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Chapter 1

Introduction

1.1

Lab-on-a-chip

Lab-on-a-chip (LOC) is a technology that aims at performing analyses of biological
samples (such as blood and urine), conventionally performed in a clinical lab, on a small
chip. The analyses range from simple tests on biological samples to sophisticated DNA
and cell analysis. The primary reason for the development of LOC is that the reduction
in the sample size of the analyte enhances control and accuracy of bio-chemical reactions.
The added advantage of the small size of the device is that smaller amounts of analyte
and reagents are needed to perform the reactions, and the device becomes portable. As
the facilities needed to perform the bio-chemical analysis are encapsulated in a small
device, it was aptly named a micro-total analysis system (micro-TAS) by Manz et al.
(1990).
The important tasks performed in a micro-TAS are the treatment of an analyte with
suitable reagents, subsequent chemical reactions, separation of the molecules resulting
from the reactions and the detection of these molecules. One example of bio-chemical
reactions is a polymerase chain reaction (PCR), which is performed to amplify the concentration of specific DNA strands by orders of magnitude. In this process, the analyte
(containing a few DNA strands) is subjected to cyclic heating and cooling. When a PCR
is miniaturised, because of the small sample size, the thermal response time becomes
low leading to a drastic reduction in the PCR cycle time (Kopp et al., 1998). In another
example, it was shown that the miniaturisation can lead to very rapid separation of
bio-molecules using methods such as electrophoresis and chromatography (Manz et al.,
1994; Harrison et al., 1993).
The micro-TAS can be encapsulated into a hand-held device which can be used for
point-of-care (POC) testing, where the clinical diagnosis can be performed at the location of the patient even by an untrained person. Instruments to perform simple analyses
such as to measure glucose levels (e.g. Bayer Contour, see www.bayercontourusb.us),
hemoglobin levels (e.g. Hemocue, see www.hemocue.com) and lithium levels (e.g. Medimate Multireader, see www.medimate.com) have been commercialised. The importance
of POC testing is especially applicable to patients with Type I diabetes, for which self
monitoring of blood glucose is considered as an integral part of their treatment (Klonoff,
2007). It is also proven that POC devices can reduce the mortality rates in critical care
units of hospitals (Rossi & Khan, 2004). Such instruments are also of immense help in
disaster-affected areas, where it is difficult to perform regular clinical tests (Kost et al.,
2006).
As the surface to volume ratio is high in a LOC, physical phenomena associated
with surfaces (e.g. surface tension and electrokinetics) gain importance. In addition,
as the length scales involved are small (typically less than a millimetre), the viscous
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forces in the fluid dominate over the inertial forces leading to laminar flow profiles in
typical micro-TAS (Squires & Quake, 2005). While some of these are beneficial, the
presence of others are detrimental. For instance, the fabrication of devices to perform
individual operations on a micro-TAS cannot always be done by simply downscaling
conventional methodologies. Mixing of an analyte with another fluid is difficult to achieve
in a microfluidic device due to the laminar nature of flow at these length scales. Another
challenge is the pumping of fluids through the microchannels and testing chambers on a
lab-on-a-chip. In some applications, a local control of the flow is also necessary, which
calls for a localised pumping system that can be embedded into a microchannel.
The fluid propulsion in microfluidic systems is performed using three different approaches: (i) mechanical methods – such as external syringe pumps, peristaltic pumps
(Pilarski et al., 2005; Liao et al., 2005; Grover et al., 2003; Svensson et al., 2010; Lai &
Folch, 2011; Gu et al., 2004) and membrane pumps, (ii) using the electrokinetic properties of the fluids – such as in electro-osmotic pumps (Zeng et al., 2002; Litster et al.,
2010) and magneto-hydrodynamic pumps (Lemoff & Lee, 2000; Homsy et al., 2000; Jang
& Lee, 2000; West et al., 2002) – and (iii) acoustic methods (Langelier et al., 2009;
Nguyen & White, 1999; Yeo & Friend, 2009; Y. Bourquin & Cooper, 2010). These fluid
propulsion mechanisms have been developed only in recent years. On the other hand,
nature has been using remarkable fluid propulsion mechanisms at micron length scales
for the locomotion and fluid transport, which are primarily based on mechanical actuators that beat back and forth. In this work, we use principles inspired by natural systems
to design a fluid propulsion system that can operate inside microchannels and controlled
by external force fields.

1.2

Micron-scale fluid manipulation in nature

Micron-scale fluid manipulation occurs in nature for two main reasons: locomotion and
fluid transport. These are often (but not always1 ) performed using hair-like motile
appendages knows as cilia and flagella (Murase, 1992; Cooper & Hausman, 1992). The
cilia can beat in two different ways. Firstly, the cilia on the external surfaces of organisms
such as opalina beat in an asymmetric manner with a distinct effective and recovery
stroke (see Fig. 1.1 (a)-(c)). During the effective stroke the cilia are straight and push
large amounts of fluid, whereas during the recovery stroke they stay closer to the cell
surface and pull back only a small amount of fluid. The net fluid propelled is in the
direction of the effective stroke (see Fig. 1.1(c)). The hydrodynamic interaction causes
adjacent cilia to beat out-of-phase leading to a wave-like motion which is commonly
referred to as metachronal waves (see Fig. 1.1 (b)). Secondly, there is another category
of cilia, called nodal cilia that are present on node cells of embryos and revolve with a
whirling motion about an axis that is non-orthogonal to the surface on which they are
attached (see Fig. 1.1 (d)-(e)). These cilia create a large flow when they are away from
the surface and a low flow in the opposite direction when they are close to the surface.
As a result, a net flow is created in the direction of the upward stroke. A flagellum that
is attached to a cell propagates waves of transverse displacement along its length to exert
a force on the fluid in the direction of the wave, which causes the flagellum and cell to
move in the opposite direction (see Fig. 1.1 (f)-(g)).
1 The

locomotion of a Cyanobacterium takes place by propagating waves of lateral displacement along its
surface (Ehlers et al., 1996).
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Figure 1.1:
(a) Micrograph of cilia on Opalina (Tamm & Horridge, 1970).
(b)
Metachronal waves are formed due to out-of-phase beating of the cilia. (c) Schematic
diagram showing the movement of cilia.
(d) Micrograph of cilia on node cells
(http://www.physics.ubc.ca/steve/research/A-TopProt.html). (e) Schematic representation of
the motion of nodal cilia. (f) and (g) Snapshots of a flagellum attached to a sperm cell (Woolley,
2010). The numbers refer to the sequences in time. The flagellum creates a wave of transverse
displacement for fluid propulsion, whereas the cilia in the case of Opalina beat with a distinct
effective and recovery stroke, and in the case of node cells move such that they describes a cone.

Flagella are primarily known for locomotion (Lighthill, 1976; Brennen & Winet, 1977),
whereas the cilia perform different functions like locomotion and fluid transport (Murase,
1992; Brennen & Winet, 1977; Gardiner, 2005). In some cases, the cilia are non-motile
and perform sensing function (Gardiner, 2005; Malone et al., 2007). The flagella are
usually attached to a cell body, whereas the cilia occur in groups over the surface of
microorganisms (for example on the surface of a Paramecium) or tissues of organs. The
cilia are associated with micro- as well as macroorganisms. Microorganisms (such as
Paramecia, Opalina and Centophores) have cilia on their outer surface for locomotion. In
organisms such as Lophophorates, the cilia create a water current that brings suspended
food particles near the organism’s mouth (Strathmann, 1973). The nodal cilia create a
fluid flow that initiates the left-right asymmetry during embryonic development (Halbert
et al., 1976; Ibanez-Tallon et al., 2003). The cilia on the surfaces of ventricular system
of the brain play an important role in the transport of the cerebro-spinal fluid (Roth
et al., 1985; Ibanez-Tallon et al., 2003). Cilia are also present in the inner-lining of the
respiratory tract and propel mucus out of the lungs.
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Figure
1.2:
Cartoon
showing
(www.en.wikipedia.org/wiki/cilium).

1.3

the

microstructure

of

the

axoneme

Structure of cilia and flagella

The cilia and flagella are appendages that protrude from the cell surface (see Fig. 1.2).
They have a similar microstructure, the axoneme, which consists of a circular array of
nine microtubular doublets (composed of microtubules A and B) that are connected
together with the linker proteins called nexin. At the centre of the doublet array two
microtubules are connected through rigid links to form the central pair. Each doublet
is connected to the central pair through radial spokes. The axoneme is driven by the
ATP-powered motor protein dynein that are attached to the inner and outer sides of
microtubule A. During an operation cycle, the dyneins attach themselves to microtubule
B of the adjacent doublet and exert a force such that two adjacent microtubular doublets
slide relative to each other (Sale & Satir, 1977). As the axoneme is fixed to the cell at its
base, this sliding is translated into bending of the axoneme. Interestingly, local actuation
of the dyneins creates a global beating of a flagellum or a cilium. However, a clear picture
of how the dynein actuation is translated into a global motion of the cilia and flagella
is not yet available. The typical length scales associated with cilia and flagella are as
follows. The length of cilia is usually between 10 and 20 microns, whereas flagella can
have a length up to 200 microns. The diameter of the axoneme is 250 nm. The distance
between two inner and outer dyneins along the length of a microtubule is 96 nm and
24 nm (Ibanez-Tallon et al., 2003), respectively. In the non-motile and nodal cilia the
central pair is absent, while in the former also the motor proteins are absent.

1.4

Hydrodynamics at small length scales

At the small length scales of cilia and flagella (up to hundreds of microns), viscous forces
dominate over the inertial forces leading to low values in Reynolds number2 (Re << 1)the ratio of fluid inertial forces to the viscous forces. To get a feel for the viscous forces,
consider a microorganism swimming at a steady velocity. The distance (normalised to
2 For

cilia of length 10 µm that beat at a frequency of 20 Hz the Reynolds number is 2 × 10−3 .
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its body length) this organism continues to move after its propulsion mechanism has
stopped scales with Re3 (Lauga & Powers, 2009). Since Re << 1, the organism cannot
coast after it has stopped its propulsion mechanism. This is because the viscous forces
are so huge that they dissipate the kinetic energy of the organism instantaneously.
There are two consequences of high viscous forces. Firstly, a certain class of cyclic
actuator motion – called reciprocal motion, in which the forward motion is exactly the
same as the backward motion – cannot lead to a net fluid propulsion. An example of
reciprocal motion is the back and forth oscillation of a rigid rod about one of its ends.
During a reciprocal motion of the actuator the flow created during the forward motion of
the actuator will be cancelled by the flow of the backward motion, creating zero net fluid
transport. Secondly, the fluid behaviour is rate independent, i.e., even if the forward
reciprocal motion of the actuator takes place faster than its backward motion, there
will be no net fluid flow. The flow created by the fast forward motion will be exactly
cancelled by the slow reverse motion of the actuator. Rigorous mathematical proofs of
these two properties can be found elsewhere (Childress, 1981; Lauga & Powers, 2009).
As the cilia and flagella are able to create a fluid flow, their motion should be ‘nonreciprocal’. The cilia motion is non-reciprocal because of its distinct effective and recovery stroke. In the case of flagella, the wave of transverse displacements causes the slope
of any segment before and after it has reached a maximum displacement to differ by a
sign. This makes the flagella motion to be non-reciprocal. The non-reciprocal motion
can also occur at larger length scales. For instance, a Cyanobacterium swims through a
fluid by propagating waves of lateral displacement on its surface. Individual points on
the surface oscillate about a mean position in a reciprocal fashion, but the directional
wave of lateral displacements makes the surface motion non-reciprocal (Stone & Samuel,
1996).

1.5

Objective of the thesis

The goal of this thesis is to mimic the non-reciprocal motion of natural cilia in order to
propel fluids through microchannels. As the local dynein actuation mechanism is not
yet fully understood, we take an alternative approach. The idea is to design artificial
cilia that are attached to the inner surface of microchannels and to actuate them with
externally-applied force fields (not through dynein-like internal forcing), so that they
can beat in an asymmetric motion and create a fluid transport. These artificial cilia
can be realised using thin polymer films with embedded magnetic nano-particles that
can respond to an external magnetic field, see Fig. 1.3. Depending on the nature of the
magnetic particles the film can be either paramagnetic or permanently magnetic.
The objective of this thesis is two-fold: Firstly, to identify for what geometries, material properties and applied magnetic fields a magnetic film will mimic the asymmetric
motion of natural cilia. Secondly, to identify how the created flow can be enhanced
by controlling different factors such as the cilia geometry, magnetic field, cilia spacing,
channel height, fluid inertia and out-of-phase motion. We answer these questions using
numerical models that capture the physical behaviour of magnetically-driven artificial
cilia. These numerical models predict the cilia deformation and the resulting fluid flow by
solving the Maxwell’s equations, solid dynamics equations and Navier-Stokes equations
in a fully-coupled manner.
3 Assuming

the mass density of the organism is the same as the fluid.
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1.6

1. Introduction

Thesis outline

The outline of the thesis is as follows. In chapter 2, we derive the equations of a twodimensional coupled solid-fluid magneto-mechanical model used to simulate the cilia
motion. We model the cilia as elastic Euler-Bernoulli beams taking into consideration
geometric non-linearity and inertia of the cilia in a Lagrangian framework. The magnetic
field is calculated by solving the Maxwell’s equations using a boundary element approach.
The Navier-Stokes equations, which capture the behaviour of the fluid flow, are solved
within an Eulerian setting for the velocity and pressure using finite elements. The solidfluid coupling is performed by imposing the no-slip condition at the nodal points of
the Euler-Bernoulli beam elements using Lagrange multipliers within a fictitious domain
framework. The physical dimensionless parameters that govern the behaviour of the
artificial cilia are derived from the principle of virtual work.
A number of artificial cilia configurations that show an asymmetric beat motion
are designed by choosing different material properties, initial geometries and magnetic
fields in chapter 3. The fluid flow created by these cilia is analysed in the limit of low
Reynolds number (Stokes regime). The performance of the cilia is also analysed in terms
of dimensionless parameters, introduced in chapter 2, which leads to the parameter space
in which the cilia can perform optimally.
The flow and pressure generated are typical parameters that specify the characteristics of any pumping device. These are analysed as a function of the cilia spacing
and channel geometry in chapter 4. It will be shown that the flow and pressure generated increase when the cilia spacing is decreased. However, when the channel height
is decreased, the flow generated decreases, while the pressure increases. This chapter
provides guidelines for selecting the optimal channel size, cilia spacing and cilia length
for a specific channel morphology.
Literature suggests that the performance of cilia can be improved for mixing applications by exploiting inertial forces. In chapter 5, we analyse the effect of inertial forces on
the fluid transported by the artificial cilia. It will be shown that the presence of inertia
brings in many interesting phenomena. The flow created by the cilia can be significantly
larger than in the Stokes regime, and it becomes unidirectional in some cases. The flow
created is due to the combination of the asymmetric area and temporal asymmetry (char-

Figure 1.3: Schematic picture of the approach taken. The artificial cilia consist of a polymer
matrix with embedded magnetic nano-particles. The cilia exhibit an asymmetric motion when
a tuned external magnetic field is applied.
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acterised by a slow effective and fast recovery stroke). In order to delineate the effect
of asymmetric area, temporal and orientational (characterised by the asymmetry of the
cilia motion with respect to the microchannel) asymmetries we study the flow created
using a model problem in which the individual contributions of these three asymmetries
can be identified (chapter 6).
In nature, adjacent cilia beat with a phase difference (see Fig. 1.1 (b)), which will
induce an additional non-reciprocating motion, on top of the asymmetric motion of individual cilia. This leads to the formation of metachronal waves. In chapter 7, we analyse
the effect of magnetically-induced metachronal waves on the fluid transport created by
the cilia.
In chapter 8, we explore the principle used by Cyanobacteria for fluid transport:
collective non-reciprocal motion. The cilia are made to oscillate about a mean position
in a reciprocal manner, but such that they have a phase difference with their neighbours.
This causes the cilia motion to be collectively non-reciprocal. We investigate the physical
mechanisms that cause the fluid transport and find under what conditions the flow
created reaches a maximum value.
So far we used a two-dimensional numerical model to simulate the fluid transport
caused by the cilia. This framework assumes that the width of the cilia is much larger
than the cilia length and channel height. To explore the effect of cilia width and out-ofplane motion on the resulting flow, a three-dimensional numerical model is developed in
chapter 9. The flow created by an array of cilia with the metachronal waves travelling
in and perpendicular to the beating plane is also investigated.
The main results of the thesis are finally summarised and guidelines for the optimal
design of the artificial cilia are given.

Chapter 2

Magneto-mechanical model

2.1

Introduction

In this chapter we derive the numerical model and dimensionless parameters used in this
thesis for two-dimensional simulations of fluid flow due to magnetically-driven artificial
cilia. The physical quantities to be solved for are the magnetic field, cilia motion and
fluid flow. The magnetic field and magnetization of the cilia are calculated by solving the
Maxwell’s equations using a boundary element approach at every instant in the deformed
configuration. From the magnetization and the applied magnetic field, the magnetic
forces acting on the cilia are calculated, which are given as input to the solid dynamics
model. The solid dynamics model considers the cilia to be an assemblage of EulerBernoulli beam elements, taking into consideration inertia and geometric nonlinearity
within an updated Lagrangian framework. The Navier-Stokes equation, which describes
the fluid behaviour, is solved using an Eulerian finite element approach. The solid and
fluid domains are coupled using the no-slip boundary condition on the cilia within a
fictitious domain framework (van Loon et al., 2006).
In the magneto-mechanical model a range of forces can be identified: the elastic and
inertia forces of the cilia, the viscous and inertia forces of the fluid and the magnetic forces
acting on the cilia. By introducing relevant length and time scales into the principle of
virtual work, we derive how these forces scale with the different parameters involved.
From the dimensionless form of the virtual work equation, we identify five dimensionless
parameters: the magnetic number - the ratio of magnetic forces to elastic forces, the
fluid number - the ratio of fluid viscous forces to elastic forces, the inertia number - the
ratio of inertial to elastic forces of the cilia, the flapping Reynolds number - the ratio of
inertia forces to viscous forces in the fluid and the diffusion Reynolds number - the ratio
of momentum diffusion time to ciliary cycle time. These five dimensionless parameters
completely capture the physical behaviour of the cilia and fluid flow, in addition to the
geometric parameters such as cilia spacing and channel height.

Based on Khaderi, et al. Nature-inspired microfluidic propulsion using magnetic actuation, Physical
Review E, 2009, 79, 046304 and Khaderi, et al. Magnetically-actuated artificial cilia: the effect of fluid
inertia and metachrony, submitted.
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2.2

Equations of motion

2.2.1

Solid dynamics model

As a starting point for the Euler-Bernoulli beam element formulation we use the principle
t+∆t
of virtual work (Malvern, 1977); i.e., the virtual work of the external forces (δWext
) is
t+∆t
equal to the internal virtual work (δWint ),
t+∆t
t+∆t
δWint
= δWext
,

with
t+∆t
δWint
=

Z

(σδ + ρ(üδu + v̈δv)) dV,

(2.1)

(2.2)

V

where u and v are the axial and transverse displacements of a point along the beam
and ρ is the mass density. Furthermore, σ is the axial stress and  is the corresponding
strain, given by
 2
∂2v
∂u 1 ∂v
− y 2.
+
 =
∂x 2 ∂x
∂x
The external virtual work is
t+∆t
δWext
=


Z 
∂δv
fx δu + fy δv + Nz
Adx
∂x
Z
+ (tx δu + ty δv) bdx,

(2.3)

where fx and fy are the magnetic body forces in axial and transverse directions, Nz is the
magnetic body couple in the out-of-plane direction, tx and ty are the surface tractions
and b is the out-of-plane thickness of the film.
It is assumed that the solid material is isotropic and linear elastic, specified by the
elastic modulus E and Poisson’s ration ν. We follow the approach used by Annabattula
et al. (2010) to linearise and discretise the principal of virtual work to arrive at the
discretised form of the virtual work equation at time t + ∆t (see appendix A),


+ F tint = 0,
(2.4)
δpT K∆p + M p̈t+∆t − F t+∆t
ext

where K is the stiffness matrix that combines both material and geometric contributions,
M is the mass matrix which can be found in (Cook et al., 2001), F t+∆t
is the external
ext
force vector, F tint is the internal force vector, ∆p is the nodal displacement increment
vector and p̈ is the nodal acceleration vector.

2.2.2

Fluid dynamics model

The principle of virtual work in the rate form for the fluid problem is (Bathe, 1996)
Z
Z
Z
∂ui
dui
f
δp
dV = 0,
(2.5)
δui dV +
σij δDij dV + ρ
dt
∂xi
V
V
V
where the first and the second terms represent the work due to the internal stresses and
inertia forces in the fluid, respectively, while the third term imposes the incompressibility
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condition. In Eqn. 2.5, σij represent the components of stress tensor in the fluid, Dij
represent the components of the deformation rate tensor in the fluid, ρf is the fluid
∂
d
= ∂t
+
density, ui 1 represents the components of fluid velocity in the ith direction, dt
∂
ui ∂xi represents the total derivative, p is the pressure and dV = bdxdy. The constitutive
relation for the fluid is σij = −pδij + 2µDij , where µ is the fluid viscosity. It is to be
noted that x represents a spatial point in the fluid domain (Eulerian point of view),
while it represents the position occupied by a material point on the beam in the solid
domain (Lagrangian point of view). The following shape functions are used to interpolate
velocity and pressure:


u1
u2



=



φ1
0

0
φ1

φ2
0

0
φ2

φ3
0

0
φ3

...
...





= φIi UI = φT U ,

 1 2 3
p , p , p ...
p = ψ1 ψ2 ψ3 . . .

u11 , u12 , . . .

T

(2.6)
T

= ψI PI = ψ T P ,

where, uJi represents the components of fluid velocity in the ith direction at the J th
node, pJ represents the magnitude of pressure at the J th node and φJ and ψJ are the
shape functions used to interpolate the nodal velocities and pressure, respectively. The
shape functions are chosen so that the resulting element satisfies the Inf-Sup condition.
In this work we use the Taylor-Hood Q2 Q1 element which interpolates the velocities
quadratically and the pressures linearly (Bathe, 1996). Using Eqn. 2.6 the various terms
in the virtual work equation are evaluated (see appendix B):
Z

σij δDij dV

=

V

V

Z

V

Z

∂ui
δp
dV =
∂xi

Z

V


(−pδij + 2µDij ) δDij = δU T K U U U + K U P P , (2.7)

∂φJi
δpI ψI
UJ dV = δpI
∂xi

Z

V

ψI

T
∂φJi
dV UJ = δP T K U P U . (2.8)
∂xi

Assuming that the solution at time t is known, the convective term is linearized with
respect to the known solution at time t and the time derivative of velocity is discretised
using an implicit Euler scheme. Neglecting the higher order terms we get (see appendix
B):
Z

V

dut+∆t
i
δui dV
dt

=
=

ρ

f

Z

V

!
∂ut+∆t
∂ut+∆t
t+∆t
i
i
δui
dV
uj
+ δui
∂t
∂xj

T

δU M̂ U + δU T K 1 U + δU T K 2 U − δU T F f .

Substituting the above expressions in Eqn. 2.5 yields its discretised form
δU T K U P P + δU T K̂f U − δU T F f + δP T (K U P )T U = 0,

(2.9)

where K̂f = K U U + M̂ + K 1 + K 2 .
1u

(without a subscript) represents the axial displacement of a point on the beam, while ui (with a
subscript) represents the fluid velocity.
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Fluid-structure interaction

We now couple the Lagrangian beam element formulation of section 2.2.1 to the Eulerian
finite element fluid model of section 2.2.2. The solid beam is considered as an internal
boundary to the fluid domain. The solid and fluid models are coupled using the constraint
that the velocity (or displacement) of the solid is equal to the velocity (or displacement)
of the fluid. This coupling is established using the method of Lagrange multipliers
(Lanczos, 1952). In what follows, we apply the constraint to the fluid dynamics model,
then add the virtual work done by the constraint force to the solid dynamics model and
finally couple the equations so that the solid and the fluid equations of motion can be
solved implicitly.
We first add the variation of the Lagrange multiplier times the constraint to the fluid
dynamics model,
δU T K U P P + δU T K̂f U − δU T F f + δP T (K U P )T U
J
+ δ(λJi (uJf
i − ṗi )) = 0,

(2.10)

where, uJf
and ṗJi represent the components of the fluid and solid beam velocity, rei
spectively, in the ith direction at the location where the J th node of the solid beam is
present. Discretising the constraint equation (see appendix B) yields,
δU T K U P P + δU T K̂f U − δU T F f + δP T (K U P )T U + δU T φJ λJ
+δλJT (φJ T U − AṗJ ) = 0,
where A is a matrix that eliminates the rotational degrees of freedom from ṗ. It can
be noted that the term δU T φJ λJ in the above equation represents the virtual work
done by the Lagrange multiplier, i.e., the Lagrange multiplier acts as a force due to the
constraint. Hence, the components of the Lagrange multiplier are to be interpreted as
fluid drag forces. Invoking the arbitrary nature of the virtual fields and performing the
standard finite element assembly yields the following set of equations
T
(2.11)
Kˆf U + K U P P + Φλ = F f , K U P U = 0, ΦT U − Aṗ = 0.

The fluid drag forces are now considered as nodal forces, whose virtual work is an
additional contribution to Eqn. 2.4. This leads to


(2.12)
+ F tint − λT Aδp = 0,
δpT K∆p + M p̈t+∆t − F t+∆t
ext
where

λ=



λ1 , λ2

T

=



λ11 , λ12 , λ21 , λ22

T

is the Lagrange multiplier vector, λJi is the Lagrange multiplier at the J th node in the
ith direction. In general, the node of the solid beam is present inside a fluid element and
does not coincide with a fluid node, so that the constraint is satisfied in an approximate
sense. As the virtual quantity δp is arbitrary, we can write
K∆p + M p̈t+∆t − F t+∆t
+ F tint − AT λ = 0.
ext

(2.13)

The motion of the film with time is obtained by solving Eqn. 2.13 with appropriate initial
and boundary conditions. Newmark’s integration scheme is used to integrate Eqn. 2.13
in time, based on which Eqn. 2.13 can be re-written to solve for the nodal velocities as
K̂ ṗt+∆t − AT λ = F t+∆t
,
s

(2.14)
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where
K̂ =
F t+∆t
s

=

1
(∆t2 βK + M ),
γ∆t
F t+∆t
ext

−

F tint



1
− ∆tK ṗ + ∆t(1 − 2β)p̈t
2

+ (∆t2 βK + M )

t

ṗt + p̈t ∆t(1 − γ)
,
γ∆t



(2.15)

and γ and β are integration parameters. Equation 2.14 contains the discretised equations
of motion for one beam element. After performing the standard finite element assembly
procedure (Cook et al., 2001) we get the discretised equations of motion for the whole
film (dropping the superscript (t + ∆t)):
K̂s ṗ − AT λ = Fs .

(2.16)

Combining the equations of motion for the solid
results in


K̂f
KUP
0
Φ



 (K U P )T
0
0
0



0
0
K̂ s −AT  


T
Φ
0
−A
0

(Eqn. 2.16) and fluid (Eqn. 2.11)
U
P
ṗ
λ

 f
F



0
=
F


s


 
0










.

(2.17)





This set of equations is solved to obtain the velocities at the solid and fluid nodal points,
the pressure in the fluid and the Lagrange multipliers at the solid nodal points. It is
to be noted that in Eqn. 2.17 the velocity of the film and the fluid are simultaneously
solved for every time increment. This approach is commonly referred to as the monolithic
approach.

2.2.4

Magnetostatics

Maxwell’s equations for the magnetostatic problem with no free currents are (Jackson,
1974)
∇·B

= 0

(2.18)

∇×H

= 0,

(2.19)

with the constitutive relation
B

= µ0 (M + H),

(2.20)

where B is the magnetic flux density (or magnetic induction), H is the magnetic field,
M is the magnetization which includes the remnant magnetization, and µ0 is the permeability of free space. Substituting Eqn. 2.20 into Eqn. 2.18 yields
∇·H

= −∇ · M .

(2.21)

As ∇ × H = 0, a scalar potential φ exists, such that H = −∇φ. Substituting this in
Eqn. 2.21 yields a Poisson equation for φ, ∇2 φ = −∇ · M . By taking into consideration
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the effect of discontinuity in the medium, the general solution of the Poisson equation
can be found (Jackson, 1974), resulting in
I 0
Z
n · M (x0 ) 0
∇0 · M (x0 ) 0
1
1
dS
+
dV .
(2.22)
φ(x) = −
4π
|x − x0 |
4π
|x − x0 |
where n0 is the outward normal to the surface of V . The magnetic field H(x) can be
found from the gradient of φ(x).
We now discretise the film into a chain of rectangular segments, within which the
magnetization is assumed to be uniform. So that ∇0 · M = 0 and the volume integral
vanishes. The field now is only due to the jump of magnetization across the surface
of each segment and is given by the surface integral in Eqn. 2.22. The magnetic field
in coordinates local to the segment i (denoted by ˆ ) due its four surfaces can now be
calculated at any position (x̂, ŷ) by evaluating the surface integral in Eqn. 2.22, resulting
in
= Gi M̂ i .

Ĥ i

(2.23)

where M̂ = [ M̂x M̂y ]T , Ĥ = [ Ĥx Ĥy ]T and Gi can be obtained from Eqn. 2.22
(see appendix C). Note that in this section Einstein’s summation convention is not
applied. The field due to segment i with respect to the global coordinates is
H i = Ri Ĥ i ,
where Ri is
Ri =



cos θi
sin θi

(2.24)

− sin θi
cos θi



,

(2.25)

with θi the orientation of the segment i with respect to the global coordinates. The field
at any element j because of the magnetization of all the segments throughout the film is
=

Hj

H0 +

N
X

Ri Gij M̂ i = H 0 + H self ,

(2.26)

i=1

where Gij properly accounts for the relative positioning of segments i and j and the
geometry of segment i, H 0 is the externally applied magnetic field, far away from the
film, and N is the total number of segments. Equation 2.26 clearly shows that the
magnetic field H in the film is the sum of the external field H 0 and the demagnetizing
field H self . By rotating H j back to the local coordinates we get

Ĥ j

= RTj H 0 +

N
X

RTj Ri Gij M̂ i .

(2.27)

i=1

For the situation of a permanently magnetized film with magnetization M̂ i , i = 1, . . . , N ,
Eqn. 2.27 gives the magnetic field in all the segments.
However, in case of a super-paramagnetic film, the magnetization M̂ j is not known
a-priori, but depends on the local magnetic field through
M̂ j

=

χ̂ Ĥ j

=

χ̂RTj H 0 +

N
X
i=1

χ̂RTj Ri Gij M̂ i ,

(2.28)
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with
χ=



χ̂x
χ̂xy

χ̂xy
χ̂y



.

There are N similar pairs of equations. In total these are 2 × N equations for the 2 × N
unknown magnetizations. This set of equations is solved to get the magnetization with
respect to the local coordinate frame. From the magnetization, the field can be found
from Eqn. 2.27 and the magnetic flux density can be found by using Eqn. 2.20. The
advantage of the proposed method is that we need not model the medium around the
magnetic film to determine the magnetic field in the film. The verification of the model
is performed using a super-paramagnetic film and is given in appendix D. Once the
magnetization is calculated by solving Eqn. 2.28, the magnetic body couple and body
force per unit volume can be found from N = M × B 0 and f = M · ∇B 0 (with
B 0 = µ0 H 0 ), and given as input to Eqn. 2.3.
The magneto-mechanical fluid-structure interaction model developed in this section
is benchmarked against a reference case in appendix E, and the spatial and temporal
convergence of the method in the context of cilia caused flow is shown in appendix F.

2.3

Dimensional analysis

In this section we use the principle of virtual work to identify the dimensionless parameters that govern the deformation behaviour of the artificial cilia. Considering only the
transverse deformations and magnetic body torques we have,
Z
Z
Z
Z
∂δv
∂2v
∂ 2 v ∂ 2 δv
dx + ρA 2 δvdx − Nz
Adx − λδvbdx = 0,
EI 2
∂x ∂x2
∂t
∂x
where, the first term represents the virtual elastic work done by the internal moments,
the second term represents the virtual work done by the inertial forces of the beam, the
third term represents the virtual work done by the magnetic couple and the last term
represents the work done by the fluid drag forces. In the above equation, λ is the traction
due to fluid drag on the film in the transverse direction and has units of force per unit
area. This is in contrast to the λ used in section 2.2.3, which has units of force per unit
out-of-plane width. We introduce the dimensionless variables V , T and X, such that
v = V L, x = XL and t = T tref, where L is a characteristic length (taken to be the
length of the cilia) and tref is a characteristic time. Substitution yields


Z 
Z 
∂δV
ρbhL2
∂2V
Ebh3 ∂ 2 V ∂ 2 δV
Nz hb
dX −
+ 2 δV
− λLδV b dX = 0, (2.29)
12L2 ∂X 2 ∂X 2
tref
∂T 2
∂X
from which the elastic (Ebh3 /12L2), the inertial (ρbhL2 /t2ref), the magnetic (Nz hb) and
the viscous (λLδV b) terms can be easily identified. By normalising with the elastic term,
we get

 2




Z 
Z  2
∂δV
∂ V
∂ V ∂ 2 δV
M
+
F
δV
dX = 0. (2.30)
+
I
δV
dX
−
n
n
n
∂X 2 ∂X 2
∂T 2
∂X
Here, the three governing dimensionless numbers are defined as the inertia number
In = 12(ρ/E)(L/tref)2 (L/h)2 (the ratio of inertial to elastic force), the magnetic number
Mn = 12(Nz /E)(L/h)2 (the ratio of magnetic to elastic force) and the fluid number
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Fn = 12(λ/E)(L/h)3 (the ratio of fluid to elastic force). From dimensional considerations λ should scale with µ/tref , leading to Fn = 12(µ/Etref)(L/h)3 . To identify the
dimensionless parameters that govern the fluid flow, we start from the Navier-Stokes
equations for the fluid
du
= 0 in A,
dt
−kσk · n + λ = 0 on Γs .

