figure 1.4: Advertisements in the American Journal of Mathematics: July
1890 and January 1893.

1.3.2

The use of models in The Netherlands

Although the most important motive for buying these models seems to have
been of a didactic nature connected with “Higher Mathematical Instruction”
(see Figure 1.4), one of the few concrete pieces of evidence for this (see also
Section 1.4.4), that we have been able to find, consists of the photograph
shown below (Figure 1.5). In this photograph, dating from 1938, Professor
Van Dantzig is giving one of his lectures at Delft Polytechnic School. On his

8
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table there are two string models. One of them can be identified as model
nr. 5 from Series IV in the Schilling catalogue. It is a hyperbolic paraboloid.
On the blackboard one sees some of the equations defining this surface.

Figure 1.5: Van Dantzig during one of his lectures at Delft Polytechnic in
1938, [Alb3].
The following section is devoted to the study of the collection of models
at the University of Groningen.

1.4

Models in Groningen

In this section, we focus on the collection of mathematical models at the
University of Groningen. We begin by giving a summary of the inventory of
the collection.

1.4.1

Inventory

A complete inventory of the collection of mathematical models at the University of Groningen was carried out between the years 2003 and 2005. From
personal contacts with the curator of the University Museum of Groningen
Rolf ter Sluis, and Marike van Roon from the University Museum of Amsterdam, I learned how to collect and manage the data for the inventory. The
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criterion that was followed in the selection of the fields (aspects) of inventory
is briefly discussed in this section.
The student Lotte van der Zalm was assigned a project titled Geometric
models from November 2004 to March 2005. During this time, Van der Zalm
finished the inventory and designed the web page www.math.rug.nl/models.
In this web page, some selected fields from the inventory are accompanied
by photographs of the models and short mathematical explanations. Now
we give a general description of the collection and short descriptions of the
selected fields.
The collection consists of a total of 151 models. On the web page, the
collection of models is divided into the following groups, determined by the
maker :
1. Brill-Schilling: models of the firms Brill or Schilling.
2. H. Wiener: models described in the catalogue of Hermann Wiener [W2].
3. Alicia Boole Stott: cardboard models representing sections of fourdimensional polytopes. They were made by Alicia Boole Stott. Chapter
5 is dedicated to Boole Stott’s life and work.
4. J. A. Sparenberg, professor emeritus of the University of Groningen.
He designed some models illustrating mechanical phenomena and had
them made at the University of Delft. Three of them are currently at
the University of Groningen.
5. Various: this is a set of about 20 models for which we do not know the
origin.
Some of the inventory fields for models are given below, together with
short explanations. The fields with an asterisk ‘*’ are only used for the
models produced by the Brill or Schilling companies.
Collection: always Mathematical models (this is for the use of the University Museum).
Number : This is of the form M (from ‘model’) followed by a three-digits
number (this identifies the object within the collection of the University
Museum).
Local number : some of the models contain a sticker with a number which
corresponds to a previous local inventory. Neither a catalogue of or literature
on this inventory has been found.
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Name of the model : In the case of Brill and Schilling’s companies, this
gives rise to two fields, namely the one with the German name* which appeared in the catalogue [Sch1] and one with the translated English name.
Name on sticker* : all models from Brill and Schilling came originally
with a sticker. This sticker contains the shortened German name of the
surface represented by the model. This name is also translated into English.
Maker : in this field appears the name of the company or person that
constructed the model: Schilling, Brill, Sparenberg, Boole Stott, etc.
Place of production* : The different possible places in the case of Brill
and Schilling are Darmstadt, Halle a. d. Saale and Leipzig.
Designer : as explained in Section 1.2.3, the models produced by the firms
of Brill and Schilling were designed by mathematicians such as F. Klein,
and A. von Brill, and their students. These names appear in the catalogue
([Sch1]). When the maker is not Brill or Schilling, the name of this field
coincides with the name of the maker.
Place and date of design* : this shows the place where the designer studied
or worked (Münich, Berlin, Darmstadt, Dresden, etc.) and the date when
the model was designed, as it appears in the catalogue [Sch1].
Price* : the price of the model, in German Marks, as it appears in [Sch1].
Photograph number : this is a reference to the photographs taken in
Groningen of each model. Some of them can be found on the webpage
[Po-Za].
Material : plaster, string, wire, wood, cardboard, etc.
Dimensions: height, width and depth of the model in cm.
Current location (Spring 2007): the models are mainly distributed between the Library of the Department of Mathematics at the Zernike Campus, the second floor of the Department of Mathematics and the University
Museum. Most of the remaining ones are distributed between the room of
M. van der Put and room nr. 366 at IWI institute. There is one model in
the room of D. A. Wiersma, dean of the Faculty, and two are in the room of
A. E. P. Veldman.
Literature* : In this field we give references to the catalogues [Sch1], [Dy],
[W2] and to the mathematical explanation in [Sch2].
Condition of the model : this states whether the model is clean, broken,
has parts missing, etc. Note that, in the case of the plaster models, this field
shows the condition in which the model was found before the restoration of
2005 (see section 1.4.2).
Environment conditions: this describes the conditions in which the model
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is kept, i.e., whether it is on display or not. If it is displayed, the light
conditions etc. are given.
Restoration: in case the model has ever been restored, this field gives the
name of the restorer and the date of the restoration.

