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One-Point Statistics and Biasing
of the SDSS Density Field

— E. Platen, R. van de Weygaert & B.J.T. Jones —

7

In this Chapter we investigate the one-point probability density function (PDF)
from the reconstructed density field based on the SDSS DR7. We focus on the
present day nonlinear (R f  1:0h 1 Mpc) to weakly nonlinear density regime
(R f  20:0h 1 Mpc). The conventional Count in Cells approach is fundamentally
limited in the small scale limit by shot-noise and also by discreteness effects. Our
PDF determination are based on the density field reconstruction by means of the
Delaunay Triangulation Field Estimator (DTFE) method. We find that the method
is unbiased at scales larger than the mean separation. Only when the point distribution is very sparse with respect to the filter scale a small systematic linear bias
may occur. The field reconstruction approach clearly outperforms the counting
approaches, since the scatter is always smaller than the shot-noise and the method
allows a continuous reconstruction of the low density environment.
We investigate how the density reconstruction is affected by the two most important physical distortions; biasing and redshift distortions. We use the MilliMillennium to study the relation between the dark matter density field and the
galaxy distribution. The full sample of Millennium galaxies are, at all scales and
at higher than average density, more or less linearly biased with b = 1:0  0:2.
Low density environment are often strongly affected by biasing. In the voids the
bias function has a sharp truncation that depends on the galaxy luminosity and
on the implemented stellar feedback of the model. On small scales, the effects
of systematic redshift distortions on the PDF are most relevant at high density
values.
The lognormal density distribution is only a reasonable description of the dark
matter, mock galaxy and observed galaxy PDF at intermediate and large scales.
Deviations from the lognormal distribution, in particular at the tails, become substantial towards smaller scales. The skewed lognormal provides a much better fit,
although eventually it also breaks down for the high nonlinear regime.
Over the whole range of density and scales we find excellent agreement between
the SDSS density field and the Millennium mock density field. In low density
regime of the SDSS we find a strong indication of anti-bias, even at large scales.
This is partially related to a observational bias of the magnitude limited sample.
The larger volumes required to probe these scale can only be sampled sufficiently
by high luminosity galaxies. At overdensities these galaxies are almost fair tracers, but they are almost absent below a certain minimum density threshold.
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Comparing the dark matter and the galaxy distribution we find that at intermediate and high densities there is a strong agreement between both PDFs from
small (1.0h 1 Mpc) to large scales (20h 1 Mpc). The same agreement can be found
in skewness S3 and the kurtosis S4 . Assuming that SDSS galaxies are similarly
biased as the ones in the Millennium simulation, the underlying density field is
in good agreement with a concordance model. Having understood the behaviour
and systematics of the PDF determined from galaxy redshift surveys, we anticipate its use for constraining cosmological parameters.

7.1

Introduction

Observations and analysis of the galaxy distribution forms one of the most important probes
of cosmology (Hubble 1934) and the formation of structure in the Universe (Peebles 1980).
On the assumptions that the galaxy is a reflection of the underlying matter distribution, its
statistical analysis should provide us with a direct link to the cosmological parameters, and
even the primordial density field. This is commonly assumed to be a Gaussian fluctuation
field generated during the inflationary epoch, although there is a distinct possibility that the
primordial density field itself was slightly non-Gaussian (see e.g. Bartolo et al. 2004, and references therein)
The standard lore says the structure arose out of a primordial Gaussian density field. The
first characterisation of such a field is its one-point probability distribution function (PDF),
P(Æ). As a result of the gravitational evolution the initial Gaussian PDF, in the nonlinear regime
gradually changes into a distinct non-Gaussian distribution. On the largest scales, the density
field has been growing mostly linearly and therefore retains a direct relation with the initial
density field. This is also true for the slightly smaller scales that have been evolving quasilinearly. Unlike the largest scales the PDF has turned into a non-Gaussian distribution. In
this weakly nonlinear regime the PDF can still be understood by analytical approximations
(Bernardeau et al. 2002).
On the very smallest scales the picture is more complicated. When the full non-linear
growth sets in the PDF attains it full nonlinear shape. This is significantly different from the
initial Gaussian distribution. It is marked by a high peak at low density values, corresponding
to the deepest underdensities filling up space. A further characteristic is a long tail extending
to high density values. This latter tail traces the most massive collapsed clusters.

7.1.1

Galaxy Biasing

Galaxies are associated with peaks in the dark matter field. These peaks can be biased tracers,
called ’peak-bias’ (Kaiser 1984; Bardeen et al. 1986). Within the analytical excursion set formalism (Bond et al. 1991) for the distribution of peaks, this peak-biasing can be extended to also
account for the differential biasing of peaks. This takes into account that the peak distribution
changes when they are embedded in for example more overdense environments (Kauffmann
et al. 1997; Mo & White 1996; Sheth & Lemson 1999). The validity of such scenarios have been
tested extensively with N-body simulation (Benson et al. 2000; Somerville et al. 2001), and
have provided insight into the expected intrinsic biasing of peaks in the dark matter field.
This picture is further complicated by the fact the galaxy formation is a highly non-linear
process, where various feedback mechanisms are involved. A peak or subhalo of a given mass
may then harbour different kind of galaxies depending on its complete gastrophysical history.
To model this accurately all the physical processes have to be take into account. Within a
representative cosmological volumes this is computationally not achievable. One usually resorts to approximations, like semi-analytical galaxy formation models (Kauffmann et al. 1997;
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Figure 7.1– Cosmological Dependence of the PDF: The figure shows the dependency of the
one-point PDF on cosmological matter density m and on the normalisation of the power
spectrum 8 . The dark matter density distribution for a CDM ( m = 0:3; 8 = 0:9), OCDM
( m = 0:3; 8 = 0:85) and SCDM ( m = 1:0; 8 = 0:5) N-body model. These models have
approximately the same number density of clusters.

Somerville & Primack 1999; Benson et al. 2000) or more advanced cosmological hydrodynamical simulations (Cen & Ostriker 1992; Blanton et al. 1999; Cen & Ostriker 2000; Yoshikawa
et al. 2001).
The relation between the dark matter field and the galaxy density field is simply called
biasing. This term includes various different biasing schemes and definition with a varying
degree of complexity. In its simplest form there is a deterministic relation between both fields.
When such a direct relation exists, we may model it with a biasing function

Æg  f (Æd )  b(Æd )Æd :

(7.1)

The simplest proposed function is a linear relation. Here there is one constant b, called the
bias parameter, representing the ratio between both fields.
Given the fact that galaxy formation is such an involved nonlinear process, the validity of
such a simple relationship would seem to be highly unlikely. As are result various generalisations of this model were proposed (see Pen 1998; Dekel & Lahav 1999; Matsubara 1999). These
include biasing with higher order terms (non-linear-biasing), biasing with a probabilistic component (stochastic-biasing). In some sense stochastic biasing captures our overall ignorance of
the process of galaxy formation (Matsubara 1999). Non-local influences of biasing are treated
in scale dependent biasing models. These scale dependencies may for example originate when
external tidal forces, influence the collapse of the proto-halo (Bond & Myers 1996; Sheth et al.
2001; van de Weygaert & Babul 1994; Desjacques 2008). The time evolution of the galaxy biasing was specifically addressed by (Fry 1996; Tegmark & Peebles 1998; Basilakos & Plionis
2001). The time dependence of biasing, is quite strong. It derives from the fact that a given
galaxy at present time may be a common object, whereas a similar object at high redshift is
associated with a rare peak.
Observationally it is very difficult to determine the dark matter field. Weak lensing is
probably one of the most promising direct approaches to reconstruct the mass density field
(Kaiser 1992; Mellier 1999; Hoekstra et al. 2002; Hoekstra & Jain 2008). Such weak lensing
studies have suggested that the overall biasing is of order unity.

200

CHAPTER

7: S TATISTICS AND B IASING OF THE SDSS D ENSITY F IELD

Another means to study biasing at large scales is from a dynamical viewpoint. In the
quasi-nonlinear regime there is still a simple relation between the (total) density field and the
peculiar velocity field (see Strauss & Willick 1995, for a review). A measurement of both the
galaxy density field and the peculiar velocity field allows to put constraints on biasing via the
parameter. Folded into this parameter is the dependency of the measurement on the total
matter content in = 0:6 =b.
Even if the dark matter field is not known, one may still study the relative biasing between
different galaxy populations. The relative biasing of SDSS and 2dF galaxies have revealed that
galaxies have a rather simple deterministic – as opposed to stochastic – luminosity biasing.
The more luminous galaxies are more strongly biased. The color dependence has a more
complicated behaviour that may be non-linear and/or stochastic (see Tegmark & Bromley
1999; Blanton 2000; Wild et al. 2005; Conway et al. 2005; Swanson et al. 2008, and references
therein).
Two common approaches to analyse the bias in the density field is to study the two-point
and higher n-point correlation functions (Peebles 1980; Kaiser 1984; Fry & Gaztanaga 1993;
Verde et al. 2002). Note that this yields a slightly different biasing definition according to

gg = b2 dd ;

(7.2)

which is only equal to b in eq. 7.1 in case of linear biasing. The other approach is Counts-inCell (CIC) statistics (Peebles 1980; Gaztanaga 1992, 1994; Baugh et al. 1995; Szapudi et al. 1996;
Colombi et al. 1995; Szapudi 1998; Kim & Strauss 1998; Szapudi & Pan 2004). A disadvantage
of the correlation function approach is that it does not allow the comparison of the density
field at the same location. The CIC method does allow a local comparison, however it breaks
down in the underdense regime. In these regions the counts get very low and the CIC method
has the disadvantage that one has to apply corrections for the discreteness of the point sample.

7.1.2

One Point Distribution

One of the most commonly used one-point probability density function (PDF) for the nonlinear density field is the lognormal distribution (Coles & Jones 1991). The motivation for this
distribution is that, besides it being one of the simplest non-linear analytical distributions, it is
an accurate description of the PDF in observations and N-body simulations (Coles et al. 1993;
Kofman et al. 1994; Kayo et al. 2001). A stronger case can be made for the galaxy distribution.
Assuming that galaxies trace the peaks larger than a certain height, the resulting spatial peak
distribution would lead to a lognormal distribution. Bernardeau & Kofman (1995) found that
the lognormal is a relative good fit when the variance of the density field 2 is small. However,
it breaks down at higher values of .
While to some extent the lognormal distribution can be understood from physical principles it is essentially remains a heuristic model. Various analytical approaches were developed
to approximate the one-point PDF. In the weakly non-linear regime, when the variance of the
field 2 < 1, perturbation analysis of the Eulerian or Lagrangian density field can be used to
trace the evolution of the density PDF (Bernardeau 1992, 1994; Bernardeau et al. 2002). The
most well known perturbation model is the Zel’dovich approximation (Zel’Dovich 1970). It is
a first order Lagrangian perturbation approximation, allowing to follow the evolution of the
density to large values. The relation with the PDF was addressed in various studies (Kofman
et al. 1994; Protogeros & Scherrer 1997; Taylor & Watts 2000). The perturbation approach can
be extended within the context of various collapse models, the spherical collapse model (Fosalba & Gaztanaga 1998; Scherrer & Gaztañaga 2001) or the ellipsoidal collapse model (Ohta
et al. 2004). The perturbation models are effectively local mappings, which makes it difficult
to incorporate the hierarchical merging in the density field.
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A non local approach to the density PDF was explored by Sheth (1998), involving the
correction for the ’cloud-in-cloud’ problem (Bond et al. 1991). This model was further extended
by Lam & Sheth (2008) and Lam & Sheth (2008) for more general initial conditions. Lam &
Sheth (2009) showed that the non-linear PDF can also be analytically recovered from nonGaussian initial conditions. In the same context Grossi et al. (2008) studied the density PDF in
simulations with non-Gaussian initial conditions. They found that the PDF is most sensitive
to the primordial non-gaussianities in the underdense regime. A similar result was found by
Kamionkowski et al. (2009), who showed that the void abundance is sensitive to the amount
of non-linearity, fnl .
Figure 7.1 shows the one-point PDF for three different cosmological models. It may be
obvious that there is a strong link between the underlying cosmological model and the distribution of density values. The shape of the PDF on different scales indirectly probes the
underlying fluctuation spectrum via the amplitude at that scale. The cosmological parameters that is of most direct importance to the PDF is the normalisation constant 8 (Plionis &
Basilakos 2001). The value of m may also play a role.