(2.31)

−∇·σ+ρ

(2.32)

The ciliary motion creates a flow that has a dominant velocity in the channel direction,
i.e. x-direction. Therefore, we consider only the x-component of Eqn. 2.31. Using the
constitutive relation for the fluid gives:



 2
∂ux
∂p
∂ux
∂ 2 ux
∂ ux
ρf
=−
.
(2.33)
+
+ ux
+µ
∂t
∂x
∂x
∂x2
∂y 2
The relevant length scales can be identified by looking at the mechanism of fluid flow
inside the channel (Fig. 1.3). The cilia of length L are placed periodically at a distance
a in a channel of height H. The fluid inbetween the cilia is directly driven by them, and
the momentum diffuses from this region upwards into the channel. The relevant length
scales are the cilia spacing a in the x-direction, L and H − L in the y-direction, and the
relevant time scale is tref . Because the velocity of the fluid after a units will be the same
(in the case of uniformly beating cilia), the net velocity and pressure gradients in the
x-direction vanish over a distance a. Now, introducing these length and time scales in
the above equation leads to:
  2 

∂ ūx
∂ ūx
≈
for 0 < y < L,
(2.34)
Ref
∂ t̄
∂ ȳ 2
  2 

∂ ūx
∂ ūx
≈
for L < y < H,
(2.35)
ReH
∂ t̄
∂ ȳ 2
where the terms in brackets are nondimensional, ReH = ρf (H−L)2 /µtref = tdiff /tref is the
diffusion Reynolds number and Ref = ρf L2 /µtref is the flapping Reynolds number. The
diffusion Reynolds number signifies how long it takes for the momentum to diffuse into
the fluid (tdiff ) compared to tref , whereas the flapping Reynolds number Ref quantifies
how large the inertia forces are compared to the viscous forces2 . The question one might
ask is, which of these Reynolds numbers is important? We show with the help of a
simple analytical model (see appendix G) that ReH has two effects; first, it determines
the duration of the transient period and secondly, it reduces the fluctuating component
of the fluid transported. However, the mean propulsion velocity created by the cilia in
the steady state is independent of ReH , leaving the flapping Reynolds number Ref to
be the main parameter that governs the fluid transported. In the following, we take Re
≡ Ref = ρf L2 /tref . Another interesting observation is that the convection terms in the
Navier-Stokes equation do not contribute to the fluid momentum (as also verified by our
simulations).
2 The

fluid velocity near the cilia, the velocity gradient and the viscous energy dissipated per unit time
scale with t L , t 1 and µ t21 , respectively. The inertia forces scale with ρ t2L , hence the kinetic energy
ref

ref

ref

ref

input per unit time to the system scales with ρ t2L

ref

Ref .

L
.
tref

Their ratio gives the flapping Reynolds number
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Before proceeding, we identify the origin of the magnetic couple Nz for the two
magnetic material systems considered in this work: (i) permanently magnetic (PM) and
(ii) super-paramagnetic (SPM) materials. For permanently magnetic materials, having
a local remanent magnetization (M̂x ) pointing along the axial direction of the film:
(M̂x , M̂y ) = (M̂x , 0), we can write
Nz = M̂x B̂y − M̂y B̂x = M̂x B̂y = M̂x B0 fˆ(θ),

(2.36)

where θ is the film orientation and B0 is the amplitude of the applied magnetic field.
To identify the form of the magnetic couple for a SPM film, we have to analyse how the
magnetic field inside a SPM film depends on the applied magnetic field, the geometry
of the film and the magnetic properties of the film. To this end let us subject the
SPM film to an external magnetic field (Hx0 , Hy0 ). By assuming that the magnetization
induced by an applied field is uniform, we can calculate the magnetic field induced by
the magnetization H self (see appendix C):
(Hxself , Hyself ) = (−αMx , −βMy ) ,
where α = 2 tan−1 (h/L)/π and β = 2 tan−1 (L/h)/π are positive factors which depend
on the geometry of the film. The field H self is nearly in the direction opposite to the
magnetization, hence H self is called a demagnetizing field. For slender films h <<
L, the factor α approaches zero and the factor β approaches unity. This makes the
demagnetizing field to be negligible along the length (or tangential direction) and equal
to the magnetization in magnitude along the thickness (or transverse direction). The
magnetic field H in the film is the sum of the external field H 0 and the demagnetizing
field H self , see Eqn. 2.26. As the magnetization M and H are related through χ, we
have two equations that can be solved to find the magnetization:


Hy0
Hx0
.
, χ̂y
(Mx , My ) = χ̂x
1 + χ̂x α
1 + χ̂y β
The magnetization along the length is enhanced due to the shape of the film (through α
and β) and also due to the magnetic anisotropy (for χ̂y < χ̂x ). The magnetic flux density
reads B = µ0 (M + H 0 + H self ). It can be seen that the demagnetizing field H self has
the effect of decreasing the magnetic flux density. For a slender film, the magnetic flux
density in the thickness direction is nearly equal to the applied magnetic field (because
Hyself ≈ −My ), and along the length it is the sum of the magnetization and the external
magnetic field (because Hxself ≈ 0). As we know the magnetization in terms of the
applied magnetic field, we can calculate the magnetic couple (Nz ) acting on the film:
Nz =

µ0 H02 sin 2θ (χ̂x − χ̂y + χ̂x χ̂y (β − α))
.
1 + αβ χ̂x χ̂y + αχ̂x + β χ̂y

(2.37)

The magnetic couple is directly proportional to the square of the applied field, depends on
twice the angle made by the magnetic field vector with the film, the difference in the susceptibility (magnetic anisotropy) and difference between α and β (geometric anisotropy).
The main message from Eqn. 2.37 is that for a magnetic couple to act on the film, we need
an anisotropy - either magnetic or geometric. As the magnetic cilia are thin magnetic
films, a shape anisotropy is always present.

Chapter 3

Asymmetric configurations

Abstract
In this chapter we mimic the efficient propulsion mechanism of natural cilia by
magnetically actuating thin films in a cyclic but non-reciprocating manner. By simultaneously solving the elasto-dynamic, magnetostatic and fluid mechanics equations, we show that the amount of fluid propelled is proportional to the area swept
by the cilia. By using the intricate interplay between film magnetization and applied field we are able to generate a pronounced asymmetry and associated flow.
We delineate the functional response of the system in terms of three dimensionless
parameters that capture the relative contribution of elastic, inertial, viscous and
magnetic forces.

3.1

Introduction

A rapidly growing field in biotechnology is the use of lab-on-a-chip devices to analyse
bio-fluids (Laser & Santiago, 2004; Whitesides, 2006; Chang et al., 2007). Such fluids
have to be preprocessed (for example, mixed with other fluids (den Toonder et al., 2008))
and transported to and from one or many micro-chambers where the biochemical analyses are performed. The microfluid transport through these stages is usually performed
by downscaling conventional methods such as syringe pumps (Schilling et al., 2002; Jeon
et al., 2000), micropumps (Laser & Santiago, 2004), or by exploiting electro-magnetic
actuation, as in electro-osmotic (Zeng et al., 2002; Chen et al., 2003) and magnetohydrodynamic devices (Lemoff & Lee, 2000; Homsy et al., 2000). However, when transporting
biological fluids (which usually have high conductivity), the use of electric fields may induce heating, bubble formation and pH gradients from electrochemical reactions (Studer
et al., 2004; Wu et al., 2007; Bruss et al., 2004). In this chapter, we explore a new way
to manipulate fluids in microfluidic systems, inspired by nature, through the magnetic
actuation of artifical cilia.
Fluid dynamics at the micrometre scale is dominated by viscosity rather than inertia.
This has important consequences for fluid propulsion mechanisms (Purcell, 1977). In
particular, mechanical actuation will only be effective in propelling fluids if their motion
is cyclic, but asymmetric in shape change. Nature has solved this problem by means of
hair-like structures, called cilia, whose beating pattern is asymmetric and consists of an
effective and a recovery stroke (Murase, 1992). While natural cilia use an internal forcing
system based on motor proteins (dyneins), the key challenge for its artificial equivalent
Based on Khaderi, et al. Nature-inspired microfluidic propulsion using magnetic actuation, Physical
Review E, 2009, 79, 046304.
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Figure 3.1: Schematic side view of the microfluidic channel used in the simulations. The
unit-cell used is shown using dashed lines.

is the design of an externally-applied loading system that will generate a similar nonreciprocating motion. Recently, electrostatic artificial cilia have been experimentally
shown to induce effective micro-mixing (den Toonder et al., 2008). In addition, magnetic
fields are also used to induce flow, but the asymmetry generated was found to be relatively
small (Gauger et al., 2009). In this chapter we report on the identification of four
magnetically-driven configurations that can exhibit an asymmetric motion. We will
show that the fluid propelled is linearly proportional to the swept area by the film (the
configurational space). The first configuration is based on a partially magnetic film that
can have different stiffnesses during the effective and recovery stroke. The next two
are based on a magnetic instability that develops when the applied magnetic field is
opposite to the direction of the magnetization in a permanently magnetic film. In the
fourth configuration we will demonstrate that asymmetry can be achieved in a superparamagnetic film, based on the intricate inter-play between the geometry of the film,
the externally-applied field and the induced magnetization.

3.2

Results

We use the numerical model developed in chapter 2 to study a periodic arrangement of
cilia in a microfluidic channel of height 5L, with the cilia spaced 5L apart in the limit of
low Reynolds numbers, where L is the length of the cilia. A square unit-cell is identified
consisting of one cilium. No-slip boundary conditions are applied at the top and bottom
boundaries of the channel and periodic boundary conditions at the left and right ends
of the unit-cell (see Fig. 3.1). The fluid has a viscosity µ = 1 mPas. The film has a
3
thickness h = 2 µm, an elastic modulus of 1 MPa and a density ρ = 1600 kg/m , unless
mentioned otherwise. In the following, the Eulerian fluid mesh is not shown for clarity.

3.2.1

Partly magnetic film with cracks.

Early studies on the mechanical properties of a cilium, when no information on the
microstructure was available, showed that the natural cilium has a larger stiffness during
the effective stroke compared to the recovery stroke (Gray, 1922). Because of the large
stiffness, the cilium does not deform during the effective stroke, while due to the low
stiffness the drag forces cause the cilium to deform considerably so that it stays closer to
the cell boundary during the recovery stroke. To use this concept the magnetic film needs
to possess a large bending stiffness in the effective stroke while pushing the fluid and to
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2
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3
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1

Applied field

Effective
Recovery

Figure 3.2: Film with cracks with only a part (20% of the length) near the fixed end magnetized. Instances 1, 2, 3, 4 and 5 refer to a time of 5, 11, 20, 27 and 30 ms, respectively. The
arrows show the direction of the applied field.

possess a low stiffness during the recovery stroke. This can be achieved by introducing
cracks on one side of the film and by making only a portion of the film magnetic. The
film, which is straight initially, is attached at the left end and has cracks of size 1
µm at the bottom. As only a part of the film is magnetic, it behaves like a flexible
oar (as also mentioned by Purcell (1977)). Only 20% of the film near the fixed end is
magnetic. The assumed remnant magnetization is 15 kA/m, with the magnetization
vector pointing from the fixed end to the free end. The applied magnetic field (B0 = 75
mT) initially points in the positive x-direction, after which it is rotated by 180◦ in the
counterclockwise direction in 20 ms and then rotated back to the initial position in the
next 10 ms, thereafter this cycle is repeated. The movement of the film under the action
of the applied magnetic field is shown in Fig. 3.2. When the external magnetic field is
applied, for the first 20 ms, the magnetic couples act on the magnetized portion of the
film in a counterclockwise manner. The drag forces are acting on the top part of the film,
which close the cracks and make the film stiff. The cilium thus remains nearly straight
and rotates about the fixed end to perform the effective stroke (see instances 1, 2 and 3
in Fig. 3.2). When the applied field rotates back to the initial position during the next
10 ms, the drag forces act on the bottom part of the film which open the cracks making
the film floppy and bend it (see instances 4 and 5 in Fig. 3.2). Such an interaction of
magnetic couples, elastic forces and drag forces leads to an asymmetric motion, as can
be seen from Fig. 3.2.

3.2.2

Buckling of a straight magnetic film

In this configuration, a straight horizontal magnetic film with a perturbation is used
to achieve an asymmetric motion. The film considered here has a uniform remanent
magnetization of 15 kA/m with the direction of magnetization pointing from the fixed
end of the film to the free end. When an external magnetic field is applied in the direction
opposite to the film’s magnetization, there will be no resulting magnetic couple when the
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Effective
Recovery

Applied field
Trajectory of
the free end

5
4

3
2
1

Figure 3.3: Asymmetric motion of a perturbed permanently magnetic film. The magntization
points from the fixed to free end. During instances 1 and 2, the cilium buckles and exhibits a
recovery stroke and during instances 3, 4 and 5 it performs effective stroke. Instances 1, 2, 3, 4
and 5 correspond 2, 10, 12, 15 and 20 ms, respectively.

film is straight, hence the film will not move. However, if the film is not initially straight
but given an initial perturbation, due to, for instance, manufacturing imperfections, then
it will buckle under the influence of the external magnetic field. By assuming a uniform
magnetization in the film and neglecting drag forces, the critical magnetic field that will
cause buckling can be calculated (see Appendix I). Figure 3.3 shows the asymmetric
motion due to the buckling of a magnetic film. The length of the film is 100 microns.
The external magnetic field is linearly increased from zero to a maximum of B0 (25 mT)
in the direction opposite to the magnetization in the film in 15 ms. Then it is rotated
by 180◦ degrees in the clockwise direction in the next 15 ms, after which it is reduced to
zero in the next 1 ms and the cycle is repeated. At instant 1 in Fig. 3.3 when the film is
nearly horizontal the magnitude of the counterclockwise magnetic couple acting on the
film is low. Under the influence of this magnetic couple, the film buckles to instances 2
and 3 and performs the recovery stroke. When the applied field is rotated by 180◦ in
the clockwise direction, the film follows the applied field to perform the effective stroke
and comes back to the initial position (instances 4 and 5). The effective fluid propulsion
takes place when the film returns to the initial position.

3.2.3

Curled permanently magnetic film

The effect of the buckling-induced recovery stroke can be enhanced by choosing the
initial geometry of the film to be a quarter of a circle with radius 100 µm, see instant 1
in Fig. 3.4(a). The direction of the magnetization is along the film with the magnetization
vector pointing from the fixed end to the free end. The remanent magnetization of the
film is taken to be Mr = 15 kA/m. A uniform external field of magnitude B0 = 13.3
mT is applied at 225◦ to the x axis from t = 0 ms to t = 1 ms and then linearly reduced
to zero in the next 0.2 ms. The results of the non-reciprocating motion of the film in
the fluid during magnetic actuation are shown in Fig. 3.4(a). When the external field is
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Figure 3.4: Buckling of a curled permanently magnetic (PM) film as a result of magnetic
actuation, during the propulsion of fluid. (a) Snapshots of the film at 0 ms, 0.3 ms, 0.6 ms, 1.1
ms and 3 ms. (b) Normalised torque distribution along the film corresponding to the snapshots
shown in (a).

applied, clockwise torques (Nz is the magnetic body torque) are acting on the portion
near the fixed end of the film while near the free end counter-clockwise torques develop
(see instance 1 in Fig. 3.4(b)). Under the influence of such a system of moments, the
film undergoes a buckling-kind of instability. This can be nicely seen from instances
1 and 2 in Figs. 3.4(a) and 3.4(b). During this stage the position of zero torque is
almost fixed, while the torques at the free end increase. This causes the film to snap
through to configurations 3 and 4 during which the zero-torque position travels to the
fixed end. Clearly, the initially opposing directions of the internal magnetization and
the applied magnetic field are essential in generating an instability that causes a large
bending deformation during application of the field. Then, the applied field is reduced
to zero and the film returns to the initial position through instance 5 in Fig. 3.4(a).
Note that the propulsive action in the effective stroke (red) takes place during the elastic
recovery of the film, while the film stays low in the recovery stroke due to the bucklingenforced snap-through.

3.2.4

Super-paramagnetic film

For a PM film the torques are maximum when the local magnetic film is perpendicular
to the (remanent) magnetization. For a super-paramagnetic (SPM) film, however, the
magnetization is induced by the field itself, posing different requirements on the applied
magnetic fields in order to deform the film. A straight, magnetically anisotropic SPM film
(having susceptibilities 4.6 and 0.8 in the tangential and normal directions, respectively
(van Rijsewijk, 2006)), is subjected to a magnetic field with magnitude B0 = 31.5 mT
that is rotated from 0◦ to 180◦ in t = 10 ms and then kept constant during the rest
of the cycle. The film has a length L = 100 µm. Its cross-section is tapered, with the
thickness varying linearly along its length, having h = 2 µm at the left (attached) end and
h = 1 µm at the right end. Figure 3.5(a) shows that in the effective stroke the portion of
the beam near the free end is nearly straight. This is due to the fact that in this region
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Figure 3.5: Motion of a super-paramagnetic (SPM) film in a rotating magnetic field, during
the propulsion of fluid. (a) Snapshots of the film at 0 ms, 2.5 ms, 5.0 ms, 7.5 ms and 8.5 ms.
(b) Normalised torque distribution along the film corresponding to the snapshots shown in (a).
Here µ0 is the permeability of vacuum, h is the thickness at position ζ and hζ=0 is the thickness
at the fixed end.

the film can easily follow the applied field so that the field and magnetization are almost
parallel, causing the magnetic torque to be low in this region of the film (instances 2, 3
and 4 in Fig. 3.5(b)). When the film has reached position 4, the magnetization in the
film is such that the torques are oriented clockwise near the fixed end and anticlockwise
near the free end, resulting in strong bending of the film. From Fig. 3.5(b) it can be
seen that during the recovery stroke (shown using circles) the position of zero torque
propagates from the fixed end to the free end (from instance 4 to 5). Here the tapering
is essential, causing the torque per unit length to be higher at the fixed end, allowing
the film to recover to the initial position (1). The generated asymmetric motion is very
similar to that of natural cilia (Murase, 1992). It is to be noted that the film recovers in
the presence of an applied magnetic field. This sensitive interplay between stored elastic
energy and controlled applied field can be exploited to provide a large asymmetry in
motion.

3.2.5

Fluid propelled

Next we analyse how much fluid is propelled by the cilia. The asymmetry is large only
in the cases of the curled permanently magnetic film and tapered super-paramagnetic
film; hence, we analyse only these cases. We record the fluid volume transported through
the channel per cycle and per unit out-of-plane thickness, giving an area flow per cycle
(or volume flow per unit width). As a measure for the asymmetry, we compute the
area swept by the free end of the film during one cycle (i.e. the area enclosed by the
dashed lines in Figs. 3.4(a) and 3.5(a)) and vary this area by tuning the magnitude of
the applied magnetic field (all other parameters remain unchanged). Figure 3.6 shows
the area flow per cycle as a function of the swept area for several different cases. We
have normalised both quantities by the maximum area that the tip can sweep, πL2 /2.
For three values of the magnetic field we plot the film tip trajectories for the PM and
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Normalised area flow

SPM configurations. The cycle times are 35 and 10 ms, respectively. The flux across
the channel shows a linear dependence on the swept area. A similar result has been
reported by Golestanian & Ajdari (2008) where it is shown that the velocity of a three
sphere swimmer is proportional to the area swept in the configurational space. Due to
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Figure 3.6: Variation of normalised area flow with swept area.

the linear correlation between the swept area and the fluid flow, the swept area can
be used as a measure of effectiveness of the actuator, representing the fluid volume
displaced. This allows uncoupling the magneto-mechanical motion of the cilia from the
computationally-intensive fluid dynamics calculations. Instead, we account for the fluid
by means of velocity-proportional drag forces (using resistive force theory (Johnson &
Brokaw, 1979)) on the cilia, with the drag coefficients calibrated to the coupled solid-fluid
model (see appendix H).

3.2.6

Parametric study

To identify the dimensionless parameters that govern the behaviour of the system, we
start from the virtual work equation for the film , neglecting the axial deformations:
Z
Z
Z
Z
∂δv
∂2v
∂v
∂ 2 v ∂ 2 δv
dx
+
ρA
δvdx
−
N
Adx
+
Cy δvbdx = 0,
(3.1)
EI 2
z
2
2
∂x ∂x
∂t
∂x
∂t
where I = bh3 /12 is the second moment of area with b the out-of-plane thickness, A = bh
is the cross-sectional area of the film and v is the transverse displacement. In the virtual
work equation the first, second, third and last terms respectively represent the virtual
work done by the elastic internal bending moments, the inertial forces, the magnetic
couple and the fluid drag forces. We introduce the dimensionless variables V , T and X,
such that v = V L, x = XL and t = T tref, where L is a characteristic length (taken to be
the length of the film) and tref a characteristic time. Substitution of these variables in the
virtual work equation and normalisation with the elastic term reveals the three governing
dimensionless numbers: the inertia number, In = 12ρL4/Eh2 t2ref , i.e. the ratio of inertial
to elastic force, the magnetic number Mn = 12Nz L2 /Eh2 , i.e. the ratio of magnetic to
elastic force and the fluid number Fn = 12Cy L4 /Eh3 tref , the ratio of fluid to elastic
force. By substituting the torque expression for the two different magnetic materials,
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the magnetic number Mn for the PM film is linear in the applied field, 12Mr B0 L2 /Eh2 ,
while for the SPM film it is quadratic, 12B02 L2 /µ0 Eh2 .
We proceed by exploring the functional response of the system in terms of the swept
area and cycle time, in dependence of the three dimensionless parameters. We analysed
many different combinations of In , Mn and Fn , the results of which are summarized in
Figs. 3.7(a)-3.7(c) for the PM system and in Figs. 3.7(d)-3.7(f) for the SPM system.
Figs. 3.7(a) and 3.7(d) show the swept area as a function of Mn for several combinations
of In and Fn . The combinations are indicated by the different symbols, corresponding to
specific locations in Figs. 3.7(b) and 3.7(e). The effect of all three parameters can also
be nicely summarised by analysing what magnetic number and cycle time is needed to
sweep a normalised area of 0.2, for a given range of In and Fn values (see Figs. 3.7(b),
3.7(c), 3.7(e), 3.7(f)). The swept area increases with Mn reaching a maximum of 0.4 for
the PM system (see Fig. 3.7(a)), while values of 0.7 can be reached by the SPM system
(see Fig. 3.7(d)). For both systems the Mn needed strongly increases with Fn . In other
words, for a given elastic parameter set, larger magnetic forces are needed to overcome
the drag forces imposed by the fluid (see Figs. 3.7(a), 3.7(b), 3.7(d) and 3.7(e)). It can be
seen from Figs. 3.7(a) and 3.7(d) that the effect of Fn is gradual for the PM system, while
for the SPM case it is absent for small Fn , but suddenly kicks in for Fn larger than 10.
In addition, the inertial forces assist in generating asymmetry for both cases, although
for the SPM system inertial effects are only triggered for very large fluid numbers (see
Fig. 3.7(d)).
For the analysis of the normalised cycle time the reference time was taken to be the
time during which the field was applied (PM) or rotated (SPM). It was observed that
the cycle time dependence on Mn and In was very weak and mostly completely absent.
The only clear dependence found was on Fn which we show in the inset of Figs. 3.7(a)
and 3.7(d) in terms of the normalised cycle times averaged over all different Mn values
analysed and in Figs. 3.7(c) and 3.7(f) as the time required to sweep a normalised area
of 0.2. For the PM case the effective stroke is generated through the elastic recovery
of the deformed film, without noticeable effect of inertial forces. For such overdamped
systems the time taken by the system to return to the initial position scales linearly
with Fn , the ratio of fluid to elastic forces. The variation of normalised cycle time with
Fn for the SPM case is much smaller. This is due to the fact that the total cycle is
performed in the presence of magnetic forces. For small Fn and In the mean normalised
cycle time (see Fig. 3.7(f)) is approximately equal to one; only for large Fn and In
the cycle time is increased. At large Fn the system relies on the recovery (going from
instance 5 to instance 1 in Fig. 3.5) of the curved tip against high viscous forces (see
Figs. 3.7(d), 3.7(f)). The systems demonstrate an underdamped behaviour at large In
values causing inertial forces to generate large oscillations leading to a larger normalised
time (see Fig. 3.7(f)). For a normalised area of 0.2 the response of both systems in the
range In < 0.1 and Fn < 10 is quasi-static, i.e. independent of inertial and viscous
effects.

3.3

Summary

To summarize, we have proposed and analysed magnetic artificial cilia which can transport fluid in microfluidic channels. The main result is that we have found four actuation
mechanisms, of which two can display a pronounced asymmetric motion. One configu-
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Figure 3.7: Functional response of the PM system (top row, (a)-(c)) and the SPM system (bottom row, (d)-(f)). (a) (d) Normalised swept
area as a function of Mn for several combinations of In and Fn , corresponding to the symbols of Figs. (b) and (e). The inset shows the mean
normalised cycle time as a function of Fn . The mean is obtained by averaging all times corresponding to the data points that make up the
specific Mn -swept area curve. (b) (e) Contours of Mn needed to sweep a normalised area of 0.2 for a wide range of In and Fn values. (c) (f)
Contours of normalised cycle time corresponding to (b) and (e).
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ration is based on the buckling of a permanently magnetic film and the other is based
on the intricate interaction between the applied field and the magnetization in a superparamagnetic film. We have shown that the fluid propelled is linearly proportional to
the area swept by the film, which has so far only been shown for a non-actuated kinetic
system (Najafi & Golestanian, 2004). Finally, we have identified the range of dimensionless parameters for which the artificial cilia exhibit an optimal behaviour. The analysis
presented can be used as a guideline to make artificial cilia for microfluidic transport in
lab-on-a-chip systems.

Chapter 4

Effect of cilia spacing and channel height

Abstract
In chapter we quantitatively analyse the performance of magnetically-driven artificial cilia for lab-on-a-chip applications. To perform the analysis we use a coupled
magneto-mechanical solid-fluid model that accurately captures the interaction between the magnetic field, cilia and fluid. The performance of the artificial cilia is
characterised for two channel configurations that are of practical importance: An
open-loop and a closed-loop channel. We show that the flow and pressure head generated by the artificial cilia can be as high as 70 microlitres per minute and 11 mm
of water, respectively. The obtained results can provide guidelines for the optimal
design of magnetically-driven artificial cilia for microfluidic propulsion.

4.1

Introduction

A typical lab-on-a-chip system for the biochemical analysis of small volumes of fluids consists of a network of microfluidic channels that connect microchambers where dedicated
tests are carried out. One of the challenges in the design of these microfluidic/lab-ona-chip systems is to propel the fluids through the channels at these small (micro- and
submicrometer) length scales. Fluid transport can be generated through physical forces
such as electro-osmosis (Chen et al., 2003; Zeng et al., 2002), magneto-hydrodynamics
(West et al., 2002), acoustic streaming (Marmottant & Hilgenfeldt, 2003), or by downscaling conventional pumping systems (Laser & Santiago, 2004; Jeon et al., 2000; Schilling
et al., 2002). Alternatively, nature can be used for inspiration by mimicking biological
fluid propulsion mechanisms by means of cilia, operative at typical microfluidic length
scales (den Toonder et al., 2008; Oh et al., 2009; van Oosten et al., 2009; Evans et al.,
2007; Dreyfus et al., 2005). Cilia are hair-like structures that cover e.g., the outer surface
of microorganisms (e.g. Paramecia) and the inner layer of mammalian trachea for the
expulsion of mucus from the lungs (Fulford & Blake, 1986), see Fig. 4.1.
At typical cilia and microfluidic length scales, viscous forces in the fluid dominate over
inertial forces and thus the Reynolds number is low. To effectively actuate fluids at low
Reynolds numbers an asymmetric motion is required, which, in nature, is provided by
ciliary beating through distinct effective and recovery strokes. Moreover, when many cilia
operate together, hydrodynamic interactions cause them to beat out-of-phase, leading
to the formation of metachronal waves, and an enhanced fluid flow (Satir & Sleigh,
1990). Many examples have appeared in the recent literature of synthesised artificial
Based on Khaderi, et al. Magnetically-actuated artificial cilia for microfluidic propulsion, Lab Chip,
2011, 11, 2002-2010.
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Figure 4.1: Cilia on the inner surface of mammalian trachea. These cilia work against gravity
expelling mucus from the lungs (www.differencebetween.net).

cilia for microfluidic applications, such as fluid mixing and transport. These artificial
cilia are actuated by various external forces, including electrostatic (den Toonder et al.,
2008), piezo actuation (Oh et al., 2009), light (van Oosten et al., 2009) and magnetic
(Evans et al., 2007; Fahrni et al., 2009; Shields et al., 2010; Timonen et al., 2010).
Different models have been developed to understand the behaviour of artificial cilia and
the related fluid motion (Kim & Netz, 2006; Gauger et al., 2009; Khaderi et al., 2009;
Baltussen et al., 2009; Alexeev et al., 2008a). The principal advantage of the modelling
not only lies in understanding the underlying physical behaviour of the artificial cilia,
but also in exploring their parameter space in search for an optimal design.
In the last chapter we designed nature-inspired super-paramagnetic artificial cilia
that exhibit an asymmetric motion when actuated by an external magnetic field, able
to generate microfluidic propulsion (see Fig. 4.2(c)). These artificial cilia can be realised
using thin polymer films, embedded by super-paramagnetic (SPM) nanoparticles, using
photolithography techniques and can be actuated by applying a rotating external magnetic field (see Fig. 4.3). It was shown, by means of coupled solid-fluid simulations, that
asymmetric motion can be achieved through the interaction between the applied field,
the magnetization of the cilia and the competing magnetic, elastic and viscous forces.
The flow generated was found to be proportional to the area swept by the cilia, see the
shaded region in Fig. 4.2(c).
In the present chapter we study how these magnetic artificial cilia should be designed
for typical lab-on-a-chip channel geometries, and how the generated flux and pressure
can be optimized. We answer these questions using a computational model that couples
all essential physical mechanisms (magneto-statics, solid dynamics and fluid dynamics)
to simulate fluid flow through a microchannel. Although the results presented are based
on magnetic artificial cilia, they are equally applicable to any ciliary system in which the
cilia exhibit an asymmetric and out-of-phase motion.
The chapter is organized as follows. In section 4.2 we briefly explain the computational model used. In sections 4.3.1 and 4.3.2, we analyse two different channel geometries
which are of practical interest: the closed-loop and the open-loop channel geometry, see
Fig. 4.2. We study how the generated pressure and fluid flow depends on the size and
spacing of the artificial cilia in relation to the height of the channel. Finally, conclusions
are drawn in section 4.4.

4.2. Computational model
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Computational model

We model the cilia as elastic Euler-Bernoulli beams taking into consideration geometric
non-linearity and inertia of the cilia in a Lagrangian framework. The magnetic field is
calculated by solving the Maxwell’s equations using a boundary element approach for
each ciliary configuration. The Stokes equations, which capture the behaviour of the fluid
flow at low Reynolds numbers, are solved within an Eulerian setting for the velocity and
pressure using finite elements. The velocity is interpolated quadratically, while the pressure is interpolated linearly within each element. The solid-fluid coupling is performed
by imposing the velocity of the cilia to be equal to the velocity of the fluid. This condition is enforced at the nodal points of the Euler-Bernoulli beam elements using Lagrange
multipliers (point collocation method) within a fictitious domain framework (van Loon
et al., 2006). Details concerning the governing equations and numerical implementation
can be found in chapter 2. The solution procedure can be summarized as follows. The
Maxwell’s equations are solved at every time instant to solve for the magnetic field, from
which the magnetic body couple acting on the cilia is calculated. This body couple is
provided as an external load to the implicitly-coupled solid-fluid model, which simultaneously solves for the cilia velocity, and the velocity and pressure of the fluid. The
velocity of the cilia is integrated using Newmark’s algorithm to calculate its new position, and this procedure is repeated. The particle tracking and streamlines calculations
are performed from the velocity field in the fluid using the visualization software Tecplot
(Tecplot, 2008).

Figure 4.2: Two possible applications of artificial cilia in microfluidics: (a) Closed-loop channel
and (b) open-loop channel. In the closed-loop channel, the cilia can be used to propel the fluid
inside a circular channel for a well-defined period of time. The closed-loop channel can, for
example, be used to perform a polymerase chain reaction (PCR). In the open-loop channel, the
cilia intake the fluid from one end of the channel and pump it to the other end. (c) Schematic
representation of the typical motion of a magnetically-actuated artificial cilium during its beat
cycle. The shaded region bounded by a dashed curve represents the area swept by the cilium.
The direction of motion of the cilium is shown using the arrow on the dashed curve. The effective
stroke is represented by the instances 1, 2 and 3, and the recovery stroke by the instances 4 and
5.
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Figure 4.3: Top-view of a surface covered with magnetic artificial cilia fabricated by the group
of Prof. Rühe at the University of Freiburg (Belardi et al., 2011). These magnetic artificial
cilia are polymer thin films manufactured using photolithography techniques and are embedded
with super-paramagnetic nanoparticles. Left: Artificial cilia in the unactivated state. Right:
Artificial cilia under the influence of a magnetic field.

