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Chapter 5

Inertial effects in ciliary flows - artificial cilia

Abstract
Experimental and computational studies show that fluid inertia can improve the
mixing of fluids using artificial cilia. In this chapter, we explore whether such an
improvement is possible for the case of fluid propulsion as well. We systematically
study the fluid propulsion as a function of the Reynolds number and fluid number
and show that the fluid propelled can be enhanced only for certain combinations of
these parameters. For specific cases of the parameters the fluid propulsion occurs
in the direction of the recovery stroke. By exploring the complete parameter space
we show that the direction of the fluid transport can be changed by simply changing
the frequency of operation.

5.1

Introduction

In chapter 4, the fluid transported by artificial cilia was shown to be comparable to
typical electro-hydrodynamic pumps. We now investigate how the fluid transported can
be further improved with the help of fluid inertial forces. In recent work (den Toonder
et al., 2008; Baltussen et al., 2009) it was shown that the mixing of two fluids can be
significantly improved by increasing the fluid inertia. The presence of fluid inertia brings
in two effects. Firstly, there is a competition between the inertial forces and viscous
forces in the fluid. Secondly, a competition between the time taken for the momentum
to diffuse from the cilia into the channel and the frequency of cilia actuation is also
introduced. As mentioned in chapter 2, the former is governed by the flapping Reynolds
number (Ref ) and the latter by the diffusion Reynolds number (ReH ). At high Ref ,
the kinetic energy imparted to the fluid is not dissipated instantly and we see a flow
in the direction of the effective stroke during the recovery and vice-versa. However,
as we shall see, the inertia-caused flow due to the recovery stroke is obstructed by the
subsequent effective stroke, which leads to a higher flow in the direction of the effective
stroke compared to the recovery. This results in an increase of fluid transport at high Ref
compared to the Stokes regime. Although at finite ReH , the momentum of the cilia does
not instantaneously diffuse into the channel (which leads to low values of instantaneous
flux), it does not have any influence on the net fluid transported in a steady state. This
is proven using a simplified analytical model in appendix G.
In chapter 3, we showed that the asymmetric motion of the cilia does not depend
on the (solid) inertia number and that the magnetic number has the effect of increasing
Based on Khaderi, et al. Magnetically-actuated artificial cilia: the effect of fluid inertia and metachrony,
submitted.

40

5. Inertial effects in ciliary flows - artificial cilia

the area swept by the cilia. Therefore, we study the fluid transported as a function of
the fluid number Fn and Reynolds number Re1 for a constant magnetic number. By
exploring this parameter space we identified four aspects of fluid propulsion that are
associated with finite Reynolds numbers: (i) a unidirectional flow, (ii) a net fluid flow in
the direction of the recovery stroke, (iii) a larger quantity of fluid transported compared
to the Stokes regime and (iv) a change of the direction of the fluid transport by controlling
the frequency of operation.