7.1.3

Cosmic Structure

In the first part we will mainly deal with the density field derived from simulated distributions of dark matter and semi-analytical galaxies. An example of this can be seen in Figure 7.2.
Here we show a slice through the dark matter density field from the Milli-Millennium simulation (see section 7.2). The semi-analytical galaxies that were identified with the subhaloes
are strongly clustered on the high density regions. This is shown in the top-right panel. Also
note that isolated galaxies do not pick out random locations. All galaxies are located on top of
a web like structure consisting of filaments and walls, the Cosmic Web (Bond et al. 1996).
To visualise this effect we plot in the lower panels the Cosmic Spine (see Chapter 2 and 4
Platen et al. 2007; Aragón-Calvo et al. 2008), the morphological and topological outline of the
Cosmic Web in terms filaments, walls and cluster nodes. In the left panel the relation of the
Spine to the underlying dark matter field is indicated. The Cosmic Web traced by the lowest
density filaments and walls, hÆ + 1i < 0:2, is shown in grey. In lower right corner we show
how the galaxies are preferentially located on top of the most overdense parts of the Spine. A
particular noticeable aspect of the galaxies is the strong tendency to be located near the nodes
of the Cosmic Web. Via several walls and/or filaments the matter is channelled to the cluster
nodes, where it is accreted onto the haloes. Even for the most isolated galaxies this preference
is clear: island galaxies do not exist in the dark matter field.
Given this preference for galaxies to lie on special sites in the Cosmic Web. May we expect
to make sensible statements about the underlying dark matter field? Are there scales/densities
where the degeneracy between the cosmological parameters and the galaxy formation process
can be disentangled? We approach this by first studying the distortions of the PDF in dark
matter simulation and semi-analytical galaxy models mostly within the currently favoured
CDM cosmogony. This allows us to put the SDSS density field within the latter context,
and enables us to make a comparison between the ’expected’ mock-galaxy density distribution with the measured SDSS density distribution. Here we will not make any quantitative
attempts to constrain the cosmological parameters. The results of this Chapter do pave the
way for such an approach, but will require a better knowledge of the dark matter PDF within
a larger cosmological parameter space.

7.1.4

This Work

To determine the galaxy biasing, the one-point Probability Density Function and possible also
primordial non-gaussianities requires accurate density field reconstruction. In Chapter 5 we
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Figure 7.2– Cosmic Web: We show the relation between the dark matter density field (Millimillennium) and galaxies derived from a semi-analytical model. In the top-left figure we show
a contour map of the dark matter density field. In the top-right panel the locations of SAMgalaxies are plotted on top of the dark matter contour map. The slice has a thickness of z =
0:5h 1 Mpc. Here the red galaxies indicated by the crosses and have a color B V > 0:5. The
blue galaxies with B V < 0:5 are indicated by the triangles. In the two lower panel we show
the Cosmic Spine (see Chapter 4). The Spine gives the location of the filaments and walls of
the Cosmic Web. The lower-left panel shows the relation of the Spine with the underlying dark
matter density field using two iso-density contours at Æ + 1 = [0:04; 0:1]. The Spine indicated
by the grey lines have an average density contrast lower than Æ + 1 < 0:2. In the bottom right
we indicate the location of the galaxies on top of the Cosmic Spine.
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Figure 7.3– SDSS & SDSS-MOCK Density Field: The upper panel shows a density field
through the Millennium simulation, the lower panel shows the SDSS density field.

have described such a method, the Delaunay Field Tessellation Estimator (DTFE) (Schaap &
van de Weygaert 2000; van de Weygaert & Schaap 2007; Schaap 2007). In Figure 7.3 one may
see a density slice trough the DTFE reconstructed SDSS density field and compare it to the
mock-SDSS density field based on the Millennium simulation (Springel et al. 2005; Croton
et al. 2006).
In that same Chapter we have tested the method on a variety of simulated mock galaxy
distributions. We showed that we can reliably and efficiently reconstruct the density field in
galaxy redshift surveys. The DTFE is well suited to recover the whole range of densities within
a galaxy density field. The sensitivity of Delaunay tessellation based estimators of the PDF
has been shown for the first time by Bernardeau & van de Weygaert (1996). They found that it
performs remarkably well in the case of the velocity divergence PDF, which is closely related
to the density PDF. Especially by the successful recovery of the tails of the distribution, this
work managed to demonstrate the validity of Euclidean Perturbation Theory. The greatest
advantage of the DTFE is that it is able to reconstruct the field in underdense regions in a
continuous manner. This allows us to probe the smallest scales and nonlinear regime of the
density field.
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Table 7.1– Simulation Parameters

Type
Galaxies
Galaxies
Galaxies
Galaxies
Dark Matter
Dark Matter
Dark Matter
Dark Matter
Dark Matter
Dark Matter

Model
Millennium - D06
Millennium - B06
Milli Millennium - D06
Milli Millennium - B06
Milli Millennium
Virgo OCDM
Virgo SCDM
Virgo CDM
VLS CDM
GIF2 CDM

Lbox
500.0
500.0
62.5
62.5
62.5
239.5
239.5
239.5
479.0
110.0

Npart
27E6
24E6
4.8E4
4.9E4
2703
2563
2563
2563
5123
4003

m

0.25
0.25
0.25
0.25
0.25
0.3
1.0
0.3
0.3
0.3


0.75
0.75
0.75
0.75
0.75
0.0
0.0
0.7
0.7
0.7

h
0.73
0.73
0.73
0.73
0.73
0.7
0.5
0.7
0.7
0.7

8

0.9
0.9
0.9
0.9
0.9
0.85
0.5
0.9
0.9
0.9

Here we will analyse the data (section 7.2) on a range of scales, from 1 up to 20h 1 Mpc. The
scales mentioned in the text are all based on Gaussian filtered fields, unless stated otherwise.
In the first part we will analyse the main distortions to the density field and thus to the onepoint PDF. These systematics may arise in on four different ways. The systematic distortions
will be treated in section 7.3. The biasing and redshift space distortions are the subject of
section 7.4 and 7.5. A short summary of these systematics is presented in section 7.6. In
section 7.7 we provide a description of the dark matter and SDSS-mock PDF. Which we will
compare to the SDSS PDF in section 7.8 and 7.9. This is followed by a discussion (7.10)and
conclusion (7.11).

7.2

Data

7.2.1

SDSS-DR7

For the analysis we used the main galaxy redshift sample from the north Galactic Cap (Strauss
et al. 2002) from the Sloan Digital Sky Survey (SDSS) (York et al. 2000; Stoughton et al. 2002;
Abazajian et al. 2009). This spectroscopic galaxy sample is almost complete between a Petrosian magnitude limit of mr = 14:5 and mr = 17:77. The SDSS density fields are all constructed
from magnitude limited samples. A description of the data can be found in both Chapter 5
and 6.

7.2.2

Millennium Simulation

Full Samples
The simulated survey density fields are based on the semi-analytical galaxy samples from the
Millennium simulation (Springel et al. 2005; Croton et al. 2006). We used the semi-analytical
galaxy catalogue from De Lucia et al. (2006) and Bower et al. (2006) (here after referred to as
D06 and B06). Both contain approximately 25 Million galaxies, see also table 7.1. For these
two samples the galaxy density fields were reconstructed within the 500h 1 Mpc simulation
box on a grid of 4263 . This provides the same grid cell-size as the SDSS density field. We will
refer to these samples as the full samples.
The Milli-Millennium is a smaller simulation than the full Millennium simulation. It has
a box-length of 62.5Mpc/h and it has the same mass resolution as the full Millennium, see
further below. For this smaller volume, both semi-analytical galaxy models of B06 and D06
are available, each with respectively 53918 and 48839 galaxies. For the D06 catalogue the mock
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galaxies with zero stellar mass were removed, leaving a total amount of 48326 galaxies, which
is comparable to the B06 catalogue. The density fields for the both galaxy distributions were
computed on a grid of 2563 , giving a cell size of 0.24h 1 Mpc.

Mock SDSS Samples
To compare the Millennium to the SDSS-DR7 we have constructed mock samples for a DR7
observed volume. These were constructed in the same manner as described in Chapter 5. We
have used the D06 catalogue for the construction of the mock catalogue. The density was
reconstructed on a sized 5123 grid within a box-size of 600h 1 Mpc. We refer to this as the
(SDSS) mock galaxy sample.

Milli-Millennium dark matter
The dark matter distribution from the Milli-millennium simulation contains 2703 particles
with a mass per particle of 8:61  108 . The density field was computed on a fine grained 5123
grid. This grid was down-sampled to the same grid as the galaxy density fields, i.e. a 2563
grid. The oversampling is necessary to avoid the ’hot’ pixels as described in Appendix F of
Chapter 5. For a proper statistics of the volume is too small, see section 7.3.1. For the purpose
of studying the biasing at small scales (R f < 4:0h 1 Mpc) it is well sufficient.

7.2.3

The Dark Matter Distribution

We have used additional dark matter simulation from the Virgo consortium to study the distribution of the dark matter density field. We have used the ’Very Large Simulation’ VLS
(Yoshida et al. 2001; Jenkins et al. 2001), the Virgo (Jenkins et al. 1998) and the GIF2 (Gao et al.
2004) simulations. Given the large box (Lbox = 479h 1 Mpc) the CDM model in the VLS simulation it covers a large range of scales, which makes it very suitable to study the density field
over 1 to 20 h 1 Mpc scales. The Virgo simulations contains four simulations of four distinct
cosmological models. We have used the SCDM, OCDM and CDM (see table 7.1). These simulations are all normalised in such away as to approximately reproduce the observed density
of clusters of galaxies. They are very well suited for pointing out differences between various
cosmologies.
The GIF2 simulation is a high resolution CDM simulation with comparable mass resolution as the Millennium Simulation. It has a relatively small volume, which means that it is
only suited to study the smallest scale.
In table 7.1 we provide an overview of the parameters for the relevant simulations. The
Virgo CDM model parameters are slightly different than the ones for the Millennium Simulation. Therefore there might be some slight differences with respect to the Millennium simulation. We could not find direct strong differences with the dark matter density field from
the Milli-Millennium. This is probably due to the fact that both concordance models have the
same 8 . Thus when we compare the CDM dark matter models to the Millennium simulation we have to be aware that small differences may exist.