4.3

Results and discussion

We study two channel configurations that are typically encountered in lab-on-a-chip
applications: (i) A closed-loop channel (see Fig. 4.2(a)), and (ii) an open-loop channel
(see Fig. 4.2(b)). In the closed-loop channel, fluid is initially pumped in by an external
device and then it is propelled around the channel. Closed-loop channels are used, for
instance, to perform polymerase chain reaction (PCR) (West et al., 2002). In an openloop channel we have well-defined inlet and outlet points for the fluid to enter and leave
the channel. The fluid is propelled by an array of artificial cilia inside the channel. For
example, the open-loop channel can be used to supply the fluid to a closed-loop channel.
For the closed-loop channel, we assume the radius of the loop to be much larger than the
width of the channel and the spacing between the cilia. In that case, the analysis can
be performed by using a periodic unit-cell which contains one cilium. However, in the
case of the open-loop channel there is a no periodicity due to the presence of the inlet
and outlet, and the analysis has to be performed with the channel containing multiple
cilia. The cilia span the entire width of the channels for an optimal performance (see
Fig. 4.2), and the width of the channels is taken to be larger than the height. As a result,
two-dimensional simulations are sufficient for both channel geometries.
The performance of the artificial cilia is quantified by the flux and pressure they can
generate. We describe the performance of the artificial cilia for a given set of parameters
as a function of the channel height H and cilia spacing a, normalised by their length L.
The following set of parameters are used: The length of the super-paramagnetic cilia (L)
is 100 microns, they have linearly varying tapered cross-section with a thickness being
h = 2 µm at the fixed end and 1 µm at the free end, an elastic modulus E = 1 MPa, and
density ρ = 1600 kg/m3 . The fluid viscosity µ = 1 mPas. The super-paramagnetic cilia
are subjected to a magnetic field with magnitude B0 = 31.5 mT that is rotated from 0◦
to 180◦ in t = 10 ms and then kept constant during the rest of the cycle. At 0◦ , the
magnetic field is directed along the original length of the cilia (instance 1 in Fig. 4.2(c)).
The anisotropic magnetic susceptibilities of the cilia are 4.6 along the length and 0.8
along the thickness (van Rijsewijk, 2006).
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(a) Effective stroke
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(b) Recovery stroke

Figure 4.4: Velocity field and streamlines during the effective stroke (a) and recovery stroke
(b) for H = 2L, a = 2L. The contours represent the absolute velocity along the channel
(positive to the left) normalised with L/tref . The dashed box represents the unit-cell used for
the simulations. The top and bottom boundaries of the unit-cell are no-slip boundaries, while
the left and right are periodic in velocity. The magnetic field is shown by black arrows.

4.3.1

Closed-loop channel

The unit-cell for the closed-loop channel has a width a and height H, containing one
cilium of length L (see the dashed box in Fig. 4.4). The top and bottom surfaces of
the unit-cell are no-slip boundaries, while the left and right boundaries are periodic in
velocity. This results in a pressure distribution which is also periodic, so that no pressure
gradient can be generated by the closed-loop channel.
The velocity field in the closed-loop channel during the effective and recovery stroke
is shown in Fig. 4.4 for H/L = 2 and a/L = 2. The effective stroke is to the left,
during which the cilia remain straight and rotate about their fixed end (see Fig. 4.4(a)),
thus propelling a large amount of fluid to the left. During the recovery stroke, the cilia
become curved and stay closer to the bottom boundary (see Fig. 4.4(b)), propelling less
fluid compared to the effective stroke. The fluid transported shows a pulsating behaviour,
but since the flux transported during the effective stroke is larger than during the recovery
stroke, the net fluid transport occurs in the direction of the effective stroke (i.e., to the
left).
To obtain the fluid flow created, we first integrate the velocity field over the height
of the channel (at e.g., the inlet), which is then integrated over the ciliary cycle time to
give the net “area flow” per cycle. Figure 4.5 shows the area flow per cycle normalised
by (πL2 /2), as a function of the cilia spacing a/L for various channel heights H/L. Also
shown is the corresponding volume flow assuming an out-of-plane channel width of 1
mm. It can be seen that the flow decreases as the cilia spacing is increased. There
can be two reasons for the decrease in the flow. Firstly, a decrease in the area swept
by the cilia tip decreases the area flux (Khaderi et al., 2009). Secondly, when the cilia
spacing is increased, the fluid drag forces imposed by top and bottom channel surfaces
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increase and thus the flux gets reduced. It can be seen from Fig. 4.5 that the swept
area shows a minor increase for large a/L, indicating that only a limited amount of
hydrodynamic interaction is operative when the cilia move apart. Hence, the reduction
in flow (as we increase the spacing) is only due to increased fluid viscous forces when the
cilia spacing becomes larger. It can also be observed from Fig. 4.5 that the fluid flow
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Figure 4.5: Volume flow (left axis), area flow (left axis) and area swept (right axis) as
a function of the cilia spacing (a/L) for different channel heights (H/L) for the closed-loop
channel, L is the cilia length. The solid lines correspond to the left axes, and the dashed lines
correspond to the right axis. The volume flow is calculated by taking the out-of-plane width of
the channel to be 1 mm. The fluid flow increases when the cilia spacing is decreased, and when
the channel height is increased. The area swept by the cilia is not substantially influenced by
either the cilia spacing or the channel height.

scales almost linearly with the height of the channel. When the height of the channel is
substantially larger than the cilia length (H > L), the cilia can be considered to create
a fluctuating Couette flow (shear flow) in the channel, with the top boundary being a
no-slip boundary and the bottom boundary being displaced with a tangential velocity as
imposed by the cilia. In such cases, the flow scales linearly with the height of the channel
(Kundu & Cohen, 2008). The typical volume flow rates that can be created with the
current configuration is tens of microlitres per minute (for a frequency of 50 Hz), which
is comparable to the flow generated by typical dynamic pumps (Laser & Santiago, 2004).

4.3.2

Open-loop channel

Flux calculation
The open-loop microfluidic channel has well-defined inlets and outlets, between which
the fluid is propelled by an array of artificial cilia, see Fig. 4.6(a). As mentioned earlier,
the performance of any pumping device is characterised by the flux and pressure it
can generate. Different experimental set-ups are usually adopted to probe the flux and
pressure. The flux measurement for an open system is typically performed by maintaining
constant fluid levels at the inlet and outlet when the pumping mechanism is switched
on (Jang & Lee, 2000) (see Fig. 4.6(a), top). As a result, the actuating mechanism does
not have to work against a pressure gradient, but only has to overcome the frictional
resistance of the channel, as in the closed-loop channel of the previous section. The
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fluid that spills out at the outlet and that is replenished at the inlet equals the fluid
transported by the artificial cilia.
To perform numerical simulations, we neglect the frictional loss in the regions L1 and
L2 and model only the portion of the channel where the cilia are placed (see Fig. 4.6(a),
bottom). By assuming the left and right boundaries of the channel to be traction free,
we properly account for the constant fluid levels at the inlet and outlet. For a given
cilia spacing, we increase the number of cilia and compute the area flow per cycle. By
plotting the area flow as a function of cilia spacing a/L, we found that the open-loop
results converge to the closed-loop results depicted in Fig. 4.5 when large number of
cilia are used. From this it can be concluded that the dependence of the flux generated
by an open-loop channel on the channel height and cilia spacing is the same as that
of a closed-loop channel, in situations where sufficiently many cilia are present in the
open-loop channel1 .
Pressure calculation
The pressure in the open-loop channels is experimentally measured by comparing the
fluid heights between two capillary tubes at the inlet and outlet of the channel (Jang &
Lee, 2000; Chen et al., 2003) (see Fig. 4.6(b), top). When the pumping mechanism is
switched on, the initially equal fluid heights (h1 = h2 ) will become different. After this
transient phase, the system reaches a steady state in which h1 and h2 remain constant.
This level difference h1 − h2 gives the pressure difference generated by the pumping
system. In the numerical analysis, we neglect the transient phase during which the fluid
levels are changing, but focus on the steady state. At steady state, the fluid will be in
motion only near the artificial cilia. At a distance LD away from the cilia the velocity
will be zero (see Fig. 4.6(b), top). Within this region a circulating flow is established
that generates a mean pressure of ρgh1 and ρgh2 at the left and right of this region,
respectively2 . This gives a pressure difference ∆p = ρg(h1 − h2 ), with ρ the density of
the fluid and g the acceleration due to gravity.
Motivated by this, we choose our computational domain to comprise of a closed
channel containing multiple cilia, with the distance between the cilia and the left and
right channel boundaries being LD (see Fig. 4.6(b), bottom). We now choose LD to be
large enough, so that the fluid at distances larger than LD away from the cilia remains
static. By performing simulations for different heights and LD values, we found that the
minimum LD required is equal to the height of the channel (H). Figure 4.7 shows the
pressure field for LD = H, H = 2L, a = 2L and for 4 cilia (n = 4) at a particular instant
during the effective stroke. Since the effective stroke is to the left, the pressure builds
up to the left, and the fluid circulates clockwise in the channel.
We now calculate the pressure gradient by integrating the pressure difference ∆p
(between the left and right boundaries) over a cycle and Rdivide by the channel length
na3 . Figure 4.8 shows the normalised pressure gradient L cycle ∆pdt/nµa as a function
of normalised cilia spacing (a/L) for different channel heights. It can be seen that as the
cilia spacing and channel height decrease, the pressure gradient increases. The slope of
1 For

the heights and spacings studied, two cilia (n = 2, see Fig. 4.6(a)) placed in the open-loop channel
were found to be sufficient to retrieve the results of Fig. 4.5 within 8% error.
2 Assuming h and h to be much larger than the height of the channel.
1
2
3 We found that by changing the number of cilia in the channel for a fixed a (i.e., by varying n), the
pressure gradient remains unaffected for LD = H, so that it is sufficient to perform the calculations for
n = 1.
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(a)

(b)
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Figure 4.6: Schematic pictures representing the approaches taken to calculate the flow (a) and pressure (b) for an open-loop channel. (a) Flow
calculation: (Top) Experimental method: The cilia inside an open-loop channel intake the fluid from one end and pump it to the other end.
The levels of the inlet and outlet are maintained at the same elevation. (Bottom) Computational model: Simplified model to calculate the flow
through an open-loop channel. The pipings L1 and L2 are ignored for simplicity. (b) Pressure calculation: (Top) Experimental method: The
channel on both the ends is attached with capillary tubes. When the cilia operate, there will be a difference in the levels of the liquid between
the left and the right capillary tubes, which gives the pressure generated by the cilia. The fluid will be in motion only near the cilia, while far
away from the cilia (beyond a distance LD ) the fluid will be stationary. (Bottom) Computational model: In the simulations, the cilia are made
to operate in a closed channel with the distance between the left/right boundaries and the cilia is LD . The difference between the pressure
calculated on these two boundaries gives the pressure generated by the cilia.
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Figure 4.7: Pressure contours with multiple cilia for H/L = 2, a = 2L, n = 4 and LD = H.
Because the channel is closed, the fluid simply circulates in the channel. As the cilia are moving
to the left, we see a uniform positive pressure on the left boundary and a uniform negative
pressure on the right boundary. The gradual build-up of the pressure due to multiple cilia can
be seen.

a/L

Figure 4.8: Variation of the pressure gradient generated with cilia spacing a/L for different
channel heights (left axis). Also shown (right axis) is the corresponding pressure head generated
assuming a total channel length of 10 cm and fluid density of 1000 kg/m3 . The pressure
generated decreases when either the cilia spacing or the channel height increase. The inset
shows the pressure gradient as a function of the height of the channel for a = 2L. The pressure
generated decreasing drastically when the height of the channel is increased.

the lines in Fig. 4.8 is -1, indicating that the pressure jump ∆p generated by a cilium is
independent of the cilia spacing a. As a result, the total pressure difference generated
by an array of n cilia is simply n∆p. On the right axis of Fig. 4.8 the pressure head
generated assuming a total channel length of 10 cm and fluid density of 1000 kg/m3 is
shown. This pressure jump per cilium decreases with the height of the channel.
To investigate the height dependence we plot the pressure gradient as a function of
height for a = 2L in the inset of Fig. 4.8. The dashed line is a fit to the data in LogLog scale. The slope of the fitted line is -2.4. This relatively strong dependence on the
height of the channel may be related to two contributions - Firstly, the fluid can more
freely flow backwards as the height H is increased, so the cilia have to exert less force.
Secondly, the pressure on the boundaries is due to the force exerted by the cilia divided
by the boundary area. Since the boundary area scales with H, the pressure is further
decreased. It is to be noted that the maximum pressure generated by the cilia is 11 mm,
which is lower than the pressure generated by typical dynamic pumps (Laser & Santiago,
2004). Therefore, the artificial cilia can find applications in microfluidic channels where
the back pressure to be overcome is moderate.

38

4.4

4. Effect of cilia spacing and channel height

Conclusions

Attractive fluid manipulation systems can be created for lab-on-a-chip biochemical analysis by mimicking natural cilia. Using coupled solid-fluid simulations we have quantitatively studied the performance of magnetically-actuated artificial cilia, with a typical
length of 100 µm, in propelling fluids in a microfluidic channel, with the height of the
channel varying between 200 and 800 µm. Two practically-relevant cases were considered: An open-loop channel and a closed-loop channel. For efficient use, the artificial
ciliary systems should generate considerable flow and be able to operate against large
pressure gradients. From the analysis performed in this work, it follows that volumetric
flow rates on the order of 20-70 microlitres per minute and pressure heads of 0.2-11 mm
of water can be achieved by decreasing the spacing between cilia. However, simultaneously achieving a high pressure gradient and large flow by tuning the height for a given
inter-ciliary spacing is not possible, because the flow was found to increase linearly with
channel height, whereas the pressure gradient generated decreases with an increase in
height, following a power law with a slope of -2.4. The flow rates generated by the artificial cilia are of the same order as typical dynamic pumps (Laser & Santiago, 2004)
(for a frequency of 50 Hz), but the generated pressures are relatively low. This suggests
that the magnetic cilia can find application in channel configurations in which the back
pressure to be overcome is moderate. Our results can provide guidelines for artificial cilia
dimensions and spacings to achieve practically relevant microfluidic channel geometries
with optimal flow characteristics.

Chapter 5

Inertial effects in ciliary flows - artificial cilia

Abstract
Experimental and computational studies show that fluid inertia can improve the
mixing of fluids using artificial cilia. In this chapter, we explore whether such an
improvement is possible for the case of fluid propulsion as well. We systematically
study the fluid propulsion as a function of the Reynolds number and fluid number
and show that the fluid propelled can be enhanced only for certain combinations of
these parameters. For specific cases of the parameters the fluid propulsion occurs
in the direction of the recovery stroke. By exploring the complete parameter space
we show that the direction of the fluid transport can be changed by simply changing
the frequency of operation.

5.1

Introduction

In chapter 4, the fluid transported by artificial cilia was shown to be comparable to
typical electro-hydrodynamic pumps. We now investigate how the fluid transported can
be further improved with the help of fluid inertial forces. In recent work (den Toonder
et al., 2008; Baltussen et al., 2009) it was shown that the mixing of two fluids can be
significantly improved by increasing the fluid inertia. The presence of fluid inertia brings
in two effects. Firstly, there is a competition between the inertial forces and viscous
forces in the fluid. Secondly, a competition between the time taken for the momentum
to diffuse from the cilia into the channel and the frequency of cilia actuation is also
introduced. As mentioned in chapter 2, the former is governed by the flapping Reynolds
number (Ref ) and the latter by the diffusion Reynolds number (ReH ). At high Ref ,
the kinetic energy imparted to the fluid is not dissipated instantly and we see a flow
in the direction of the effective stroke during the recovery and vice-versa. However,
as we shall see, the inertia-caused flow due to the recovery stroke is obstructed by the
subsequent effective stroke, which leads to a higher flow in the direction of the effective
stroke compared to the recovery. This results in an increase of fluid transport at high Ref
compared to the Stokes regime. Although at finite ReH , the momentum of the cilia does
not instantaneously diffuse into the channel (which leads to low values of instantaneous
flux), it does not have any influence on the net fluid transported in a steady state. This
is proven using a simplified analytical model in appendix G.
In chapter 3, we showed that the asymmetric motion of the cilia does not depend
on the (solid) inertia number and that the magnetic number has the effect of increasing
Based on Khaderi, et al. Magnetically-actuated artificial cilia: the effect of fluid inertia and metachrony,
submitted.
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the area swept by the cilia. Therefore, we study the fluid transported as a function of
the fluid number Fn and Reynolds number Re1 for a constant magnetic number. By
exploring this parameter space we identified four aspects of fluid propulsion that are
associated with finite Reynolds numbers: (i) a unidirectional flow, (ii) a net fluid flow in
the direction of the recovery stroke, (iii) a larger quantity of fluid transported compared
to the Stokes regime and (iv) a change of the direction of the fluid transport by controlling
the frequency of operation.

5.2
5.2.1

Results
Uniform magnetic field: effect of fluid inertia

Cilia deformation and fluid flow at low Reynolds numbers
In this section we study the fluid propulsion created by a two-dimensional array of
tapered super-paramagnetic artificial cilia, which are actuated by a rotating magnetic
field,
Bx = B0 cos(ωt),
By = B0 sin(ωt),
(5.1)
which is uniform in space, B0 is the magnitude of the applied magnetic field, ω = 2π/tref
is the angular frequency and tref is the time period of rotation of the magnetic field.
Because the magnetic couple scales with sin 2ωt (see Eqn. 2.37), the time taken by the
cilia for one beat cycle tbeat = tref /2.
To perform the simulations, we take a unit-cell containing one cilium. The top and
bottom boundaries are no-slip boundaries and the left and right ends are periodic, see
Fig. 5.1. The fluid, Reynolds, magnetic and inertia numbers are set to 0.015, 0.001,
10.89 and 4.8 × 10−3 , respectively, indicating that the fluid forces are low compared
to the elastic forces, but are large compared to the fluid inertia forces. The values of
the dimensionless parameters correspond to L = 100 µm, E = 1 MPa, the thickness
of the cilia decrease linearly from h = 2 µm at the fixed end to 1 µm at the free end,
ρf = 0.1 kg/m3 , µ = 0.1 mPas, ρ = 1000 kg/m3 , B0 = 18.8 mT and the cycle time
tref = 2tbeat = 20ms. Note that the fluid density and viscosity are so chosen that the
Reynolds number and fluid number are low. These values can also be obtained for a
different set of fluid properties by properly tuning the frequency. The spacing between
the cilia a is equal to 2L. The magnetic susceptibilities of the cilia are 4.6 along the
length and 0.8 along the thickness (van Rijsewijk, 2006). For the simulations, each
cilium is divided into 40 beam elements and the fluid domain is divided in to 28×30
elements. The fluid propelled is characterised by two parameters: the net volume of the
fluid transported during a ciliary beat cycle and the effectiveness. The velocity field in
the fluid, at any x position, integrated along the channel height gives the instantaneous
flux through the channel. This flux when integrated in the direction of the effective
and recovery strokes gives the positive (Qp ) and negative (Qn ) flows, respectively (see
Fig. 5.1). Due to the asymmetric motion, the positive flow is larger than the negative
flow, generating a net area flow per cycle (Qp − Qn ) in the direction of the effective
stroke. The effectiveness, defined as (Qp − Qn )/(Qp + Qn ), indicates which part of the
totally displaced fluid is effectively converted into a net flow. An effectiveness of unity
represents unidirectional flow.
1 The

subscript ‘f’ from Ref has been omitted.
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Figure 5.1: A periodic unit cell used for the analysis is shown using the dashed lines.

The components of the magnetic field H in the coordinate system local to the cilia is
plotted in Figs. 5.2(a) and 5.2(b). The curves with square markers refer to the demagnetizing or self-field (H self , see Eqn. 2.26), the triangles refer to the applied magnetic
field (H 0 ) and the lines without marker refer to the total field. The magnetization and
magnetic couple are plotted in Figs. 5.2(c) and 5.2(d), respectively. Figure 5.2(e) shows
the deformed geometry of a typical cilium at different time instants. The blue arrow
heads and the red arrows represent the direction of the magnetization and the applied
magnetic field, respectively. The dashed curve represents the trajectory of the tip of
the cilium. The contours of absolute fluid velocity normalised with L/tbeat are shown in
Fig. 5.3(a)-5.3(f). The white arrows represent the applied magnetic field and the white
circles represent the fluid particles. The instantaneous flux and the evolution of total
flow during the beat cycle are shown in Fig. 5.3(g).
When a rotating magnetic field is applied, the free end of the beam nicely follows
the applied magnetic field (Figs. 5.3(a) and 5.3(b)), and is rotated through 135◦ to form
a ‘U’ bend near the fixed end (see instant (3) in Fig. 5.2(e)). From the magnetic field
distribution along the cilia at these instants (see Figs. 5.2(a) and 5.2(b)), it can be seen
that the demagnetization is stronger (due to the shape anisotropy) in the transverse or
thickness direction (Fig. 5.2(b)) compared to the tangential direction (Fig. 5.2(a)), which
reaches a maximum at a position on the cilia where the magnetic field is orthogonal to
the cilia. This occurs near the fixed end at time instant (2) and near the half-span
of the cilia at instant (3), see the corresponding instants in Fig. 5.2(e). The magnetic
field in the transverse direction is significantly lower than the applied magnetic field,
whereas this difference in the case of the tangential field is only marginal (see the lines
without markers and the lines marked with triangles in Figs. 5.2(a) and 5.2(b)). Because
of the formation of the ‘U’ bend, the magnetic field in the tangential direction changes
sign at time instant (3) of Fig. 5.2(e) (see the corresponding instant in Fig. 5.2(a)).
The magnetic field H in Figs. 5.2(a) and 5.2(b) leads to a magnetization as shown in
Fig. 5.2(c). It can be seen that the magnetization in the tangential direction is much
larger than that of the transverse direction (due to shape and magnetic anisotropy).
Therefore, the magnetization is always tangential to the cilia. The sign reversal of
the magnetic field at instant (3) leads to a direction reversal of the magnetization. In
the region between the ‘U’ bend and the free (or fixed) end the magnetization points
towards the free (or fixed) end. The magnetization vector (blue arrow heads) plotted
on the cilia in Fig. 5.2(e) clearly shows this behaviour. This magnetization interacts
with the applied magnetic field causing anticlockwise (positive) moments to act on the
portion of the film between the free end and the ‘U’ bend, making the film more curved,
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Figure 5.2: (a) Magnetic field tangential to the local coordinates of the cilia. (b) Magnetic
field transverse to the local coordinates of the cilia. Curves without markers and with triangle
and square markers represent the total, applied and demagnetizing field, respectively. (c) Magnetization of the cilia in local coordinates of the cilia (d) Magnetic body couple along the length.
(e) Deformed configurations of a typical cilium at different time instances. The blue arrow heads
represent the direction of the magnetization of the cilium and the thick red arrows at the free
end represent the applied magnetic field. Instances (1), (2), (3), (5) and (6) correspond to time
instances 0.15tbeat , 0.5tbeat , 0.8tbeat , 0.85tbeat and 0.89tbeat , respectively (see also Fig. 5.3). The
dashed line indicates the trajectory of the cilia tip, which encloses an area, termed the ‘area
swept’.
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and clockwise (negative) to moments act on the portion between the fixed end and the
‘U’ bend, making the film come back to the initial position (see instances (3) and (5) in
Fig. 5.2(d)). Due to the tapered nature of the film, the clockwise moments are larger
than the anticlockwise moments. Under the influence of such a system of moments, the
‘U’ bend propagates to the free end and the cilia come back to the initial position. From
Fig. 5.2(e), it can be seen that the artificial cilia show an asymmetric motion similar to
that of natural cilia (Childress, 1981). The dashed line represents the trajectory of the
cilia tip, which encloses an area, termed ‘area swept’. The amount of fluid propelled in
the Stokes regime scales linearly with the swept area (Khaderi et al., 2009). It is to be
noted that the effective stroke takes place for a longer duration of time than the recovery
stroke, while in natural cilia the opposite is the case (Childress, 1981).
Let us now analyse the fluid flow due to the ciliary motion. When the cilia move, they
set the fluid nearby into motion. The momentum diffuses to the rest of the fluid due to
the viscous forces. Since the viscous forces are large compared to the inertia forces, this
momentum diffuses instantaneously and the fluid velocity nicely follows the cilia velocity
at all time instants. The cilia create a positive flux (to the left) during the effective stroke
(see the instantaneous flux at the instances corresponding to Figs. 5.3(a) and 5.3(b) in
Fig. 5.3(g)), and drag back a part of the fluid creating a negative flux (to the right)
during the recovery stroke (see the instantaneous flux at the instances corresponding
to Figs. 5.3(c) - 5.3(e) in Fig. 5.3(g)). The evolution of the flow during the beat cycle
can be seen from the total flow created, shown using the solid line in Fig. 5.3(g). The
flow created by the cilia increases during the effective stroke and decreases during the
recovery. Due to the asymmetric motion of the cilia, the positive flow is larger than
the negative flow; the cilia create a net flow of magnitude 0.2 (in units of πL2 /2) to
the left by the end of the cycle (t = tbeat ). In the process of creating this flow, the
cilia push the fluid back and forth, which leads to a low value of the effectiveness (0.2).
The position of the fluid particles (which formed a straight line at the beginning of the
beat cycle) at the end of the beat cycle provides a Lagrangian perspective of the fluid
transported. The recovery stroke takes place with a whip-like motion of the cilia in
a short duration of time, which leads to a larger instantaneous fluid velocity and flux
during the recovery stroke than the effective stroke (compare instances (4) and (5) with
(1) and (2) in Fig. 5.3). As the Reynolds number is low, the kinetic energy input by
the cilia is instantaneously dissipated due to the large viscous forces. Therefore, even
if the cilia impart a large velocity to the fluid during the whip-like recovery stroke (see
Figs. 5.3(d) and 5.3(e)), the velocity and flux drop to zero as soon as the cilia have
returned to the initial position (see Fig. 5.3(f) and instant (6) in Fig. 5.3(g)). It is to be
noted that due to the low viscous forces (compared to elastic forces) the cilia complete
the beat cycle in 0.89tbeat. The cilia remain idle in this ‘dead’ position until the start of
the next cycle.
Parametric study: effect of Reynolds number
In this section we characterise the response of the microfluidic actuator as a function of
the dimensionless numbers that govern the behaviour of the system. The flow through
the microfluidic channel depends on the inertia number In , fluid number Fn , magnetic
number Mn and Reynolds number Re (see section 2.3). The effect of the fluid number,
inertia number and magnetic number in the limit of low Reynolds number was studied in
(Khaderi et al., 2009). It was shown that the inertia number does not play a major role
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Figure 5.3: (a)-(f) Contours of absolute velocity (normalised with L/tbeat ) at different time
instants. The direction of the velocity is given by the streamlines and the white arrows represent
the magnetic field at the respective time instances. The circles represent fluid particles. The
parameters used are Fn = 0.015, Re = 0.001 and Mn = 10.89. Four unit-cells are shown for
clarity. (g) Instantaneous flux and accumulated flow as a function of time. The time instances
corresponding to (a)-(f) are duly marked.

and when the fluid number is increased (for a given magnetic number) the asymmetry
(and therefore the flow) decreases. Hence, in this section we study the flow through the
microfluidic channel as a function of the fluid number and the Reynolds number for a

45

5.2. Results

Positive flow

Flow/(πL2/2)

0.6

Negative flow

0.4

0.2

Total flow
0

-0.2
10-3

10-2

10-1

100

101

Re
Figure 5.4: Flow at the end of one cycle as a function of Reynolds number (Re) for Fn = 0.015
and Mn = 10.89. Fluid propelled by the cilia in the direction of the effective and recovery stroke
are termed as positive (Qp ) and negative (Qn ) flows (see also figure 5.1).

given magnetic number.
The area flow is plotted as a function of the Reynolds number (Re) for a fluid number
(Fn ) of 0.015 and a magnetic number of 10.89 in Fig. 5.4. As the Reynolds number is
increased, the net flow changes direction so that the fluid propelled is in the direction
of the recovery stroke (dashed box). On increasing the Reynolds number further, the
fluid flow reverses direction again and flow occurs in the direction of the effective stroke.
It is to be noted that the flow created at high Reynolds number is larger than that of
the Stokes regime. To segregate the contributions to the net fluid flow, we also plot the
positive and negative flow created in Fig. 5.4. When the Re is increased, the positive
flow remains nearly constant, but the negative flow increases and causes the area flow
to decrease. On a further increase of Re, the negative flow reaches a maximum, after
which the positive and negative flow start decreasing. At high Re, the positive flow starts
increasing again. We now investigate what mechanisms are involved that drive the flow
direction reversal at moderate Reynolds number (Re ≈ 1) and what causes a higher flow
at high Re compared to the Stokes regime.
Before proceeding any further we would like to restate the importance of fluid inertia.
At high Reynolds numbers, the viscous forces are relatively low. The energy input to the
fluid during the effective and recovery stroke is not instantly dissipated, but is carried
over to the next recovery and effective stroke, respectively (effect of Ref ). Also, at high
Reynolds numbers, the diffusion from the cilia to the fluid takes place over a finite interval
of time (effect of ReH ). As a result, the fluid velocity field does not instantaneously follow
the velocity of the cilia.
At Reynolds number Re = 1, the velocity diffusion time tdiff is finite (effect of ReH , see
section 2.3). The velocity of the fluid does not follow the cilia velocity instantaneously.
This causes a negative velocity only near the bottom half of the channel during the
recovery stroke (see Figs. 5.5(b)-5.5(d)), and a consequent reduction of the maximum
flux transported at (Re ≈ 1) (compare instant (3) in Fig. 5.5(e) against instant (5) in
5.3(g)). As the fluid number is low (Fn = 0.015), the cilia return to the initial position
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Figure 5.5: (a)-(e) Contours of absolute velocity (normalised with L/tbeat ) at different time
instants. The direction of the velocity is given by the streamlines and the white arrows represent
the magnetic field at the respective time instances. The circles represent fluid particles. The
parameters used are Fn = 0.015, Mn = 10.89 and Re = 1. Four unit-cells are shown for
clarity. The legend for the contours is the same as that of Fig. 5.3. (e) Instantaneous flux and
accumulated flow as a function of time. The time instances corresponding to (a)-(d) are duly
marked.

before t = tbeat and remain idle in the dead position (Figs. 5.5(c)-5.5(d)) until the start
of the next cycle. As the viscous forces are comparable to the inertia forces, the kinetic
energy input to the fluid during the whip-like recovery stroke, is not dissipated instantly,
but creates a large negative flow during the dead position and during the initial part of
the effective stroke (Fig. 5.5(d) and 5.5(e)). This causes an increase of the negative flow
during recovery stroke compared to the Stokes regime, despite the lower instantaneous
flux. Consequently, during the first half of the subsequent effective stroke, the cilia have
to spend energy in cancelling the negative flow, instead of creating a positive flow. Hence,
the positive flow is lower than that of the Stokes regime. This leads to flow direction
reversal at moderate Reynolds numbers.
Next, we analyse the flow behaviour at a Reynolds number Re = 10 (see Fig. 5.6).
At Re = 10, the viscous forces are so low compared to inertial forces that they do not
dissipate the energy input to the fluid during the effective stroke. This can be seen from
the continuous fluid velocity in the direction of the effective stroke near the top of the
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channel (see the contour plots of the absolute velocity in Fig. 5.6). This leads to an
increase of the positive flow. It is to be noted that because of resistance offered by the
fluid inertia forces to the cilia motion, they return to the initial position at t ≈ tbeat ,
reducing the idle time in the dead position to zero (see Fig. 5.6(f)). The effect of the
increased tdiff is to restrict the fluid velocity in the negative direction to a narrow region
close to the cilia (see Figs. 5.6(e) and 5.6(f)). This reduces the maximum negative flux
even further (compare instant (3) in Fig. 5.5(e) against instant (e) in 5.6(g)). In this
situation (low maximum negative flux and the absence of the dead position) the high
energy input during the recovery stroke cannot create a substantial flow, because the
next effective stroke already starts and effectively blocks the negative flow. This leads to
a low negative flow compared to Re = 1. The total flow created by the cilia at the end
of the cycle is 0.32 in units of πL2 /2 (see Fig. 5.6(g)), which is higher than that of the
Stokes regime (0.2). This can also be observed from the position of the fluid particles
at the end of the beat cycle. The fluid particles have undergone a larger displacement
(Fig. 5.6(f)) compared to the Stokes regime (Fig. 5.3(f)).
The observations of this section can be summarised as follows (see Fig. 5.7). The
quantity of the negative flow depends on the competition between the inertia-induced
negative flow and its obstruction by the subsequent effective stroke. At small Re, the
negative flux is large but only occurs over a short duration of time (Fig. 5.3(g)). When Re
increases, inertia in the fluid causes the flow to be more local to the cilia but it sustains
over a longer period of time so that the total negative flow increases (see Fig. 5.5 and
Fig. 5.7). The net effect is that the total flow decreases and becomes negative (i.e., in
the recovery direction, see region I of Fig. 5.7). When Re further increases (i.e., region II
of Fig. 5.7), the positive flow decreases because a part of the effective stroke is spent in
overcoming the negative flow caused by the previous recovery stroke. The negative flow
also decreases because of the localization of the negative velocity near the cilia during a
recovery stroke. Finally, in the region III, inertia is so dominant that the flow becomes
almost unidirectional with the total flux being positive during most of the cycle, only
showing a small dip during recovery (see Fig. 5.6). In region III, the flow continues to
increase with inertia.
To also include the effect of fluid number (Fn ), the flow and effectiveness are calculated for a range of fluid number (Fn ) and Reynolds number (Re) in Fig. 5.8. The
contour plots suggest three regions of significance, namely A, B and C. Region A represents the Stokes regime where the fluid viscous forces dominate over the inertia forces.
In region A, the effectiveness of the fluid propulsion remains constant at ≈ 0.2 (see
Fig. 5.8(b)). The fluid propelled decreases when the fluid number is increased; the increase of the fluid number increases the viscous forces, which decrease the area swept by
the cilia tip and therefore the flow (see Fig. 5.2(e)). The reader is referred to Khaderi
et al. (2009) for a more detailed discussion. In region B, the flow is negative and thus
takes place in the direction of the recovery stroke. Now, if either the Reynolds number
or the fluid number is increased, the fluid flows in the direction of the effective stroke.
In region C, the fluid inertia forces are large and the effectiveness of fluid propulsion is
high. In this regime, for low fluid numbers the fluid transported is large compared to
the Stokes regime. However, when the fluid number is large, the area swept is lower
(due to large viscous forces) and the flow created is comparable to that of the Stokes
regime. Interestingly, the effectiveness of the fluid propulsion is large even in this region,
thus creating an unidirectional flow. This suggests that we can use the inertia forces in
the fluid to generate a unidirectional flow with periodically beating artificial cilia. In
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Figure 5.6: (a)-(f) Contours of absolute velocity (normalised with L/tbeat ) at different time
instants. The direction of the velocity is given by the streamlines and the white arrows represent
the magnetic field at the respective time instances. The circles represent fluid particles. The
parameters used are Fn = 0.015, Re = 10 and Mn = 10.89. Four unit-cells are shown for
clarity. (g) Instantaneous flux and accumulated flow as a function of time. The time instances
corresponding to (a)-(f) are duly marked.

natural ciliary systems such a unidirectional fluid flow is achieved by the hydrodynamic
interaction between individual cilia, which leads to a metachronal wave (Satir & Sleigh,

49

5.2. Results

0.6

Negative flow

0.4

Flow/(πL2/2)

III

Positive flow

0.2

II

Total flow
0

I
-0.2
10-3

10-2

10-1

100

101

Re
Figure 5.7: Flow as a function of Reynolds number Re for Fn = 0.015, with different regions of
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Reynolds number Re at a magnetic number of 10.89.