5.2
5.2.1

Results
Uniform magnetic field: effect of fluid inertia

Cilia deformation and fluid flow at low Reynolds numbers
In this section we study the fluid propulsion created by a two-dimensional array of
tapered super-paramagnetic artificial cilia, which are actuated by a rotating magnetic
field,
Bx = B0 cos(ωt),
By = B0 sin(ωt),
(5.1)
which is uniform in space, B0 is the magnitude of the applied magnetic field, ω = 2π/tref
is the angular frequency and tref is the time period of rotation of the magnetic field.
Because the magnetic couple scales with sin 2ωt (see Eqn. 2.37), the time taken by the
cilia for one beat cycle tbeat = tref /2.
To perform the simulations, we take a unit-cell containing one cilium. The top and
bottom boundaries are no-slip boundaries and the left and right ends are periodic, see
Fig. 5.1. The fluid, Reynolds, magnetic and inertia numbers are set to 0.015, 0.001,
10.89 and 4.8 × 10−3 , respectively, indicating that the fluid forces are low compared
to the elastic forces, but are large compared to the fluid inertia forces. The values of
the dimensionless parameters correspond to L = 100 µm, E = 1 MPa, the thickness
of the cilia decrease linearly from h = 2 µm at the fixed end to 1 µm at the free end,
ρf = 0.1 kg/m3 , µ = 0.1 mPas, ρ = 1000 kg/m3 , B0 = 18.8 mT and the cycle time
tref = 2tbeat = 20ms. Note that the fluid density and viscosity are so chosen that the
Reynolds number and fluid number are low. These values can also be obtained for a
different set of fluid properties by properly tuning the frequency. The spacing between
the cilia a is equal to 2L. The magnetic susceptibilities of the cilia are 4.6 along the
length and 0.8 along the thickness (van Rijsewijk, 2006). For the simulations, each
cilium is divided into 40 beam elements and the fluid domain is divided in to 28×30
elements. The fluid propelled is characterised by two parameters: the net volume of the
fluid transported during a ciliary beat cycle and the effectiveness. The velocity field in
the fluid, at any x position, integrated along the channel height gives the instantaneous
flux through the channel. This flux when integrated in the direction of the effective
and recovery strokes gives the positive (Qp ) and negative (Qn ) flows, respectively (see
Fig. 5.1). Due to the asymmetric motion, the positive flow is larger than the negative
flow, generating a net area flow per cycle (Qp − Qn ) in the direction of the effective
stroke. The effectiveness, defined as (Qp − Qn )/(Qp + Qn ), indicates which part of the
totally displaced fluid is effectively converted into a net flow. An effectiveness of unity
represents unidirectional flow.
1 The

subscript ‘f’ from Ref has been omitted.
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Figure 5.1: A periodic unit cell used for the analysis is shown using the dashed lines.