7.3

Systematics in the Density field

In principle one may identify three kinds of systematics for the density field reconstruction;
measurement based, method based, and physical based. The measurement based systematics
arise through incomplete data sets. Systematics in the methods may originate when it is biased. The systematics of the galaxy density field with respect to other reconstruction methods
were discussed in Chapter 5. Here we concluded that the simplicity of the DTFE method was
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preferred over the more involved high order methods. The method is more efficient and is
slightly more accurate.
Depending on ones interest the physical systematics can be of interest or a source of systematics. Assuming a certain cosmological model, the biasing provides insight into the process of galaxy formation. On the other hand when one is interested in the underlying cosmology, it is often degenerate with various cosmological parameters, e.g the normalisation
parameter.
First we will discuss the measurement based errors. In the next section we will look into
the systematics when we compare dark matter density fields to galaxy density fields. Subsequently we will investigate the physical systematics that originate from biasing (section 7.4)
and redshift distortions (section 7.5).

7.3.1

Measurement Systematics

In general measurements or experiments have limited volume, resolution and or dynamic
range. For an N-body density field the limited volume and resolution are the main sources
of systematics. Both the finite volume and finite resolution affect the tails of the distribution
(Colombi et al. 1994). A small volume leads to under sampling of rare events in both the
underdense and overdense regime. This causes a decrease to find the extremes in both high
and low densities (Bagla & Ray 2005).
A low mass resolution prevents the proper sampling of the small scales. This leads to a
smoothing of the deepest part of the void hierarchy and thereby limits the chance of probing
the very low densities. Similarly peaks may not be fully resolved he highest density regime.
Both finite volume and finite resolution lead to an under sampling of the tails in the one-point
PDF.
The ideal fully resolved probability density function requires the full sampling of the
power spectrum. Taking as a small scale limit 1.0pc (Diemand et al. 2005) and upper limit
500h 1 Mpc this would require 100 yotta-particles  . The latter represents an increase of 16 to
17 orders of magnitude with respect to the present day state of the art simulations. For instance the Millennium simulation has  1010 particles. One can give a rough estimate, based
on Moore’s law, that approximately each decade the mass resolution increases with about two
orders of magnitude. The time to reach the yotta-limit is only a minor 80 years. Fortunately,
one is usually not interested in the fully resolved density field, and only wants the field up
to a certain minimum scale Rmin . We will use the common implicit assumption made in most
N-body experiments that one may ignore scales that are far smaller than Rmin .
We will mainly limit ourselves to scales larger than the minimum scale which we are able
to reconstruct in the SDSS R f  1h 1 Mpc. For this minimum scale the dark matter simulations
are well resolved. We will use the Virgo simulation (OCDM and SCDM) for the scales in
between 1-10h 1 Mpc, since very large scales are not properly sampled within the 240h 1 Mpc
box. The VLS has the same mass resolution as the Virgo simulation, but 8 times the volume,
therefore we will use this for the CDM cosmology. This larger volume also allows the use of
scales larger than 10h 1 Mpc. For scales below 1h 1 Mpc, only in the dark matter, we have used
the Milli-Millennium and the GIF2 simulation.

Finite volume in the PDF
An illustration of finite volume effects is presented in Figure 7.4. Here we compare the dark
matter distribution from the Milli-Millennium and the VLS simulation. Also shown is the
 yotta = 1024
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Figure 7.4– Finite Volume effects: we
indicate the effect of a finite volume on
a scale of 1h 1 Mpc. The black curves
are the PDFs of two dark matter simulation, the Milli-Millennium and the VLS
simulation. The latter has a larger volume and is able to sample the rare high
density objects. This can be seen by
the tail that further extends toward high
densities. The grey lines are the PDFs
for the semi-analytical galaxies from the
Milli-Millennium and the full Millennium sample. Also due to the finite volume of the smaller Milli-millennium box
the simulation does not properly sample
the lowest and highest density values.

PDF from the galaxy density field, in this case we compare the D06 sample from the MilliMillennium versus the whole Millennium. In Figure 7.4 we show the PDF for these four density fields. The finite volume effects are obvious and related to the small fraction of volume
0.2% the milli-millennium. The high density tail in dark matter and in the galaxy distribution shows a very clear shift to lower density. The truncation almost shifts by one order of
magnitude to the left in the smaller volume.
In the low density tail only a shift in the galaxy distribution is noticeable. This is probably
related to the fact that the low density tail in the galaxy distribution is more dependent on a
large rare void. Whereas the low density tail in the dark matter is made up by a population of
small very underdense voids. With sufficient mass resolution this part of the distribution can
be properly sampled even in a relatively small volume.

7.3.2

Method Systematics

Null test
To study the possible systematics and estimator noise in the DTFE method reconstructed field
we set up a so called null test. For such a test we know what the outcome should be in case the
method is unbiased. As a reference for the performance of the DTFE method we compare with
the Counts in Cell (CIC) method. It is widely used due to its simplicity and well known error
behaviour. In fact it is the main method for analysing biasing and/or the one point (counts)
probability distribution function.
Our null test we set up as following; we selected five random sub-samples from the Millimillennium dark matter particles. Each of these sub-samples contains only 45800 randomly
selected dark matter particles. This is comparable to the number of galaxies in the D06 and
B06 galaxy sample. This relatively small fraction of particles (0.23%) represent an unbiased
sample of ’galaxies’ that by construction should exactly follow the known dark matter field.
Note this is a relative measure, since reconstructed dark matter field also has errors. In this
case we can neglect them, since the number of dark matter particles by far exceeds the number
of ’galaxies’.
A direct comparison provides insight into the mean trend and scatter upon the trend.
Biases in the method show up as a mean trend that is not linear. The variance around the mean
estimate gives the estimator noise. For a given dark matter density value within each random
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Figure 7.5– Null Test: The figures shows the null test at scales of 1h 1 Mpc (left) and 4h 1 Mpc
(right) from the dark matter density field Æd and the ’galaxy’ density field Æ g . The ’galaxies’
represent the mean of five randomly selected sub-samples (0.25%) from the dark matter particles. Top row: Correlation scatter plots between Æd and Æ g . The contour levels present the
spread of the scatter plot. The grey solid line gives the mean trend. The dark and grey dashed
line are respectively a linear fit and a fourth order polynomial fit to the mean trend, see eq. 7.4
. The values of average slope b̂, correlation coefficient r, scatter S and fraction of non-linearity
Nl are indicated in the plot in the lower right corner. Lower panels provides the relative deviations of the biasing at the same scales as the figures above. The dotted lines is the mean bias
trend. The grey shaded area is representative of the scatter at a level of one  in the inhomogeneous Poisson model, see eq. 7.10. The solid grey line is the measured scatter at one . In
order not to overcrowd the figure on the right we do not show the first and fourth order fit in
the lower panels.

S YSTEMATICS IN THE D ENSITY FIELD

209

realisation the reconstructed ’galaxy’ density has a certain variation. This arises naturally
from the loss of information of the down sampled point set. The properties of this noise or
estimator variance differs for each of method. The magnitude gives direct insight into how
well a method is able to extract the information from the diluted distribution. The lower the
errors the better the performance.

The Mean trend
In Figure 7.5 we present the correlation between the dark matter and ’galaxies’. It shows the
dark matter density (Æd ) versus the density derived from these unbiased ’galaxies’ (Æ g ), on a
Gaussian filter scale of 1 and 4h 1 Mpc. In order to visualise the full range of densities we
have sampled the correlation scatter plot on a log-log grid. We also indicate in each graph the
biasing parameters; the average slope b̂, the correlation coefficient r, the stochasticity S, and
the fraction of non-linearity Nl (see Appendix 7.A for a more detailed explanation of these
parameters).
For each of the two scales the relative deviations with respect to a linear unbiased relationship are presented in the lower panels. An unbiased linear relation (b = 1) would show
up as a horizontal line. The mean trend (see Appendix 7.A) and the dashed lines provides a
first and fourth order polynomial fit

Æg0 =
Æg0 =

f (1) (Æd ) = b(1)
Æ
1 d
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to the measured bias function. Note that we leave out the zeroth order component since both
fields are normalised. The fitted parameters for the Null models are given in table 7.2.
The 4.0h 1 Mpc presents an unbiased almost perfectly correlated density field reconstruction. The smaller scale on the other hand do show a minor but systematic deviation from b = 1.
With a mean slope of b̂ = 0:96 at 1.0h 1 Mpc, there is a tendency to underestimate the galaxy
density in high density regions. Likewise a small overestimation of the galaxy density in low
density regions. Given the mean particle distance of l = 1:7h 1 Mpc, the most probable cause
of this deviation is due to the relative low number density of particles with to the respect to
the filter scale. If we take an extreme of only 5000 randomly selected particles (l = 3:6h 1 Mpc)
bbias = 0:8.
the mean bias goes down to b
We may point out that the relative impact of the point sampling is the largest in the underdense region, because the mean particle distance here is far larger than 1.7h 1 Mpc. Fortunately
the bias is well behaved. At 4.0h 1 Mpc the sample consisting of 5000 particles provides a unbbias = 1:01. We conclude that when the mean particle separation is larger
biased estimate, b
than the filter scale we should be aware that a (small) linear bias may exist.
If necessary we can always remove the estimator bias the trend function. Simply by taking
several random sub samples with the same amount of points from the full set and subtract the
residual mean trend function.

CIC Estimator Variance
The shot noise in the CIC methods can be estimated using the inhomogeneous Poisson sample.
To measure the estimator variance we use the following definition, as the scatter of the residual
p
field < 0 >
(7.5)
0 (Æ) = Æg0 hÆg0 jÆi;
see Appendix 7.A.
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Figure 7.6– CIC Reconstruction variance: The reconstruction variance presented at two
scales for a Count in Cell (CIC) model, left 1.0h 1 Mpc and right 4.0h 1 Mpc. The top row show
the density density correlation diagrams between the dark matter and null-test galaxies. The
black line gives the measured CIC variance, the grey dashed line is the scatter according to
the inhomogeneous Poisson model (see eq. 7.10). The solid grey line DTFE measured variance. The horizontal bars in the left panel (1.0h 1 Mpc) arise through discreteness effects in the
galaxy sample.
Consider a general spatial density (contrast) field Æ(x) is sampled by a point process.
Within this model the local expected number density of particles is given by the local density value Æ as
hNi = N̄Æ;
(7.6)
here N̄ is average particle density of the whole field. Now suppose this reconstructed field
was filtered according to a tophat or Gaussian filter function, F(x)
Z

Æ(x; R f ) =

Æ(x)F(y x; R f )dy:

(7.7)

Given the estimated value of Æ(x; R f ) = ÆR the average amount of particles within this filter
window is given by
hNi = N̄(ÆR + 1)V(R f ):
(7.8)
Assuming that the number of particles within this volume is Poisson distributed the expected
the variance is
2N = N̄(ÆR + 1)V(RF ):
(7.9)
In terms of the density contrast the scatter should be normalised according to the mean number of particles within the volume N̄V;

1 (Ær )2 =

(ÆR + 1)
(N̄V)

(7.10)
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Figure 7.7– Reconstruction variances: The figures shows the standard deviation of the
residual field (see eq. 7.5) for the CIC and DTFE as function of density. Left panel is for the
1.0h 1 Mpc scale and right panel is 4.0h 1 Mpc. The thin grey line is a linear one-to-one relation. Black curve shows the measured DTFE variance. The dark grey line is the CIC measured
variance. The dashed line is the variance according to an inhomogeneous Poisson model. The
black cross is the measured DTFE variance in a homogeneous Poisson sample with the same
mean intensity as the null sample. The grey cross is the variance value according to eq. 7.12.
Associated with the grey line is a heuristic model where we extrapolate the latter variance
with density.