1990). In artificial ciliary systems, however, the metachronal wave can be established by
magnetically forcing the cilia to beat out-of-phase (shown in section 7.2.2). The study
performed in the current section also suggests that a given ciliary system can be made
to switch the flow direction depending on the operating frequency (see the dashed arrow
in Fig. 5.8(a), which shows the direction of increasing frequency or decreasing tbeat ). A
ciliary system in region B creates a flow in the direction of the recovery stroke. Now,
if the frequency of magnetic actuation is increased, both the fluid number as well as
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the Reynolds number will increase, resulting in a strong increase of the effectiveness
and large unidirectional flow which is maximal for the range of Fn and Re studied (see
Fig. 5.8).

5.3

Conclusion

In this chapter we have analysed the effect of fluid inertia forces on the flow created by
magnetically driven artificial cilia in microfluidic channels. The competition between the
fluid viscous forces, inertia forces and elastic forces in the cilia was captured using the
fluid number (Fn ) - the ratio between the fluid drag forces and the Reynolds number
(Re) - the ratio of fluid inertia to viscous forces. The fluid inertia has two effects. Firstly,
the momentum diffusion from the cilia to the rest of the channel is delayed. Secondly,
a part of the energy input to the fluid in the effective stroke is retained even after the
effective stroke is finished. When the Reynolds number is high, this leads to an average
unidirectional flow over a beat cycle. At low fluid numbers (Fn < 1), the flow created
at high Reynolds numbers (Re > 1) is much larger than that of the Stokes regime.
However, at moderate Reynolds numbers, the fluid flow changes direction and occurs
in the direction of the recovery stroke. In these cases, as the fluid numbers are low,
the cilia complete the recovery stroke quickly and are idle for a short period of time
before the start of the next effective stroke. During this idle position, the high energy
input to the fluid by the fast recovery stroke creates a large flow in the direction of the
recovery stroke. This recovery flow overcomes the effective flow and creates a net flow
in the direction of the recovery stroke. By exploring the parameter space of Fn and Re,
we found that the flow created by a given ciliary system can switch direction simply by
tuning the frequency of actuation.

Chapter 6

Inertial effects in ciliary flows - model problem

Abstract
In this chapter we investigate biomimetic fluid propulsion due to an array of periodically beating artificial cilia. A generic model system is defined in which the
effect of inertial fluid forces and the spatial, temporal and orientational asymmetry of the ciliary motion can be individually controlled. We demonstrate that the
so-far unexplored orientational asymmetry plays an important role in generating
flow, that the flow increases sharply with Reynolds number and eventually becomes
unidirectional. We introduce the concept of configurational symmetry that unifies
the spatial, temporal and orientational symmetries. The breaking of configurational
symmetry leads to fluid propulsion in microfluidic channels.

6.1

Introduction

One of the principal challenges in lab-on-a-chip applications is to propel the fluids in
microchannels (Laser & Santiago, 2004). To propel fluids at these small length scales,
nature utilizes cilia and flagella, attached to the surface of organisms to actuate the fluid
locally so as to have a net fluid propulsion. A consequence of the small length scales is
that viscous forces dominate over inertia forces, which dictates that the actuators have
to move periodically in time but in a spatially asymmetric manner. This condition is
satisfied in the case of cilia by the distinct effective and recovery stroke during each cycle
of their motion (Brennen & Winet, 1977).
Many examples have appeared in recent literature of artificial cilia that mimic the
natural ciliary motion through different physical actuation forces, imposed by electric
fields, magnetic fields or through base excitation (Evans et al., 2007; den Toonder et al.,
2008; Oh et al., 2009; van Oosten et al., 2009; Fahrni et al., 2009; Kim & Netz, 2006;
Gauger et al., 2009; Khaderi et al., 2009). In some cases the physical actuation forces
get sufficiently large so that also the effect of inertia comes into play (den Toonder et al.,
2008; Baltussen et al., 2009). As a result, the breaking of temporal asymmetry can also
contribute to propulsion, in addition to the breaking of spatial asymmetry as required
at low Reynolds numbers. In general, there are three fundamental mechanisms that are
active in artificial cilia-driven fluid flow: (i) spatially asymmetric motion, (ii) temporally
asymmetric motion and (iii) orientationally asymmetric motion. The first is the only
mechanism that is effective at low Reynolds numbers. Nature effectively makes use of this
at small length scales (e. g. cilia). In addition to spatial asymmetry, temporal asymmetry
Based on Khaderi, et al. Breaking of symmetry in microfluidic propulsion driven by artificial cilia,
Physical Review E, 2010, 82, 027302.
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can enhance flow when inertia forces are no longer negligible (e. g. the locomotion of
scallops is entirely based on spatially symmetric motion with temporal asymmetry).
In human swimming both spatial and temporal asymmetry are employed. The third
mechanism has not been carefully explored until now and is related to the asymmetry
of the actuator motion relative to the channel direction. However, due to the intricate
interplay of actuation forces (e. g. electric and magnetic), elastic forces, fluid inertia
and drag forces, the individual contribution of the three fundamental mechanisms to the
generated flow remains unknown. For instance, in the previous chapter the fluid flow
was caused primarily due to the asymmetric motion. However, when the inertia forces
became prominent, the temporal asymmetry caused a flow reversal and the resulting
flow was due to a combination of inertia forces, temporal and spatial asymmetries.
To understand how the fluid flow depends individually on these mechanisms, we
analyse a model system in which the relative contribution of the spatial, temporal and
orientational asymmetry can be studied as a function of fluid inertia. We show that the
inertia forces in the fluid can be usefully exploited to enhance the flow, when compared
to the flow in the Stokes regime. Moreover, by utilizing the inertia forces the flow can be
made unidirectional, even though the ciliary motion is cyclic. Interestingly, also natural
cilia are able to generate a unidirectional flow, but utilize metachrony to achieve this
(Satir & Sleigh, 1990). In the absence of any spatial and temporal asymmetry, the
orientational symmetry can be broken which leads to flow rates that are comparable to
typical spatially asymmetric rates in the Stokes regime. Finally, we unify the asymmetries
studied in this analysis and introduce the general concept of configurational symmetry,
the breaking of which causes flow.

6.2

Problem definition

The model system consists of an infinitely long array of synchronously beating cilia with
an inter-ciliary spacing W , placed in a channel of height H. To perform the simulations,
we choose a unit-cell of width W = 2L and height H = 2L, whose top and bottom
are no-slip boundaries and the left and right boundaries are periodic, see Fig. 6.1. We
kinematically prescribe the motion of the cilium such that its tip moves in an elliptical
orbit around (x, y) = (0, 0), at an angular velocity of ωe = 2π/Te for the effective stroke
and ωr = 2π/Tr for the recovery stroke, resulting in a total cycle time tcycle = (Te +Tr )/2.
Here, with Te /2 and Tr /2 are the times taken to complete the effective and recovery
stroke, respectively. The lengths of the principal elliptical axes are 2a and 2b, oriented at
an angle θ to the channel direction. The remaining portion of the cilium is kinematically
prescribed to remain straight, with the lower end of the film fixed at (−L tan θ, −L).
The angle θ is zero when the principal elliptical axis 2a is parallel to the channel axis
and is positive in the clockwise direction; the orientation shown in Fig. 6.1 corresponds
to θ > 0. The inertia in the fluid is independently controlled by changing the Reynolds
number (Re = ρL2 /µtcycle ) through the fluid density ρ, while the fluid viscosity µ is
maintained constant. The temporal asymmetry is controlled by changing Te /Tr , while
the total cycle time (Te + Tr )/2 is maintained constant. It is to be noted that when a = 0
or b = 0 no spatial asymmetry exists, when Te = Tr no temporal asymmetry exists and
when θ = 0 no orientational asymmetry exists.
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Figure 6.1: Schematic picture of the model problem showing the parameters involved.

6.3

Results

The defined problem is solved using the finite element method in which the fluid is
assumed to be an incompressible Newtonian liquid. The fluid-structure interaction is
performed using the fictitious domain method in which the fluid and the solid (cilia)
velocities are coupled through Lagrange multipliers (Khaderi et al., 2009; van Loon
et al., 2007). The instantaneous flux is obtained by integrating the horizontal velocity
over the channel height, while the net amount of fluid propelled per cycle (termed ’area
flow’) is calculated by integrating the instantaneous flux over the cycle time. The fluid is
initially at rest and it takes some time for the system to reach a steady state, especially
at large Reynolds numbers. The outcome of the analysis is quantified in terms of three
parameters after a steady state has been reached: area flow, the efficiency and the
effectiveness of fluid transport. The latter are detailed in the following. The cilium
pushes the fluid forward during the effective stroke, creating a ’positive area flow’ Qp in
the direction of the effective stroke (i. e. to the left in Fig. 6.1) and pushes the fluid back
during the recovery stroke creating a ’negative area flow’ Qn . Under suitable conditions,
the positive flow is larger than the negative flow, generating a positive area flow per cycle
(Qp − Qn ). The effectiveness, defined as (Qp − Qn )/(Qp + Qn ), indicates which part
of the totally displaced fluid is effectively converted into a net flow. An effectiveness of
unity represents a unidirectional flow. To investigate how efficiently the swept area (area
of the ellipse) is converted to fluid flow, we define the efficiency as the area flow per unit
area swept.

6.3.1

Effect of spatial and temporal asymmetry

We first study the dependence of the area flow on the area swept, Reynolds number
and temporal asymmetry Tr /Te for a fixed orientation θ = 0 in Fig. 6.2. The swept
area is changed by fixing b and changing a. Both the area flow and the swept area are
normalised with the maximum area that can be swept by a cilium of length L (πL2 /2).
It can be seen that for all values of Reynolds number the area flow scales linearly with
the swept area, Fig. 6.2(a) (as also observed in (Khaderi et al., 2009) for the Stokes
regime). It can be seen from the inset of Fig. 6.2(a) that for Re < 0.1 (Stokes limit)
the efficiency (i. e. the area flow/area swept) remains constant, while for Re > 0.1 the
efficiency increases sharply with an increase in Reynolds number. Moreover, at high
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fast effective strokes. As b is kept constant and a is increased, the velocity of the cilium
is enhanced because the cycle time is fixed. Hence, as the swept area is increased, the
instantaneous flux also increases due to the larger velocity during the effective as well as
the recovery stroke. This results in the effectiveness of fluid actuation to be unchanged
(Fig. 6.2(b)), but causes an increase in the net area flow due to the enhanced fluid
velocity (Fig. 6.2(a)).
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Re < 0.1
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0.1

0.2

Area swept (units of πL /2)
2

(b)

Figure 6.2: (a) Area flow out of the channel as a function of the area swept (θ = 0◦ ) for different
Reynolds numbers. Also plotted are the cases in which the velocity during the effective stroke
is different from that of the recovery stroke. The inset shows the efficiency of fluid flow as a
function of the Reynolds number. (b) Effectiveness of fluid flow ((Qp − Qn )/(Qp + Qn )) as a
function of the area swept for different Reynolds numbers and Te /Tr values.

To analyse how the fluid is pumped through each cycle we plot the trajectory of fluid
particles for two cycles in Fig. 6.3. We compare the results in the Stokes limit (low
Re, Fig. 6.3(a)) with those at large Re (Re = 10, Fig. 6.3(b)). The fluid particles are
represented by dots forming initially a straight line in instance 1. The instances 3 and
5 refer to the end of the first and the second cycle, respectively, and instances 2 and
4 refer to the end of the effective stroke of the first and second cycle. In the Stokes
limit (i. e. low Re, see Fig. 6.3(a)), the dissipative viscous forces are larger than the
inertia forces. As a consequence, the energy gained by the fluid due to the actuation of
the cilium will be instantaneously dissipated, so that the momentum imparted by the
cilium will be efficiently (instantaneously) transmitted to the surrounding fluid without
delay. The fluid particles which initially form a straight line (instance 1) move due to
the velocity imposed by the film during the effective stroke. The fluid particles stop and
reverse their direction of motion once the film begins the recovery stroke (at instances 2
and 4) leading to back-flow during recovery (ending at instances 3 and 5). Due to the
spatial asymmetry in the deformation of the film, we observe a net displacement of fluid
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particles over each cycle. As the fluid particles move back and forth during the cycle, the
flow exhibits a fluctuating behaviour, leading to a low effectiveness of fluid propulsion,
see Fig. 6.2(b). The response of the system does not change when the effective and
recovery stroke are performed at different rates.
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Trajectory of
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Figure 6.3: Trajectory of particles over two cycles for Te = Tr , a = 0.3L and b = 0.25L. (a)
Stokes regime (Re < 0.1); (b) Re = 10.

When the Reynolds number is high (Fig. 6.3(b)), the dissipative forces are low compared to the inertia forces. Hence, the inertial momentum/energy gained by the fluid
during the effective stroke is not dissipated instantaneously, but persists during recovery, which causes a flux in the direction of the effective stroke even during the recovery
stroke, see instances 2-3 and 4-5. This effect becomes more prominent as the Reynolds
number is increased, leading to a large net fluid flow (Fig. 6.2(a)), high efficiency (inset
of Fig. 6.2(a)) and a higher effectiveness (Fig. 6.2(b)). The flow becomes fully unidirectional for Te = Tr when Re ≥ 10. Note that the particles close to the bottom boundary
still fluctuate even at high Re. This is due to the fact that in this region the momentum
is not transmitted through viscous forces, but due to the pressure gradient between adjacent cilia. This mode of momentum transfer is equally efficient at low as well as high
Reynolds numbers, see Fig. 6.3.

6.3.2

Effect of orientational asymmetry

From the results presented so far, the effect of spatial and temporal asymmetry are
independently studied, in the absence of orientational asymmetry (θ = 0). To analyse
the effect of orientational asymmetry we analyse the flow as a function of the orientation
θ in the absence of spatial asymmetry (a = 0.25L and b = 0) in Fig. 6.4. The temporal
asymmetry is varied from Tr = Te (no asymmetry) to Tr = 3Te and the direction of ciliary
motion θ from −60◦ to 60◦ (see Fig. 6.1) for different Reynolds numbers. The area flow
is normalised with πL2 /2 cos2 θ. When the motion of the cilium exhibits no temporal
asymmetry, we do not observe flow in the Stokes regime (Re < 0.1), for all orientations
θ. Now, as we increase the Reynolds number (still Tr = Te ), a fluid flow is observed
whose direction depends on the orientation θ, reaching a maximum at θ = ±45◦ , see the
broken lines in Fig. 6.4. The results are point-symmetric in (0, 0) due to the absence
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Figure 6.4: Area flow normalised with πL2 /2 cos2 θ as a function of orientation θ for different
Reynolds numbers and temporal asymmetries. The inset shows the normalised area flow as a
function of Reynolds number (Re) for θ = −45◦ for different temporal and spatial asymmetries.
In all the simulations a is taken to be equal to 0.25L. Legend: The solid lines, dashed lines and
broken lines refer to Te = Tr /3, Te = Tr /2 and Te = Tr , respectively.

of any spatial and temporal asymmetry. The flow generated is therefore entirely due to
the breaking of orientational symmetry. When θ = −45◦ we obtain a maximal positive
flow (i. e. flow in the direction of the effective stroke, see Fig. 6.1) and when the film
moves in the direction θ = 45◦ we observe a negative flow. When we allow for temporal
asymmetry (i. e. Te < Tr ), the flow is enhanced in the direction of the effective stroke
(positive flow), the extent of which is larger for θ < 0 compared to θ > 0.
Consider the case when no temporal asymmetry exists (Tr = Te ), i. e. the dashed
lines in Fig. 6.4, for θ = −45◦ . During the effective stoke, the cilium imparts momentum
to the fluid as it moves towards the bottom boundary and away from the moving fluid,
allowing the fluid to pass without much obstruction in the direction of the effective stroke.
When the cilium performs a recovery stroke, it again imparts momentum to the fluid,
but now the cilium moves away from the bottom boundary thereby obstructing the flow
during recovery. During the cycle, we thus have a larger flow during the effective stroke
than during the recovery stroke, resulting in a net positive fluid flow in the effective
direction. It is interesting to note that the observed net flow originates solely from the
orientational asymmetry, causing an easy passage of fluid during the effective stroke
while obstructing the flow during the recovery. Since there is no spatial or temporal
asymmetry, the problem is perfectly symmetric with respect to θ = 0, resulting in an
equal-sized but opposite flow for θ = 45◦ . When the fluid is pushed at a higher rate
during the effective stroke, i. e. Te < Tr (the solid lines in Fig. 6.4), for θ < 0 the motion
of the film allows an easy passage of the high-momentum fluid during the effective stroke,
while obstructing the low-momentum fluid during recovery. For θ > 0, the film motion
obstructs the high-energy fluid during the effective stroke and allows easy passage of lowenergy fluid during recovery, resulting in a much smaller enhancement of positive flow
than for θ < 0. In the inset of Fig. 6.4 we analyse flow as a function of Reynolds number
for θ = −45◦ , in the presence (b = 0.3L) and absence (b = 0) of spatial asymmetry. It
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can be observed that fluid propulsion can be generated when no temporal and spatial
asymmetry exist, provided the fluid inertia is non-negligible (lowest curve). The flow can
be increased by including temporal asymmetry (i. e. faster effective than recovery stroke).
By adding spatial asymmetry, the effect of orientational and temporal asymmetry can
be drastically enhanced, leading to a synergistic combination of all three asymmetries.

6.4

Configurational symmetry

The three independent symmetries studied in this chapter, i. e. spatial, temporal and
orientational symmetry, can be generalized into the concept of configurational symmetry. We define a ciliary configuration at any time t by the position of material points
s(x, y) of the cilium and their instantaneous velocities (ẋ, ẏ). We define the system to
be configurationally symmetric when every configuration (at time t) can find its mirror
image after half a cycle (at time t + tcycle /2), with the symmetry plane being perpendicular to the channel, see Fig. 6.5. A net flow will occur in the absence of configurational
symmetry. This symmetry can be broken either by spatial, temporal or orientational
asymmetry.
It is interesting to note that even a non-reciprocal motion can be configurationally
symmetric. For instance, an actuator beating like a flagellum and aligned normal to the
channel axis, will find its mirror image after half a cycle and therefore will not generate
a net flow. Such an actuator needs to be non-perpendicular to the channel direction in
order to break the orientational symmetry and to generate a flow, as has been shown in
(Darnton et al., 2004). Examples in the literature where the configurational symmetry
is broken through spatial asymmetry leading to fluid flow can be found in (van Oosten
et al., 2009; Khaderi et al., 2009; Gauger et al., 2009; Kim & Netz, 2006), employing actuation forces that are generated by magnetic fields (Khaderi et al., 2009; Gauger et al.,
2009), internal molecular motors (Kim & Netz, 2006) and light (van Oosten et al., 2009).
In the case of electrostatic artificial cilia (den Toonder et al., 2008), the fluid flow was
achieved by breaking both temporal and orientational symmetry. On the other hand,
a nice example of configurationally symmetric cilia is given in (Oh et al., 2009), where
it is shown that a configurationally symmetric motion of cilia cannot generate a fluid
flow in the direction of the channel. Thus, the definition of configurational symmetry
can be a valuable fundamental concept in understanding existing (and designing new)
physical actuation mechanisms for microfluidic propulsion. Moreover, it opens the opportunity of deriving analytical expressions that relate flow to quantitative measures of
configurational asymmetry.

6.5

Summary

In this chapter we investigated the fundamental physical mechanisms that govern the
microfluidic propulsion caused by artificial cilia. Many examples appeared in the recent
literature of artificial cilia, but the understanding of the underlying mechanisms has been
hampered by the strong competition between the actuation forces, elastic forces and fluid
inertia and drag forces. By analysing a generic model system, we show that, besides
the well known cilia-kind of spatially asymmetric motion, temporal and orientational
asymmetries play a significant role in microfluidic propulsion.
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Figure 6.5: Definition of configurational symmetry: every ciliary configuration (i. e. the current
position of all material points s(x, y) and their velocities (ẋ, ẏ)) at time t can find its mirror
image after half a cycle with the symmetry plane being perpendicular to the channel.

The two key results of this chapter are: (i) Cilia can generate flow through orientational asymmetry alone, even in the absence of spatial and temporal asymmetry. This
has not been fully explored before. (ii) All three fundamental symmetries can be generalized into the concept of configurational symmetry, the breaking of which causes fluid
propulsion.

Chapter 7

Effect of metachronal waves

Abstract
In this chapter we study the effect of metachronal waves on the flow created by
magnetically-driven artificial cilia in microchannels. We use a coupled magnetomechanical solid-fluid model that captures the physical interactions between the fluid
flow, ciliary deformation and applied magnetic field. When a rotating magnetic
field is applied to super-paramagnetic artificial cilia, they mimic the asymmetric
motion of natural cilia, consisting of an effective and recovery stroke. Two ways of
generating a metachronal motion of cilia are considered; by prescribing an external
phase difference and by applying a non-uniform magnetic field. We show that the
fluid flow created by the artificial cilia is significantly enhanced in the presence
of metachronal waves and that the fluid flow becomes unidirectional. Antiplectic
metachrony is observed to lead to a considerable enhancement in flow compared to
symplectic metachrony, when the cilia spacing is small. Obstruction of flow in the
direction of the effective stroke for the case of symplectic metachrony was found to
be the key mechanism that governs this effect.

7.1

Introduction

The control of fluid flow in channels of micron-scale dimensions is essential for proper
functioning of any lab-on-a-chip device. The fluid transport in microchannels is often
performed by downscaling conventional methods such as syringe pumps, micropumps
(Laser & Santiago, 2004; Jeon et al., 2000; Schilling et al., 2002), or by exploiting electromagnetic fluid manipulation principles, as in electro-osmotic (Chen et al., 2003; Zeng
et al., 2002) and magneto-hydrodynamic (West et al., 2002) devices. In search for novel
ways to propel fluids at micron scales, we let nature be our guide. Nature uses hairlike structures, called cilia, attached to the surfaces of microorganisms, to propel fluids
at small length scales. The typical length of a cilium is 10 microns. Cilia beat in a
whip-like asymmetric manner consisting of an effective stroke and a recovery stroke.
Moreover, when many cilia operate together, hydrodynamic interactions cause them
to beat out-of-phase (Gueron et al., 1997), leading to the formation of metachronal
waves, and an enhanced fluid flow (Satir & Sleigh, 1990). The specific metachrony
is termed symplectic (or antiplectic) when the metachronal wave is in the same (or
opposite) direction as the effective stroke. The cilia on a Paramecium exhibit antiplectic
metachrony, whereas the cilia on Opalina exhibit symplectic metachrony (Blake, 1972).
Based on Khaderi, et al. Fluid flow in microchannels due to asymmetric and out-of-phase motion
of magnetically-actuated artificial cilia, Journal of Fluid Mechanics, 2011, accepted for publication
and Khaderi, et al. Magnetically-actuated artificial cilia: the effect of fluid inertia and metachrony,
submitted.
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The asymmetric motion of natural cilia is due to the intricate interaction between the
cilia microstructure (axoneme) and the internal driving force generated by ATP-enabled
conformational changes of the motor protein dynein. It is a challenging task to design the
artificial counterpart of natural cilia, by using external force fields for actuation in order
to mimic the asymmetric motion of natural cilia. An early attempt to create artificial cilia
was based on electrostatic actuation of cilia-like microactuator arrays (den Toonder et al.,
2008). Although effective flow and mixing were achieved, movement of these artificial
cilia was not asymmetric as in the case of natural cilia. It was predicted using numerical
simulations that an array of identical super-paramagnetic or permanently magnetic twodimensional plate-like cilia can mimic the planar asymmetric motion of natural cilia when
exposed to a uniform magnetic field (Khaderi et al., 2009). These magnetic artificial cilia
can be realised, for instance, by using polymer films with embedded super-paramagnetic
(or permanently magnetic) nano-particles (see e.g. Fahrni et al., 2009; Belardi et al.,
2010; Schorr et al., 2010). In contrast with the plate-like cilia, rod-like structures that
mimic the three-dimensional motion of nodal cilia to create fluid propulsion have also
been fabricated (Vilfan et al., 2010; Shields et al., 2010; Evans et al., 2007). In (Sing
et al., 2010), a novel method of fluid propulsion based on magnetic walkers was presented.
Artificial cilia based on photo-actuation have also been realised in the recent past (van
Oosten et al., 2009).
In previous studies we focused on the flow created by an array of synchronouslybeating cilia whose motion is planar and asymmetric, in the absence (Khaderi et al.,
2009) and presence of fluid inertia (Khaderi et al., 2010). Using numerical simulations
it was reported that a substantial but fluctuating flow is created in the former, while
in the latter the flow increases significantly as the Reynolds number is increased. In
addition, the fluid flow can become unidirectional in the presence of fluid inertia. In this
work we explore another aspect of natural ciliary propulsion - the metachronal motion
of cilia, by allowing the asymmetrically-beating artificial cilia to move out-of-phase. The
out-of-phase motion of the cilia is achieved by applying a magnetic field that has a phase
lag between adjacent cilia. The existing literature on the metachronal motion of natural
cilia could provide insights on the flow generated in the presence of metachronal waves.
In the case of natural cilia the metachronal motion is analysed principally for two
reasons. First, to find the effect of the metachronal waves on the flow created and
second, to find the physical origin of the metachronal waves. Theoretical and numerical
studies have been undertaken by biologists and fluid mechanicians to understand the flow
created by an array of cilia (see for e.g. the reviews by Brennen & Winet, 1977; Blake &
Sleigh, 1974; Smith et al., 2008). Most of these analyses have been performed to model
the flow of specific biological systems (e.g. microorganisms or airway cilia), however, a
systematic study is lacking. In the following, we outline a number of studies in which
the effect of the metachronal waves on fluid transport has been studied. Modelling
approaches to understand the cilia-driven flow include the envelope model (Brennen &
Winet, 1977; Blake, 1971a,c), the sublayer model (Blake, 1972; Gueron et al., 1997;
Smith et al., 2007; Liron, 1978; Gauger et al., 2009; Gueron & Levit-Gurevich, 1999),
fluid-structure interaction models using a lattice-Boltzmann approach (Kim & Netz,
2006), and the immersed boundary method (Dauptain et al., 2008). In the envelope
model, the cilia are assumed to be very densely spaced so that the fluid experiences an
oscillating surface consisting of the tips of the cilia. The envelope model is accurate
only when the cilia are spaced very close together, which has only been observed in the
case of symplectic metachrony (Blake, 1971a,c). In the sublayer model (Blake, 1972),
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the cilia are represented by a distribution of Stokeslets with appropriate mirror images
to satisfy the no-slip condition on the surface to which the cilia are attached. The
sublayer model predicts that for an organism that exhibits antiplectic metachrony, the
flow created is lower than for cilia beating in-phase. In the case of an organism exhibiting
symplectic metachrony, the opposite trend is observed. In the numerical study of (Gauger
et al., 2009), the flow due to the out-of-phase motion of a finite number of magnetic
cilia subjected to an oscillating external magnetic field was studied. The magnetic cilia
generate an asymmetric motion due to the difference in the speed of oscillation of the
magnetic field during the effective and recovery strokes. In contrast to (Blake, 1972), it
was predicted that the flow in the case of antiplectic metachrony is larger than the flow
created by a symplectic metachrony for a particular inter-cilia spacing.
Early experiments indicated that the hydrodynamic coupling between cilia could be
the cause for the formation of the metachronal waves (see for e.g. the review by Kinosita
& Murakami, 1967). By mimicking the ciliary motion of Paramecia using an internal
actuation mechanism, it was demonstrated that cilia, which were initially beating inphase, will form an antiplectic metachronal wave after a few beat cycles (Gueron et al.,
1997). This behaviour was explained to be an outcome of the hydrodynamic interactions
between neighbouring cilia. Similar hydrodynamically-caused metachronal motion of the
cilia was also observed by (Mitran, 2007). In (Gueron & Levit-Gurevich, 1999), it was
reported that in the presence of the metachronal wave the cilia become more efficient in
creating flow. The synchronization and phase locking of the cilia have also been analysed
using simple experimental (Qian et al., 2009) and analytical (Niedermayer et al., 2008;
Vilfan & Jülicher, 2006) models. It was found that some degree of flexibility is required
for the phase locking of the cilia to take place (Niedermayer et al., 2008; Qian et al.,
2009). The requirement of the flexibility for synchronization is also confirmed from the
more detailed model of (Kim & Netz, 2006). In the aforementioned studies, however, the
metachronal wave is an outcome of that specific system, and the flow or the efficiency
has not been studied for different types of metachronal waves.
The goal of this chapter is, therefore, to obtain a full understanding of the dependence
of flow on the magnetically-induced out-of-phase motion of an array of asymmetrically
beating artificial cilia. We will answer the following questions using a coupled solid-fluid
magneto-mechanical model. How does the generated flow in the presence of metachrony
differ from the flow generated by cilia that beat in-phase? How does the flow depend
on the metachronal wave speed and its direction, and how does it depend on the cilia
spacing? We answer these questions in the light of magnetic artificial cilia which exhibit
an asymmetric motion and beat out-of-phase. However, the results are equally applicable
to any ciliary system in which the cilia exhibit an asymmetric and out-of-phase motion.
The out-of-phase motion of artificial cilia can be achieved by applying a non-uniform
magnetic field that travels in space and time. However, a non-uniform magnetic field
will also cause magnetic body forces to act on the cilia, which will lead to a beat motion
that is different compared to that of synchronously beating cilia. Therefore, we study
the out-of-phase motion of the cilia in two steps. First, we apply a rotating magnetic
field that is uniform over each cilia but has a phase difference between neighbouring
cilia. This keeps the asymmetric motion of the cilia nearly unaltered, and enables us to
identify the physical mechanisms that are operative when the cilia beat out-of-phase. In
the second step, we apply a non-uniform magnetic field to the cilia and study how the
body forces influence the beat motion of the cilia and the resulting flow.
The chapter is organised as follows. The boundary value problem and the solution
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(a)

(b)

Figure 7.1: (a) Schematic representation of the problem analysed. We study an infinitely long
microfluidic channel consisting of equal-sized cilia spaced a distance a apart. The variation of
magnetic field in space is shown using blue arrows. Qp and Qn denote the flow in the direction
of the effective and recovery stroke, respectively. (b) Typical asymmetric motion of a cilium.
The dashed lines represents the trajectory of the tip of an individual cilium.

methodology are explained in section 7.2.1. In section 7.2.1, the physical mechanisms
responsible for the enhanced flow in the presence of metachronal waves are discussed.
The quantitative variation of the flow as a function of the phase difference and cilia
spacing is given. The deformation of the cilia due to the non-uniform magnetic field and
the resulting flow are studied in section 7.2.2. Finally, the outcome of the analysis is
summarised in section 7.3.