1.4.2

Restoration

In the months of April and May 2005, the sculptor Cayetano Ramı́rez López
carried out a complete restoration of the plaster models in the Groningen
collection. The project, funded by the University Museum and the Department of Mathematics, consisted of a restoration and cleaning of almost 80
plaster models. Most of these models were dirty or had broken parts. The
dirt was caused by previous handling of them, and on some of them, a spray
was applied. The restoration in these cases consisted of cleaning the model
carefully with thin sandpaper, along with replacing the missing parts by
alabaster, and again sanding to obtain a smooth surface. Many models contained curves that were originally coloured. Literature on the models (like
[Sch2]) was consulted in order to find out the original colour, when this was
not visible anymore. The plaster models that were in a worse condition were
restored using different techniques. One of these models is shown in Figure
1.6 before and after the restoration. For more information one may consult
the complete report on the restoration [Ra].

Figure 1.6: Plaster model before and after the restoration.
Some of the string models have been restored by Marius van der Put. For
photographs of some of them one may look at Chapter 4.
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Year
Professor Yearly amount
1882 to 1907 P. H. Schoute
f 100
1908 P. H. Schoute
f 1060
1909 to 1912 P. H. Schoute
f 100
1913 to 1915 J. A. Barrau
f 100
Total amount spent: f 4260
Figure 1.7: Data concerning the buying of mathematical models by the RUG
between 1882-1915.

1.4.3

History of the Groningen collection

As we have seen in Section 1.4.1, the University of Groningen currently contains a collection of about 150 models. Many questions arise: when where
these models bought? Who decided to buy the models?
To answer this question we had to choose between the Professors of geometry of the time: Pieter Hendrik Schoute (appointed from 1881 to 1913)
and his successor, Johan A. Barrau, or perhaps a later professor. A search at
the archives of the city of Groningen revealed the answer to this question. In
the financial records of the faculty, it was found out that the Department of
Mathematics received a yearly subvention of f 100 for buying mathematical
models. Schoute spent this budget of 100 guilders between 1882 and 1912.
Barrau continued, after Schoute’s death in 1913, to purchase models for another three years. There are no records of what models were acquired (except
for a bill from 1908). Although models were built until 1935, there are no
records of money being spent on models after 1915 (see table in Figure 1.7)
and we do not know whether there were any acquired.
Surprisingly, in the year 1908, the amount spent rose to f 1060, according
to the bill displayed in Figure 1.8. Schoute’s signature appeared at the
end of the document, signed as Hoogleeraar Directeur van de Wiskundige
modellenverzameling.
We know the following about Pieter Hendrik Schoute. He was born at
Wormerveer (The Netherlands) on the 21st of January, 1846. He graduated
in 1867 as a civil engineer at the Polytechnic School of Delft. His thesis,
however, was on mathematics. He did his PhD at Leiden in 1870 with a dissertation (in English): Homography applied to the theory of quadric surfaces.
His thesis advisor was David Bierens de Haan.
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Figure 1.8: Bill for the acquisition of mathematical models in 1908, [Scho].
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After that, he taught mathematics at secondary schools, first at Nijmegen
(from 1871 to 1874) and later on at The Hague (1874 to 1881). In 1881 he was
appointed professor of mathematics at the University of Groningen, where
he worked until his death on April 18th, 1913 [DSB].