For the CIC method we may expect that the scatter of the inhomogeneous Poisson model
provides a very accurate estimate of the variance.
We measure the CIC on a grid with cell sizes comparable to the Gaussian filter scales of 1
and 4h 1 Mpc. The Gaussian filter scales were converted to a tophat radius using the relation
RTH = RG =0:64. These spherical volume were converted to a grid size with the requirement
that grid cell volume roughly corresponds to the spherical Tophat volume. The inferred cell
sizes for a Gaussian filter scales of 1.0h 1 Mpc and 4.0h 1 Mpc are respectively 2.5h 1 Mpc and
10h 1 Mpc. For each of these two scales we produced 50 different grid realisations by adding
a random offset to the grid coordinates. This provides a better statistical sampling of the CIC
variance.
In Figure 7.6 gives the density - density correlation diagrams. Most striking in the 1h 1 Mpc
diagram are discontinuities in the average and low density regime. This is a direct reflection of
the discreteness effect that arises from particle counts within the CIC methodology. The measured variance of the CIC is indicated by the black curve and the grey dashed line gives the
variance according to eq. 7.10. As expected there is a perfect agreement between the measured
and theoretical method variance.
The lower panels in Figure 7.5 provide the scatter measured with the DTFE method, indicated by the two solid grey lines. The shaded areas give the expected noise models from
eq. 7.10. Especially on small scales the DTFE reconstruction of the density field is substantially lower than the shot noise model.
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Variance in the DTFE Estimator
The better performance of the DTFE method over the CIC methods should be expected, since
we fundamentally work with a proper reconstructed field. Instead of breaking down at low
density into discrete density values, DTFE provides a continuous interpolated field. For a homogeneous Poisson point process characterised with intensity  the distribution of the DTFE
density estimate is known (see Schaap 2007; van de Weygaert & Schaap 2007, and Chapter 5).
The variance of this estimator distribution is given by


2dtfe = :

(7.11)

5

Suppose we take an average of hni particles, each with a density estimator variance according
to equation 7.11. A naive estimate of the DTFE variance can be provided if we assume that
locally – within the filter volume – the particles are homogeneously distributed. The total
variance within this filter volume is given by;

2 (ÆR )2 =

2dt f e

hNi

=

Æ

1
5 r

Ær N̄V(RF )

=

1
5N̄V(RF )

(7.12)

In Figure 7.7 we show both CIC and DTFE estimated variances and the shot noise (dashed
line). The thin line indicates when the scatter is of the same magnitude as the estimated
density value. The grey cross gives the value according to eq. 7.12. The black cross gives the
scatter value of a filtered homogeneous Poisson field with the same average intensity as the
null sample. On 1h 1 Mpc the correspondence with the model above is of similar magnitude.
At larger scale (4h 1 Mpc) the DTFE variance model underestimates the variance.
The reason that this model only provides a rough estimate for the magnitude of the noise,
might have to do with the fact that we are using a Gaussian filter and not a tophat filtered field.
Also the assumption that the particles within the volume are homogeneously distributed is
not correct. Especially when the filter volume gets large this assumption does not hold. Unlike
the scatter in the CIC model, the scatter in DTFE does depend on how the particles within the
filter volume are distributed. Since dark matter particles are clustered we may not expect the
assumption should hold.
Another striking feature to observe is that at high density the variance converges to the
shot noise model of eq. 7.10. When N  1 within a grid cell the retrieved density value has
the same uncertainty. At these high densities we expect that the density estimates the CIC
and DTFE converge to a similar value. One may understand this equality by the following
analogy. If we take the limit where N goes to the maximum, this would correspond to a
grid cell that contains all the simulation particles. This is the simulation box itself and both
methods provide the same density value that is the mean density.
In summary the expected uncertainty of the DTFE method is either the same or better
than a CIC method. Especially at low density the DTFE variance is lower than the shot noise
values. This implies that we may expect a far better reconstruction of the density field in the
low density regime.

7.4

Galaxy Biasing

The way the galaxy density Æ g field traces the underlying dark matter field Æd is captured in a
bias function b,
Æg (Æ) = b(Æd ; R f ; M1 ; z)
(7.13)
This is a general function, that does not necessarily need to be linear and may depend on
various factors. The most important dependencies are the dark matter density Æd , the scale R f ,
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Figure 7.8– Reconstructed Density Fields: The grey scale density map provides a slice
trough the Milli-Millennium dark matter density field. Plotted above we show the density
contours on a scale of 1.0h 1 Mpc in the left panel and the 4.0h 1 Mpc in the right panel. The
black dashed contour lines are derived from the dark matter filtered field. The light contours
are from the galaxy density field.

the typical mass or luminosity M1 of the galaxy population, and time or redshift z. When the
biasing is stochastic the function b takes on the role as the conditional mean bias function;
b(Æ) = hÆ g jÆi

(7.14)

In the Appendix A we have provided a short overview of the quantities we used in the biasing
analysis (for derivation and discussions see Tegmark & Peebles 1998; Tegmark & Bromley
1999; Dekel & Lahav 1999; Basilakos & Plionis 2001; Somerville et al. 2001)

7.4.1

Biasing in Simulations

We explore the galaxy biasing in the reconstructed DTFE fields from the Milli-millennium
sample. The combination of both dark matter and galaxy distribution allows the direct comparison of both fields. This simulation is ideal to study the behaviour of biasing of the small
scale and nonlinear density field.
In Figure 7.8 we plot the 1.0h 1 Mpc and 4h 1 Mpc density field from the Milli-Millennium.
The grey intensity map shows the unsmoothed density field. The black-dashed contours are
derived from the filtered dark matter density field, the light contours are from the filtered galaxy
density field. Overall both filtered fields have a remarkable good agreement. The coherence
is most strong at the highest density and largest scale. Many fine grained differences occur
at small scales and low density. A strong difference for example occurs in the large void
located at [X; Y] = [35; 15]h 1 Mpc. Considering the low density of galaxies, which is also
visible in Figure 7.2, this is not surprising and reflects the loss of information. We will now
quantitatively investigate whether this dilution was fairly divided according over density or
for example more heavily biased toward low density regions.
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Figure 7.9– Biasing: The Milli-millennium dark matter density versus the galaxy density
field at two different filter scales; 1h 1 Mpc (left column) and 4h 1 Mpc (right column). The
top panels are the correlation diagrams and the lower panels show the relative deviations
from a linear relationship. We indicate the mean trend with the solid grey line in the top
panel and with the black curve in the lower panels. The dashed line are the first and fourth
order polynomial fits. The grey shaded area represents the inhomogeneous Poisson shot noise
model. The dotted line is the scatter from the null sample, the two solid grey lines represent
the level of measured scatter from the mock galaxies.

mean trend
In Figure 7.9 we show Æ g (x) versus Æd (x) at two different smoothing scales (1 and 4 h 1 Mpc),
in the lower panels the relative deviations from linear biasing. The galaxy densities were
derived from the D06 galaxy mock sample. For both scales the overall biasing function can be
characterised by anti-biasing in high density regime and in the very low density regime, i.e.
galaxies underestimate the density.
At medium density the galaxies are positively biased, and attain higher galaxy density
values than the underlying dark matter field. For larger scales similar bias trends have been
established (see for example Somerville et al. (2001)). The deviations in the medium and high
density regions at both scales are no more than approximately 20%.
Larger deviations can be found at the very low density regime. Here the galaxies do
sharply truncate. This means that the galaxy density field reaches far lower density values
inside voids than the dark matter distribution. In section 7.4.1 we will further look into the
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Table 7.2– Density Reconstruction statistics
Model
Null
Full B06
Full D06
Vpec
Null
Full B06
Full D06
Vpec

Rf
1.0
1.0
1.0
1.0
4.0
4.0
4.0
4.0

b
b

0.96
0.87
1.18
0.58
1.00
0.95
1.11
0.99

r
0.98
0.97
0.96
0.69
0.99
0.99
0.99
0.95

S
0.14
0.16
0.17
0.70
0.06
0.09
0.08
0.20

Nl
1.00
1.01
1.01
1.25
1.00
1.00
1.00
1.02

b(1)
1
0.98
0.88
0.88
0.72
1.02
0.95
1.11
1.01

b(4)
1
0.94
0.99
1.06
1.08
1.01
1.00
1.12
1.04

b(4)
2
3.1E-03
-1.3E-02
1.2E-02
-3.2E-02
5.0E-03
-1.9E-02
-4.4E-02
-1.4E-02

b(4)
3
-4.2E-05
3.6E-04
-1.9E-04
6.8E-04
1.5E-03
-7.2E-03
2.1E-02
1.6E-03

b(4)
4
1.2E-07
-3.2E-06
9.1E-07
-5.1E-06
-4.2E-04
1.3E-03
-2.6E-03
-7.5E-04

low density truncation
The dashed lines in the Figure show the first and fourth order polynomial fit to the mean
biasing curve (see table 7.2). The curves provide a give a good representation of the bias in
the high density regime. However the polynomial model fails to properly incorporate the fall
of at the low density regime. This is due to the fact that in absolute terms with respect to the
overall behaviour the fall off is weak. As a result the curve is dominated by behaviour at high
densities.
We find that the non-linearity fraction, Nl, is approximately unity. Also the correlation
coefficient is close to unity. Combined with the fact that the average slopes are near unity
(b̂ = 0:87 and 0.95) biasing is simple and linear and almost unbiased in the high density regime.
The galaxy density field appears to follow the dark matter densities well into the strongly
nonlinear regime. This implies that the nonlinear galaxy density field can reach the same
strong nonlinear values as the dark matter density field.

Variance and Stochastic biasing
The variance in the dark matter density versus galaxy density relation is a combination of
point sampling errors, to which possibly a stochastic component is added. To isolate the sampling errors from the stochastic component we compare the measured scatter with scatter in
the Null sample. In the relative bias diagrams of Figure 7.9 we indicate the magnitude of the
scatter as function of density. Also shown the scatter from the Null and from the inhomogeneous Poisson model (see section 7.3.2). For the Null model we know that there is only
noise due to the shot noise that arises from the sampling. Comparing the Null curve and the
curve for the full sample we see that at both scales they are of the same magnitude. Also if we
compare the values of the stochasticity S we see that this is only 2 to 3% larger than the Null
sample. We conclude that the intrinsic spread is comparable to the spread in the null sample.
This means that stochastic biasing for the full D06 galaxy sample does not play a significant
role.