7.2
7.2.1

Results
Externally imposed out-of-phase motion

We study the flow in an infinitely long channel of height H created by a two-dimensional
array of magnetic artificial cilia, which are actuated using a rotating magnetic field
which is uniform over each cilium, but with a phase difference between adjacent cilia.
The external magnetic field experienced by the ith cilium is
Bxi = B0 cos(ωt − φi ),

Byi = B0 sin(ωt − φi ),

(7.1)

where B0 is the magnitude of the applied magnetic field, the phase of the magnetic field
φi = 2π(i − 1)/n, ω = 2π/tref is the angular frequency and tref is the time period of
rotation of the magnetic field. The magnetic field experienced by the individual cilia
during a particular instance in time is shown using the blue arrows in Fig. 7.1(a). The
phase difference in the applied magnetic field between adjacent cilia is ∆φ = 2π/n. The
chosen form of the phase φi makes the phase of the magnetic field at every nth cilium
identical. That is, the magnetic field is periodic after n repeats of cilia. Consequently,
the applied magnetic field travels n cilia units in time tref , so that the phase velocity of
the magnetic field is n/tref = ω/∆φ (in cilia per second). The phase velocity is to the
right (positive) and the magnetic field at each cilium position rotates counterclockwise
with time. The typical asymmetric motion of a cilium is shown in Fig. 7.1(b). The cilia
are tethered at one end to the surface, while the other end is free. The trajectory of the
free end of a typical cilium is represented by the dashed lines in Fig. 7.1(b), with the
arrows representing the direction of motion.
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Due to the super-paramagnetic (SPM) nature of the cilia, for which the magnetization
is proportional to the magnetic field, the magnetic body couple (N = M × B 0 , where
M is the magnetization of the cilia and B 0 = (Bx , By ) is the magnetic field experienced
by the cilia) depends only on the orientation and magnitude of the magnetic field, but
not on its sign. As a result, the body couple at the ith cilium Nzi , which determines its
motion, scales with sin (2ωt − 2φi ) (see Eqn. 2.37). This has consequences for the motion
of the cilia, both temporally and spatially. Temporally, the frequency of the magnetic
couple is twice that of the applied magnetic field. This results in two cilia beats for one
360◦ rotation of the magnetic field. Spatially, the phase of the magnetic couple is twice
that of the applied magnetic field, so that the phase difference between neighbouring cilia
is twice as large. This means that the magnetic couple is periodic after n/2 cilia. Since
both the frequency and phase difference increase by a factor 2, the phase velocity of the
magnetic torque remains equal to that of the magnetic field, i.e. ω/∆φ. Note, however,
that the phase velocity of the magnetic torque is equal to the velocity of the metachronal
wave (i.e., the actually observed deformational wave travelling over the cilia) only when
the phase difference ∆φ is small (i.e. n is large).
When the phase difference is too large, the metachronal wave can change sign, so that
the metachronal wave is observed to travel in a direction opposite to the direction of the
magnetic field (see appendix J). The metachronal wave velocity is equal to ω/∆φ (i.e. to
the right) when 0 < ∆φ < π/2, and it is equal to −ω/(π − ∆φ) (i.e. to the left) when
π/2 < ∆φ < π, see Fig. 7.2. When ∆φ = 0, the magnetic couple is uniform and all cilia
beat in-phase. When ∆φ = π, the magnetic couple acting on two neighbouring cilia is
the same (because the phase difference of the magnetic couple is 2∆φ = 2π), and again,
all the cilia beat in-phase. When ∆φ = π/2, the positive metachronal wave velocity is
equal in magnitude to its negative counterpart. In such a condition, a standing wave is
observed which causes the adjacent cilia to move in anti-phase. When 0 < ∆φ < π/2
the metachronal wave velocity is positive, i.e. to the right in Fig. 7.1. Consequently,
the metachronal wave velocity is opposite to the direction of the effective stroke, which
is commonly addressed as antiplectic metachrony (AM). When π/2 < ∆φ < π, the
metachronal wave velocity is in the same direction as the effective stroke and is referred
to as symplectic metachrony (SM), see Fig. 7.2.
We model the cilia as elastic Euler-Bernoulli beams taking into consideration geometric non-linearity and inertia of the cilia in a Lagrangian framework. The magnetic
field is calculated by solving the Maxwell’s equations using a boundary element approach
for each ciliary configuration (see chapter 2). The Stokes equations, which capture the
behaviour of the fluid flow at low Reynolds numbers, are solved within an Eulerian setting for the velocity and pressure using finite elements. The velocity is interpolated
quadratically, while the pressure is interpolated linearly within each element. The solidfluid coupling is performed by imposing the no-slip condition at the nodal points of the
Euler-Bernoulli beam elements using Lagrange multipliers (point collocation method)
within a fictitious domain framework (van Loon et al., 2006). The solution procedure
is as follows. The Maxwell’s equations are solved at every time instant to solve for the
magnetic field. From the magnetic field, the magnetic body couple acting on the cilia is
calculated and is provided as an external load to the implicitly-coupled solid-fluid model,
which simultaneously solves for the cilia velocity, and the velocity and pressure of the
fluid. The velocity of the cilia is integrated using Newmark’s algorithm to obtain its new
position, and the procedure is repeated. For more details on the numerical model the
reader is referred to chapter 2. Each cilium is discretised into 40 elements and every fluid
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Figure 7.2: Metachronal wave velocity as a function of the phase difference ∆φ in the magnetic field between adjacent cilia. AM and SM refer to antiplectic and symplectic metachrony
respectively.
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Figure 7.3: Fluid and solid mesh used for the simulations. The mesh corresponds to ∆φ = π/6
and a = 1.67L.

domain of size a × H is discretised into 28 × 30 elements, with the mesh being refined
near each cilium. A typical mesh used for the simulations is shown in Fig. 7.3. A fixed
time-step of 1 µs is used. The particles and streamlines are obtained from the velocity
field in the fluid using the visualization software Tecplot (Tecplot, 2008).
The physical dimensionless numbers that govern the behaviour of the system are the
magneto-elastic number Mn = 12B02 L2 /µ0 Eh2 - the ratio of the magnetic to the elastic
forces, the fluid number Fn = 12µL3/Eh3 tbeat - the ratio of viscous forces acting on the
cilia to the elastic forces, and the inertia number In = 12ρL4 /Eh2 t2beat - the ratio of the
inertia forces of the cilium to its elastic forces, (see Khaderi et al., 2009). Here, E is
the elastic modulus of the cilia, h is the thickness, ρ is the density of the cilia, µ is the
fluid viscosity, tbeat (= tref /2) is the time period of one beat cycle and µ0 is the magnetic
permeability. The geometric parameters that govern the behaviour of the system are the
phase difference ∆φ, the cilia spacing a, their length L and the height of the channel
H. We study the flow created as a function of the cilia spacing a (normalised with the
length L) and the phase difference ∆φ for the following set of parameters: Fn = 0.15,
Mn = 12.2, In = 4.8 × 10−3 and H/L = 2. The values of the physical parameters
correspond to L = 100 microns, E = 1 MPa, the thickness of cilia being h = 2 µm at
the fixed end and 1 µm at the free end, ρ = 1600 kg/m3 , µ = 1 mPas, B0 = 22.6 mT
and the cycle time tref = 20ms. The magnetic susceptibilities of the cilia are 4.6 along
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the length and 0.8 along the thickness (van Rijsewijk, 2006).
The fluid propelled is characterised by two parameters: the net volume of the fluid
transported during a ciliary beat cycle and the effectiveness. The horizontal velocity field
in the fluid at any x position, integrated along the channel height gives the instantaneous
flux through the channel. This flux integrated in time over the effective and recovery
stroke gives the positive (Qp ) and negative (Qn ) flow, respectively (see Fig. 7.1). Due to
the asymmetric motion, the positive flow is larger than the negative flow, generating a
net area flow per cycle (Qp −Qn ) in the direction of the effective stroke. The effectiveness,
defined as (Qp − Qn )/(Qp + Qn ), indicates which part of the totally displaced fluid is
effectively converted into a net flow. An effectiveness of unity represents a unidirectional
flow. For each value of a/L, we choose n to be a fraction p/q larger than 2, with p and
q integers, yielding a range of phase differences ∆φ = 2π/n between 0 and π. For each
value of p/q, a unit-cell of width W = pa needs to be chosen to account for periodicity
in the magnetic couple, unless p is an even integer, for which W = pa/2 suffices. For
example, let p = 10 and q = 3. Now, n = 10/3 and the phase difference ∆φ is equal to
3π/5. To maintain periodicity in the magnetic couple, the width of the unit-cell should
be 5a (containing 5 cilia). The top and bottom of the unit-cell are the channel walls, on
which no-slip boundary conditions are applied, while the left and right ends are periodic
in velocity.
Results and discussion
To obtain an understanding of fluid flow due to the out-of-phase motion of cilia, we
analyse the case of antiplectic metachrony with a phase difference ∆φ = 2π/n = 2π/12.
Since n is even, a unit-cell of width 6a consisting of 6 cilia is chosen, see Fig. 7.4. The
contours represent the absolute velocity normalised with L/tbeat. The direction of the
velocity field can be determined from the arrows on the streamlines. The white arrows
represent the applied magnetic field for each cilium.
The snapshots shown in Figs. 7.4(a)-7.4(f) correspond to the time instances when
the flux generated by the cilia is maximum. In Fig. 7.4(g) the instantaneous flux as a
function of time t (right axis) in addition to the flow (accumulated flux at time t, left
axis) are plotted. The time instances corresponding to Figs. 7.4(a)-7.4(f) are marked in
Fig. 7.4(g). The motion of the fluid particles near the third cilium under the influence
of the velocity field caused by the ciliary motion is also shown. It can be observed from
Fig. 7.4(g) that one beat cycle consists of six sub-beats, which correspond to the traveling
of the magnetic couple from one cilium to the next. The traveling of the metachronal
wave to the right can, for instance, be seen by looking at the cilia which exhibit the
recovery stroke (i.e. cilium 1 in Fig. 7.4(a), cilium 2 in Fig. 7.4(b), etc). The negative
flow created by the cilia during their recovery stroke is overcome by the flow due to the
effective stroke of the rest of the cilia; this leads to a vortex formation near the cilia
exhibiting their recovery stroke. As a result, the negative flow is completely obstructed
for most of the time during the recovery stroke. It can be observed from Fig. 7.4(g) that
no flux (right axis) is transported in the negative direction, and that the flow (left axis)
continuously increases during each sub-beat. Moreover, the increase in the flow during
each sub-beat is similar (see Fig. 7.4(g)). Thus, the total flow per beat cycle (left axis
of Fig. 7.4(g)) is the sum of the flows generated during each sub-beat (i.e. flow per beat
= 6×flow generated during one sub-beat). Therefore, it is sufficient to analyse the fluid
flow during one sub-beat.
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(a) t = 0

(b) t = tbeat /6

(c) t = 2tbeat /6
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Figure 7.4: (a)-(f) Out-of-phase motion of cilia during a representative cycle for ∆φ = π/6
(n = 12) with the wave moving to the right (antiplectic metachrony) for a/L = 1.67. The
contours represent the absolute velocity normalised with L/tbeat . The direction of the velocity
is represented by streamlines. The white circles represent fluid particles. The applied magnetic
field at each cilium is represented by the white arrows. (g) Instantaneous flux (right axis) and
flow (or accumulated flux, left axis) as a function of time with the instants (a)-(g) duly marked.

In the following, we analyse the fluid motion and the resulting flow during the second sub-beat. The velocity profiles at different instants of this sub-beat are shown
in Figs. 7.5(a)-7.5(d). The corresponding flow and the flux generated are shown in
Fig. 7.5(e). At tbeat /6, the third cilium starts its recovery stroke and the particles
near the top boundary are driven by the positive flow created by cilia 4, 5 and 6 (see
Fig. 7.5(a)). At this instant, as only one cilium is exhibiting a recovery stroke, the flux
created by the cilia is maximum (see instant ‘a’ in Fig. 7.5(e)). In Fig. 7.5(b), the third
cilium also has begun its recovery stroke and now the negative flow caused by both the
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second and third cilia is opposed by the effective stroke of the other cilia. The high
velocity of the second cilium during its recovery stroke decreases the flux caused by the
other cilia (see instant ‘b’ in Fig. 7.5(e)). When the third cilium is half-way through its
recovery stroke (see Fig. 7.5(c)), the second cilium is about to finish its recovery, which
generates a large velocity, due to the whip-like action (Khaderi et al., 2009), to the right.
Now, the position of the third cilium is such, that it opposes the negative flow caused
by the second cilium. This leads to a strong vortex formation near the second and third
cilia, with only a small flux in the direction of the recovery stroke (to the right). The
small negative flux caused by the whip-like motion of the second cilium can be seen by
the instant marked ‘c’ in Fig. 7.5(e), causing a momentary decrease in the flow. The
vortex imparts a high velocity in the direction of the effective stroke to the particles away
from the cilia. As the third cilium progresses further in its recovery stroke, the particles
come under the influence of the flow due to the rest of cilia, which are now in different
phases of their effective stroke (see Fig. 7.5(d)). Now, only the third cilium is in the
recovery stroke; this again leads to a maximum value of the flux (similar to Fig. 7.5(a)).
The key observation of Figs. 7.4 and 7.5 is that the negative flow created during the recovery stroke of the cilia creates a local vortex due to the positive flow created by other
cilia. This shielding effect during the recovery stroke leads to a drastic increase in the
net propulsion rate for cilia beating out-of-phase, compared to synchronously beating
cilia.
Next, we analyse the instantaneous flux (Fig. 7.6(a)) and flow generated (Fig. 7.6(b))
as a function of time for different phase differences. When the cilia move synchronously
(∆φ = 0), the flux (see the solid line in Fig. 7.6(a)) is positive for approximately threequarters of the time and strongly negative during the rest of the cycle. Consequently,
the flow generated (see the solid line in Fig. 7.6(b)) increases during the effective stroke,
but profoundly decreases when the recovery stroke takes place. This creates a large
fluctuation in the flow, with only a small net amount of fluid transported. Once the ciliary
motion is metachronal, the negative flux is very small compared to the positive flow (see
the cases of a standing wave and antiplectic metachrony in Fig. 7.6(a)). This decreases
the fluctuation in the flow generated, causing it to increase nearly monotonously during
the beat cycle (see the dashed and dotted lines in Fig. 7.6(b)). We can clearly see that
the flow at the end of the beat cycle (t = tbeat ) for out-of-phase motion is significantly
larger than the flow created by the synchronously beating cilia.
The fluid propelled and the corresponding effectiveness are plotted for different values
of ∆φ and a/L in Fig. 7.7. The metachronal wave velocity (Fig. 7.2) is plotted as a
function of ∆φ and is shown using dashed lines in Fig. 7.7(a). As mentioned earlier,
when the metachronal wave velocity is positive an antiplectic metachrony (AM) results,
and when the metachronal wave velocity is negative we get a symplectic metachrony
(SM). When all the cilia are moving synchronously (∆φ = 0 or π), the flow (normalised
by πL2 /2) will be approximately 0.22 for a/L = 5. As the cilia density is increased by
decreasing a from a/L = 5 to a/L = 1.67, the viscous resistance per cilium decreases,
which causes the normalised flow to increase to 0.25. When the cilia beat in-phase, the
effectiveness of fluid propulsion is very low, see Fig. 7.7(b). The fluid propelled shows a
substantial increase once the cilia start beating out-of-phase (Fig. 7.7(a)). When the cilia
spacing is large (a/L = 5 and 2.5), the flow generated remains approximately constant
for all metachronal wave speeds. The increase in flow by decreasing the cilia spacing
from a/L = 5 to a/L = 2.5 is much larger when the cilia beat out-of-phase compared
to the increase when the cilia beat in-phase. However, when the cilia spacing is low
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Figure 7.5: (a)-(d) Snapshots for the out-of-phase motion of cilia between time instances of
Figs. 7.4(b) and 7.4(c) for ∆φ = π/6 (n = 12) with the wave moving to the right (antiplectic
metachrony) for a/L = 1.67. The contours represent the absolute velocity normalised with
L/tbeat . The direction of the velocity is represented by streamlines. The white circles represent
fluid particles. The applied magnetic field at each cilium is represented by the white arrows.
(e) Instantaneous flux (right axis) and flow (left axis) as a function of time with the instances
(a)-(d) duly marked.

(a/L = 1.67), we see a larger increase in the fluid flow when there is an antiplectic
metachrony(AM) compared to a symplectic metachrony (SM). Also, the effectiveness
sharply increases from around 0.3 (i.e., 30% of the totally displaced fluid is converted
into net flow) to 1 (fully unidirectional flow), see Fig. 7.7(b). To analyse these trends a
bit further, we plot the positive and negative flow (Qp and Qn in Fig. 7.1) created during
a beat cycle for different phase differences in Fig. 7.8(a). It can be seen that the cilia do
not create a negative flow when they beat out-of-phase for all cilia spacings, resulting in
a unidirectional flow (effectiveness = 1). This reduction in negative flow is due to the
shielding of flow during the recovery stroke caused by the effective flow of other cilia. It
can also be noted that the positive flow is also reduced compared to in-phase beating,
but the reduction is considerably less than the reduction in negative flow. Thus, the net
flow increases as soon as the cilia start to beat out-of-phase (see Fig. 7.7(a)). It can be
seen from Fig. 7.8(a) that in the presence of metachronal waves when the cilia spacing
is large (a/L = 5), the fluid transported during the effective stroke remains nearly the
same for all values of the wave velocities. For small cilia spacing (a/L = 1.67), however,
the positive flow is maximal for antiplectic metachrony, which leads to a larger net flow
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Figure 7.6: (a) Normalised fluid flux as a function of time for a/L = 1.67 and different values
of phase difference ∆φ. (b) Normalised accumulated flow at any time t during the beat cycle.
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Figure 7.7: Flow and effectiveness as a function of the phase difference ∆φ for different intercilium spacings a/L. AM and SM refer to antiplectic metachrony (the wave direction is opposite
to the direction of the effective stroke) and symplectic metachrony (the wave direction and the
effective stroke direction are the same), respectively.

for antiplectic metachrony compared to symplectic metachrony.
To understand the difference in positive flow for opposite wave directions for small
inter-cilium spacing (a/L = 1.67), we plot the flux as a function of time scaled with
the time taken by the magnetic couple to travel from one cilium to the next t1 , for two
different metachronal wave velocities (3/tbeat and 6/tbeat cilia per second), see Fig. 7.8(b).
The corresponding phase differences are also shown in the legend. It can be seen that
the flux in the case of antiplectic metachrony is larger than the flux created by the
symplectic metachrony for the same wave speed. This difference in flux for opposite wave
directions can be understood by analysing the velocity field corresponding to symplectic
and antiplectic metachrony at time instances when the flux is maximum (see Fig. 7.9).
Figure 7.9(a) and 7.9(b) correspond to different phase differences (∆φ = π/6 and ∆φ =
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Figure 7.8: (a) Positive (Qp ) and negative flow (Qn ) (see Fig. 7.1) created by the cilia
corresponding to the results presented in Fig. 7.7. (b) Flux vs time (scaled with the time t1
taken by the magnetic couple to travel from one cilium to the next) for a/L = 1.67 and different
wave speeds.

5π/6, respectively) leading to a similar wave speed of 6/tbeat cilia per second (see also
Fig. 7.2). The fifth cilium is in the peak of its effective stroke for both AM and SM. In the
case of symplectic metachrony, the positive flow created by the fifth cilium is obstructed
by the close proximity of the fourth cilium, which has just started its effective stroke.
As a result, we observe the formation of a vortex. In the case of antiplectic metachrony,
however, the position of the fourth cilium is such that the positive flow created by the
fifth cilium is not obstructed. This leads to larger fluid flow in the positive direction, so
that the net flow created by an antiplectic metachrony is larger than that created by its
symplectic counterpart.
Reports on metachrony and phase locking of beating cilia have appeared in the past
(Gauger et al., 2009; Kim & Netz, 2006; Gueron et al., 1997; Gueron & Levit-Gurevich,
1999). The main results are that metachrony enhances flow compared to synchronously
beating cilia (Kim & Netz, 2006; Gauger et al., 2009) and that antiplectic metachrony
generates a higher flow rate than symplectic metachrony (Gauger et al., 2009). (Kim &
Netz, 2006) analysed two cilia, which are driven by internal motors and are moving outof-phase due to the hydrodynamic interaction. They have shown that the fluid propulsion
increases, once the cilia start to beat with a phase difference, which is in agreement with
our results. Our results also agree with (Gauger et al., 2009), where it is shown that
the fluid flow is larger in the case of antiplectic metachrony than symplectic metachrony
when the cilia are close together. However, our results differ from (Gauger et al., 2009)
in the sense that we always see an enhancement in flow in the presence of metachrony
(compared to cilia beating in-phase) irrespective of the direction and magnitude of the
metachronal wave velocity. This is most likely due to the fact that the asymmetry
in ciliary motion in our case is much higher. (Gueron et al., 1997) and (Gueron &
Levit-Gurevich, 1999) have proposed that the evolution of the out-of-phase motion of
cilia in Paramecia is due to hydrodynamic interactions between adjacent cilia leading
to antiplectic metachrony. It is interesting to observe that the interplay between the
internally-driven actuation and hydrodynamic interaction in nature results in antiplectic
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Figure 7.9: (Colour online) Snapshots for antiplectic (∆φ = π/6) and symplectic metachrony
(∆φ = 5π/6) for a wave speed of 6/tbeat cilia per second and cilia spacing a/L = 1.67 at
t = 0.1t1 of Fig. 7.8(b). The contours represent the absolute velocity normalised with L/tbeat
(blue and red colours represent a normalised velocity of 0 and 2, respectively). The direction
of the velocity is represented by streamlines. The applied magnetic field is shown by the white
arrows.

metachrony. Our results, and those of others (Gauger et al., 2009), show that indeed
antiplectic metachrony leads to larger flow than symplectic metachrony for small cilia
spacings as typically seen in nature.

7.2.2

Out-of-phase motion caused by a non-uniform magnetic
field

Problem statement
We now study the flow generated by magnetic artificial cilia, which are actuated using
a rotating and non-uniform magnetic field (B 0 = (Bx0 , By0 )) that varies in space and
time:
Bx0 = B0 cos(ωt ± 2πx/λ),
By0 = B0 sin(ωt ± 2πx/λ),
(7.2)
where B0 is the magnitude of the applied magnetic field, λ the wavelength of the nonuniform magnetic field, ω = 2π/tref is the angular frequency and tref is the time period
of the magnetic field, see Fig. 7.10. The applied magnetic field travels in space and time
with a velocity λ/tref , which is positive (i.e., to the right) when a negative sign is used
in Eqn. 7.2, and negative when a positive sign is used.
In addition to the body couple M × B 0 (analysed in sections 2.3 and 5.2.1), the nonuniform magnetic field causes a magnetic body force of magnitude M · ∇B 0 to act on
the cilia, where M = (Mx , My ) is the magnetization of the cilia. Its components in the
x and y directions are Mx Bx0,x and Mx By0,x , respectively. Since the magnetization Mx
scales with Bx0 , the magnetic body forces in the x and y-direction scale as ∓ sin 2θ/λ
and ± cos2 θ/λ = ±(1 + cos 2θ)/2λ, respectively, where θ = ωt ± 2πx/λ; the top and
bottom signs are used for a negative and positive wave velocity, respectively. It is to be
noted that the magnetic body forces scale with 2θ. From Eqn. 2.37, it can be seen that

72

7. Effect of metachronal waves

Figure 7.10: Schematic representation of the problem analysed. We study an infinitely long
microfluidic channel consisting of equal-sized cilia spaced a distance a apart. The variation of
magnetic field in space at a particular time is shown, which has a wavelength λ and a velocity
λ/tref to the right. Qp and Qn denote the flow in the direction of the effective and recovery
stroke, respectively. The dashed line represents the trajectory of the tip of a typical cilium. The
dotted and continuous sinusoidal curves represent the magnetic field variation in space.

the magnetic body couple also scales with 2θ. Thus, the frequency of the magnetic body
forces and body couple is ωM = 2π/tbeat = 2ω and their wavelength is λM = λ/2. As
mentioned earlier, this causes two ciliary beats in one period of rotation of the magnetic
field, and two cilia spaced λM apart beat identically. It is important to note that the
magnetic body force in the y-direction is positive (or negative) for the magnetic waves
travelling to the left (or right). In addition, the magnetic body forces decrease when the
wavelength is increased and converges to zero when a uniform field (λ → ∞) is applied
as in previous section.
As the wavelength of the magnetic forces (both body couple and body forces) is λM ,
the cilia beat in-phase when a = λM and a << λM and in anti-phase when a = λM /2.
When 0 < a < λM /2, the magnetic field causes a metachronal wave whose direction
coincides with the direction of the magnetic wave; when λM /2 < a < λM the metachronal
wave is opposite to the direction of the magnetic wave (Khaderi et al., 2011b). The
metachronal wave is named symplectic, SM (or antiplectic, AM) when the metachronal
wave travels in the same (or opposite) direction as the effective stroke.
We perform the simulations in the Stokes limit with the fluid, magnetic and inertia
numbers set to 0.15, 10.89 and 4.8 × 10−3 , respectively. The values of the dimensionless
parameters correspond to L = 100 microns, E = 1 MPa, the thickness of cilia linearly
decreased from h = 2 µm at the fixed end to 1 µm at the free end, ρf = 0.1 kg/m3 , µ = 1
mPas, ρ = 1000 kg/m3 , B0 = 18.8 mT and the cycle time tref = 2tbeat = 20ms. The
magnetic susceptibilities of the cilia are 4.6 along the length and 0.8 along the thickness
(van Rijsewijk, 2006).
Analysis of cilia deformation
The travelling magnetic field leads to a distribution of magnetic couples which is significantly different from the couples in case of a uniform magnetic field. In Fig. 7.11, we neglect the body forces and plot the area swept by the tip of the cilia as a function of L/λM
for various cilia spacings. For reason shown later, we limit ourself to the cases where
the cilia spacing a < λM /2. While performing simulations, we apply the magnetic field
in Eqn. 7.2 with positive and negative signs for symplectic and antiplectic metachrony,
respectively. The top axis of Fig. 7.11 corresponds to symplectic metachrony, and the
bottom axis to antiplectic metachrony. It can be seen that the swept area for the sym-
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Figure 7.11: Area swept by the cilia as a function of L/λM for different a/L under the sole
influence of magnetic body couples caused by a travelling non-uniform magnetic field.

plectic metachrony is significantly larger compared to synchronously beating cilia (see
Fig. 7.11), while the opposite is the case for antiplectic metachrony. This is due to the
fact that the cilia are exposed to the system of magnetic couples for longer (shorter) duration of time for SM (AM) compared to synchronously beating cilia, causing an increased
(decreased) swept area.
We now analyse the influence of the magnetic body forces on the asymmetry of the
ciliary motion for symplectic and antiplectic metachrony. For illustrative purposes, we
choose the case of a = 5L and L/λM = 0.1 to plot the motion of a cilium at different
time instances after a steady state has been reached (see table 7.1). The thick arrows,
hollow arrow heads and thin arrows represent the applied magnetic field, magnetization
and magnetic body forces, respectively. Also shown are the signs of the magnetization in
the x-direction, field gradients and body forces. As the magnetic field vector at any point
rotates counterclockwise irrespective of the travel direction of the wave, the resulting field
distribution in space depends on the travel direction. It can be seen that the direction
of the magnetization strongly correlates with the direction of the applied magnetic field.
The magnetization in the x-direction is maximum during the recovery stroke and initial
part of the effective stroke, see the instances (a), (b), (g) and (h) in table 7.1, when the
field vector makes an angle 0 or π with the x axis. During these instances Bx0,x → 0 and
By0,x is maximum, leading to magnitudes of the body forces that are larger compared
to other instances during the beat cycle. It can be seen that the body forces (red arrows
in table 7.1) act such that they make the film stay closer to (or further away from) the
substrate in the case of antiplectic (or symplectic) metachrony. Therefore, the cilia stay
closer to the bottom boundary for antiplectic metachrony, which results in a larger area
swept and fluid flow than symplectic metachrony (shown later). The magnetic body
forces and body couples complement each other during the beginning of the effective
stroke in the case of symplectic metachrony. However, for antiplectic metachrony they
oppose each other. As a result, for small wavelengths the magnetic body forces will
be very large and do not allow the cilia to beat. The non-uniform magnetic field thus
influences the motion of the cilia in two ways: the magnetic body forces (which decrease
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Figure 7.12: Area swept as a function of L/λ for different inter-cilium spacings a/L under
the influence of magnetic couples as well as forces.

the area swept for symplectic metachrony and enhance it for antiplectic metachrony) and
body couple (which increase the area swept for symplectic metachrony and reduce it for
antiplectic metachrony). Clearly, the deviation of the swept area from the synchronously
beating cilia is governed by the competition between these two effects.
The area swept by the cilia under the influence of both body forces and couples as a
function of L/λM for different cilia spacings is shown in Fig. 7.12. By comparing Fig. 7.11
with Fig. 7.12, it can be clearly deduced that the effect of body forces dominated over
the effect of body couples, leading to a larger swept area for AM compared to SM. As
mentioned earlier (see table 7.1), for small wavelengths (λM < 0.15L) the body forces
acting towards the bottom boundary in the case of AM are so high that the area swept
by the cilia diminishes and in some cases the cilia do not beat at all.
Analysis of fluid flow
Next, we analyse the flow created by the metachrony. We first focus on antiplectic
metachrony (the wave moving to the right) for a wavelength λM = 6a and cilia spacing
a = 1.67L. The deformed position of the cilia at different time instances in addition to
the fluid pressure profiles is shown in Fig. 7.13. The contours represent the pressure in
the fluid, the direction of the fluid velocity is shown using the streamlines, the magnetic
field distribution is given by the black arrows and the white circles represent the fluid
particles. In Fig. 7.13(a) cilium 1 is performing the recovery, in Fig. 7.13(b) cilium 2 is
performing the recovery, and so on, clearly showing that the magnetic wave is travelling
to the right. It can be seen that the flow and pressure profiles are similar after every
tbeat /6 seconds, but have translated in the direction of the metachronal wave by one
cilium. Let us focus our attention on instance t = 2tbeat /6 (Fig. 7.13(b)). The first
cilium has just finished its beat cycle and the second cilium is performing the recovery
stroke, while the remaining four cilia are in different phases of their effective stroke. Due
to the out-of-phase motion of the cilia, the pressure to the right of cilium 2 is much
larger than to its left. In this situation the recovery stroke of the cilium 2, instead of
creating a negative flow, creates a local vortex. As a result, the negative flux and flow
are drastically knocked down, leading to a substantial increase of the net fluid propelled.
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Consequently, the created fluid flow is unidirectional. This can also be seen from the
variation of the flux and flow as a function of time (see Fig. 7.13(h)). The six periodic
dips in the flux profile are caused by the recovery stroke of the cilia. The negative flux,
however, is very small compared to the positive flux, which leads to a nearly monotonous
increase of the fluid flow with time and a much larger fluid flow at the end of a cycle (0.6
in units of πL2 /2) compared to the synchronously moving cilia (0.2 in units of πL2 /2,
see Fig. 5.4).
The flow (normalised by πL2 /2) and effectiveness are plotted as a function of L/λM
for different cilia spacings in Fig. 7.14. For a given cilia spacing, the flow nicely correlates
with the area swept by the free end of the cilia (compare Figs. 7.12 and 7.14(a)). This was
also observed in our earlier studies (Khaderi et al., 2009, 2010) for the case of uniformly
beating cilia. In the case of symplectic metachrony, as the wavelength gets smaller
the magnetic body forces increase, pushing the cilia away from the bottom boundary,
which causes a larger negative flow (see the dashed lines in Fig. 7.14(c) for symplectic
metachrony), and a resulting decrease in the net fluid transported and effectiveness. At
small wavelengths (λM < 4L) of antiplectic metachrony, the magnetic body forces acting
during the beginning of the effective stroke are large and do not allow the cilia to exhibit
a complete effective stroke. Now, the positive flow is low (see the solid lines in Fig. 7.14(c)
for antiplectic metachrony), causing the net fluid transported and effectiveness to attain
low values.
In most of the cases, the flow caused by the metachronal motion of the cilia is larger
than that of the synchronously beating cilia, even though the area swept in the latter
case is larger. This, as seen earlier, is because of the reduction in the negative flow
caused by the recovery-induced vortex formation (see also (Khaderi et al., 2011b)). In
fact, as shown in Fig. 7.14(c), the positive flow is also reduced. However, the reduction
in the negative flow is more than the reduction in the positive flow. Consequently, the
effectiveness of fluid propulsion is also higher compared to synchronously beating cilia
(see Fig. 7.14(b)). When the cilia spacing is decreased the viscous resistance per cilium
decreases, which causes the normalised flow to increase. However, decreasing the cilia
spacing below 2.5L does not increase the fluid propelled for symplectic metachrony. In
these cases, the cilia are close together during their effective stroke, which leads to an
obstruction of the positive flow of a cilium by its neighbours (Khaderi et al., 2011b).
It can thus be seen that in the presence of non-uniform magnetic fields we obtain a
significant enhancement in the fluid flow for the case of antiplectic metachrony. However
in the case of symplectic metachrony, the increase in the flow is only limited.