Figure 1.9: Pieter Hendrik Schoute, Senaatskamer, Academy Building,
Groningen, oil painting by Thérèse van Duyl-Schwartze.
Remark. We note that Schoute is a very significant figure both in this
chapter and in Chapter 5. In the latter his collaboration with the amateur
mathematician Alicia Boole Stott is related in detail.
Although neither Brill’s nor Schilling’s name appear in the bill of Figure
1.8, the similarity between the listed models and parts of the present collection in Groningen led us to conclude that the models were bought from these
German firms. Indeed there are currently 5 string models illustrating space
curves and 22 plaster models of cubic surfaces in the Groningen collection.
It is remarkable that the main part of the Groningen collection consists of
the Schilling models and only a few of the Brill models. At the end of this
chapter we make a conjecture as to the reason for this occurrence.
The name of a certain Oscar Keip is on the bill. He signs as Instrument
maker and delivered the models to Schoute. Who was Oscar Keip? Was
he only an intermediary between the companies Brill-Schilling and the University of Groningen? Was he also a local producer of models? A search in
the Trade Register of the Chamber of Commerce indicates that a company
called Oscar Keip B. V. was active at Groningen as well as at Amsterdam.
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According to Mr. Kampinga [Kamp], who worked for this company from 1959
to 1998, Oscar Keip was German and founded this company in 1894. The
company dealt with electrical products. Oscar Keip also founded OKaphone
(note this rather special name) in 1930.
We may safely conclude that Schoute used Oscar Keip as his intermediary
for his purchases in Germany. There are some models of space curves that
we have not been able to identify with certainty (see Section 3.2 in Chapter
3. They may have been made by Oscar Keip.

1.4.4

The use of models in Groningen

What was the use of the models in Groningen? Were they used during lectures? Were the models appreciated for their artistic value? Where were the
models kept? And, were they on display? In trying to find out information
about this, I have interviewed several alumni of the University of Groningen who studied mathematics between 1930 and 1960. There is one person,
namely D. Algera, who studied mathematics in Groningen in the 30’s. The
ones who studied after the second World War are: H.J. Buurema, J.H. de
Boer, W. Knol, B.L.J. Braaksma, E.M. de Jager and H. Croon.
The following questions were asked of them.
i) When did you study mathematics at the University of Groningen?
ii) Who were the professors during your time?
iii) Do you remember the mathematical models?
iv) Do you remember where the models were kept?
v) Were the models used in the lectures?
In the course of this section, we will quote some of their answers (text in
italics).
Following a suggestion of J.J. Sloff’s (teacher of education at the University of Groningen from 1957), I interviewed D. Algera. Here is an excerpt
from his letter [Alg] in Dutch translated into English:
I studied mathematics in Groningen from 1930 to 1937. My professors were van der Waerden, Schaake (geometry) and van der
Corput. I have never seen any models.
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In the first period after the second World War the professors of mathematics in Groningen were J.C.H. Gerretsen, C.S. Meijer and J. Ridder. These
were the professors of all of the interviewed persons with the exception of D.
Algera. Gerretsen, who was professor of geometry between 1946 and 1977,
seems to have been most interested in the collection of mathematical models. Most of the respondents remembered the models. As to the question
of whether the models were used in the lectures, the following answers were
given. Buurema [Bu] affirms that: Professor J.C.H. Gerretsen sometimes
showed them during his courses, although the actual purpose of those demonstrations was never clear to me. De Jager also remembers Gerretsen using
the models. In particular, he remembers string models of ruled surfaces being shown during the lectures. In contrast to Buurema’s opinion, he found
the use of the models very useful and inspiring [deJag]. However, he does
not remember where the models were kept, and thinks that they were not on
display. De Jager remembers Gerretsen as a gifted teacher who could show
you the beauty of mathematics [deJag].
Braaksma [Br] attributes the interest in the models to Gerretsen, and
seems to remember (although he is not entirely sure) the models being used
during Gerretsen’s lectures. Braaksma also recalls Gerretsen making paper
models to illustrate semi-regular polyhedra.
In contrast with this, W. Knol [Kn] states: In my college days (19501957) in Groningen, my professor of geometry Prof. Gerretsen did not pay
any attention to the models in a closet of the mathematical institute. We
could only look through a window of a closed piece of furniture. It seems that
also his predecessor Prof. Schaake did not use these models as a subject in
his lectures.
J.H. de Boer [Boe], a PhD student of Gerretsen, also remembered the
models but had not seen them in use.
We quote H. Croon’s answer [Cr] on the topic: Although the models must
have been there, I can not remember that in any lectures the models were
used. I contacted a fellow student from that time, Leo van der Weele, who
also stated that the models were never used as far as he could remember.
From these comments, one can draw some conclusions. Although it seems
that Gerretsen showed models during some of his lectures, this didactic use of
them does not seem to have been impressive enough as to remain in the mind
of these alumni. However, a document found in the archives of the Faculty
of Mathematics and Sciences shows that Gerretsen was at least interested in
the maintenance of the mathematical models. This document [Ge] concerns
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the move of the office of Gerretsen and the Mathematical Library to the
Mathematical Institute on the Reitdiepskade in 1957. It shows Gerretsen’s
plan for this new building. One of the seven items where Gerretsen describes
the new structure of the building states that (translated from Dutch):