Model and Mass dependence
We will now investigate the mean biasing for the D06 and the B06 galaxy samples. Here we
will also make two cuts on stellar mass to investigate the effect of stellar mass (or roughly
proportional luminosity) has on the biasing. Besides the full sample, which we shall refer to
as sample A, we also use three sub-samples. Here we split the samples at two different stellar
masses; M?1 = 1:0  109 M =h and M?2 = 1:5  108 M =h. The first sub-sample (B) has M? > M?1 ,
representing the 25% most of massive galaxies, with an mean < B > magnitude of -19.15. The
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Figure 7.10– Mass and Scale dependent biasing in D06: The relative influence of the galaxy
biasing at two different scales 1:0h 1 Mpc (top) and 4:0h 1 Mpc (bottom). These panels both
indicate the dependence on stellar mass and on scale from the D06 semi-analytical catalogue.
The different lines represent the full sample(black) denoted as sample A. The long dashed
curve shows the relative bias for galaxies with stellar mass M > M1 = 1:0  109 (B). The short
dashed (C) and the dashed-dotted (D) line represent the bias for galaxies with respectively a
stellar mass larger and smaller than M2 = 1:5  108 . The average biasing value for each sample
is indicated in the figure. The shaded area is the variance from the null sample and grey line
is the measured variance for the full sample.
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Figure 7.11– Mass and Scale dependent biasing in B06: The same as Figure 7.10 instead
using the Bower’06 semi-analytical galaxies.
second sample (C) and third sample (D) have respectively M? > M?1 and M? < M?1 . They
represent the 33% most massive (hB>M2 i = 17:9) and 66% least massive objects. The latter are
small dwarf galaxies systems.
In Figures 7.10 and 7.11 we show the mean trends and the relative trends for respectively
the D06 and B06 models. Clearly there are some noticeable differences. First if we look at
the full samples, both have b
b of approximately unity, however the B06 has a positive bias, i.e.
b > 1 in high density regions instead of a negative bias in case of the D06 model.
We have also plotted the variance for the full samples. Here there is also a clear distinction
in the high density regions. The scatter in the B06 sample here is much larger than the null
scatter. The B06 model has a strong stochastic biasing component at high densities.
In the D06 sample we may observe an overall trend that the more massive tracers (B), relative to the other galaxies, are more strongly biased towards the high density regions. Note
that this has the peculiar effect of making them less biased, since b
b>M2 is approximately one.
Especially for the low stellar masses (D) there is a strong bias toward the void environment.
We may also note that the low environment truncation at 4.0h 1 Mpc shifts to higher densities according for higher stellar masses. These trends can be understood if we consider that
towards low density environments on average one probes lower halo masses (van de Wey-
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gaert & van Kampen 1993; Friedmann & Piran 2001; Mathis & White 2002; Benson et al. 2003;
Gottlöber et al. 2003).
The B06 sample shows far less dependence on stellar mass than the D06 model. Hardly
any substantial difference can be found at 4.0h 1 Mpc. Note that the bumps at the low densities
in the B06 at 1h 1 Mpc are most likely due to method bias (see section 7.3.2). The most crucial
difference between D06 and B06 is that in the latter the low mass systems (D) are similarly
biased as the high mass systems, i.e. they also avoid the voids.
The fact that observed dwarf galaxies seem to be similarly biased as large galaxies was
dubbed by Peebles (2001) as the Void Phenomenon. The semi-analytical galaxies of B06 clearly
reproduce the observed Void Phenomenon, here the smaller galaxies are most strongly biased
towards high density environment. Whereas the D06 mock galaxies do not abide to the Void
Phenomenon, small galaxies are filling the voids.
Both models implement the same photo-heating filtering mass based on the prescription
of Gnedin (2000). This is most relevant to the void environment where low mass haloes are
most abundant, (see Hoeft et al. 2006; Tinker & Conroy 2009). The most likely cause for the
difference in the biasing for the low mass galaxies is the way stellar feedback is implemented
within the semi-analytical models (Benson et al. 2003). Bertone et al. (2007) implemented
another model based on galactic winds. They compared this to the D06 model and concluded
that it is better in suppressing the formation of dwarf galaxies.
The void environment is rather straightforward, effects like ram-pressure stripping and
strangulation do not operate. Furthermore void dwarfs do not live in halo masses more heavy
than 101 2:5M , where AGN feedback is supposed to become effective (see Croton & Farrar
2008). This suggests that the biasing in the void galaxy population is first and foremost sensitive to the implemented stellar feedback. Even more so since both Hoeft et al. (2006); Okamoto
et al. (2008) found that the linear filtering mass prescription overestimates the effect of photoheating, stellar feedback should be the relevant physical feedback mechanism suppressing the
formation of void dwarfs.

7.5

Redshift Space Distortions

Peculiar velocities of galaxy influence the estimated redshift space position. One may distinguish between three regimes (Kaiser 1987; Hamilton 1998). The most prominent effect is the
finger of God effect due to the highly nonlinear velocity dispersion of virialized objects. Associated with these objects are infall regions around clusters, which appear as caustics in redshift
space. The third regime is that corresponding to the quasi-linear cosmic flows operating on
large scales and moderate to low density values. The first two effects are responsible for the
density profile around the clusters, and it is mainly dependent on m (Regos & Geller 1989).
The bulk flow is dependent on m and 8 , which has approximately the same dependence as
implied by the number density clusters (Eke et al. 1996; Jenkins et al. 2001).
In Figure 7.12 we have plotted correlation diagram of the dark matter versus the galaxy
densities in redshift space. The lower diagram shows the relative bias curves, here we include
the graphs from the real space determinations.

7.5.1

The 1h 1 Mpc scale

At small scales (1h 1 Mpc) and high densities the large velocities inside clusters of galaxies,
which may be in the order of 1000kms 1 , disperses galaxies along the line of sight. This generates the so called fingers of God. Since this effect operates only at very high densities, this
density range is smeared out in the line of sight. As a result the bias curve in redshift space
bends sharply down the real space bias curve (see lower panel of Figure 7.12). We find that
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Figure 7.12– Effect of the Redshift Space Distortions: Same as Figure 7.9, for the galaxies in
redshift space. In the two panels the dashed black curve and dashed gray curve are the mean
biasing and scatter around the mean bias in velocity space. The corresponding curves in real
space are the solid black and gray lines. The shaded area is the variance from the null sample.

from the full Millennium the estimated redshift densities will be almost an order of magnitude lower than the real space values at high density (see Figure 7.13 in section 7.6). We
should point out that the effect may be even stronger. Because of the limited volume of the
Milli-Millennium simulation it lacks the contribution of large scale motions.
The other effect originates from the large-scale quasi-linear flow, resulting in a coherent
deformation of the positions of the galaxies (Kaiser 1987). In the case of the expansion of the
voids, they may appear larger along the line of sight (Ryden & Melott 1996). The systematic
flows towards filaments and walls lead to an enhanced contrast of these structures in redshift
space, especially perpendicular to the line of sight (Praton et al. 1997; Shandarin 2009). While
the haloes that reside in these objects are stretched in the line of sight making them appear
thicker (Eisenstein et al. 1997). Filaments and walls whose densities are around the average
density value (Aragón-Calvo 2007) are indeed mapped toward higher densities.
We do not find a large systematic effect in the low density regime of the PDF. A much
larger influence can be seen in the scatter. It shows a dramatic increase in low density environments, where the relative uncertainties can be as larger as the density values. This is also
reflected in the increase of the stochasticity to S = 0:7, and a substantial decrease of correlation
coefficient r = 0:96 to r = 0:69 (see values in Figure 7.12). At high density the increase of the
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uncertainty is rather mild. Even though it has the largest systematic distortion, very high densities in real space remain very high densities in redshift space. At this high density regime
the scatter does not show a relative large increase at high density.

7.5.2

The 4h 1 Mpc scale

At 4.0h 1 Mpc the low densities do show a shift towards more underdense values. Observed
void regions become more underdense in redshift space. Almost opposite to the trends on
1h 1 Mpc, no large scatter can be seen low density. This implies if a galaxy is located in a void
at large scales it will also be in a large void in redshift space.
Compared to the influence on the high density tail at 1h 1 Mpc the effect is of similar magnitude as biasing. The scatter does show a large increase in high density regions, be it that
the relative influence is only of the order of 10% to 20%. In summary, towards larger scales
the distortions by peculiar velocities is of similar magnitude as the biasing and increases the
variance of the density estimate.

7.6

Summary of the Distortions

We now provide a short summary of the systematic distortions of the density field. A visual
impression can of some of the distortions can be seen in Figure 12. Here we plot the one-point
PDF at a scale of 1, 4 and 8h 1 Mpc. The dark matter is from the CDM VLS, the dashed
line shows the galaxy one-point PDF from the D06 full Millennium galaxy catalogue. The
left panel shows the effect of biasing the right panel shows the effect of the redshift space
distortions.
1. Compared to a CIC approach the major advantages of DTFE are that it reconstructs a
continuous density field and that it this density field has a substantially lower uncertainty.
2. If the mean separation is of the order of the filter scale a slight bias in the DTFE reconstruction occurs. This is always much smaller than the estimator noise, and disappears
at larger filter radii.
3. In underdense regions, especially small scales, the most important systematic distortion
is galaxy biasing. One may immediately recognise this fact in Figure 7.13. If we compare
the change of the PDF in low density regions in the left and right panel, we see that the
effect is of biasing is dominant for scales less than 8h 1 Mpc.
4. In underdense regions the peculiar velocity distortions act as stochastic component at
the smallest scale. They cause a smaller systematic distortion at larger scales. The latter
can be seen in Figure 7.13. Note that a stochastic component is not visible in the PDF.
5. At small scale & at highest density the nonlinear peculiar velocities from the large thermalised velocities smooths out high density objects. It is the most dominant distortion,
decreasing the high density values to more average density values.
6. At large scales & high density the redshift distortions causes an overall systematic distortion that at high density values is of similar magnitude as biasing. See for example
the 8h 1 Mpc curve in Figure 7.13.
7. The comparison between the D06 and B06 galaxy formation model provides a strong
indication that within the SAM framework, stellar feedback must be one of the main
agent for suppressing void dwarfs.
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Figure 7.13– Comparison Bias & Redshift Space Distortions: the two most prominent distortions at scales of 1.0, 4.0 and 10.0h 1 Mpc. Shown are the one-point PDFs for the D06 full
Millennium galaxy sample. The left panel represent distortions caused by biasing. And shows
how one transforms from dark matter to galaxies (dashed). The right shows the galaxy onepoint PDF estimated in real space (dashed) and in redshift space (dashed-dotted). Here we
show the impact of peculiar velocity distortions on the one-point PDF.