7.3

Conclusions

We have studied the flow created by a two-dimensional array of artificial cilia as a function
of the phase lag and spacing between neighbouring cilia. Two methods of generating a
metachronal wave are considered; by prescribing a phase difference between adjacent cilia
and by using a non-uniform magnetic field. In the latter case, the magnetic body forces
acting on the cilia lead to a reduction of the asymmetric area for the case of symplectic
metachrony compared to antiplectic metachrony. The flow per cycle and the effectiveness
(which is a measure of the unidirectionality of flow) are considerably enhanced when the
cilia start beating out-of-phase, as compared to synchronously beating cilia. While the
amount of flow enhancement depends on the inter-cilia spacing, the effectiveness is not
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Figure 7.13: (a) - (f) Contours of pressure normalised with µ/tbeat at different time instances.
The direction of the fluid flow is represented by the streamlines, the magnetic field distribution
is shown using the black arrows and the white circles represent fluid particles. (h) Flow and
flux as a function of time, with the instances corresponding to (a) - (f) duly marked.

significantly influenced. Metachrony is observed to completely knock-down the negative
flow to zero due to the vortex formation caused by the shielding of the recovery stroke.
Interestingly, we find that the enhancement is achieved even for small phase differences
and large wavelengths. In the case of metachronal waves obtained by prescribing a
phase difference, the direction of travel of the metachronal wave is not important for
large cilia spacings. In all other cases, the fluid flow is larger for antiplectic metachrony
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Figure 7.14: Flow and effectiveness as a function of a/λ for different inter-cilium spacings a/L.
AM and SM refer to antiplectic metachrony (the wave direction is opposite to the direction of
the effective stroke) and symplectic metachrony (the wave direction and the effective stroke
direction are the same), respectively. The area flow is significantly enhanced for an antiplectic
metachrony compared to symplectic metachrony.

compared to symplectic metachrony, which is related to the obstruction of the positive
flow for symplectic metachrony. It is therefore beneficial if the magnetic actuation of the
artificial cilia is designed such that it results in an antiplectic metachrony. Our results
suggest that an antiplectic metachrony is adopted by the cilia on paramecia and in the
respiratory system to maximize the fluid propelled. However, ciliary systems (such as
on Opalina) that exhibit symplectic metachrony are also present in nature. It will be
of interest to investigate what property is optimised by symplectic metachrony in these
systems.
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Table 7.1: Motion of a super-paramagnetic cilium under the influence of a non-uniform rotating
magnetic field that travels in space to the left (symplectic metachrony) and right (antiplectic
metachrony). The thick arrows, hollow arrow heads and thin arrows represent the applied
magnetic field, magnetization and magnetic body forces, respectively. The direction of the
magnetization (Mx ), field gradients (Bx,x and By,x ) and body forces (fx and fy ) at different
instants are also shown using the + and - symbols.

Chapter 8

Fluid flow caused by collective non-reciprocal
motion

Abstract
Using a magneto-mechanical solid-fluid numerical model for permanently magnetic
artificial cilia, we show that the metachronal motion of symmetrically-beating cilia
establishes a net pressure gradient in the direction of the metachronal wave, which
creates a unidirectional flow. The flow generated is characterised as a function of
the cilia spacing, the length of the metachronal wave and a dimensionless parameter
that characterises the relative importance of the viscous forces over the elastic forces
in the cilia.

8.1

Introduction

In lab-on-a-chip devices, working fluids have to be pumped between micro-reaction chambers through micron-sized channels. At these small length scales the viscous forces dominate over the inertial forces. Under this condition, a mechanical actuator has to move
in a non-reciprocal manner to cause a net fluid transport (Purcell, 1977). In nature,
micron-scale fluid manipulation is often performed using periodically beating hair-like
structures called cilia. An example of natural fluid manipulation systems is the expulsion
of mucus from the lungs caused by the beating of the cilia attached to the inner layer of
mammalian trachea. The ciliary beat consists of distinct effective and recovery strokes,
which leads to a non-reciprocal motion. In addition to the non-reciprocal motion of individual cilia, adjacent cilia beat with a constant phase difference leading to a coordinated
wave-like motion, which is referred to as metachronal motion. Another example of fluid
manipulation is the swimming of Cyanobacteria. Points on the surface of Cyanobacteria
oscillate symmetrically and generate waves of lateral displacement along their surface.
This wave-like motion causes fluid transport in one direction and the bacteria swim in
the opposite direction (Ehlers et al., 1996).
Many examples have appeared in the recent literature of artificial cilia that mimic
the natural ciliary motion using different physical actuation forces, imposed by electric
fields, magnetic fields or through base excitation (Shields et al., 2010; Evans et al., 2007;
den Toonder et al., 2008; Oh et al., 2009; van Oosten et al., 2009; Fahrni et al., 2009;
Kim & Netz, 2006; Gauger et al., 2009; Khaderi et al., 2009). In most of the cases the
actuation field is uniform (Kim & Netz, 2006; Khaderi et al., 2009; Fahrni et al., 2009;
Vilfan et al., 2010), so that all artificial cilia beat in-phase, thus only focusing on the
Based on Khaderi, et al. Fluid flow due to collective non-reciprocal motion of symmetrically-beating
artificial cilia, submitted.
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non-reciprocal motion of individual cilia. The flow generated by synchronously-beating
cilia has been analysed in terms of the dimensionless parameters that govern the cilia
behaviour (Alexeev et al., 2008b; Ghosh et al., 2010; Alexeev et al., 2008a; Khaderi
et al., 2009; Gauger et al., 2009). The formation of the metachronal waves has been
investigated using computational models, which suggest that the coordinated motion is
due to the hydrodynamic interaction between adjacent cilia, and that the energy spent
per cilium decreases in the presence of metachronal waves (Gueron & Levit-Gurevich,
1999; Gueron et al., 1997; Kim & Netz, 2006; Vilfan & Jülicher, 2006). Recently, it
has been shown that the flow generated by magnetically-driven non-reciprocally-beating
artificial cilia is substantially enhanced and becomes unidirectional when the cilia beat
out-of-phase compared to synchronously beating cilia (Khaderi et al., 2011b; Gauger
et al., 2009). By modelling cilia that beat out-of-phase and possess only orientational
asymmetry (Khaderi et al., 2010) as a porous sublayer, it has been shown that flow can be
created in the direction of the metachronal wave (Hussong et al., 2011a). However, from
a manufacturing and implementation point-of-view, it is not straighforward to generate
non-reciprocal motion of the individual cilia. Therefore, it is of interest to investigate
whether cilia can create a flow in the absence of any asymmetry but in the sole presence
of waves of lateral displacement, similar to that of Cyanobacteria. This is the subject of
the present article.
We study an array of permanently magnetic artificial cilia subjected to a non-uniform
magnetic field that travels in space and time, such that the cilia beat symmetrically but
out-of-phase. The ciliary motion generates a unidirectional fluid flow in a direction
opposite to the metachronal wave. The fundamental mechanism which is responsible for
the flow is investigated, and the flow is quantified as a function of the parameters of the
metachronal wave, cilia spacing, and a physical dimensionless parameter that quantifies
the relative importance of the viscous forces compared to the elastic forces. We find that
flow reaches a maximum when the wavelength of the metachronal wave is four times the
cilia length.
The chapter is organised as follows. The boundary value problem, solution approach
and parameters involved in the system are explained in section 8.2. The collective nonreciprocal motion is analysed in section 8.3.1. The mechanisms that cause the flow are
analysed from Eulerian and Lagrangian points-of-view in section 8.3.2. The dependence
of the flow on the system parameters is analysed in section 8.3.3. We finally summarise
the results of the analysis in section 8.4.

8.2

Problem definition

We analyse an infinitely long channel of height H containing an array of cilia of length
L, thickness h and inter-cilia spacing a. The cilia have an elastic modulus E and possess
a remanent magnetization of magnitude Mr oriented along their length from the fixed
end to the free end. A magnetic field with a constant magnitude in the y-direction (B0y )
and varying over space and time in the x-direction is applied according to the following
form,
Bx = B0x sin (ωt − 2πx/λ) ,
(8.1)
where ω = 2π/tref is the angular velocity, tref is the time period of oscillation and λ is
the wavelength of the applied magnetic field, see Fig. 8.1. The applied magnetic field
has a wave velocity λ/tref to the right. The magnetic body couple Nz acting on the cilia
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Figure 8.1: Schematic picture of the problem analysed. We study an infinitely long channel
of height H containing equally-spaced cilia that are arranged perpendicular to the channel.
A magnetic field which varies in space and time is used for actuation. The resulting flow is
opposite to the direction of the metachronal wave.

at the cilia base can be written as Nz = Mr B0x . The velocity of the magnetic couple
wave, which causes the out-of-phase motion of the cilia, is also equal to λ/tref . However,
as there are a finite number of cilia per wave length, the metachronal wave velocity also
depends on the cilia spacing a. The metachronal velocity in cilia per seconds can be
written as λ/atref for 0 < a < λ/2 and −(λ/atref )/(λ/a − 1) for λ/2 < a < λ (see
chapter 7 and appendix J). The fluid to be propelled is assumed to be incompressible
and Newtonian with a viscosity µ. The cilia are vertically straight when no magnetic
field is applied.
The dimensionless geometric parameter a/λ scales with the phase difference between
adjacent cilia and characterises the response of the system together with H/L and a/L.
The physical response of the system can be captured through three dimensionless numbers: the fluid number Fn = 12µL3/Eh3 tref - the ratio of the viscous forces to the elastic
forces, the inertia number In = 12ρL4 /Eh2 t2beat - the ratio of cilia inertia forces to the
elastic forces and the magnetic number Mn = 12B0x Mr L2 /µ0 Eh2 - the ratio of magnetic
forces to the elastic forces, where E and ρ are the elastic modulus and density of the
cilia (Khaderi et al., 2009). In this chapter we explore the effect of a/λ, a/L and Fn for
a given value of In , Mn and H/L in the limit of low Reynolds numbers. We model the
cilia as Euler-Bernoulli beams and the magnetic field using a boundary element approach
(Khaderi et al., 2009). The Stokes equations, which capture the behaviour of the fluid
at low Reynolds numbers, are solved using the finite element method. The solid and
fluid dynamic equations are coupled implicitly using the fictitious domain method (van
Loon et al., 2006). The solution procedure can be summarised as follows. The Maxwell’s
equations are solved at every time instant to obtain the magnetic field. From the magnetic field, we calculate the magnetic body couple acting on the cilia1 . This body couple
is provided as an external load to the implicitly-coupled solid-fluid model, which solves
for the velocity of the cilia, and the velocity and pressure of the fluid. Using the velocity
of the cilia, its new position is calculated and the procedure is repeated. The reader is
referred to Khaderi et al. (2009) for a detailed description of the numerical model.
To perform the numerical simulations we choose a unit-cell whose width is equal to
1 As

we have a permanently magnetic film that is magnetized along its length, and because only the
magnetic field in the x-direction is non-uniform, no magnetic body forces act on the cilia.
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one wavelength containing λ/a cilia. The left and right end of the unit-cell are periodic
in velocity, while the top and bottom boundaries are no-slip boundaries. We perform
simulations for various values of the phase difference a/λ, while the inter-cilia spacing
a/L is maintained constant. Therefore, as λ is increased the number of cilia in a unit-cell
also increases.

8.3
8.3.1

Results
Collective non-reciprocal motion

We first show that the out-of-phase motion of the cilia leads to a collective non-reciprocal
motion. To elucidate this we plot the schematic positions of the cilia at time instances
tref /4 after and before the first cilium has reached its extreme position (at time te ) in
Fig. 8.22 . The thin and thick lines represent the extreme and current positions of the
cilia, respectively. The arrows represent the direction of motion of the cilia. We would
like to remind that for non-reciprocal motion of an actuator, its position after and before
an extreme position is reached should not be identical. In the cases of cilia beating in
synchrony and anti-phase, the positions of all the cilia before (te − tref /4) and after the
extreme position (te + tref /4) is the same; hence the motion is reciprocal. However, in
the case for cilia moving out-of-phase, even though the positions of the cilia 1 and 3 are
identical before and after te , the positions of cilia 2 and 4 are not. Therefore, even though
every cilium performs a reciprocal motion, the cilia collectively perform a non-reciprocal
motion and, therefore, will cause a net fluid flow in microchannels. This fluid flow is
quantitatively analysed in the subsequent sections.

8.3.2

The fundamental mechanism

Eulerian point-of-view
To illustrate the fundamental mechanism that creates the flow, we take a/L = 2/7,
a/λ = 1/7, H/L = 4, Fn = 0.15, In = 3 × 10−3 and Mn = 2.25 (based on Bx0 ).
As a/λ = 1/7, the metachronal wave travels to the right with a speed λ/tref . Figure
8.3(a) shows the pressure contours with the streamlines superimposed and Fig. 8.3(b)
shows the contours of the absolute value of the horizontal component of the velocity. For
clarity, the results are shown for two unit-cells. Because of the travelling magnetic wave
and periodicity of the system, the pressure and velocity profiles in the channel remain
unchanged in time, but travel with a constant velocity in the direction of the applied
magnetic wave (to the right).
At the instant depicted, cilia 2, 3, 4 and 9, 10, 11 move to the right, while cilia 6, 7
and 13, 14 move to the left. The other cilia are nearly stationary (zero velocity). Due to
the instantaneous velocity of the cilia, high pressure (hp) and low pressure (lp) regions
develop (red and blue regions in Fig. 8.3(a)). Fluid is squeezed out from the hp region
and sucked in by the lp regions, as a result of which a series of counter-rotating vortices
are formed in the channel. Since the distance between the hp and lp regions opposite
to the wave direction is smaller, the pressure gradient is larger, so that the counterclockwise vortices are stronger (see Fig. 8.3(b)). As a result, the velocity distribution
2 Note

that the cilia will deform by bending – when a magnetic body couple Nz is applied – and will not
remain straight as is assumed in this section for simplicity.
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(a) Synchronously beating cilia.

(b) Cilia beating in anti-phase.

(c) Cilia beating out-of-phase a/λ = 1/4.

Figure 8.2: Schematic positions of the cilia at instances tref /4 after (te + tref /4) and before
(te − tref /4) the extreme position has been reached by the first cilium at te . The time te
corresponds to the extreme position of the first cilium from the left. The arrows represent the
direction of motion of the cilia. In the cases of cilia beating synchronously and anti-phase, the
positions of all the cilia before and after the extreme position is the same; hence the motion
is reciprocal. However, it is not the case for cilia moving out-of-phase; hence the motion is
non-reciprocal.
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has a dominant horizontal component to the left. Integrating the velocity profile over
the channel height results in a net flux to the left. Conservation of mass dictates that the
flux at every vertical section through the channel is the same. Since the entire periodic
profile, as depicted in Fig. 8.3, travels continuously to the right at a constant pace, the
flux remains constant in time. Clearly, the flux magnitude and direction can be directly
deduced from the instantaneous pressure distribution profile of Fig. 8.3 as analysed in
the following.
Fluid flow occurs in the direction opposite to the net pressure gradient. This pressure
gradient is governed by the magnitude of the pressure in the lp and hp regions and the
distance between them. The former is governed by the velocity of the individual cilia,
whereas the latter is determined by the deflection δ of the cilia tip. Since the velocity
and displacements of the cilia are controlled by the magnetic field and its rate of change,
it can be deduced that for a considerably smaller than λ the net pressure gradient scales
with µωδ 2 /λ3 (see appendix K). As this pressure gradient is positive, the flow occurs in
the negative x-direction. Thus, the flow direction is opposite to the metachronal wave,
and scales with the square of the amplitude of deflection. When the direction of the
applied magnetic wave is reversed, the pressure profile, which is dictated by the cilia
velocity, remains alternating. However, the deformed configuration of the cilia changes
in such a way that the net pressure gradient is now negative; this creates a flow to the
right (again opposite to the metachronal wave). Fluid flow created by oscillating cilia
whose motion is kinematically prescribed has been analysed recently using a continuum
approach (Hussong et al., 2011a). The formation of the vortices was also observed in
this work. A rigorous mathematical analysis of the fluid flow induced by a longitudinally
oscillating sheet whose material particles comprise of the tip of the cilia also predicts
that the flow will occur in the direction opposite to the metachronal wave (Brennen,
1974).
Lagrangian point-of-view
The previous analysis focussed on the channel flow from an Eulerian point-of-view. Instead, we can also adopt a Lagrangian view point and track the motion of fluid particles
in time. In the following, all the parameters of the previous section are kept constant,
except for H, which we now choose to be 2L. Figure 8.4 shows a portion of the region
between the tips of the cilia and the top boundary. We follow the motion of the fluid
particles (that initially form a straight vertical line) when they come under the influence
of the travelling vortices (see Fig. 8.4). The contours represent the absolute velocity in
the x-direction, and the direction of velocity is represented by the streamlines. From
the velocity field, we can see that the out-of-phase motion of cilia creates a series of
counter-acting vortices, and that the velocity field travels to the right, which is also the
direction of propagation of the applied magnetic field wave.
We focus our attention on the second particle from the bottom. At t = 0 the particle
is between two vortices. The velocity of the particle is such that it moves downwards. As
time progresses, at t = 0.2tref the position of the particle is such that it has a low velocity
to the right due to the presence of the clockwise vortex. At t = 0.4tref, the particle moves
away from the influence of the clockwise vortex, towards the counter-clockwise vortex.
Now the particle has a velocity such that it moves upwards. At t = 0.6tref, when the
particle is under the influence of the stronger counter-clockwise vortex, it has a higher
velocity compared to the instance when the particle was under the influence of less strong
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(a) Pressure contours: red is high pressure and (b) Contours represent the magnitude of velocity
blue is low pressure.
in x-direction and the streamlines represent the
direction of velocity.

Figure 8.3: Fundamental mechanism causing fluid flow: (a) Contours of pressure and (b)
Contours of absolute velocity in x-direction for a/L = 2/7 and a/λ = 1/7 (wave moving to the
right) at t = 0.35tref . Due to the velocity of cilia, regions of positive and negative pressure are
established in the channel. The deformed position of the cilia causes a lower pressure gradient
in direction of the wave compared to that of in the opposite direction. This leads to a high
velocity and a net flow to the left.

clockwise vortex (compare Figs. 8.4(b) and 8.4(d)). Therefore, the particle effectively
moves to the left. The displacement perpendicular to the channel is less for the particles
near the top boundary. This leads to equal velocities in the channel direction when they
come under the influence of the clockwise and counterclockwise vortices, which results
in no net displacement of the particles near the top boundary.
It can be seen that the fluid particle near the free end of the cilia moves unidirectionally and that its displacement is much larger compared to the displacement of the
rest of the particles. Therefore, the contribution to the flow from the fluid particles
near the cilia is much larger compared to other particles. This results in a flow that is
nearly unidirectional, even though the cilia motion is oscillatory. An unidirectional flow
is also observed when the cilia motion is non-reciprocal in the presence of metachronal
waves (chapter 7) and inertia (chapter 5). A similar approach (Lagrangian point-of-view)
was used in (Ehlers et al., 1996) to analyse the swimming of microorganisms (based on
tangential travelling waves).

8.3.3

Parametric study

We now characterise the flow generated by the cilia as a function of the system parameters
such as the cilia spacing a, wavelength λ, amplitude of cilia deflection and fluid number
Fn . The output of the cilia is quantified by the area flow created per cycle, which is found
by integrating the instantaneous velocity flux through the channel over a representative
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(a) t = 0

(b) t = 0.2tref

(c) t = 0.4tref

(d) t = 0.6tref

(e) t = 0.8tref

(f) t = 1.0tref

abs(u)tref/L
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0.025 0.05 0.075 0.1 0.125 0.15

Figure 8.4: Motion of particles with time: The field-of-view is the region between the oscillating
end of cilia and top boundary of the unit-cell with the bottom left corner at (x, y) = (0.5L, 0.95L)
and the top right corner at (x, y) = (1.55L, 2L). The velocity in the channel direction is larger
in the direction opposite to the wave than in the direction of the wave. The white curves
represent the trajectory of particles and the black dots represent the particles. Particles near
the cilia move unidirectionally and show larger displacement, whereas the particles near the top
boundary do not show any displacement.

cycle. The nature of the fluid flow, as seen in section 8.3.2, is unidirectional. We
focus our attention on the cases where the direction of the metachronal wave velocity
is positive, i.e. a < λ/2, and perform the analysis for H = 2L, Mn = 1.13, Fn = 0.15
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Figure 8.5: Flow as a function of (a) phase difference a/λ and (b) wavelength L/λ for various
cilia densities a/L. The fluid flows in a direction opposite to the metachronal velocity (shown
using dashed lines in (a)). The flow is maximum when λ = 4L. The arrow shows the direction
of increase of λ.

and In = 3 × 10−3 unless mentioned otherwise. Figure 8.5(a) shows the flow and the
metachronal wave velocity as a function of a/λ. When a = 0, the cilia move in-phase.
When a = λ/2, the positive wave velocity and the negative wave velocity are equal and
this leads to a standing wave (see chapter 7 and Fig. 8.2(b)). Under these conditions,
we do not see metachronal waves and thus no fluid flow is observed. As the magnetic
wave travels to the right (see Fig. 8.1), the fluid flows to the left; the opposite occurs
for λ/2 > a > λ. To get more insight into the behaviour of the system, we plot the flow
as a function of L/λ for the cases shown in Fig. 8.5(a) in Fig. 8.5(b). The arrow shows
the direction of increasing λ. The fluid flow increases when the inter-cilia spacing is
decreased, and for a given inter-cilia spacing, the flow initially increases with λ, reaches
a maximum at λ = 4L and then decreases.
As shown in appendix K the pressure gradient responsible for the flow increases
when the wavelength decreases, as well as when the deflection of the cilia increases.
However, there is an additional dependence. When the wavelength of the magnetic field
is increased in Fig. 8.5(b) for a particular cilia spacing, the pressure between the cilia
decreases, which reduces the hydrodynamic drag and causes an increased deformation of
the cilia (see Fig. 8.6). On the other hand, the pressure gradient will decrease with an
increase in the wavelength3 , so that the flow created is due to the relative competition
between these two effects. The deflection effect dominates when the wavelength is small,
creating an increased flow as we increase the wavelength until λ = 4L. When we increase
the wavelength any further, the effect of the increasing deflection is overcome by the
decreasing pressure gradient, which causes the flow to decrease. This is in contrast to
the situation where the cilia sweep an asymmetric area (see chapter 7), where it is shown
that the flow created does not depend on the phase difference between adjacent cilia.
This is due to the different mechanisms that drive the flow: The pressure gradient in the
current situation and the asymmetric area in (Khaderi et al., 2011b).
3 Note

that the pressure gradient will continue to decrease with an increase in wavelength, whereas its
increase because of the increased cilia deflection is limited.
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Figure 8.7: Flow as a function of the fluid number (Fn ) for various cilia spacing at L/λ = 1/4.
The maximum transverse displacement of the free end is shown as an inset.

The flow as a function of the fluid number (Fn ) for various cilia spacings at L/λ = 1/4
is shown in Fig. 8.7; the flow decreases with an increase in the fluid number. As the
viscous forces increase with the fluid number, the cilia exhibit lower deflections when
Fn is increased (see the inset in Fig. 8.7). As the pressure gradient scales with the cilia
deflection, the flow created decreases with the deflection.
When λ >> a, the fluid experiences an oscillating surface whose material particles
are made up of the tip of cilia. The velocity of propulsion in such a case is given by the
envelope theory under the assumption that the cilia spacing is much smaller than the
wavelength. Brennen (1974) has shown that for a continuous distribution of cilia, the
fluid velocity scales with the inverse square of the wavelength, the frequency of oscillation
ω and the square of the amplitude of oscillation (Brennen, 1974). Moreover, the flow is in
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the direction opposite to the wave velocity. Our model also captures all these aspects. In
the following, we show that the flow scales with the square of the amplitude of oscillation
even at large amplitudes of deflection and spacing of cilia (a ≈ L).
To do so, we examine the fluid flow dependence on the magnitude of the transverse
deflection of the cilia. We take the case of a = 2L and a/λ = 1/3. The magnitude of
displacement is increased by increasing the magnetic number from 2.25 to 34. The flow
as a function of displacement is shown in Fig. 8.8. The flow has a quadratic dependence
on the deflection until the deflection is 40% of the cilia length.
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Figure 8.8: Flow as a function of deflection.

8.4

Conclusions

In this chapter we analysed the fluid transport created by cilia that beat symmetrically
and out-of-phase when actuated by a non-uniform magnetic field, leading to the formation of metachronal waves. Although at the scale of individual cilia the beating is
reciprocal, because of the metachronal waves the cilia collectively exhibit a non-reciprocal
motion. Using a magneto-mechanical solid-fluid numerical model we analyse the fundamental mechanisms that cause this fluid flow. The out-of-phase motion of cilia creates
a net pressure gradient, which results in a unidirectional flow whose direction is opposite to the direction of the wave. The flow increases with the tip deflection of cilia and
decreases with the wavelength. Analysis of the motion of fluid particles reveals that the
major contribution to the fluid flow comes from the particles located near the free end
of the cilia. The flow created reaches a maximum value when λ = 4L.

Chapter 9

Three-dimensional numerical model

Abstract
A numerical model is developed to analyse the interaction of artificial cilia with the
surrounding fluid in a three-dimensional setting in the limit of vanishing fluid inertia
forces. The cilia are modelled using finite shell elements based on the superposition
of discrete Kirchhoff triangles and constant strain triangles with drilling degrees of
freedom. The fluid is modelled using a boundary element approach. The coupling
between both the models is performed by imposing no-slip boundary conditions on
the surface of the cilia. The performance of the model is verified using various
reference problems available in the literature. The application of the developed model
is elucidated by simulating the fluid flow due to magnetically actuated artificial cilia.

9.1

Introduction

In the previous chapters we used a two-dimensional model to simulate the cilia, which
were constrained to beat in a plane. Such a two-dimensional analysis is valid for cilia
widths that are larger than the cilia length and channel height. However, the cilia are, in
general, three-dimensional structures and have a finite width (typically one fifth of their
length), see Fig. 9.1(a). In these situations, the effect of the cilia width and the spacing
between the cilia along the width direction play an important role in determining the
fluid transported. Also, in experimental systems the magnetic field can be applied in
three spatial directions. In order to model these effects we develop a three-dimensional
numerical model which can accurately describe the motion of the cilia, the velocity field
in the fluid and the magnetic field in the cilia, for the situation of low Reynolds numbers.
To capture the deformation of the cilia, both the bending and membrane stiffnesses
have to be accurately modelled. The bending stiffness of cilia can be modelled using two
approaches: Kirchhoff-Love theory and Reissner-Mindlin theory (Zienkiewicz & Taylor,
2002). The Kirchhoff-Love (KL) theory is used for thin plates where only the bending
energy is considered, whereas in the Reissner-Mindlin (RM) theory both bending and
shear energies are considered. Finite elements based on the RM theory show locking
behaviour when modelling slender structures, and in such cases one has to resort to
special techniques of numerical integration. On the other-hand, simple finite elements
based on KL theory which satisfy all the compatibility requirements are not available
(Zienkiewicz & Taylor, 2002). To model the cilia, we adopt the approach proposed by
Bathe & Ho (1981) and model the bending of the cilia using discrete Kirchhoff triangles
Based on Khaderi, et al. Implicitly-coupled finite element/boundary element method for the threedimensional fluid-structure interaction of magnetic artificial cilia, submitted.

92

9. Three-dimensional numerical model

Figure 9.1: (a) Magnetic artificial cilia consisting of polymer films with embedded nanoparticles (Khaderi et al., 2011a; Belardi et al., 2011). Bottom: Cilia in unactivated state; top:
Cilia under the influence of a magnetic field. (b) Schematic picture of the problem: A group of
cilia in a semi-infinite fluid are attached to a substrate and actuated using an external magnetic
field.

(DKT), while the membrane behaviour is modelled using constant strain triangles (CST).
To improve the accuracy during in-plane bending, we add drilling degrees of freedom to
the CST (Allman, 1984). The large deformation of the cilia is modelled by adopting an
updated Lagrangian procedure.
We assume that the inertia forces in the fluid are negligible. This enables us to model
the fluid using the Stokes equation, the solution of which can be written in terms of a
Green’s function. The Green’s function for the case of forces acting in a semi-infinite
fluid is provided by Blake (1971b). The cilia are considered as internal boundaries to the
fluid, which exert a force on the fluid. The drag forces are treated as a distribution of
point forces on the cilia. Akin to the solid mechanics model, we use triangular elements
to discretise the internal fluid boundary. The drag forces are assumed to vary linearly
within each triangular element. Once the drag traction is known, the velocity field in
the fluid and the velocity of the internal fluid boundary (the cilia) can be obtained.
Many studies exist in the literature to model the interaction of slender bodies with
the surrounding fluid, such as the arbitrary Lagrangian-Eulerian (ALE) method (Donea
et al., 1982), fictitious domain method (van Loon et al., 2006), and immersed boundary
method (Peskin, 2002). Recently, the extended finite element method has also been used
to perform fluid-structure interaction (Gerstenberger & Wall, 2008, 2010). Although
implementation of these methods for three-dimensional problems is straightforward, the
computational cost is enormous due to the large number of degrees of freedom of the
3D fluid mesh. Therefore, coupling a boundary element model of the fluid with a finite
element model of a slender structure provides attractive advantages. Coupling of boundary elements and finite elements has been performed in the past for the interaction of a
solid with an ideal fluid (Schneider, 2008; Chen et al., 1998). In this work we couple the
previously explained boundary element formulation for the fluid with the shell element
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Figure 9.2: Schematic representation of the parameters involved in the shell element formulation.

model of the cilia using no-slip boundary conditions on the cilia (the velocity of the fluid
boundary is equal to the velocity of the solid shell structure). The coupling is performed
in a monolithic fashion. An approach similar to that taken here was used by Salsac et al.
(2010), where the solid-fluid coupling is implemented in an explicit manner.
The chapter is organised as follows. In section 9.2 we discuss the solid mechanics
model followed by the fluid dynamics model and the fluid-structure interaction implementation. The method used to calculate the magnetic fields is then discussed. The
applications of the developed model is elucidated by studying the fluid-structure interaction of artificial cilia in section 9.3.

9.2
9.2.1

Formulation
Solid mechanics model

The cilia are modelled using shell elements based on the superposition of the bending
and membrane stiffness in the local coordinate axes of the shell element. The membrane
stiffness is based on constant strain triangles with drilling degrees of freedom (Allman,
1984), and the bending stiffness is based on the discrete Kirchhoff triangular elements
proposed by Batoz et al. (1980). We start with the principle of virtual work containing
the relevant energies, linearise it, and finally adopt an updated Lagrangian framework to
arrive at the final set of equations. The resulting stiffness matrix includes the geometric
non-linearity, which accounts for large deformations, but small strains.
Let the displacement of a point on the mid-surface be (u0 , v0 , w0 ). As we model the
cilia to be shell structures, the displacement of any point on the normal is
u = u0 + zβx , v = v0 − zβy , w = w0 ,

(9.1)

where βx and βy are the rotations of the normal with respect to the y and x axes,
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respectively. Now, the only non-zero components of the Green-Lagrange strain are
∂u 1
+
x =
∂x 2



∂w
∂x

2

∂v 1
, y =
+
∂y 2



∂w
∂y

2

, 2xy =

∂u ∂v
∂w ∂w
+
+
.
∂y
∂x
∂x ∂y

(9.2)

Taking the variation of the Green-Lagrange strain and substituting the displacements
from Eqn. 9.1, we get
δx =

∂δu ∂w ∂δw
∂δu0 ∂w0 ∂δw0
∂δβx
+
=
+
+z
= δ¯
x + zδκx .
∂x
∂x ∂x
∂x
∂x ∂x
∂x

(9.3)

Similarly,
δy = δ¯
y + zδκy and 2δxy = δ¯
xy + zδκxy .

(9.4)

Here, κx = βx,x , κy = −βy,y , and κxy = −βy,x + βx,y are the curvatures1 , and
δ¯
x =

∂w0 ∂δw0
∂δu0
∂δu0
+
=
+ βx δβx ,
∂x
∂x ∂x
∂x

δ¯
y =

∂w0 ∂δw0
∂δu0
∂δv0
+
=
+ βy δβy ,
∂y
∂y ∂y
∂y

and
δ¯
xy =

∂δu0
∂δv0 ∂w0 ∂δw0
∂w0 ∂δw0
∂δu0
∂δv0
+
+
=
+
− βx δβy − βy δβx
∂y
∂x ∂x ∂y
∂y ∂x
∂y
∂x

are the membrane strains. The subscript (·),x means a partial derivative with respect
to the x-direction. It is to be noted that the membrane strains contain terms which are
linear in the in-plane displacements (u0 and v0 ), and non-linear in the rotations.
The internal virtual work is
Z
(σx δx + σy δy + 2σxy δxy ) dV0 ,
(9.5)
δWint =
V0

where σx , σy and σxy are the components of the second Piola-Kichhoff- stress tensor
and dV0 represents an elemental volume in the undeformed configuration. By using the
definitions of membrane strains and curvatures, the internal virtual work can be written
as:
Z
(δ · P + δκ · M ) dA0 ,
δWint =
(9.6)
A0

where κ = [κx κy κxy ]T ,  = [¯
x
undeformed configuration,



 Px 
hE 
Py
P =
=

 1 − ν2
Pxy

1 Consequently,

¯y
1
−ν
0

¯xy ]T , dA0 represents an elemental area in the
−ν
1
0

0
0
1−ν
2



 ¯x 

¯y
= D M ,


¯xy

the rotations in x − z plane and y − z plane are βx and −βy , respectively.

(9.7)
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and



1
 Mx 
h3 E
 −ν
My
M=
=

 12(1 − ν 2 )
0
Mxy

−ν
1
0

0
0
1−ν
2



 κx 

κy
= D B κ,


κxy

(9.8)

with h being the thickness of the shell element, E the elastic modulus and ν the Poisson’s
ratio. In Eqn. 9.6, the first and second terms represent the virtual work done by the
membrane forces and bending moments, respectively. The internal virtual work at time
t + ∆t is
Z 

t+∆t
δWint =
δt+∆t · P t+∆t + δκt+∆t · M t+∆t dA0 .
(9.9)
A0

Expanding this equation linearly in time yields:
Z

t+∆t
(δt + ∆δ) · (P t + ∆P ) + (δκt + ∆δκ) · (M t + ∆M ) dA0 ,
δWint
=
ZA0

δt · P t + δκt · M t + ∆δ · P t + δt · ∆P + δκt · ∆M dA0 .
=

(9.10)

A0

In the last equation, the higher order terms are neglected and use has been made of the
fact that ∆δκ = 0.
We discretise Eqn. 9.10 using three-noded triangular finite elements. Each element
has three displacement u, v, w and three rotational degrees of freedom θx , θy , θz at each
node. The nodal displacement vector for each element has 18 degrees of freedom and is
written as:
p = [u1 v1 w1 θx1 θy1 θz1 u2 v2 w2 θx2 θy2 θz2 u3 v3 w3 θx3 θy3 θz3 ]T .
The rotations of the normal (βx and βy ) are interpolated using the discrete Kirchhoff
formulation: βx = Hx p and βy = Hy p and the variation of the curvature is related to
the nodal displacement vector as,
δκ =Cδp.