The components of the magnetic field H in the coordinate system local to the cilia is
plotted in Figs. 5.2(a) and 5.2(b). The curves with square markers refer to the demagnetizing or self-field (H self , see Eqn. 2.26), the triangles refer to the applied magnetic
field (H 0 ) and the lines without marker refer to the total field. The magnetization and
magnetic couple are plotted in Figs. 5.2(c) and 5.2(d), respectively. Figure 5.2(e) shows
the deformed geometry of a typical cilium at different time instants. The blue arrow
heads and the red arrows represent the direction of the magnetization and the applied
magnetic field, respectively. The dashed curve represents the trajectory of the tip of
the cilium. The contours of absolute fluid velocity normalised with L/tbeat are shown in
Fig. 5.3(a)-5.3(f). The white arrows represent the applied magnetic field and the white
circles represent the fluid particles. The instantaneous flux and the evolution of total
flow during the beat cycle are shown in Fig. 5.3(g).
When a rotating magnetic field is applied, the free end of the beam nicely follows
the applied magnetic field (Figs. 5.3(a) and 5.3(b)), and is rotated through 135◦ to form
a ‘U’ bend near the fixed end (see instant (3) in Fig. 5.2(e)). From the magnetic field
distribution along the cilia at these instants (see Figs. 5.2(a) and 5.2(b)), it can be seen
that the demagnetization is stronger (due to the shape anisotropy) in the transverse or
thickness direction (Fig. 5.2(b)) compared to the tangential direction (Fig. 5.2(a)), which
reaches a maximum at a position on the cilia where the magnetic field is orthogonal to
the cilia. This occurs near the fixed end at time instant (2) and near the half-span
of the cilia at instant (3), see the corresponding instants in Fig. 5.2(e). The magnetic
field in the transverse direction is significantly lower than the applied magnetic field,
whereas this difference in the case of the tangential field is only marginal (see the lines
without markers and the lines marked with triangles in Figs. 5.2(a) and 5.2(b)). Because
of the formation of the ‘U’ bend, the magnetic field in the tangential direction changes
sign at time instant (3) of Fig. 5.2(e) (see the corresponding instant in Fig. 5.2(a)).
The magnetic field H in Figs. 5.2(a) and 5.2(b) leads to a magnetization as shown in
Fig. 5.2(c). It can be seen that the magnetization in the tangential direction is much
larger than that of the transverse direction (due to shape and magnetic anisotropy).
Therefore, the magnetization is always tangential to the cilia. The sign reversal of
the magnetic field at instant (3) leads to a direction reversal of the magnetization. In
the region between the ‘U’ bend and the free (or fixed) end the magnetization points
towards the free (or fixed) end. The magnetization vector (blue arrow heads) plotted
on the cilia in Fig. 5.2(e) clearly shows this behaviour. This magnetization interacts
with the applied magnetic field causing anticlockwise (positive) moments to act on the
portion of the film between the free end and the ‘U’ bend, making the film more curved,
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Figure 5.2: (a) Magnetic field tangential to the local coordinates of the cilia. (b) Magnetic
field transverse to the local coordinates of the cilia. Curves without markers and with triangle
and square markers represent the total, applied and demagnetizing field, respectively. (c) Magnetization of the cilia in local coordinates of the cilia (d) Magnetic body couple along the length.
(e) Deformed configurations of a typical cilium at different time instances. The blue arrow heads
represent the direction of the magnetization of the cilium and the thick red arrows at the free
end represent the applied magnetic field. Instances (1), (2), (3), (5) and (6) correspond to time
instances 0.15tbeat , 0.5tbeat , 0.8tbeat , 0.85tbeat and 0.89tbeat , respectively (see also Fig. 5.3). The
dashed line indicates the trajectory of the cilia tip, which encloses an area, termed the ‘area
swept’.
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and clockwise (negative) to moments act on the portion between the fixed end and the
‘U’ bend, making the film come back to the initial position (see instances (3) and (5) in
Fig. 5.2(d)). Due to the tapered nature of the film, the clockwise moments are larger
than the anticlockwise moments. Under the influence of such a system of moments, the
‘U’ bend propagates to the free end and the cilia come back to the initial position. From
Fig. 5.2(e), it can be seen that the artificial cilia show an asymmetric motion similar to
that of natural cilia (Childress, 1981). The dashed line represents the trajectory of the
cilia tip, which encloses an area, termed ‘area swept’. The amount of fluid propelled in
the Stokes regime scales linearly with the swept area (Khaderi et al., 2009). It is to be
noted that the effective stroke takes place for a longer duration of time than the recovery
stroke, while in natural cilia the opposite is the case (Childress, 1981).
Let us now analyse the fluid flow due to the ciliary motion. When the cilia move, they
set the fluid nearby into motion. The momentum diffuses to the rest of the fluid due to
the viscous forces. Since the viscous forces are large compared to the inertia forces, this
momentum diffuses instantaneously and the fluid velocity nicely follows the cilia velocity
at all time instants. The cilia create a positive flux (to the left) during the effective stroke
(see the instantaneous flux at the instances corresponding to Figs. 5.3(a) and 5.3(b) in
Fig. 5.3(g)), and drag back a part of the fluid creating a negative flux (to the right)
during the recovery stroke (see the instantaneous flux at the instances corresponding
to Figs. 5.3(c) - 5.3(e) in Fig. 5.3(g)). The evolution of the flow during the beat cycle
can be seen from the total flow created, shown using the solid line in Fig. 5.3(g). The
flow created by the cilia increases during the effective stroke and decreases during the
recovery. Due to the asymmetric motion of the cilia, the positive flow is larger than
the negative flow; the cilia create a net flow of magnitude 0.2 (in units of πL2 /2) to
the left by the end of the cycle (t = tbeat ). In the process of creating this flow, the
cilia push the fluid back and forth, which leads to a low value of the effectiveness (0.2).
The position of the fluid particles (which formed a straight line at the beginning of the
beat cycle) at the end of the beat cycle provides a Lagrangian perspective of the fluid
transported. The recovery stroke takes place with a whip-like motion of the cilia in
a short duration of time, which leads to a larger instantaneous fluid velocity and flux
during the recovery stroke than the effective stroke (compare instances (4) and (5) with
(1) and (2) in Fig. 5.3). As the Reynolds number is low, the kinetic energy input by
the cilia is instantaneously dissipated due to the large viscous forces. Therefore, even
if the cilia impart a large velocity to the fluid during the whip-like recovery stroke (see
Figs. 5.3(d) and 5.3(e)), the velocity and flux drop to zero as soon as the cilia have
returned to the initial position (see Fig. 5.3(f) and instant (6) in Fig. 5.3(g)). It is to be
noted that due to the low viscous forces (compared to elastic forces) the cilia complete
the beat cycle in 0.89tbeat. The cilia remain idle in this ‘dead’ position until the start of
the next cycle.
Parametric study: effect of Reynolds number
In this section we characterise the response of the microfluidic actuator as a function of
the dimensionless numbers that govern the behaviour of the system. The flow through
the microfluidic channel depends on the inertia number In , fluid number Fn , magnetic
number Mn and Reynolds number Re (see section 2.3). The effect of the fluid number,
inertia number and magnetic number in the limit of low Reynolds number was studied in
(Khaderi et al., 2009). It was shown that the inertia number does not play a major role
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Figure 5.3: (a)-(f) Contours of absolute velocity (normalised with L/tbeat ) at different time
instants. The direction of the velocity is given by the streamlines and the white arrows represent
the magnetic field at the respective time instances. The circles represent fluid particles. The
parameters used are Fn = 0.015, Re = 0.001 and Mn = 10.89. Four unit-cells are shown for
clarity. (g) Instantaneous flux and accumulated flow as a function of time. The time instances
corresponding to (a)-(f) are duly marked.