7.7

The One-Point Distribution Function

The one-point distribution is the first the n-point PDFs that characterise a spatial random
field. At large scales the PDF is almost directly related to the Gaussian initial conditions.
At smaller scales the PDF probes the (weakly) non-linear structure growth. Many models
for the PDFs have been proposed, most often these are based on perturbation theory of the
Lagrangian or Eulerian density field. These can be combined with for example a spherical or
ellipsoidal collapse model, see the references in the introduction. Another class of models are
the ’ad-hoc’ analytical functions, the most well know are; the gravitational quasi-equilibrium
distribution (GEQD) by Saslaw & Hamilton (1984); Sheth et al. (1994), the negative binomial
distribution (Elizalde & Gaztanaga 1992), the lognormal Coles & Jones (1991) and skewed
lognormal distribution Colombi (1994). Here we focus on the latter two models since the have
been shown to be quite successful in (weakly) nonlinear regime.

7.7.1

Measuring the Observed Distribution

The presented one-point distributions are all calculated from DTFE reconstructed density
fields. In case no selection or mask was used the PDF was estimated from the full grid sample. For observed density fields a mask was applied, e.g. SDSS and Mock samples. Here the
volumes were limited to a maximum distance and a minimum distance. For scales equal and
larger than 3h 1 Mpc we use the maximum distance limits as derived in Chapter 5. They are
based on the coherence of topological features in the density field. They measures how well
the observed minima in the mock catalogue are reconstructed with respect to a full catalogue.
Within these distance limits the relative reconstruction errors are well below unity.
For the smaller scales we used a larger distance limit of 180h 1 Mpc instead of 100h 1 Mpc.
As we will see below the even this larger volume is still much affected by cosmic variance.
A further reduction was applied on the edges of the mask. Here we applied a morphological erosion to the masked volume with a sphere of 14 pixel elements. This roughly cor-
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responds to a distance of 16Mpc/h that we do not use. For the scales involved [1-10] this is
well-sufficient to neglect the influence of edge effects. For the 20h 1 Mpc the distance was doubled. The density field was normalised within each of the reduced volumes that belongs to
each of the particular scale. Then the PDF was estimated by binning the density values, here
we have used logarithmic binsizes. The latter provides an excellent scaling of the binsizes.

7.7.2

Higher order moments

The PDF of the density field is characterised by higher order moments hÆN i like the variance
2 = hÆ2 i, skewness hÆ3 i and kurtosis hÆ4 i. Here we will mainly use the normalised higher
order moments SN . The normalised skewness S3 (Juszkiewicz et al. 1993) and kurtosis S4
(Lokas et al. 1995) are defined as
S3
S4

hÆ3 i
h4 i
hÆ4 i 34

:
h6 i


(7.15)
(7.16)

We estimated the moments < ÆN > directly from the reconstructed density field. When a
scale is involved the moments were derived from the (Gaussian) filtered density field on that
particular scale. Another way to estimate the moments is by fitting the measured one-point
PDF. This is mostly based on the analytical distributions used as a fitting function. For these
distributions the higher order moments are analytical known and can therefore be directly
determined from the fitted distribution. This method has the advantage that it is less sensitive
to the absence of rare events in the tails of the distribution. On the other hand, it does involve
an unproven assumption that fitting distribution model provides a good description of the
tail.

7.7.3

Distribution Models

The one-point PDF has been found to be well described by a lognormal distribution in the
weakly nonlinear regime. The skewed lognormal Colombi (1994) may even provide a reasonable fits in the nonlinear regime. We will use these two lognormal distributions to ’fit’ the
measured distribution.

Lognormal Distribution
To determine the lognormal density distribution we take the log of the density field values
and normalise it to  = log(Æ + 1) 0 , where 0 = hlog(Æ + 1)i is the average of the log
density values. From this we estimate the variance  = h2 i, which is related to the variance
in Æ via
2 = ln(1 + 2 )
(7.17)
In the a lognormal field the  are Gaussian distributed, giving
P()LN d =

1

q

22

exp

2

22

!

d

(7.18)

if we than normalise variance in the  values according to  the lognormal distribution can
be written in terms of  = =
P()LN d =

1

p

2

exp

2
2

!

d

(7.19)
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The distribution is transformed back to Æ + 1 using the inverse transformation P()LN = exp(+
0 ).
When the underlying distribution is not lognormal the variance in Æ is not analytically
related to  according to 2 = ln(1 + 2 ). Therefore a lognormal based on the variance of Æ
is not the same as the lognormal that uses the variance in . We take the variance in , see
Appendix B for further discussion.

Skewed Lognormal Distribution
When the distribution in  is not completely Gaussian distributed one may try to approximate
it using the Edgeworth expansion (Juszkiewicz et al. 1995). This yields an approximation
that is called the skewed lognormal distribution (SLN) (Colombi 1994). With the Edgeworth
expansion one can approximate a given distribution by applying higher order corrections to
a Gaussian distribution. Each of these higher order correction requires the knowledge of one
of the higher order moments of the given distribution. The expansion is applied to a nearly
Gaussian distribution in , therefore one does not need to use all the higher order terms. We
will use the expansion up till third order, referred to as SLN, and it is given by
PSLN (;  ; T2 ; T3 )d = P()LN d 


1
1
10
1 + T3  H3 () + T4 2 H4 () + T32 2 H6 () :
3!
4!
6!

(7.20)

Here Hm are the Hermite polynomials of order m. The quantities T3 and T4 are the normalised
skewness and kurtosis of the  field. They are defined as
T3
T4

h3 i
h4 i
h4 i 34
:

h6 i


(7.21)
(7.22)

These were measured directly from the  field. An additional advantage of the estimation of
these moments in  is that they are more robust against outliers. Subsequently the approximation in  is transformed back to Æ in the same way as the lognormal distribution.

Truncated Powerlaw distribution
Another model that we will shortly discuss is a simple truncated powerlaw distribution, also
known as a Bradford or Pareto distribution. The model is characterised by powerlaw with
index, = ( + 1), for densities above a minimum density, Æ > Æm . The densities below the
Æm are sharply truncated to zero. The PDF, PTP is given according to
PTP (Æ + 1 ; ; Æm )dÆ =

(Æm + 1)
dÆ
(Æ + 1) +1

for

Æ > Æm

(7.23)

The distribution often appears for rare events, be it extreme weather, large conglomerations
or the distribution of wealth.

7.7.4

Dark Matter PDF

In Figure 7.14 we present the measured PDFs with the DTFE method. The PDFs are plotted
in Figure 7.14 for Gaussian filter radii of 10, 6, 3, 1 h 1 Mpc and the also the ’unfiltered’ field
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Figure 7.14– Dark matter PDF: The dark matter one point PDF at scales going from 10
(VLS), 6 (VLS), 3 (VLS) and 1h 1 Mpc (VLS). The ’unsmoothed’ density distribution the GIF2
and Milli-millennium (short-dashed) are shown (with comparable grid cell size 0:23h 1 Mpc).
The lognormal (gray-dashed) and skewed lognormal (dashed-dotted) density models are also
shown up till the minimum scale at which they break down, respectively  3h 1 Mpc for the
lognormal and around  1h 1 Mpc for the skewed lognormal.
at grid-scale resolutiony . We have multiplied the PDF by a factor of (Æ + 1)1:9 to balance the
low and high mass PDF cut-off. From the largest to smallest scale we see the PDF changes
from an almost Gaussian distribution towards a truncated powerlaw like distribution. The
factor 1.9 stems from the approximate slope of this powerlaw between a density contrast of
0.1 to a 1000. At the smallest scale we are able to recover a full 6 orders of density values. This
ranges from the diluted and nonlinear void regime towards the high density tail represented
by massive fully collapsed haloes.
The dark matter PDFs are fitted with a lognormal and skewed lognormal distribution.
As may be seen from the Figure the lognormal model provides a reasonable approximation
at 10h 1 Mpc down to 3 h 1 Mpc. However at all scales it never fully incorporates the sharp
truncation at low density (also see Kofman et al. 1994; Valageas & Munshi 2004; Lam & Sheth
2008). A similar effect can be seen at the high density tail in that it underestimates the high
densities. At 3.0h 1 Mpc the distribution fails to reproduce both ends of the distribution. Here
the skewed lognormal is able to give a better representation. This is not so surprising since it
uses more information. At 1.0h 1 Mpc also this model breaks down. Introducing even more
higher order corrections would be possible. However, in practice the required number of
corrections terms increases very fast.
In Figure 7.15 the high resolution PDF is plotted together with a ‘fitted’ truncated powerlaw model (TL). The truncation density was fixed to the maximum of the density PDF at
value of Æm + 1 = 0:053. The powerlaw index of = 1:93 was fitted by eye. A formal fit is
not necessary, since the full PDF has a more complicated shape. This is particularly true in
the low density regime where the dark matter PDF tapers off more gradually than the sharp
y All grid based methods are effectively smoothed at the voxel scale, this is 0.2h 1 Mpc for the high
resolution and 0.9h 1 Mpc for the larger box-size from the VLS
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Figure 7.15– Powerlaw behavior: The
figure shows the powerlaw behavior of
the high density tail. The ’unsmoothed’
(R grid = 0:21h 1 Mpc) one point probability distribution from the GIF2 simulation is
show by the black curve. The gray line represents a truncated power law model (see
eq. 7.23) with the parameters as provided
in the plot.

TL-truncation.
A crucial aspect for understanding the unsmoothed PDF is to determine whether the truncation at the tails are a mere result of limited resolution or whether they have a more relevant
physical origin. Though such a study is outside the scope of this article, we do want to stress
that it is important for the PDF at larger scales. Suppose that at a given filtering scale we
model the PDF by a lognormal distribution. Then we implicitly assume that the density values may run all the way to infinity. If the unsmoothed PDF truncates to zero at some given
high density, then it is clear that lognormal assumption at larger scales is also incorrect. This
can be relevant for the estimation of SN , since the values of SN are for a large part determined
by the behavior of the high density tail. Using the wrong the high density tail may result in
biased estimates of SN .

7.7.5

Millennium Galaxies PDF

In figure 7.16 we have plotted the one-point distribution for the full Millennium semi-analytical
galaxy density fields in real space (middle row) and in redshift space (bottom). For reference
we have provided the dark matter PDF as well in the top row. The lognormal and skewed
lognormal distribution are shown in the graphs.
From these plots we may observe;
With the exception of the 1.0h 1 Mpc PDF, only the core of the distributions (left column)
are well approximated by the lognormal models (Valageas & Munshi 2004).
The skewed lognormal provides a good fit to the high and low density density tails
(again not the 1h 1 Mpc).
Peculiar velocities affect the fitted lognormal and skewed lognormal. This is most pronounced at at small scales, where it increases the discrepancy in the high density tail.
The strong difference between the lognormal and the dark matter PDF at low density
are far less pronounced in the real and redshift space galaxies density distribution.
Concerning the latter we would be tempted to ascribe this to the fact that the galaxy density field is less nonlinear than the dark matter field. However, for both fields the variance
is of similar magnitude and larger than unity. Also the high density tails are equally strong
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Figure 7.16– One-Point PDF in Simulations: at various scales (R f =1.0, 3.0, 6.0, 10.0,
20.0h 1 Mpc) fitted by a lognormal and a skewed lognormal model. In the left column we
show the PDF in logarithm density coordinates this shows the core of the distribution. The
right column shows a log-log plot that provides a view on the tails of the distribution. The
upper row shows the dark matter CDM model. The middle row are the PDFs derived from
the D06 Millennium galaxies in real space. The PDFs measured in redshift space are provided
in the bottom row.
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Figure 7.17– SDSS PDF: both the top and the bottom figures present the measured one
point probability distributions from the SDSS-DR7 (black curves). The top figures stresses the
high density and low density tails of the distribution, the lower panel shows the core of the
distribution. For comparison we also indicate the PDFs from two independent Millennium
SDSS-Mock density fields. The relevant scales, 1.0h 1 Mpc, 3.0h 1 Mpc, 6.0h 1 Mpc, 10.0h 1 Mpc
and 20h 1 Mpc have been indicated in the figures.