(9.11)

The forms of Hx , Hy and C are given by Batoz et al. (1980). The variation of the
membrane strains can be written using the DKT for the non-linear part, and CST with
drilling degrees of freedom for the linear part. This gives


x 
 ¯
y
¯
δ =


¯xy




pT H x T H x
1 y 0 0 0


pT H y T H y
=  0 0 1 x 0  B1 δp + 
  δp,

0 −x 0 −y 1
pT −Hy T Hx − Hx T Hy
= (BL + BN L ) δp.

(9.12)

Here B1 is a matrix which depends on the coordinates of the vertices of the triangle
whose form can be found elsewhere (Allman, 1984). Now, the increment of the virtual
strain is given by
h

 iT
∆δ = ∆pT Hx T Hx , ∆pT Hy T Hy , ∆pT −Hy T Hx − Hx T Hy
δp. (9.13)
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The internal virtual work (Eqn. 9.10) can be now written in terms of the interpolation
matrices (using Eqns. 9.11, 9.12 and 9.13) as:
Z h


t+∆t
δpT BL T + BN L T P t + δpT C T M t
δWint
=
A0




t
∆p
+ δpT Hx T Hx Pxt + Hy T Hy Pyt − Hx T Hy + Hx T Hy Pxy


i
+ δpT BL T + BN L T D M (BL + BN L ) ∆p +δpT C T D B C∆p dA0 .

(9.14)

We now adopt an updated Lagrangian point of view and choose the domain of integration
to be the deformed configuration. This makes the total displacements p to be zero so
that BN L vanishes. The internal virtual work now becomes:
t+∆t
δWint
=δpT f tint + δpT (kM + kG ) ∆p,

where
f tint =
is the internal force vector,
kM =

Z 
A

(9.15)


BL T P t + C T M t dA

Z 

BL T D M BL + C T D B C dA
A

is the material stiffness matrix and
Z 



t
dA
Hx T Hx Pxt + Hy T Hy Pyt − Hx T Hy + Hx T Hy Pxy
kG =
A

is the geometric stiffness matrix.
The internal virtual work in Eqn. 9.15 is in the local coordinates. This equation after
transforming to the global coordinates (Zienkiewicz & Taylor, 2002) and performing the
standard finite element assembly can be written as
t+∆t
δWint
= δP T F tint + δP T (KM + KG ) ∆P ,

(9.16)

where P is the global displacement vector.
The external work at time t + ∆t due to body forces and body moments can be
written as
Z
t+∆t
(fx δu + fy δv + fz δw − Nx δβy + Ny δβx ) dV,
(9.17)
δWext =
V

where fx , fy and fz are the body forces and Nx and Ny are the body moments. Because
the current shell element does not provide an interpolation function for the in-plane
rotations, they are incorporated using equivalent point forces acting at the nodes of an
element. For the external virtual work, we choose to interpolate the translational displacement using linear shape functions, and for the rotations we use the shape functions
from the DKT:
Z 

t+∆t
(9.18)
δWext
= δpT
N T [fx fy fz ]T − Hy T Nx + Hx T Ny dV = δpT f t+∆t
ext ,
V
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where
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0
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0
0
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0
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0
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0
0
N2

0
0
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N3
0
0

0
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0

0
0
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0 0
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0
0 ,
0

N1 , N2 and N3 are the standard area coordinates of a three noded triangular element
(Zienkiewicz & Taylor, 2002). After performing the standard finite element assembly
procedure, the external virtual work can be written as
t+∆t
δWext
= δP T F t+∆t
ext .

9.2.2

(9.19)

Fluid dynamics model

To model the fluid we use the boundary element method. The cilia, which are immersed
in the fluid and fixed to a substrate, exert forces on the fluid. The velocity uf at a point
in the fluid r due to a point force exerted on the fluid by the cilia at a position r 0 can
be obtained using Green’s function as,
uf (r) = G(r − r 0 , h(r 0 ))f (r 0 ),

(9.20)

with h(r 0 ) being the distance of the point force from the substrate. The Green’s function
G(r − r 0 , h(r 0 )) for a point force f (r 0 ) acting in a fluid near a no-slip boundary is given
by Blake (1971b). We assume that this point force is distributed over the boundary of
the cilia as a traction tf (r 0 ). Now, the velocity in the fluid can be written as
Z
uf (r) =
G(r − r 0 , h(r 0 ))tf (r 0 )dS.
(9.21)
S

The cilia surface is discretised using ‘nelm’ three-noded triangular elements,
nelm
XZ
f
G(r − rj , h(r j ))tf (r j )dSj ,
u (r) =
j=1

(9.22)

Sj

with the tractions tf (r j ) assumed to be varying linearly over the element,
iT
h
f
tf (r j ) = N {tx1 ty1 tz1 0 0 0 tx2 ty2 tz2 0 0 0 tx3 ty3 tz3 0 0 0}j = N T fj ,

where tlk is the traction at the k th node in the lth direction. As Eqn. 9.22 is valid for all
the nodes on the cilium (r = ri ) we get,
nelm
XZ
f i
G(ri − r j , h(r j ))tf (r j )dSj ,
u (r ) =
j=1

ufi

=

Sj

nelm
XZ

Gij N dSj T fj ,

(9.23)

j=1

with Gij = G(r i − rj , h(r j )). Equation 9.23 relates the velocity of the ith node to all
tractions exerted by the surface of the cilia on the fluid. The integration procedure is
adopted from reference (Pozrikidis, 2002). Equation 9.23 is evaluated at all nodes on the
cilia, and the obtained equations are assembled in a matrix G, which relates the traction
exerted by the cilia on the fluid to its velocity, U f = GT f . Once the velocity of the surface
is known, this relation can be inverted to obtain the nodal tractions: T f = G−1 U f .
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Solid-fluid coupling

The effect of fluid drag is incorporated as an external force to the solid mechanics model,
which provides an additional contribution to the external virtual work. The external
virtual work at time t + ∆t on the j th shell element due to the fluid drag is
Z
Z
Z
f
t+∆t
f
δWfluid = − tj · δudS = − (δu · N ) dST j ≈ −δp N T N dST fj = −δpM j T fj ,

(9.24)

R
where M j = N T N dS, u is the displacement vector and p is the local nodal displacement vector. After performing the standard finite element assembly procedure we get,
t+∆t
δWfluid
= −δP M T f = −δP M G−1 U f .

(9.25)

Using the no-slip boundary condition U f = A∆P /∆t, Eqn. 9.25 can be written as,
t+∆t
δWfluid
= −δP M G−1 A∆P /∆t, = −δP T K f ∆P

(9.26)

where K f = M G−1 A/∆t is the stiffness contribution due to the presence of the fluid
and A is a matrix that eliminates the rotational degrees of freedom from the global
displacement vector ∆P .
Equating the internal (Eqn. 9.16) and the external virtual work (the sum of Eqns. 9.26
and 9.19), and invoking the arbitrariness of the virtual displacements, we get the final
equation of motion for the fluid-structure interaction problem:
t
(KM + KG + K f ) ∆P = F t+∆t
ext − F int .

(9.27)

After incorporating the appropriate boundary conditions, Eqn. 9.27 is solved for the
displacement increment ∆P .

9.2.4

Magneto-static model

The cilia are magnetic films which respond to an external magnetic field. The magnetic
response of the cilia is characterised by the magnetic susceptibility tensor χ, through the
constitutive relation M = χH, where M is the magnetization and H is the magnetic
field. The magnetic body couple acting on the cilia Nc is obtained from the cross product
of the magnetization and the magnetic field intensity Nc = M × B ext , where M is the
magnetization and B ext is the external magnetic field. The magnetization M has to
be found by solving the Maxwell’s equations of electromagnetism. However, we adopt a
simpler approach and make use of the fact that the cilia are slender enough to not perturb
the external magnetic field significantly; the magnetic field just outside the cilia is equal
to the applied magnetic field. The magnetic field inside the cilia can be determined
from the electromagnetic boundary conditions: Bz = Bzext , Hx = Hxext , Hy = Hyext ,
where H ext = B ext /µ0 , µ0 is the permeability of free space and x, y and z refer to the
local coordinate axes of the shell element. Using the first boundary condition and the
constitutive behaviour we can find the field Hz inside the cilia as,

Bzext − µ0 Hxext χxz + Hyext χyz
(9.28)
.
Hz =
µ0 (1 + χzz )
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Once the field in the cilia H is determined, the magnetization of the cilia (M = χH)
and the magnetic body couple (Nc ) can be found. The only assumption made in this
approach is that the magnetic field outside the cilia is the external magnetic field, i. e.,
we neglect the magnetic field caused by the magnetization of cilia.

9.3

Applications of the coupled magneto-mechanical
model

The three-dimensional model is verified through a number of reference problems for
the solid mechanics model, the fluid dynamics model, the fluid-structure interaction
model and the magneto-static model (see appendix L). In this section we demonstrate
the modelling capacity of the developed magneto-mechanical model using a number of
physical examples. In the cases shown the length L of the cilia is 100 micron and the
thickness h is 2 micron. The elastic modulus of the cilia E is 1 MPa, the Poisson’s ratio
ν = 0.0 and the fluid viscosity µ is 1 mPas. The magnetic susceptibilities of the cilia are
χxx = 4.6 and χyy = χzz = 0.8 (all other components are taken to be zero). We apply a
magnetic field of magnitude 20 mT, rotating about the −y axis with a frequency of 50
Hz (see Fig. 9.1). As the cilia are super-paramagnetic, the cilia complete one beat cycle
in tbeat =10 ms (Khaderi et al., 2011b). In the simulations, the fixed edges of the cilia
are placed 0.1L above the no-slip boundary, to mimic the presence of the sacrificial layer
used during the manufacturing process (den Toonder et al., 2008; Fahrni et al., 2009).

9.3.1

Motion of a cilium with non-uniform width

We first study the motion of one cilium whose width decreases linearly from the fixed end
to the free end. To quantify the amount of non-uniformity (tapering) in the width, we
define the geometric parameter T = (b − b1 )/b , where b and b1 are the widths of cilium
at the fixed and the free edges, respectively. The width of the cilium at the fixed edge is
taken to be L/10. When T is zero the cilium has uniform width; whereas the cilium is
triangular for a tapering T of unity. First, we find what value of T is required to generate
an asymmetric motion. The trajectory of the tip of the cilium for different values of T
is shown in Fig. 9.3(a). The area swept by the free end of the cilium increases when the
tapering T is increased (see the left inset of Fig. 9.3(a)). Snapshots of the ciliary motion
is shown in Figs. 9.3(b) and 9.3(c) for a T = 0 and 0.5, respectively.
The flow caused by the beating cilium is quantified by calculating the flux through
the y − z plane and x − z plane. The far field velocity at a point in the fluid due to the
nodal drag forces is given by Blake (1972),
8πµufi

=

nnod
X
j=1

12hj ri rk r3 j
ffk + O
|r|5



1
|r|3



(9.29)

where r is the position of a point in the fluid relative to the Stokeslet, hj is the distance
j
between the node j and the no-slip plane, ‘nnod’ are the total number of nodes, ffk
th
represents the components of the point forces acting on the fluid at the j node. In
Eqn. 9.29 Einstein’s summation convention is used for repeated indices. The point forces
can be obtained from F f = K f ∆P /∆t. The velocity flux in the x and y directions (Qx
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Figure 9.3: (a) Displacement of the cilia tip for different tapering in the width. The inset at
the right shows the fluid flow (in microlitre per minute) for different values of tapering T , and
the flow (normalised with L2 (b1 + b)/2) as a function of the area swept (normalised with L2 )
and the inset at the left shows the area swept normalised with (L2 ) as a function of T . (b) and
(c) Snapshots of the motion of the cilia in the x − z plane at different time instances for T = 0
and 0.5, respectively. The arrows show the direction of motion of the cilium, the dotted lines
shows the trajectory of the free end, the solid lines represent the cilium during the effective
stroke, and the dashed lines during the recovery stroke.

and Qy ) are calculated by integrating the velocity in the x and y directions over the y − z
and x − z planes, respectively:
Qx =

Z

Qy =

Z

∞
0

0

Z

∞

ufx dydz =

−∞

nnod
1 X j j
h ffx ,
πµ j=1

nnod
1 X j j
ufy dxdz =
h ffy .
πµ j=1
−∞

∞Z

(9.30)

∞

This volume flux is integrated over the cycle to obtain the total volume flow during one
cycle.
The volume flow per cycle (in microlites per minute) for different values of tapering
is shown in the right inset of Fig. 9.3(a). When the tapering is increased the area swept
increases, whereas the area of the cilium which drives the flow decreases. Thus the
created flow is due to the competition between the swept area and the area of the cilium
that pushes the fluid. As a result we see an initial increase of the flow, which reaches a
maximum for a tapering T of 0.5, and then decreases. In the same inset, the fluid flow
(normalised with L2 (b1 +b)/2) is plotted as a function of the area swept (normalised with
L2 ) in the x − z plane. It is to be noted that normalising the fluid flow with (b1 + b)/2
gives the area flow per unit average width of the cilia, which on further normalisation
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Figure 9.4: Snapshots of the motion of the cilium, beating in the x − z plane, at different
instances of time for a representative cycle. Figures (a)-(c) and (d)-(f) represent the effective
and recovery strokes, respectively. The evolving surface represents contours of the x coordinates
of fluid particles which at time t = 0 were parallel to the y −z plane. During the effective stroke,
the cilium displaces the fluid particles in the negative x-direction, and during the recovery stroke,
the fluid particles are dragged back. The displacement of the fluid particles can be observed by
comparing the position of the particles in Figs. (a) and (f).

with L2 becomes the normalised area flow. Hence, similar to the two-dimensional cases
presented in (Khaderi et al., 2009, 2010), the flow scales linearly with the swept area.
To gain insight on the fluid propulsion, we look at the position of fluid particles2 which
initially formed a plane parallel to the y − z plane for a cilium with a tapering T of 0.5,
see Fig. 9.4. During the effective stroke, the cilium displaces the fluid particles in the
negative x-direction (see Figs. 9.4(a) and (c)), after which the fluid particles are dragged
back during the recovery stroke (see Figs. 9.4(d) and (f)). The displacement of the
fluid particles can be observed by comparing the position of the particles in Figs. 9.4(a)
and (f). The additional information, which we obtain from the three-dimensional model
compared to the two-dimensional model, is the displacement of the fluid particles that
are not present in the plane of beat.

2 At

every time instant, the displacement of the fluid particles is calculated using their velocity (Eqn. 9.23).
The new position is found by adding the displacement to their current position.
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Figure 9.5: (a) Parameters used to study the effect of cilia spacing p0 and width b for a given
tapering. (b)-(c) Flow as a function of width and the pitch of the cilia spacing for cilia having
a taper along the width.

9.3.2

Effect of the cilia width and spacing

We now examine the effect of the width and the cilia spacing on the flow generated by
one row of cilia placed along the width. The geometry is shown in Fig. 9.5(a). We take
n cilia of width b at the fixed edge whose tapering T is 0.5. The spacing between the
cilia is p (the pitch), so that the total width occupied by the cilia row is np. For the
simulations we choose n = 4 and calculate the flow created as a function of the spacing
between the cilia p0 = p − b. The spacing p0 is varied from 0 (no spacing between the
cilia at their fixed edge) to 0.9L.
The horizontal lines in Fig. 9.5(b) represent four times the flow created by one cilium
for different widths b. In the cases considered the increase of flow does not scale with
the increase of the cilium width b. This suggests that the forces acting on the fluid do
not scale linearly with the cilia width b. Such a behaviour is also present in the case of
ellipsoids (Happel & Brenner, 1986).
The flow as a function of the spacing p0 for various widths for n = 4 is also shown
in Fig. 9.5(b). The flow created by the cilia is larger when they are further apart. The
beating of a cilium imparts velocity to a small fluid region around it (see Fig. 9.6(a)).
When four cilia are used, the region influenced by the cilia strongly depends on the
their spacing. When the spacing between them is small these regions overlap so that
they collectively influence only a small region of the fluid, see Fig. 9.6(b). The total
fluid region that can be influenced by the cilia increases as the spacing is increased (see
Fig. 9.6(c)), reaching a maximum for spacings when the cilia do not hydrodynamically
interact. In these cases, the flow converges to four times the flow caused by one cilium.
This can also be rationalised from a force point-of-view. When the cilia are spaced closer,
they can move the fluid with less effort; this reduces the forces acting on the fluid due to
the cilia motion. Consequently, the flow generated is low. A similar behaviour can also
be seen in the case of two spheres which are translating at a given velocity (Happel &
Brenner, 1986). The force exerted by the spheres on the fluid is reduced when they are
brought closer together.
A practically-relevant question is: How much flow can be generated by the cilia per
unit width? This question can be answered by normalising the flow in Fig. 9.5(b) with
the width of the cilia row (np). It can be seen that when the spacing p0 is very low
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Figure 9.6: Front view (y − z plane) of the cilia at t = tref /2 (see Fig. 9.4(f)). The contours
correspond to the fluid velocity in the x-direction on a plane parallel to y − z plane at a distance
of 1.1L from the cilia fixed edge. The cilia influence a larger region of the fluid when the spacing
is large, thus creating a larger flow as the spacing is increased.

compared to the length L, the narrow cilia produce more flow; when the spacing is
comparable to the length, the broader cilia create a higher flow. Note that for a given
width, many narrow cilia spaced close together create the largest flow. Interestingly, this
is the option chosen by nature. The natural cilia are hair-like structures that are spaced
very close together.

9.3.3

Effect of metachronal waves in the out-of-plane direction

We now analyse the flow when an array of cilia move out-of-phase in the direction of their
beat motion (antiplectic and symplectic metachrony) and in the direction orthogonal to
it (laeoplectic and diaplectic metachrony) (Childress, 1981). In laeoplectic and diaplectic
metachrony, the effective stroke is to the left and right of the direction of propagation of
the metachronal wave (see Fig. 9.7). To perform the simulations we choose 5 rows3 of
cilia, with each row containing 5 cilia (see Figs. 9.7 and 9.1(b)). The cilia have an uniform
width b = 0.1L and a tapering in the thickness, such that the thickness of the cilia at
the fixed end is 2 microns, which decreases linearly along the length to a thickness of 1
micron at the free end. The cilia spacings are a = 1.1L (along the length) and p = 0.2L
3A

row refers to the arrangement of cilia in the y-direction.
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Figure 9.7: Schematic diagram showing the arrangement of cilia, the direction of effective and
recovery strokes along with different kinds of metachronal waves.

(along the width). A rotating magnetic field with a magnitude of 20 mT is applied to
every cilium at a frequency of 50 Hz. The phase difference in the magnetic field between
adjacent cilia is varied from ∆φx = −π/2 to π/2 in the beat direction, and from 0 to
∆φy = 2π/10 in the direction normal to beat plane4 . A zero phase difference in any
direction represents uniformly beating cilia in that direction, and a phase difference of
π/2 represents the situation when adjacent cilia are in anti-phase (standing wave). As
the metachronal wave can also travel in a direction normal to the cilia beat, we also
analyse the flow in this direction. In the following, the flow in the plane of the ciliary
beat is referred to as primary flow and the flow normal to this plane is called secondary
flow. The primary and secondary flow are plotted as a function of the phase differences
∆φx and ∆φy in Fig. 9.8.
The flow is always larger for the cilia beating with antiplectic metachrony compared
to synchronously beating cilia (in accordance with chapter 7). In the case of symplectic
metachrony, the cilia obstruct the flow caused by their neighbours during the effective
stroke (as also seen in the two-dimensional case, see chapter 7). As a result, for antiplectic
metachrony the flow is larger and for symplectic metachrony the flow is smaller than
synchronously beating cilia, although the magnitude of increase is larger (for antiplectic
metachrony) than the decrease (for symplectic metachrony). The flow obstruction is
maximum for −0.2π < ∆φx < 0, in such cases the flow created is less than that created
by synchronously beating cilia. In these cases, however, when ∆φy > 0 the decrease is
lower because of the relaxation of the obstruction of positive flow. The flow exhibits a
fluctuating behaviour only for the cases enclosed in the white curve, outside this region
(in the direction of the arrow) the flow is unidirectional.
The laeoplectic metachrony (LM) creates a significant secondary flow (see Fig. 9.8(b)).
To investigate the cause for the secondary flow, we look at the velocity created by two
row of cilia in y-direction at the instance where the third cilium in each row of cilia is
pointing towards the z axis, see Fig. 9.9. In the cases (a) and (b) of Fig. 9.9, the cilia
are exhibiting the effective stroke and are moving to the left. For synchronously beating
4 The

metachrony normal to the beat plane will create symmetric waves about ∆φy = 0. Hence, simulations are performed only for ∆φy > 0.
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Figure 9.8: Primary and secondary flow created by cilia due to metachrony along and normal
to the beat direction, respectively. The primary flow is larger when the cilia beat out-of-phase
compared to synchronously beating cilia except for −2π/10 < ∆φx < 0 and 0 < ∆φy < π/10.
The secondary flow is created due to the plate-like motion of the rows of cilia, which reaches a
maximum when the cilia motion between rows is anti-phase and ∆φy = π/10. AM, SM and LM
represent antiplectic, symplectic and laeoplectic metachrony, respectively. The velocity profiles
for the set of phase differences corresponding to A, B and C are shown in Fig. 9.9.

cilia the velocity in the y-direction is symmetrically distributed (see Fig. 9.9(a)). Such
a velocity distribution creates no net flux in the y-direction. However, when the cilia
beat out-of-phase normal to the beat plane, the position of individual cilia leads to an
asymmetric distribution of the y-velocity (see figure Fig. 9.9(b)). This asymmetry in the
velocity profile is present at all y-positions and leads to a net flux in the y-direction.
The displacement of fluid particles initially near the right most row at different time
instances is shown in Figs. 9.10 and 9.11 for cilia beating synchronously (∆φy = ∆φx = 0)
and out-of-phase (∆φy = π/10 and ∆φx = 0), respectively. In the case of synchronously
beating cilia, the symmetric velocity distribution about the x − z plane leads to a symmetric displacement of the particles throughout the cycle and leads to a net displacement
only in the plane of the beat (x-direction). However, the asymmetric velocity distribution in the case of laeoplectic metachrony leads to an effective displacement of particles
in the beat-plane as well as in the y-direction, thereby creating the secondary flow.
When the cilia move in anti-phase in the beat plane (∆φx ± π/2), the cilia in the
adjacent rows move opposite to each other leading to large secondary flows for ∆φy =
π/10 (see Fig. 9.8(b)). The velocity field at a particular instance is shown in Fig. 9.9(c),
where the left row of cilia are exhibiting the effective stroke and the right row the recovery
stroke. Such a motion of cilia creates a negative pressure between them that sucks-in
the fluid whose velocity has a prominent component in the y-direction (see Fig. 9.9(c))
and leads to a larger flux in the y-direction compared to cilia beating synchronously in
the beat plane.
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Figure 9.9: Velocity field for two rows of cilia beating (a) in-phase, (b) out-of-phase in the ydirection and (c) out-of-phase in both the x and y-directions. The contours represent the velocity
in y-direction on a plane parallel to the x − y plane at a distance of 0.5L from the substrate.
The arrows represent the velocity in the x − y plane. The velocity contours correspond to the
set of phase differences marked by A, B and C in Fig. 9.8(b).

9.3.4

Out-of-plane actuation of cilia

In nature, the cilia on a Paramecium beat in a plane normal to the surface during the
effective stroke, and during the recovery stroke they beat in a plane parallel to the
surface. To achieve such a motion, we apply a magnetic field so that the magnetic field
vector can be oriented in three-dimensional space (see Fig. 9.12).
Figure 9.13 shows the motion of a SPM cilium in which the cilium performs the
effective stroke in the x − z plane and the recovery stroke in the x − y plane near the
no-slip boundary. This results in large flow during the effective stroke and a small flow
during the recovery stroke. The effective stroke consists of a uniform bending of the
cilium in the x − z plane. During the recovery stroke, the cilium undergoes a significant
amount of twisting, and comes back to the initial position (see Figs. 9.13(d) - (f)).
In Fig. 9.14(a), we show the flow as a function of the width of the cilium. It can
be seen that flow drastically decreases as the width of the cilium is increased. This
is because, the cilia can no longer twist and stay closer to the bottom boundary (see
Fig. 9.14(b)). In such cases, we see a significant amount of flow during the recovery
stroke, and this reduces the net amount of fluid propelled.

9.4

Summary

We have developed a fluid-structure interaction model to simulate the interaction of thin
shells with the surrounding fluid. The shell structures are modelled using finite elements,
while the fluid is modelled using boundary elements. The magnetic field is calculated
from the magnetostatic boundary conditions. The developed model was used to simulate
the flow due to magnetic artificial cilia, where it is shown that our model captures the
essential physical phenomena governing the ciliary motion. Extensions of the present
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Figure 9.10: Synchronous motion (∆φy = ∆φx = 0) of one row of cilia and the resulting
motion of a plane of particles at different time instances. The top figure represents the front
view and the bottom represents the top view. The initial position of the particles plane in both
the views is shown by the dashed lines. The particles move only in the plane of beat.

model include the implementation of a fast multipole method for the fluid model and
implementing a boundary element method to calculate the local magnetic field in and
around the cilia (Khaderi et al., 2009).
The three physical problems studied are the effect of (i) cilia width and spacing, (ii)
metachronal wave formation along the width and (iii) three-dimensional cilia motion on
the flow generated. The outcomes are that narrow and closely spaced cilia create the
largest flow, the metachronal wave along the width of the cilia creates a significant flow
in the direction of the cilia width and that the recovery stroke in the case of the threedimensional motion of the cilia strongly depends on the cilia width. It is interesting
to note that if we are able to create the laeoplectic metachrony of the cilia inside a
microchannel, the primary flow will cause a net fluid transport, while the secondary flow
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Figure 9.11: Out-of-phase motion (∆φy = π/10 and ∆φx = 0) of one row of cilia and the
resulting motion of a plane of particles at different time instances. The top figure represents the
front view and the bottom represents the top view. The initial position of the particle plane in
both the views is shown by the dashed lines. The particles move in the plane of beat and also
orthogonal to the beat plane (compare instant (f) with Fig. 9.10(f)).

can be used for the mixing of fluids.
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Figure 9.12: The arrows represent the applied magnetic field vector at different instances in
time for a cilium to exhibit the effective stroke in the x − z plane and the recovery stroke in the
x − y plane. The numbers adjacent to the arrows show the time in milliseconds. The magnitude
of the magnetic field at time instances 0, 5, 7.5 15 and 25 ms is 20 mT.
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Figure 9.13: Snap shots of the motion of a SPM cilium due to a 3D magnetic field. The arrow
shows the applied magnetic field. The cilium performs the effective stroke in the x − z plane
(see (a)-(c)) and the recovery stroke in the x − y plane (see (d)-(f)). Significant twisting of the
cilium during the recovery stroke can be observed from the instances shown in (d) and (e).
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Figure 9.14: (a) Flow caused due to the 3D motion of a cilium (see Fig. 9.13) as a function of
the width b/L (only one cilium is used in these simulations). The flow comes down drastically
as the width b is increased. (b) Snapshots of two cilia of b = L/10 and b = 1.6L when the cilia
are half way through their recovery strokes (16 ms). The narrow cilium nicely twists, causing
less flow during the recovery stroke.

Chapter 10

Summary
This work has addressed the computational design of magnetically-driven artificial cilia
for microfluidic propulsion. The objective of the thesis, as mentioned in section 1.5, was
two-fold:
1. To identify under what conditions a magnetic film can mimic the asymmetric beat
motion of natural cilia.
2. To explore how the flow created by the artificial cilia can be controlled and optimised.
The first question is answered in chapter 3 and the second in the subsequent chapters.
In this thesis a coupled solid-fluid magneto-mechanical model has been developed
that captures the deformation of the cilia, the distribution of the magnetic field in and
outside the cilia, and the resulting motion of the fluid (chapter 2). The results are shown
as a function of the physical parameters that govern the flow created by the cilia in
addition to geometric parameters such as the cilia spacing (a), channel height (H) and
phase difference between the cilia (∆φ). The four physical parameters involved are (i)
the magnetic number Mn - the ratio of magnetic to elastic forces, (ii) the fluid number
Fn - the ratio of fluid viscous forces to the elastic forces, (iii) the Reynolds number Re the ratio of fluid inertia forces to the viscous forces and (iv) the inertia number In - the
ratio of inertia forces of the cilia to their elastic forces.
In Chapter 3, we have shown several configurations that can mimic the motion of
natural cilia with pronounced asymmetry. One configuration is based on a curled permanently magnetic cilium. When a magnetic field is applied that is opposite to the
magnetization of the permanently magnetic cilium, it undergoes a buckling-kind of instability, mimicking a recovery stroke. When the magnetic field is switched off, the cilium
performs the effective stroke and returns to its initial curled position because of elastic
forces. Another configuration is based on super-paramagnetic cilia that have a tapered
cross section. When these cilia are subjected to a rotating magnetic field, they follow
the applied magnetic field and stay straight, performing an effective stroke. On further
rotation of the magnetic field, the magnetic couple distribution near the fixed end forces
the cilia to come back to the initial position, while the couple near the free end makes
the cilia to stay closer to the channel wall. As the cross section is tapered, the magnitude
of the couple near the fixed end is larger than at the free end. This causes the cilia to
come back with a whip-like recovery stroke. In these configurations the recovery stroke
takes place at much higher velocity than the effective stroke. The fluid flow created by
the cilia was found to scale linearly with the area swept by the tip of the cilia. We subsequently studied the area swept by the cilia as a function of the dimensionless numbers
in the limit of low Reynolds numbers. It was found that a larger magnetic number was
needed to sweep a given swept area when the fluid number was increased, and that the
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inertia number does not significantly influence the area swept by the cilia. Also, when
the fluid number was increased, it took a long time for the cilia to come back to their
initial position.
The pressure and flow generated by the cilia as a function of cilia spacing and channel height were studied in chapter 4. The analysis was performed using two channel
configurations that are of practical importance - an open-loop channel and a closed-loop
channel. When the cilia spacing decreases, the resistance offered by the fluid decreases
and this causes the fluid flow to increase. When the channel height was increased, the
cilia create a Couette flow in the channel that leads to a linear increase in the flow with
the channel height. When the cilia spacing is decreased for a given channel length, many
cilia are present per unit length of the channel. Consequently, the pressure generated by
the cilia increases. On the other hand, when the channel height is increased, the pressure
generated drastically decreases. This chapter provides guidelines for the cilia spacing,
length and channel height for optimal performance.
The effect of fluid inertia on the flow generated was studied in chapter 5. The fluid
inertia has two effects; firstly, the momentum diffusion from the cilia into the channel is
delayed and secondly, a part of the energy input to the fluid during the effective stroke is
retained after the effective stroke has completed. These effects enrich the fluid-structure
interaction of the artificial cilia. The artificial cilia also possess a temporal asymmetry by
performing a slow effective stroke and a quick recovery stroke. When the inertial forces
are larger than the viscous forces, the flow created is unidirectional and larger than that
of the Stokes regime. Interestingly, for certain sets of parameters, due to the temporal
asymmetry and large inertia forces, the fluid transported can be in the direction of the
recovery stroke. Moreover, we found that the direction of the fluid flow can be changed
by simply changing the operation frequency of the cilia.
As the flow created by the artificial cilia depends on the fluid inertia, spatial, temporal
and orientational asymmetry, we used a model problem to probe the effect of each of
these parameters individually in chapter 6. It was found that, irrespective of the Reynolds
number, the fluid flow scales linearly with the swept area. At high Reynolds numbers the
fluid transported is unidirectional and larger than that of the Stokes limit, which can be
further enhanced by a fast effective stroke. At high Reynolds numbers the orientational
asymmetry is sufficient to cause a fluid transport. The effects of the three symmetries
were generalised into a definition of configurational symmetry, whose absence might
create a flow in microchannels.
In chapter 7, we investigated the effect of the out-of-phase motion of the cilia on the
fluid flow using two approaches: by externally prescribing a phase difference between
adjacent cilia and by applying a non-uniform magnetic field. In the former case the area
swept by the cilia remains nearly the same for all phase differences. In the latter case the
cilia sweep a larger area when the applied magnetic field travels in the direction opposite
to the effective stroke (antiplectic metachrony) compared to the situation when the
magnetic field and the effective stroke are in the same direction (symplectic metachrony).
The out-of-phase motion of the cilia results in a pressure distribution in the channel that
causes a local vortex formation during the recovery stroke, resulting in a zero negative
flow. This leads to an unidirectional flow with a subsequent increase in the net fluid
transported. When the area swept remains constant, the cilia create a larger flow which
is unidirectional and independent of the phase difference for large cilia spacings. However,
for small cilia spacings, they create a larger flow for antiplectic metachrony compared to
symplectic metachrony.
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The fluid transport due to the out-of-phase motion of symmetrically beating cilia
was studied in chapter 8. The out-of-phase beating of cilia leads to a collective nonreciprocal motion, which leads to a net pressure gradient in the direction of the wave
and a fluid flow in the opposite direction. The fluid flow is created mainly due to the
unidirectional displacement of fluid particles near the cilia, leading to a net flow that
is also unidirectional. The flow was found to be maximum when the wavelength of the
applied magnetic field is four times the cilia length.
To analyse the effect of the cilia width and out-of-plane motion of the cilia, a threedimensional numerical method was developed in chapter 9. The cilia are modelled using
shell elements and the fluid using boundary elements, while the magnetic field was calculated using the magneto-static boundary conditions. Using this model we verified that
an asymmetric motion of the cilia can also be generated using a tapering in the width.
The width of the cilia and their spacing in the width direction were investigated for the
maximum flow condition. We found that per unit width of the channel and for a given
tapering, many narrow cilia spaced close together create a larger flow compared to a
few broad cilia. In chapter 7, we analysed the flow caused by cilia that were beating
out-of-phase in the beat plane. The three-dimensional model allowed us to study the
out-of-phase beating perpendicular to the beat plane. We found that such a motion
causes a flow normal to the beat plane which is of comparable magnitude as the flow
in the plane of beat. This suggests a way to simultaneously mix and propel fluids in
microchannels.
The cilia-based fluid manipulation systems in the recent past are summarised in
table 10.1 with the aim of classifying the mechanisms that are responsible for the fluid
transport. It can be seen that in the majority of the cases the actuation is performed
through a magnetic field. The cilia that were able to successfully demonstrate a flow
relied on (i) three-dimensional motion (items 2, 4, 5 and 10 in table 10.1) – mimicking
the motion of nodal cilia – (ii) a combination of temporal and orientational asymmetry
(item 1 in table 10.1), (iii) spatial asymmetry (items 7, 9 and 11 in table 10.1) and (iv)
orientational asymmetry (items 5 and 12 in table 10.1). The orientational asymmetry
was used in combination with inertial forces and non-reciprocal motion by Fahrni et al.
(2009) and Alexeev et al. (2008b), respectively.
We would like to conclude by providing guidelines on the design of artificial ciliary
systems based on the studies performed in this thesis. Let us start by assuming that
the material properties of the cilia, the channel height and the fluid viscosity are known.
The design parameters are assumed to be the geometry of the cilia (length, thickness
and width), magnetic field, cilia spacing and frequency. As we want the cilia to operate
under moderate pressure heads, we propose the length of the cilia to be half that of the
channel height (chapter 4). From chapter 5, we find that for a given magnetic number,
the cilia create large and unidirectional flows for Re > 1 and Fn < 1. Using the first
condition, we can find the frequency of operation. Using the second condition (on Fn ),
we can arrive at the ratio of the cilia length to thickness (the aspect ratio). Once we
know the aspect ratio, we can find the magnetic field to be applied using the magnetic
number.