The room behind the lecture room is destined to become the room for the
models.

From Knol and Algera’s comments one can draw the conclusion that Gerretsen’s predecessor, G. Schaake, was not interested in the didactic aspects
of the models, and was probably not interested in the models at all. Some
questions remain unanswered. What was the location of the collection of
models before 1957? D. Algera states ([Alg]) that there was no Institute of
Mathematics as yet. So where were the models kept during Algera’s years as
a student? De Jager affirms that during his years as a student (1945-1953),
the Institute of Mathematics did not exist as such [deJag]. There were only
two rooms in the Archaeology Institute at the Boteringestraat for Mathematics: one of them was the Mathematical Library, and the other one was
the office of Gerretsen. Lectures were given on the first floor of the Academy
Building. According to de Jager [deJag], this was the case until 1957, when
an Institute of Mathematics was formed at the Reitdiepskade with the successive appointment of more professors of mathematics. De Jager has suggested
that until then the models were probably kept in a closet in the Library at
the Boteringestraat.
As the lectures of mathematics were given in the Academy Building until
1957, one could conjecture that there was already a collection of models kept
in this building when it caught on fire in 1906. Since the Groningen collection consists mostly of models with Schilling’s stickers and not Brill’s (like
the collections of other Dutch universities), one may make the following guess:

A major part of the mathematical models was destroyed in the fire of
the Academy Building, especially the models of the Brill collection. The big
purchase of 1908 came from the wish to replace the previous collection.
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1.5

Some series of models

In this section we give historical introductions to some of the series in
Schilling’s catalogue [Sch1]. The mathematical background of some models
in these series is treated in detail in Chapters 2, 3 and 4 of this thesis.

1.5.1

Curves of degree 3 (Series XVII 2 a/b and XXV)

The seven string models from Series XXV and the two plaster models with
numbers 2a and 2b from Series XVII have that they represent special cubic
curves in common.
There is a classification of Newton. Möbius classified in [M] the irreducible
real cubic curves in the projective plane as belonging to one of seven types.
The two plaster models from Series XVII mentioned above are two balls with
seven curves drawn on them. These seven curves illustrate the seven types of
Möbius’ classification. They were made in 1890 by H. Dollinger, a student of
A. von Brill. These types are also illustrated by the seven string models from
Series XXV. The models were made in 1899 by H. Wiener, and are linked
to his text [W1] of 1901. We do not know whether Wiener knew about the
earlier plaster models representing the same classification.
For a detailed mathematical treatment of Möbius’ classification we refer
to Section 3.1 in Chapter 3.

1.5.2

Ruled surfaces of degree 4 (Series XIII)

Series XIII in Schilling’s catalogue concerns models of ruled surfaces of degree
4. The mathematical explanations in [Sch2] of these surfaces were written by
Karl Rohn (see [Ro]). Rohn who was a student of Klein, wrote his dissertation
under Klein’s guidance and obtained his doctorate in 1878. Rohn made
important contributions to algebraic geometry.
In his text [Ro], Rohn classifies the ruled surfaces of degree 4 and gives
equations for most of the types in his classification. The ten string models
in Series XIII illustrate many of these surfaces. For the photographs of the
models and a modern interpretation of Rohn’s text [Ro], we refer to chapter
4.
Note that there were 15 string models of surfaces delivered in 1908 by
Oscar Keip (see Figure 1.8 in Section 1.4.3). The 10 models from Series XIII
are part of this group. The present collection has only 9 of these series. Of
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the remaining five, three have not been identified. It is possible that the
instrumentmaker Oscar Keip constructed them himself.