(see also section 7.4). It is the anti-biasing at low density that produces a point distribution,
which is better characterised by a lognormal process. A heuristic argument in the case of peak
biasing was given by Coles & Jones (1991).
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7.8

The SDSS PDF

7.8.1

Comparison to SDSS Mock samples

In Figure 7.17 we present the SDSS measured one-point density distributions, shown in loglog
and in log-lin density to stress the shape of respectively the tails and the core of the distribution. For comparison with the SDSS PDF we show the PDF from two separate SDSS-Mock
catalogues. For a visual impression of these two density fields see Figure 12 in Chapter 6.
From the nonlinear (1h 1 Mpc) to the weakly nonlinear scales 20h 1 Mpc overall structure
(e.g. width, peak height and tails), of the one-point PDF is very well reproduced by the
Millennium Mock galaxies.
Due to the relative small volume at smallest (1 & 3 h 1 Mpc) and largest scale (20h 1 Mpc)
the cosmic variance in both the tails and the core is substantial. An indication of the
magnitude of the effect can be seen from the differences in the two mock-galaxy PDFs.
The high density tail at 1h 1 Mpc can be very accurately modelled by the mock samples.
This is an indication that the nonlinear velocity smoothing is of similar magnitude.
The variations in the core arise through the normalisation for which we have to estimate the
mean from the sample. The variations in the tail arise through the presence of rare objects, be
it large voids or massive clusters.

7.8.2

Comparison to the Dark Matter PDF

The systematic differences between the dark matter field and the galaxy density field have
been addressed in section 7.4. Now we will compare one-point PDFs from different cosmologies to see how they compare and whether we can differentiate between the various models.
These are the VLS CDM and the Virgo OCDM and SCDM. Here we only use the scales
between 1-10h 1 Mpc, because the 20h 1 Mpc is not well represented in the Virgo simulations.
In figure 7.18 we plot the SDSS density PDF against the dark matter distribution for three
cosmological models. These simulations were cluster normalised such that they have the same
cluster number density at z = 0. One important aspect is that the PDFs were computed in real
space and we did not model the redshift space distortions for these dark matter models. The
absence of these distortions should be kept in mind when we compare these dark matter PDFs
with the observed SDSS PDF.
Given the systematic deviation, the peak and the high density tail of CDM and the
OCDM models are both consistent with the SDSS distribution. Both models reproduce similar
distributions, because they have the same m = 0:3 and almost the same normalisation value.
The SCDM PDF is very distinct from the SDSS density distribution. At all the scales it shows
a clear lack high density and low density values. The top panel in Figure 7.19 shows two
bias functions. The black curve assumes an CDM model, the gray curve shows the biasing
function assuming a SCDM dark matter model. Clearly in the latter case the biasing function
is much larger than unity (see table 7.3), whereas in an CDM model the first order term is
= 1:19.
only b(4)
1
Theoretically one may always produce such a distribution using the appropriate biasing
scheme. Physically this means that there has to be some process that greatly enhances the
efficiency to form galaxies in high density regions and strongly reduces the number of galaxies
in low density. These is hardly any observational nor theoretical evidence exists that the bias
is indeed so strong. We conclude that a CDM like cosmological has a strong preference.
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Figure 7.18– Cosmological PDF comparison: The SDSS-DR7 measured PDF’s versus various
cosmological models at scales of 1.h 1 Mpc, 3h 1 Mpc, 6h 1 Mpc and 10h 1 Mpc. The two solid
lines (black & gray) are SDSS measured, the Mock-SDSS distribution is shown with the light
dashed-dotted line. For both the Mock-SDSS and the SDSS we indicate the distance limits
used to measure the PDF within each frame. Three cosmological dark matter PDFs are also
plotted, these are the OCDM dark matter PDF (long dashed), the CDM (short dashed) and
an SCDM PDF (dashed-dotted).

7.8.3

Low Density Tail

Another prominent aspect is that at all scales the PDF at low density values is much more pronounced as compared to the dark matter distribution. For small scales this was expected since
we already noted in section 7.4.1 that the low density and small scales regime is strongly affected by (anti-)biasing. At large scales we did not note such strong distortions see figure 7.13.
Since the effect is equally well reproduces by the mock samples we conclude that it is due to
the biasing within the observed volume.
This can be reasonably well understand is we fold in the fact that the large scales we
require larger volumes. This means that on average we probe galaxy samples that have a
higher average distance. In these deeper volumes we only trace the density field of the most
luminous objects. They are located in high density regions and considering the fact that the
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Figure 7.19– SDSS bias: The SDSS-DR7 measured bias function at 6h 1 Mpc as function of
density in the top panel. The lower panel shows the relative deviation from a one-to-one correspondence. The black curve assumes a CDM dark matter distribution, gray curve assume
a SCDM model. The dotted lines shows the fourth order polynomial fit to the bias functions,
see table 7.3. In the lower panel the long dashed curve shows the SDSS mock biasing function.
The dashed-dotted line shows the bias for the full Millennium sample.

high density tail is well reproduced, they should be fair tracers within those environments.
However they are under represented in low density regions providing anti-bias at large scale
and low densities. This provides us with the higher abundance of low density values. A
further comparison with different volume limited samples should provide insight whether
this anti-bias can be traced to these high luminosity objects.
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Table 7.3– SDSS fitted bias parameters at 6h 1 Mpc for a concordance and a standard CDM
model

Model
CDM
SCDM

7.9

Rf
6.0
6.0

(4)

b1
1.19
2.08

(4)

b2
0.0072
0.55

(4)

b3
-0.017
0.013

(4)

b4
0.0013
-0.016

Higher Order Moments

The variance, skewness S3 , and kurtosis S4 , with their errors of density fields are plotted in
Figure 7.20. The largest contributor to the errors and systematics is cosmic variance induced
by the limited volume. We have estimated these errors by splitting the box into 8 sub-cubes.
The variance of the 8 independent measurements provides an upper bound to the magnitude
these errors. For the SDSS and the Mock-SDSS the observed density fields were split into 4
pieces, each representing a quarter of the observed sky. The values are provided in Table 7.4.
In the top panel of Figure 7.20 we plot  versus skewness for the dark matter density field
and the galaxy density field from the Millennium simulation, in real as well as in redshift
space. For the dark matter measured values we used as an independent check the (corrected)
skewness measurements from Colombi (1994) (long dashed line). The minor difference is
probably attributed due to the different underlying cosmology. The moments are only weakly
dependent on the cosmological model and are mostly sensitive to the slope of the spectrum
(Juszkiewicz et al. 1993; Lokas et al. 1995).
The short dashed lines shows the expected S3 values if the PDF has a skewed lognormal
distribution. These values for the skewness are given according to the relation
S3 = 3 + T3 + (1 + 2T3

2T32 + 3T4 =2) ;

(7.24)

where T3 and T4 are measured from the logarithm of the dark matter density field (see Colombi
1994). This S3 relationship works reasonably well at large scales. It deviates substantially at
small scales where the SLN is no longer a accurate model.
The S3 and S4 for the galaxy field at small scales are higher than the dark matter field.
This fact originates from the higher contrast in the galaxy density field. The most important
difference is more pronounced voids: galaxy voids are more empty than the dark matter voids.
The high values of the moments completely disappear in redshift space. Especially at small
scales the redshift distortions are very efficient in removing the nonlinear tail, substantially
lowering the moments. The redshift space higher order moments are almost independent of
scale (see also the figures in Croton et al. 2004; Ross et al. 2006; Croton et al. 2007).
In the middle panel we provide the S3 from SDSS and the two mock SDSS samples, in
the lower panel we also show the normalised kurtosis. For comparison the full Millennium
distribution in redshift space is also shown. The scatter and systematics in the moments is
considerable arising from the sensitivity of the moments to the high density tail. Especially
the high density tail in the suffers from the still limited observed volume. The Mock samples
show a similar tendency to systematically having a higher value for  and a value for the
moments that is too low. For the SDSS we found an average S3  2:9 and S4  14:7. Neglecting
the 1.0h 1 Mpc scale, results in an average value for S3  2:8 and S4  13:7.

7.10

Discussion and Future Work

Following the results in the previous sections we wish to emphasise a few issues of discussion:
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Figure 7.20– Higher Order Moments: We plot the normalised skewness S3 and kurtosis S4
versus the measured  at Gaussian filter scales of 1.0, 2.0, 3.0, 6.0 and 10.0h 1 Mpc. In the top
panel we show the skewness from and LCDM simulation model black curve and diamonds.
The long dashed curves shows the corrected skewness from (Colombi 1994). The light gray
curve shows the S3 and S4 for the Millennium galaxies in real space, dark gray are the redshift
space values. The triangles are the measurement from two Mock catalogues. The light boxes
are the SDSS measured values.
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Table 7.4– Density Statistics, R f is the Gaussian filter scales in units of h 1 Mpc. The standard
deviation , the normalised skewness S3 ,and normalised kurtosis S4 with their respective errors are provided in the table. The Data is derived from the density distribution of CDM
dark matter, (Millennium) Galaxies, Galaxies in redshift space, Millennium based SDSS mock
samples and the SDSS galaxies.
S4  S4
Sample
Rf
  