and when the fluid number is increased (for a given magnetic number) the asymmetry
(and therefore the flow) decreases. Hence, in this section we study the flow through the
microfluidic channel as a function of the fluid number and the Reynolds number for a
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Figure 5.4: Flow at the end of one cycle as a function of Reynolds number (Re) for Fn = 0.015
and Mn = 10.89. Fluid propelled by the cilia in the direction of the effective and recovery stroke
are termed as positive (Qp ) and negative (Qn ) flows (see also figure 5.1).

given magnetic number.
The area flow is plotted as a function of the Reynolds number (Re) for a fluid number
(Fn ) of 0.015 and a magnetic number of 10.89 in Fig. 5.4. As the Reynolds number is
increased, the net flow changes direction so that the fluid propelled is in the direction
of the recovery stroke (dashed box). On increasing the Reynolds number further, the
fluid flow reverses direction again and flow occurs in the direction of the effective stroke.
It is to be noted that the flow created at high Reynolds number is larger than that of
the Stokes regime. To segregate the contributions to the net fluid flow, we also plot the
positive and negative flow created in Fig. 5.4. When the Re is increased, the positive
flow remains nearly constant, but the negative flow increases and causes the area flow
to decrease. On a further increase of Re, the negative flow reaches a maximum, after
which the positive and negative flow start decreasing. At high Re, the positive flow starts
increasing again. We now investigate what mechanisms are involved that drive the flow
direction reversal at moderate Reynolds number (Re ≈ 1) and what causes a higher flow
at high Re compared to the Stokes regime.
Before proceeding any further we would like to restate the importance of fluid inertia.
At high Reynolds numbers, the viscous forces are relatively low. The energy input to the
fluid during the effective and recovery stroke is not instantly dissipated, but is carried
over to the next recovery and effective stroke, respectively (effect of Ref ). Also, at high
Reynolds numbers, the diffusion from the cilia to the fluid takes place over a finite interval
of time (effect of ReH ). As a result, the fluid velocity field does not instantaneously follow
the velocity of the cilia.
At Reynolds number Re = 1, the velocity diffusion time tdiff is finite (effect of ReH , see
section 2.3). The velocity of the fluid does not follow the cilia velocity instantaneously.
This causes a negative velocity only near the bottom half of the channel during the
recovery stroke (see Figs. 5.5(b)-5.5(d)), and a consequent reduction of the maximum
flux transported at (Re ≈ 1) (compare instant (3) in Fig. 5.5(e) against instant (5) in
5.3(g)). As the fluid number is low (Fn = 0.015), the cilia return to the initial position
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Figure 5.5: (a)-(e) Contours of absolute velocity (normalised with L/tbeat ) at different time
instants. The direction of the velocity is given by the streamlines and the white arrows represent
the magnetic field at the respective time instances. The circles represent fluid particles. The
parameters used are Fn = 0.015, Mn = 10.89 and Re = 1. Four unit-cells are shown for
clarity. The legend for the contours is the same as that of Fig. 5.3. (e) Instantaneous flux and
accumulated flow as a function of time. The time instances corresponding to (a)-(d) are duly
marked.