1.5.3

Cubic surfaces (Series VII)

Cayley and Salmon proved in 1849 that every smooth cubic surface over
the complex numbers contains precisely 27 lines. Clebsch in 1871 ([Cl])
discovered his Clebsch diagonal surface which has the property that all the
27 lines are real.
Series VII in Schilling’s catalogue [Sch1] consists of 26 plaster models and
one string model all related to the classification of irreducible cubic surfaces
in P3 . The first model in the series illustrates the Clebsch diagonal surface
with its 27 real lines. For a detailed mathematical treatment of this surface
we refer to Chapter 2.
The next 18 models represent cubic surfaces with various types of isolated
singularities. The remaining plaster models represent some cubic surfaces
with non-isolated singularities and some Hessians of cubic surfaces. Singular
cubic surfaces were classified by Schlaefli and Cayley ([Schl], [Ca]) in 1863
and 1869 respectively. In 1879, Klein’s student Carl Rodenberg published his
thesis [Rod] in which another classification of cubic surfaces with singularities
was given. Along with this, he presented a series of plaster models of cubic
surfaces representing all the types of his classification. Series VII is almost
complete in the Groningen collection (there are 22 models from this series).
Recall from section 1.4.3 that there were 20 plaster models of cubic surfaces
delivered in 1908 by Oscar Keip (see Figure 1.8).

1.5.4

The model of Clebsch diagonal surface

In the summer of 1872, and under the guidance of Alfred Clebsch, the mathematician and sculptor Adolf Weiler built a model of the diagonal surface.
This model was exhibited at the Chicago’s Exhibition of 1893. We now
quote Klein ([Kl]) in one of his speeches at the Chicago Exhibition, where he
discussed the construction of this particular model:
In 1872 we considered, in Göttingen, the question as to the shape
of surfaces of the third order. As a particular case, Clebsch at
this time constructed his beautiful model of the diagonal surface,
with 27 real lines, which I showed to you at the Exhibition. The
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equation of this surface may be written in the simple form
5
X
1

xi = 0,

5
X

x3i = 0,

1

which shows that the surface can be transformed into itself by the
120 permutations of the x’s... [...] ... By selecting a symmetrical
form for the model, not only is the execution simplified, but what
is of more importance, the model will be of such a character as to
impress itself readily on the mind.
Surprisingly, the model of the Clebsch diagonal surface is missing at
Groningen. Did the University of Groningen ever have this model in its
collection? If so, what happened to it? During his visit at Groningen (2005),
the sculptor Ramı́rez López accomplished the task of building a plaster model
of the diagonal surface, after he had completed the restoration of the plaster models (see Section 1.4.2). This model which now forms part of the
Groningen collection is shown in Figure 1.10.

Figure 1.10: Clebsch diagonal surface by C. Ramı́rez López. University of
Groningen.
The original colouring of the 27 lines is ([Sch2]): 15 in red and 12 in
white. On the model from Fischer’s catalogue ([F]) the lines have three
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different colours: the same 15 in black, and the group of 12 lines divided
into 6 in red and 6 in green (see the mathematical explanation in Chapter
2). The model of Ramı́rez López uses blue for the 15 lines and again red and
green for the two groups of 6 lines.

1.6

Conclusion

The collection of models of the University of Groningen consists mostly of
models from Schilling’s firm. This collection of models, advertised in an
international journal (see Section 1.4), was very popular among the Universities in Europe at the end of the 19th century. The Groningen collection
was on display during several periods. Why did the University of Groningen
spend so much money on it? The models were probably used in Schoute’s
lectures. Concerning their use in later times, one may conclude from Section
1.4.4 that, although the artistic value of the models might still have been
appreciated, their pedagogical purpose was already almost forgotten by the
30’s.
A research similar to the one done on the Groningen collection would be
advisable for the collections of other universities. One can already draw some
conclusions from a quick look at some of the Dutch collections (see Section
1.3). For example, the Leiden collection seems to be of an earlier date than
the one of Groningen.
The mathematical meaning of many of the models seems to have been
forgotten, as well as their pedagogical use. Their beauty, however, keeps
impressing people and their preservation for more than a century is due to
this. They also served as an intriguing topic for a PhD thesis, and might
therefore inspire new students in years to come.
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[Ra] Ramı́rez López, C. Report on the restoration of plaster models, Internal
report of the University of Groningen, June 2005.
[Rod] Rodenberg, C. Zur Classification der Flächen dritter Ordnung, Math.
Ann., vol. 14 (1878), 46–110.

BIBLIOGRAPHY

25

[Ro] Rohn, K. Die verschiedenen Arten der Regelflächen vierter Ordnung,
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