S3  S3

Dark Matter
Galaxies
Gal+vpec
Mock-SDSS 1
Mock-SDSS 2
SDSS

1.0
1.0
1.0
1.0
1.0
1.0

3.62  0.25
3.07  0.17
1.92  0.08
2.07  0.13
2.23  0.14
2.07  0.16

8.43  0.67
9.97  1.26
3.37  0.14
3.12  0.19
3.28  0.26
3.26  0.20

161.4  33.7
265.7  123.4
20.2  2.4
15.4  2.3
18.0  4.0
19.0  3.7

Dark Matter
Galaxies
Gal+vpec
Mock-SDSS 1
Mock-SDSS 2
SDSS

2.0
2.0
2.0
2.0
2.0
2.0

1.90  0.13
1.61  0.084
1.35  0.062
1.35  0.034
1.42  0.035
1.37  0.079

6.40  0.66
6.84  0.97
3.21  0.13
3.37  0.02
3.06  0.08
2.96  0.17

95.0  26.5
122.8  52.8
17.8  2.2
19.7  0.5
15.4  1.0
14.8  2.1

Dark Matter
Galaxies
Gal+vpec
Mock-SDSS 1
Mock-SDSS 2
SDSS

3.0
3.0
3.0
3.0
3.0
3.0

1.24  0.084
1.11  0.057
1.06  0.050
1.08  0.033
1.13  0.031
1.09  0.064

5.46  0.55
5.43  0.86
3.19  0.13
3.26  0.08
2.89  0.10
2.82  0.15

67.6  18.2
76.5  39.2
17.4  2.4
18.7  0.5
13.6  1.2
13.1  1.6

Dark Matter
Galaxies
Gal+vpec
Mock-SDSS 1
Mock-SDSS 2
SDSS

6.0
6.0
6.0
6.0
6.0
6.0

0.65  0.044
0.61  0.031
0.65  0.033
0.71  0.014
0.73  0.033
0.72  0.029

4.07  0.48
3.87  0.58
3.10  0.19
3.05  0.05
2.54  0.14
2.83  0.09

33.2  7.6
34.1  18.3
16.7  3.4
14.8  1.2
9.92  0.7
13.5  1.3

Dark Matter
Galaxies
Gal+vpec
Mock-SDSS 1
Mock-SDSS 2
SDSS

10.0
10.0
10.0
10.0
10.0
10.0

0.40  0.031
0.38  0.019
0.43  0.022
0.46  0.003
0.48  0.011
0.48  0.011

3.59  0.97
3.27  0.56
2.93  0.36
2.51  0.04
2.50  0.19
2.76  0.17

26.1  12.4
20.4  9.4
14.2  3.2
10.8  0.7
10.7  2.3
13.5  1.4
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In DTFE method, the PDF at high densities is sensitive to amount of sampling. We have
circumvented this by a Monte Carlo approach, where we randomly sampling each grid
cell N times (see Chapter 5 in Appendix C). For a proper and consistent sampling of the
high density cells the full field should be properly integrated. Considering the fact that
the estimator variance at high density is equal to the shot noise, we wonder whether
also the DTFE estimated density in high density cells equals the CIC estimated density.
The only proper integration is an exact geometric integration, which is a rather complicated procedure. Usually a Monte Carlo averaging of the densities within a grid cell is
sufficiently accurate. In large volumes the incorrect sampling of high density peaks can
be tolerated because they will average out over the numerous large peaks.
For small finite volumes, of which Milli-millennium simulation is a typical example, implies that there only several very dense clumps representing most of the mass. In such
a situation a gridded field will not necessarily guarantee a proper mass conservation.
This may induce systematic deviations, not unlike those we find in the Milli-millennium
simulation and also the SDSS survey.
The finite volume effect plays a particular large role in the measurement of the moments
in the SDSS sample. For the determinations of the higher order moments one needs to
make corrections. Such corrections may involve the extrapolation of the high density
tail to attain better estimates of S3 and S4 . This can be done by fitting the distribution
with a skewed lognormal distributions. For the nonlinear regime this breaks down and
one probably needs to model the high density tail independently of the full distribution
(see approach Colombi et al. 1994).
The straightforward analytical approximations, such as treated in this work, break down
completely in the high non-linear regime. It may be interesting to explore more intricate
and possibly more realistic analytical schemes that model the hierarchical evolution of
objects in the density field. An example would be the model described by Lam & Sheth
(2008).
We have only considered magnitude limited samples. These can have observational biases due to the differential biasing of homogeneously selected galaxy samples. In future
work we shall consider volume limited samples. These are also relevant for the study
of relative biasing, allowing a study biasing as function galaxy color and morphology.
A related study will be the bias characteristics implied by Halo Occupation Models.
We have been able to measure the PDF from linear to nonlinear scales over the whole
range of density values. This distribution is sensitive to 8 via its width. Also the
effect of peculiar velocities can be found in the high density tail and large scales. These
effects are dependent on to the value of m . We are investigating whether we can infer
constraints from the PDF, and it higher order moments on the values of m and 8 . To
this end we need to extend the present analysis to a larger set of cosmological N-body
simulation, covering a wider range of cosmological parameters.

7.11

Summary and Conclusions

We can summarise our findings as follows
1. The field reconstruction approach is ideal to study the bias in cosmological density
fields, especially in low density environments. Here we have shown that the DTFE
method performs particularly well. It is able to the trace the density field to small scales
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and thus into the nonlinear regime. Unlike the conventional CIC approach it is able to
deal with the shot-noise and discreteness effects.
2. The dark matter distribution is only well described by a lognormal distribution at scales
larger than 10.0h 1 Mpc, corresponding to the weakly nonlinear regime. To the nonlinear regime, in scales between 1:0 < R f < 10:0h 1 Mpc, the skewed lognormal represents a better approximation. At even smaller scales the distribution is typically characterised by a polynomial function, truncated at low density (see also Valageas & Munshi
2004).
3. We have studied two physical mechanisms which have have the largest impact on the
reconstructed PDF. These are the galaxy biasing and the effect of redshift space distortions.
Here we should make a distinction in underdense and overdense regions.
4. In overdense regions we find that the complete sample of Millennium galaxies represents a simple linear biased tracer of the underlying dark matter density field. The
linear bias parameter b is in the order of b  0:8 1:2.
5. Different semi-analytical recipes produce different biasing behavior. These differences
are due to dependencies on galaxy luminosity and on spatial scale. Possible other effects, like color or environment, should be further explored.
6. Biasing is the dominant influence on the reconstruction of the low density regions in
density field. The major component that determines this biasing is most the stellar
feedback.
7. Systematic redshift distortions are a minor effect in low density. However, they do have
a strong impact on the reconstruction noise. This is especially at small scales in low
density regions and at large scales with respect to high density regions. The redshift
distortions manifest themselves as an extra stochastic component.
8. The high density tail at small scales is fully dominated by peculiar velocity distortions.
The observed SDSS diluted high density tail is very accurately reproduced in the Millennium Universe, which suggests that non-linear peculiar velocities have a very similar
impact on high density objects.
9. The galaxy density field in real and redshift space is well described by a lognormal for
scales R f larger than 3h 1 Mpc. Like the dark matter distribution the deviations become
substantial at small scales and especially low density. To some extent the skewed lognormal provides a better approximation. In the very non-linear regime this also breaks
down.
10. At small scales and low density the effect of biasing is already apparent within the full
Millennium samples. At large scales this becomes visible in the observed SDSS sample
as well as the Mock SDSS sample. For these scales one has to go to larger average distances where the density field is reconstructed on the basis of high luminosity galaxies.
These high L objects are fair tracers in the overdense regions. Yet, at low density they
are anti-biased with respect to the dark matter. This may imply the observed strong
anti-bias which we found in the mock galaxy samples.
11. At large scales and high density, where we expect hardly any impact from biasing and
peculiar velocities, there is a good agreement between the SDSS and the CDM cosmological scenario and other low density CDM scenarios. Moreover, the Millennium
galaxies provide an accurate representation of the SDSS one-point PDF and its higher
order moments at all scales and all densities.
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7.A

Biasing definitions

The following equations and definitions are commonly defined and used measures to characterise galaxy biasing (see Cen & Ostriker 1992; Mo & White 1996; Kauffmann et al. 1997;
Pen 1998; Tegmark & Peebles 1998; Blanton et al. 1999; Dekel & Lahav 1999; Somerville et al.
2001; Wild et al. 2005, for more details). Let Æd (x) and Æ g (x) denote a dark matter and galaxy
fluctuation field with corresponding variances 2 = hÆ2 i and 2g = hÆ2g i. Here we follow the
notation by Dekel & Lahav (1999). When biasing is deterministic the information is captured
in a biasing function, b(Æd );
(7.25)
Æg = b(Æd )Æd
This function b is usually assumed and in fact well modelled by a linear dependency Æ g =
b(1) Æd . In case of nonlinear biasing it contains higher order terms as well, that is

Æg = b(Æd )Æd = (

1
X
k=1

bk k 1
Æ )Æd
k! d

(7.26)

Note that there is also another notation (Fry & Gaztanaga 1993) which is often used

Æ g = f ( Æd ) = (

1
X
k=0

bk k
Æ )Æd
k! d

(7.27)

In general biasing is not deterministic, because one deals with scatter generated from the point
sampling of the underlying density fields (see ). Moreover galaxy formation is a complicated,
which can be described as a nonlinear, non-local, hierarchical, stochastic, time-dependent
feedback process. Then for a given dark matter density we may compute a mean bias value,
providing a conditional mean biasing function.
b(Æd )Æ  hÆ g jÆd i

(7.28)

Given the mean biasing trend one may define several useful parameters providing insights in
the characteristics of biasing. The first is a measure of linearity and non-linearity;
b̂ 
and

hb(Æ)Æ2 i

r

b̃ 

2

;

hb(Æ)2 Æ2 i
2

(7.29)

;

(7.30)
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The ratio of Nl = b̃=b̂ provides a measure of the amount of non-linearity.
One can define the scatter as the residuals with respect to the mean biasing trend;

  Æg hÆg jÆd i

(7.31)

The conditional and biasing scatter are then defined as in terms of variance of the residual
field;

2b (Æ) 
and

2b 

h2 jÆi
2

h2 i
2

;

;

(7.32)
(7.33)

When there is an extra stochastic component or say a dependency on other quantities one
would in general expect that this increases the scatter in the relation. The ratio S = b =b̂
provides a measure for the amount of stochasticity.
A linear correlation coefficient is defined by
r

hÆg Æi
g 

(7.34)

measures how well the variables are concentrated on the onto a linear relationship.

7.A.1 Measuring the Bias
Sigad et al. (2000) showed that using the Cumulative Density distribution C(Æ) is it very easy
to get an honestly sampled representation of the mean biasing function.
C(Æ) =

Z Æ

P(Æ)dÆ

(7.35)

1

The bias function can be estimated using the following relation
b(Æd ) = C g 1 (C(Æ g )):

(7.36)

1

Where C g is the inverse of cumulative distribution. For a given volume fraction c, between
0 and 1, of the cumulative distribution one can infer Æd . Similarly for the same value of c we
also have a Æ g . Equating both values provides a functional form of b(Æd ).

7.B Lognormal Fitting
In Figure 7.21 we show that this difference between the two estimates of the lognormal distribution. In black we show three density curves. They range from an almost Gaussian distribution (thinnest), to lognormal (middle), and a distribution that is more skewed than a
lognormal (widest). The estimate of the lognormal using the variance in  is given by the
dashed lines, the estimate from the variance in Æ is shown by the dashed-dotted line. For
comparison we also provide a Gaussian fit for the thinnest distribution. We may see that
the differences between the two estimates in the Gaussian and lognormal distribution are almost negligible. Large differences occur when one fits the distribution to a non-lognormal
distribution. This shown by the widest distribution. The Æ-estimate clearly fits the tail of the
distribution. Probably this is due to the fact the variance in Æ is mainly determined by the high
density tail. The estimate fails to encapsulate the area around the core of the distribution. This
is better approximated by the lognormal estimate in . Henceforth we will use the estimate
from the variance in , because it better reproduces the overall trend. Also it is more in line
with the assumption that  is Gaussian distributed and therefore the variance of  should be
the representative value.
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Figure 7.21– Estimated lognormal distribution; The figure shows the differences
when estimating lognormal distribution by
the variance in -space (dashed) and in Æ
(dashed-dotted). For a lognormal distribution both approaches are equivalent. We
show three PDFs, the thinnest distribution
is an almost Gaussian distribution, the solid
gray line is a Gaussian distribution with the
same variance. The middle distribution is
a lognormal distribution. The most skewed
distribution is a non lognormal distribution,
for which the two estimated lognormal distributions differ strongly.