before t = tbeat and remain idle in the dead position (Figs. 5.5(c)-5.5(d)) until the start
of the next cycle. As the viscous forces are comparable to the inertia forces, the kinetic
energy input to the fluid during the whip-like recovery stroke, is not dissipated instantly,
but creates a large negative flow during the dead position and during the initial part of
the effective stroke (Fig. 5.5(d) and 5.5(e)). This causes an increase of the negative flow
during recovery stroke compared to the Stokes regime, despite the lower instantaneous
flux. Consequently, during the first half of the subsequent effective stroke, the cilia have
to spend energy in cancelling the negative flow, instead of creating a positive flow. Hence,
the positive flow is lower than that of the Stokes regime. This leads to flow direction
reversal at moderate Reynolds numbers.
Next, we analyse the flow behaviour at a Reynolds number Re = 10 (see Fig. 5.6).
At Re = 10, the viscous forces are so low compared to inertial forces that they do not
dissipate the energy input to the fluid during the effective stroke. This can be seen from
the continuous fluid velocity in the direction of the effective stroke near the top of the
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channel (see the contour plots of the absolute velocity in Fig. 5.6). This leads to an
increase of the positive flow. It is to be noted that because of resistance offered by the
fluid inertia forces to the cilia motion, they return to the initial position at t ≈ tbeat ,
reducing the idle time in the dead position to zero (see Fig. 5.6(f)). The effect of the
increased tdiff is to restrict the fluid velocity in the negative direction to a narrow region
close to the cilia (see Figs. 5.6(e) and 5.6(f)). This reduces the maximum negative flux
even further (compare instant (3) in Fig. 5.5(e) against instant (e) in 5.6(g)). In this
situation (low maximum negative flux and the absence of the dead position) the high
energy input during the recovery stroke cannot create a substantial flow, because the
next effective stroke already starts and effectively blocks the negative flow. This leads to
a low negative flow compared to Re = 1. The total flow created by the cilia at the end
of the cycle is 0.32 in units of πL2 /2 (see Fig. 5.6(g)), which is higher than that of the
Stokes regime (0.2). This can also be observed from the position of the fluid particles
at the end of the beat cycle. The fluid particles have undergone a larger displacement
(Fig. 5.6(f)) compared to the Stokes regime (Fig. 5.3(f)).
The observations of this section can be summarised as follows (see Fig. 5.7). The
quantity of the negative flow depends on the competition between the inertia-induced
negative flow and its obstruction by the subsequent effective stroke. At small Re, the
negative flux is large but only occurs over a short duration of time (Fig. 5.3(g)). When Re
increases, inertia in the fluid causes the flow to be more local to the cilia but it sustains
over a longer period of time so that the total negative flow increases (see Fig. 5.5 and
Fig. 5.7). The net effect is that the total flow decreases and becomes negative (i.e., in
the recovery direction, see region I of Fig. 5.7). When Re further increases (i.e., region II
of Fig. 5.7), the positive flow decreases because a part of the effective stroke is spent in
overcoming the negative flow caused by the previous recovery stroke. The negative flow
also decreases because of the localization of the negative velocity near the cilia during a
recovery stroke. Finally, in the region III, inertia is so dominant that the flow becomes
almost unidirectional with the total flux being positive during most of the cycle, only
showing a small dip during recovery (see Fig. 5.6). In region III, the flow continues to
increase with inertia.
To also include the effect of fluid number (Fn ), the flow and effectiveness are calculated for a range of fluid number (Fn ) and Reynolds number (Re) in Fig. 5.8. The
contour plots suggest three regions of significance, namely A, B and C. Region A represents the Stokes regime where the fluid viscous forces dominate over the inertia forces.
In region A, the effectiveness of the fluid propulsion remains constant at ≈ 0.2 (see
Fig. 5.8(b)). The fluid propelled decreases when the fluid number is increased; the increase of the fluid number increases the viscous forces, which decrease the area swept by
the cilia tip and therefore the flow (see Fig. 5.2(e)). The reader is referred to Khaderi
et al. (2009) for a more detailed discussion. In region B, the flow is negative and thus
takes place in the direction of the recovery stroke. Now, if either the Reynolds number
or the fluid number is increased, the fluid flows in the direction of the effective stroke.
In region C, the fluid inertia forces are large and the effectiveness of fluid propulsion is
high. In this regime, for low fluid numbers the fluid transported is large compared to
the Stokes regime. However, when the fluid number is large, the area swept is lower
(due to large viscous forces) and the flow created is comparable to that of the Stokes
regime. Interestingly, the effectiveness of the fluid propulsion is large even in this region,
thus creating an unidirectional flow. This suggests that we can use the inertia forces in
the fluid to generate a unidirectional flow with periodically beating artificial cilia. In
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Figure 5.6: (a)-(f) Contours of absolute velocity (normalised with L/tbeat ) at different time
instants. The direction of the velocity is given by the streamlines and the white arrows represent
the magnetic field at the respective time instances. The circles represent fluid particles. The
parameters used are Fn = 0.015, Re = 10 and Mn = 10.89. Four unit-cells are shown for
clarity. (g) Instantaneous flux and accumulated flow as a function of time. The time instances
corresponding to (a)-(f) are duly marked.

natural ciliary systems such a unidirectional fluid flow is achieved by the hydrodynamic
interaction between individual cilia, which leads to a metachronal wave (Satir & Sleigh,
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Figure 5.7: Flow as a function of Reynolds number Re for Fn = 0.015, with different regions of
significance marked. Region I: The large kinetic energy input during the recovery stroke leads
to a negative flow during the dead position. Region II: The negative flow decreases due to the
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velocity in the direction of the effective stroke.
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Figure 5.8: Parametric area flow and effectiveness as a function of fluid number Fn and
Reynolds number Re at a magnetic number of 10.89.

1990). In artificial ciliary systems, however, the metachronal wave can be established by
magnetically forcing the cilia to beat out-of-phase (shown in section 7.2.2). The study
performed in the current section also suggests that a given ciliary system can be made
to switch the flow direction depending on the operating frequency (see the dashed arrow
in Fig. 5.8(a), which shows the direction of increasing frequency or decreasing tbeat ). A
ciliary system in region B creates a flow in the direction of the recovery stroke. Now,
if the frequency of magnetic actuation is increased, both the fluid number as well as
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the Reynolds number will increase, resulting in a strong increase of the effectiveness
and large unidirectional flow which is maximal for the range of Fn and Re studied (see
Fig. 5.8).

5.3

Conclusion

In this chapter we have analysed the effect of fluid inertia forces on the flow created by
magnetically driven artificial cilia in microfluidic channels. The competition between the
fluid viscous forces, inertia forces and elastic forces in the cilia was captured using the
fluid number (Fn ) - the ratio between the fluid drag forces and the Reynolds number
(Re) - the ratio of fluid inertia to viscous forces. The fluid inertia has two effects. Firstly,
the momentum diffusion from the cilia to the rest of the channel is delayed. Secondly,
a part of the energy input to the fluid in the effective stroke is retained even after the
effective stroke is finished. When the Reynolds number is high, this leads to an average
unidirectional flow over a beat cycle. At low fluid numbers (Fn < 1), the flow created
at high Reynolds numbers (Re > 1) is much larger than that of the Stokes regime.
However, at moderate Reynolds numbers, the fluid flow changes direction and occurs
in the direction of the recovery stroke. In these cases, as the fluid numbers are low,
the cilia complete the recovery stroke quickly and are idle for a short period of time
before the start of the next effective stroke. During this idle position, the high energy
input to the fluid by the fast recovery stroke creates a large flow in the direction of the
recovery stroke. This recovery flow overcomes the effective flow and creates a net flow
in the direction of the recovery stroke. By exploring the parameter space of Fn and Re,
we found that the flow created by a given ciliary system can switch direction simply by
tuning the frequency of actuation.