10. Summary

No.
1

2
3
4
5
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6
7
8
9
10
11
12
13

Table 10.1: Artificial cilia in microfluidics. E and T refer to experimental and theoretical work.
Reference
Force field
Length scale
Frequency
Asymmetry
den Toonder et al. (2008)
Electrostatic
100 µm
80 Hz
Temporal
and orientational
Evans et al. (2007); Shields et al. (2010)
Magnetic
10 µm
35 Hz
3D motion
Oh et al. (2009)
Base excitation
400 µm
100 Hz
None
Vilfan et al. (2010)
Magnetic
30 µm
1 Hz
3D motion
Fahrni et al. (2009)
Magnetic
300 µm
50 Hz
Orientational
and 3D motion
van Oosten et al. (2009)
Photo actuation
10 mm
0.04 Hz
Spatial
Belardi et al. (2011); Hussong et al. (2011b)
Magnetic
70 µm
20 Hz
Spatial
Timonen et al. (2010)
Magnetic
6 mm
Not reported 3D motion
Gauger et al. (2009)
Magnetic
Spatial
Downton & Stark (2009)
Magnetic
3D motion
Kim & Netz (2006)
External motors
Spatial
Alexeev et al. (2008b)
Point force
Orientational
Ghosh et al. (2010)
Point force
None

E/T
E

E
E
E, T
E

E
E
E
T
T
T
T
T
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A. Solid dynamics model

A

Solid dynamics model

The artificial cilia are modelled as a discrete assemblage of Euler-Bernoulli beam elements. The beam element has two nodes at the ends and has three degree of freedom (DOF) at each node: u the axial displacement, v the transverse displacement and
φ = ∂v/∂x the rotation, where x is the axial coordinate along the beam. The axial
displacement along the beam (or film) is interpolated linearly and the transverse displacement is interpolated cubically,
u = Nu p,

v = Nv p,

where Nu and Nv being the standard interpolation matrices (Cook et al., 2001) and
p = {u1 v1 φ1 l0 u2 v2 φ2 l0 }T , where the subscripts 1 and 2 refer to the node numbers
and l0 is some reference length. The nonlinear axial strain  in the beam is
=



∂u 1
+
∂x 2

∂v
∂x

2

−y

∂2v
≡ ¯ − yχ.
∂x2

The principle of virtual work is used as a condition to establish equilibrium (Malvern,
1977): When a consistent virtual displacement field is applied on a body, the body will
be in equilibrium when the virtual work done by the internal forces equals the virtual
work done by the external force,
t+∆t
t+∆t
δWint
= δWext
,

with
t+∆t
δWint
=

Z

(σδ + ρ(üδu + v̈δv)) dV,

V0

where δ(·) represents the variation of a quantity, σ is the axial stress, ρ is the density
¨
of the film and
derivative w.r.t. time. By substituting the strains
R a (·) implies a second
R
and defining σdA = P and − σydA = M (A = bh is the area of the cross section, h
is the thickness and b is the out-of-plane width of the film), the internal virtual work at
time t + ∆t can be written as the sum of an elastic and an inertial part
Z

t+∆t
δWint =
P t+∆t δ¯
t+∆t + M t+∆t δχ + ρA(üt+∆t δu + v̈ t+∆t δv) dx.
x0

We now expand the elastic part of the internal work linearly in time by substituting
(Qt+∆t = Qt + ∆Q) for the field parameters in the above equation which gives
Z
 t t


t+∆t
P δ¯
 + M t δχ + ∆P δ¯
t + ∆M δχ
δWint
=
x0

+P t ∆δ¯
 + ρA(üt+∆t δu + v̈ t+∆t δv) dx,

in which terms of order higher than one are neglected. The following notations are
introduced for convenience: ∂u/∂x = Bu p, ∂v/∂x = Bv p, ∂ 2 u/∂x2 = Cv p. The
constitutive relations are ∆P = EA∆¯
, ∆M = EI∆χ, with E = Ē/(1 − ν 2 ) being the
effective elastic modulus, ν being the Poisson’s ratio and I being the second moment of
area defined as I = bh3 /12. By choosing the domain of integration to be the current

118
configuration (i.e. using an updated Lagrangian framework), the total displacements are
zero, p = 0 and we get
t+∆t
δWint
= δpT f tint + δpT K∆p + δpT M p̈t+∆t ,

where
f tint =

(1)

Z h
i
P t Bu T + M t Cv T dx

is the nodal internal force vector,
Z
Z
Z
T
T
K = EABu Bu dx + EICv Cv dx + P t Bv T Bv dx

is the stiffness matrix, the first two terms of which represent the material stiffness and
the third term represents the geometric stiffness, and
Z
M = ρA(Nu T Nu + Nv T Nv )dx

is the mass matrix. The corresponding external virtual work is

Z
Z 

∂δv
t+∆t
tt+∆t
δu + tt+∆t
δv bdx
Adx +
fxt+∆t δu + fyt+∆t δv + Nzt+∆t
δWext
=
x
y
∂x
Z h
(fxt+∆t Nu T + fyt+∆t Nv T + Nzt+∆t Bv T )A
= δpT
i

Nv T dx
+b tt+∆t
Nu T + tt+∆t
y
x
=

δpT f t+∆t
ext ,

(2)

where fx and fy are the body forces in axial and transverse directions (for example,
magnetic body forces), Nz is the body couple in the out-of-plane direction (for example,
magnetic body couple) and tx and ty are the surface tractions (for example, fluid drag).
By equating the internal and external virtual work and noting that the resulting equation
holds for arbitrary δp we get
K∆p + M p̈t+∆t = f t+∆t
− f tint .
ext

(3)

The motion of the film with time is obtained by solving Eqn. 3 using Newmark’s
algorithm with appropriate initial and boundary conditions.

B

Discretisation of various terms used in section 2.2
Z

σij δDij dV

=

Z

(−pδij + 2µDij ) δDij


Z 
∂ui
∂uj
∂δui
−pδij + µ
+
dV,
∂x
∂x
∂xj
j
i
V


Z
Z
∂φIi
∂φIi ∂φJi
∂φJj
UJ dV −
δUI
µ
δUI
+
ψJ PJ dV,
∂x
∂x
∂x
∂xj
j
j
i
V
V


Z
Z
∂φJj
φIi
∂φIi ∂φJi
dV UJ − δUI
+
ψJ dV PJ ,
µδUI
∂x
∂x
∂x
∂x
j
j
i
j
V
V


UU
UP
δUIT KIJ
UJ + KIJ
PJ = δU T K U U U + K U P P .
V

V

=
=
=
=
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B. Discretisation of various terms used in section 2.2

Z

V

dut+∆t
i
δui dV
dt

= ρ

Z

δui

!
∂ut+∆t
∂ut+∆t
t+∆t
i
i
dV
uj
+
∂t
∂xj

δui

!
t
t
∂(u
+
∆u
)
ut+∆t
−
u
i
i
i
i
(utj + ∆uj ) dV
+
∆t
∂xj

δui

ut+∆t
− uti
∂uti t ∂∆ui t
∂uti
i
∆uj +
u +
u
+
∆t
∂xj
∂xj j
∂xj j

δui

ut+∆t
− uti
∂uti t ∂uti t+∆t ∂ut+∆t
i
i
u +
u
+
utj
−
∆t
∂xj j ∂xj j
∂xj

V

= ρ

Z

V

= ρ

Z

V

= ρ

Z

V

!

dV
!

dV

!
uti
∂uti t ∂uti t+∆t ∂ut+∆t
ut+∆t
t
i
i
u +
u
+
uj dV
−
−
= ρ
δui
∆t
∆t ∂xj j ∂xj j
∂xj
V

 t

Z
∂uti
∂uti t
ui
t+∆t φJi
uj +
φJj UJt+∆t +
−
+
= ρ
δUI φIi UJ
∆t
∆t ∂xj
∂xj
V

∂φJi t+∆t t
U
uj dV
∂xj J
Z
Z
1
∂uti
t+∆t
= ρδUI
φIi φJj dV UJt+∆t
φIi φJi dV UJ
+ ρδUI
V ∆t
V ∂xj

 t
Z
Z
∂φJi
ui
∂uti t
t+∆t
t
+ρδUI
uj φIi
dV UJ
− ρδUI
u dV
+
φIi
∂xj
∆t ∂xj j
V
V
Z

1
2
UJt+∆t + δUI KIJ
UJt+∆t − δUI FI
= δUI M̂IJ UJt+∆t + δUI KIJ

= δU T M̂ U t+∆t + δU T K 1 U t+∆t + δU T K 2 U t+∆t − δU T F ,
= δU T M̂ U + δU T K 1 U + δU T K 2 U − δU T F .

J
δ(λJi (uJf
i − ṗi ))

=

λJi δuJi + δλJi (uJi − ṗJi )

=
=

λJi φJIi δUI + δλJi (φJIi UI − ṗJi )
δU T φJ λJ + δλJT (φJ T U − AJ ṗJ ).
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C

Magnetic field caused by a magnetic segment

The magnetic field caused by a rectangular magnetic segment is,
M̂x
Ĥx =
2π

−1

− tan
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− h2 − ŷ
− 2l + x̂

#

−1

+ tan

"

h
2
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"
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where M̂x , M̂y are magnetizations in the tangential (or length) and normal (or thickness)
directions, h is the thickness and l is the length of the segment. Here, x̂ and ŷ are the
local coordinates having their origin in the centre of the segment.

D

Validation of the magneto-static model

In this appendix we validate the magneto-static model used in section 2.2.4 based on a
super-paramagnetic film whose magnetic properties are anisotropic. The length of the
film is 100 µm and its thickness is 2 µm. The film has a susceptibility of 4.6 and 0.8 in the
tangential and normal direction, respectively. Six configurations of the film are chosen
to validate the magneto-static model, see Fig. 1. The configurations chosen reflect the
deformed geometry of the film during one cycle of ciliary motion (Khaderi et al., 2009).
The solution for the magnetic flux density B is compared with the solution from a
commercial multiphysics software program (COMSOL). The field values are normalised
with the absolute value of the applied field. The comparison is shown only for positions
2, 4 and 6 in Figs. 2. The solid lines represent the solution from our magneto-static model
and the ’+’ symbols represent the solution from COMSOL. The agreement is excellent.
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E. Validation of the fluid-structure interaction model

Position 4

Position 3
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Position 2
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Position 5
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ns

Position 1
L = 100 microns

Figure 1: Positions of film used to test the magneto-static model. The hollow arrows show the
direction of applied field for the respective positions.

E

Validation of the fluid-structure interaction model

To compare the performance of the present approach with a solution available in the
literature we choose to study the deformation behaviour of a cantilever beam under an
imposed pulsating flow. This problem has been numerically solved by (Baaijens, 2001)
using the fictitious domain method in which the solid was discretised using continuum
finite elements. The width W is four times the height H of the fluid domain. H is
taken to be unity. The length of the film is 0.8H. The thickness of the film is 0.0212H.
The elastic modulus of the film and viscosity of the fluid were specified in dimensionless
units to be E = 107 and µ = 10, respectively. The mesh used for the computation is
shown in Fig. 3. The dots represent the nodes of the Euler-Bernoulli beam element.
The boundary conditions are as follows: the left and right boundaries are periodic. A
pulsating flow of magnitude 10 sin(2πt/T ) is prescribed on the left boundary, where T
is the time period which is taken to be sufficiently large to avoid inertia effects in the
film. The bottom boundary is a no slip boundary. On the top boundary, the normal
flow is constrained. The solution from our formulation is plotted along with the solution
from (Baaijens, 2001) in Fig. 4(a) in terms of the displacement of the free end of the
cantilever. It can been seen that the two solutions are in good agreement. In Fig. 4(b),
we plot the x displacement of the free end of the beam as a function of time for different
discretisations of the solid beam (using 12, 24 and 48 beam elements). It can be seen
that the displacements nicely converge as the mesh is refined.

F

Convergence of the numerical model

We now report on the spatial and temporal convergence of the two-dimensional numerical method used in this thesis in the limit of low Reynolds numbers. We study the
case of an array of straight, magnetically anisotropic super-paramagnetic cilia (having
susceptibilities 4.6 and 0.8 in the tangential and normal directions, respectively (van

122

4

4
3.5

3.5

By/B0

x

B /B

0

3
3

2.5
2

2.5
1.5
1

2
0

0.2

0.4

0.6

0.8

1

0

Normalised coordinate along the film

0.2

0.4

0.6

0.8

1

Normalised coordinate along the film

(a) Flux density comparison at position 2.
4.5
0
4

−0.5

3.5
3

By/B0

Bx/B0

−1
−1.5
−2

2.5

−2.5

2

−3

1.5

−3.5

1

−4

0.5
0

0.2

0.4

0.6

0.8

1

0

Normalised coordinate along the film

0.2

0.4

0.6

0.8

1

Normalised coordinate along the film

(b) Flux density comparison at position 4.
−1

1.5

−1.5

1

−2
0.5

By/B0

Bx/B0

−2.5
−3
−3.5

0
−0.5

−4
−1

−4.5

−1.5

−5
0

0.2

0.4

0.6

0.8

Normalised coordinate along the film

1

0

0.2

0.4

0.6

0.8

1

Normalised coordinate along the film

(c) Flux density comparison at position 6.

Figure 2: Flux density comparison; the symbols represent the solution from COMSOL and
lines represent the field calculated from the present model

Rijsewijk, 2006)). A uniform rotating magnetic field with a frequency of 50 Hz and
magnitude B0 = 31.5 mT is applied. Each cilium has a length L = 100 µm, with the
thickness varying linearly along its length, having h = 2 µm at the left (attached) end
and h = 1 µm at the right end. The fluid has a viscosity µ = 1 mPas. The elastic
3
modulus is taken as 1 MPa and the density ρ = 1600 kg/m . The inter-cilia spacing is
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F. Convergence of the numerical model

Figure 3: Coarsest mesh used for benchmarking.
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Figure 4: A cantilever subjected to a pulsating flow: Comparison of solution obtained from
the present work with (Baaijens, 2001). (a) Comparison of the displacement of the free end
and (b) comparison of the displacement of the free end as a function of time for various mesh
refinements. The number in parenthesis of the legend refer to the number of elements used to
discretise the cantilever.

a = 1.67L and the channel height H = 2L. A unit-cell consisting of one cilium is chosen
for the simulations. As the deformed shape of the cilium is an outcome of the model,
we compare the position of the free end for different temporal discretisations. The mesh
used to discretise the cilium and the fluid domain is shown in Fig. 7.3 for the case when
the cilium is divided into 40 elements and the fluid is divided into 28 × 30 elements. The
number of elements on the cilium as well as the fluid are changed proportionally when
the mesh is changed. In the following the spatial discretisation is defined in terms of the
number of elements used to discretise the cilium.
The position of the tip of the cilium as a function of time and its trajectory for
different time increments is shown in Fig. 5 (a)-(c). The time increment has to be small
enough to capture the fast whip-like recovery stroke. It can be seen that a time increment
of 1 µs is sufficient for temporal convergence. This time step of 1 µs is used to study the
spatial convergence and the results are shown in Fig. 6. It can be seen that the results
for these discretisations have fully converged as shown for the position of the free end of
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Figure 5: (a)-(b) Temporal convergence: Position of the tip of the cilium as a function of time
for different time increments ∆t. (c) The trajectory of the free end of the cilium for different
time increments. The cilium is divided into 40 elements.

the cilium and the flux as a function of time.

G

Effect of diffusion Reynolds number - analytical
model

We now study the effect of the diffusion Reynolds number ReH on the fluid propelled.
To this end we analyse the case when the height of the channel is much larger than the
cilia length. This allows us to assume that the cilia create an oscillating Couette flow
(shear flow), such that the velocity at the bottom boundary of the channel (f (t)) has an
oscillating component (u0 ) and a steady component (umean )
f (t) = u0 sin ωt + umean(1 − e−t/tref ),

(4)
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G. Effect of diffusion Reynolds number - analytical model
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Figure 6: (a)-(b) Position of the tip of the cilium as a function of the time for different spatial
discretisations. (c) Flux as a function of time for different spatial discretisations.

where ω = 2π/tref is the angular frequency. A similar approach was taken by Blake et al.
(1982) to model the cilia induced flows in ducts in the limit of low Reynolds numbers.
The solution to the problem of oscillating shear flow can be obtained by solving the
one-dimensional Navier-Stokes equation. The one-dimensional Navier-Stokes equation is
(in a shear flow the pressure is an arbitrary constant, hence vanishes):
ρ

∂2u
∂u
= µ 2,
∂t
∂y

(5)

where u = u(y, t) is the fluid velocity. The initial and boundary conditions for the
Couette flow are:
u(0, t) = f (t),
u(H, t) = 0,
u(y, 0) = 0.

(6)
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The solution to the one-dimensional Navier-Stokes equation is given by (Polyanin, 2001):
Z
µ t
f (τ )H(y, t − τ )dτ,
(7)
u(y, t) =
ρ 0
where,

∂
G(y, ξ, t)
H(y, t) =
,
∂ξ
ξ=0


and





∞
 nπy 
µn2 π 2 t
nπξ
2 X
sin
exp −
.
G(y, ξ, t) =
sin
H n=1
H
H
ρH 2

By using Eqns. 9 and 8, Eqn. 7 can be written as


Z t
∞
 nπy 
X
µ 2 2
µ
exp
−
n
π
(t
−
τ
)
dτ.
u(y, t) =
2nπ
f
(τ
)
sin
ρH 2 0
H
ρH 2
n=1

(8)

(9)

(10)

The ratio ρH 2 /µ is a characteristic timescale of the system. We now normalise the time
in the above equation with tref to get:


Z
∞
 nπy 
X
µtref t
µtref n2 π 2 (t − τ ) dτ
u(y, t) =
2nπ
exp −
.
(11)
f (τ ) sin
ρH 2 0
H
ρH 2
tref
tref
n=1
Equation 11 shows that the velocity of the fluid at any time and location depends on the
dimensionless parameter ReH = ρH 2 /µtref . The velocity u(y, t) has transient behaviour
due to two reasons: namely, the inertia of the fluid and the transient part of the boundary
velocity associated with umean. The inertial transience is represented by the exponential
term in Eqn. 11, whose duration scales with ρH 2 /µ. The transient period due to the
boundary condition is represented by the exponential term in Eqn. 4, and its duration is
10 tref . As the boundary velocity is oscillatory, the steady state will also be oscillatory
RH
in nature. The instantaneous
flux Q(t) at any time t is Q(t) = 0 u(y)dy, and the fluid
R
transported is Q̄ = cycle Q(t)dt/tref .
The instantaneous flux (normalised with H) is plotted as a function of time (normalised with the characteristic timescale ρH 2 /µ), for finite ReH in Fig. 7(a). It can
be seen that the instantaneous flux (Q(t)) reaches the steady state when t = ρH 2 /µ.
Similarly, the fluid transported (see the inset of Fig. 7(a)) reaches a saturation in ReH
cycles.1 Interestingly, the flow transported is the same for systems with different ReH .
This is unexpected; intuitively one might presume that as ReH is increased only the fluid
around the bottom boundary will be displaced, while the rest of the fluid will remain
undisturbed. However, this is the case only during the transient period. Figure 7(b)
shows the velocity as a function of y/H at different time instances. Initially, fluid near
the bottom boundary is moving, while the rest of the fluid is stationary, see the solid
line in Fig. 7(b). As time progresses, the momentum is transferred to the rest of the
fluid, and during the steady state, the fluid throughout the channel is in motion, see the
dashed line in Fig. 7(b). While the fluid transported is independent of ReH , the duration
of the transient period scales with ReH . The fluid transported averaged over a cycle,
1 For

small ReH , the time taken to reach the steady state is 10tref . This is the time taken for the
exponential term in Eqn. 4 to vanish.
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Figure 7: (a) Instantaneous flux through the channel as a function of the time. The inset shows
the flow rate averaged over each cycle as a function of the No. of cycles. (b) Instantaneous
velocity as a function of y/H for different instances of time (n = 420 and ReH = 10).

after the system has reached a steady state, can be calculated analytically and is given
by


∞
umean X 1
Humean
cosnπ
umean π 2
−π 2
2H
=
−
=
2H
−
.
2
2
2
2
π n=1 n
n
π
6
12
2

The mean flow rate depends only on umean and scales linearly with the height of the
channel, but is independent of ReH .

H

Resistive force theory

The drag forces of the fluid on the film can be accounted for in an uncoupled manner
using drag forces. The tractions in section 3.2.6 are assumed to be proportional to the
velocity in the low Reynolds number regime,
tx = −Cx vx ,

ty = −Cy vy ,

(12)

where tx and ty is the traction exerted by the fluid in the axial and transverse direction
to the film, Cx and Cy are the axial and transverse drag coefficients and vx and vy are
the respective axial and transverse velocities. This assumption is in the spirit of the
resistive force theory (Johnson & Brokaw, 1979). For the finite element discretisation,
the drag force is assumed to vary linearly along the film. Analytical expressions for the
drag coefficients are available only for simple rigid geometries, but as the film is modelled
as a deforming slender object such analytical expressions are not available. Hence, we
calibrate these drag coefficients with reference to the coupled solid-fluid model.
The calibration is done as follows. First, a simulation using the coupled solid-fluid
code is performed and the trajectory of the free end is recorded. Then, simulations are
performed using the solid dynamic model with velocity-proportional drag forces using
assumed drag coefficients. The trajectory thus obtained is matched with the trajectory
obtained from the coupled solid-fluid code by varying the drag coefficients. The cali3
brated drag coefficients, when the fluid viscosity is 1 mPas, are Cx = 8.75 Ns/m and
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3

3

Cy = 105 Ns/m for the PM film and Cx = 80 Ns/m and Cy = 160 Ns/m for the SPM
film. A comparison between the coupled solid-fluid model and the uncoupled solid-drag
model is shown in Figs. 8(a) and 8(b), showing good agreement, especially for the SPM
configuration. The discrepency between the two trajectories comes from the fact that the
resistive force theory does not account for the interaction of the film with the substrate
and with itself.
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Figure 8: The trajectory of the free end for the PM configuration (a) and the SPM configuration (b) for three different values of the applied magnetic field. The solid lines are for the
coupled solid-fluid simulations and the dashed lines for the uncoupled solid-drag calculations.

I

Magnetic buckling analysis

We now study the buckling behaviour of a straight permanently magnetic film. When
the applied field B0 is opposite to the magnetization M and the film is straight, no
couple is induced for the motion of the film (see the inset of Fig. 9). However, if the film
is slightly perturbed, a magnetic couple will act on the film, which will increase when
the film is deflected further from the initial, straight configuration. Clearly, the straight
configuration is an unstable equilibrium state, so that buckling will occur above a critical
value of the magnetic field. This situation is similar to a cantilever with a compressive
end load. The total moment of the body couple on an infinitesimal element of length dx
at x (see the inset of Fig. 9) is
dN = M AB0 sin θdx,

(13)

where θ is the angle between the beam axis and the horizontal and A is the cross-sectional
area of the film. The bending moment at x (assuming small deformations) is (Gere &
Timoshenko, 1984)
MB (x)

=

−

Z

L

x

dNx dx = −

Z

L

M AB0 sin θdx = −

x

= −M AB0 (v(L) − v(x)) .

Z

L

x

M AB0

dv
dx
dx
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The equilibrium equation of the beam is
EI

d2 v(x)
dx2
d2 v(x)
dx2

=

M AB0 (v(L) − v(x))

=

k 2 (v(L) − v(x)),

(14)

0
where k 2 = MAB
and EI is the bending stiffness of the beam. The non-trivial solution
EI
of the equilibrium equation gives the critical magnetic field:

Bcritical =

EIn2 π 2
,
4AM L2

n = 1, 3, 5, . . . .

(15)

By choosing n = 1 we get the lowest magnetic field needed to cause the buckling of the
film. The tip displacement of the film with varying field is shown in Fig. 9. When the
applied field is more than the critical field, the film undergoes enormous deformations
due to magnetic buckling. Note that this kind of behaviour cannot be observed in a
super-paramagnetic film.
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Figure 9: Position of the free end as a function of the applied field.

J

Metachronal wave velocity

The metachronal wave velocity is obtained by dividing the distance between two cilia
with the time it takes for the magnetic couple to travel from a cilium to its neighbour. If
the neighbour is to the right, then the wave travels to the right, and when the neighbour
is to the left, the wave travels to the left. The magnetic couple Ni at any cilium i is
proportional to sin (2ωt − 2φi ), and travels with a phase velocity of ω/∆φ (in number of
cilia per second) to the right.
In the schematic of Fig. 10, three cilia C1 , C2 and C3 are depicted. At any given
instance of time, let the magnitude of the magnetic couple at C1 , C2 and C3 be N1 , N2
and N3 , respectively. The magnitude of the magnetic couple at the ‘periodic’ cilium H,
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Figure 10: Schematic diagram used to calculate the metachronal wave velocity.

which is separated from C3 by n/2 units, is also N3 . The metachronal wave is said to
have traveled to the right when the magnetic field at C2 is N1 after a time interval. Now,
the distance traveled by the magnetic couple is 1 cilia spacing, and the time taken to
travel this distance is 1/(ω/∆φ). Therefore, the velocity of the magnetic couple is ω/∆φ,
in cilia units per second. The metachronal wave is said to have traveled to the left when
the magnetic field at C2 is equal to N3 after an interval of time. As the applied magnetic
couple travels to the right, this situation is possible when the magnetic couple at the
periodic cilium H travels to the cilium C2 . The time needed for the magnetic couple
to travel from H to C2 is equal to (n/2 − 1)/(ω/∆φ). However, the apparent distance
travelled is one cilium spacing to the left (i.e. from C3 to C2 ), so that the wave velocity
is now ω/(π − ∆φ). The (apparent) metachronal wave velocity is now determined by the
maximum of the two competing wave velocities: ω/∆φ to the right and ω/(π − ∆φ) to
the left. As a result, the metachronal wave velocity is equal to ω/∆φ (i.e. to the right)
when ω/∆φ > ω/(π − ∆φ) (i.e. 0 < ∆φ < π/2), and it is equal to −ω/(π − ∆φ) (i.e. to
the left) when ω/∆φ < ω/(π − ∆φ) (i.e. π/2 < ∆φ < π), see Fig. 7.2.

K

Calculation of the net pressure gradient

In this appendix we derive an expression for the net pressure gradient in the channel due
to the out-of-phase motion of cilia. For simplicity, we take the case where 0 < a < λ; i.e.,
the metachronal wave velocity and the applied wave velocity are the same (to the right).
The position of the cilia is dictated by the magnetic field vector, while its velocity is
dictated by the rate of change of the magnetic field vector. The current x position of the
tip of a cilium is x0 + δ0 sin (ωt − 2πx/λ) and its velocity is δ0 ω cos (ωt − 2πx/λ), where
δ0 is assumed to scale with the amplitude of the applied magnetic field in the x-direction
B0x and x0 is the position of the cilia base. Figure 11 shows the current velocity (solid
lines) and displacement (dashed lines) for a/L = 2/7, with the wave travelling to the
right. The pressure will be positive when two cilia come close and will be negative when
they move apart, i.e., the positive and negative pressures will occur when the velocity
gradient is negative and positive, respectively. At any time t, this happens at tλ/T − λ/4
(negative pressure), tλ/T + λ/4 (positive pressure) and tλ/T + 3λ/4 (negative pressure).
The position of cilia with its velocity at a particular time instance is shown in Fig. 11. It
can be seen that two neighbouring cilia move apart in regions 1 and 3, thereby generating
a negative pressure −p. In region 2, two neighbouring cilia come closer, this generates a
positive pressure p. (we have assumed that the positive pressure is equal to the negative
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Figure 11: Velocity (arrows and solid lines) and deformation (dashed line) of the cilia at any
time instant, neglecting the inter-cilium interaction.

pressure). At any time t, the position of region 1 is



t
t
λ
2πx t
λ
λ
x1 = λ − + δ0 sin ωt −
= λ − + δ0 .
λ−
T
4
λ
T
4
T
4

(16)

Similarly, the respective positions of the regions 2 and 3 are
λ
t
λ + − δ0 ,
T
4
λ
t
x3 = λ + 3 + δ0 .
T
4
x2 =

(17)
(18)

The pressure gradient between regions 1 and 2 can be written to be proportional to
p − (−p)
4p
=
,
x2 − x1
λ − 4δ0
and the pressure gradient between the region 2 and 3 can be written to be proportional
to
4p
−p − (p)
=−
.
x3 − x2
λ + 4δ0
The average pressure gradient in the unit-cell is now given by,
16pδ0 /(λ2 − 16δ02 ).
By invoking that p scales with µδ0 ω/λ, it can be seen that the pressure gradient that
drives the flow increases with an increase of the cilia deflection and with a decrease of
the wavelength:
16µδ02 ω/λ(λ2 − 16δ02 ).
Assuming small cilia deflection (λ >> δ0 ), we observe that the average pressure gradient
scales with (µδ02 ω/λ3 ). Therefore, the pressure gradient is positive when the wave is
moving in the positive x-direction; this creates a flow in the negative x-direction. Although the applicability of the expression for the pressure gradient is limited to large
wavelengths and small cilia deflections, it explains all the trends observed in the simulations (the direction of flow, the increase in flow because of decreasing wavelength and
increasing cilia deflection).
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Benchmark tests for the solid mechanics model
The three-dimensional numerical model is benchmarked using three reference problems:
(1) Nonlinear deflection of a square clamped plate (Hughes & Liu, 1981), (2) deflection
of a hinged cylindrical roof (Jog & Kelkar, 2006), and (3) pinching of an open-ended
cylinder (Masud et al., 2000). All the problems analysed possess a significant amount of
non-linearity. The tests have been performed with a fixed load increment. Symmetries
present in the problems have been used to reduce the time for computations. The results
plotted in Fig. 12 show that the shell element formulation is in good agreement with the
results available in the literature.
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Figure 12: Benchmark tests for the shell element. (a) Load-deflection curve for the clamped
square plate subjected to a uniform pressure on its surface, compared against (Hughes & Liu,
1981). (b) Load-deflection curve for the hinged cylindrical roof subjected to a point load at the
centre, compared with (Jog & Kelkar, 2006). (c) Load-deflection curve for the pinched cylinder
problem, compared with (Masud et al., 2000).
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Benchmark tests for the fluid dynamic model
To benchmark the fluid dynamic model we choose the problem of the translation of
a sphere near a no-slip surface. This problem was also solved numerically using the
method of regularised Stokeslets (Ainley et al., 2008). The analytical values of the forces
(per unit velocity) when the sphere translates parallel and perpendicular to the no-slip
boundary are 2.6475 and 23.6605 (in units of 6πµrv), respectively. The spacing between
the sphere and the no-slip plane is very small compared to the radius of the sphere r
(0.0453r). This results in a large velocity gradient between the sphere and the no-slip
plane. The singular and non-singular integrals encountered during the integration of
Eqn. 9.23 are integrated using 36 and 7 gauss points, respectively (Pozrikidis, 2002). For
comparison we use the same discretisation as that of (Ainley et al., 2008); the surface
of the sphere is covered with equally spaced points using a spherical coordinate system
and then triangulated.
The error in the forces are plotted as a function of the number of nodes used to discretise the sphere, see Fig. 13. The convergence is slow in the case when the sphere translates
perpendicular to the wall. However, the convergence obtained from our method is much
better than that obtained in (Ainley et al., 2008). The sphere was discretised into 2718
points for an error of 11% in the perpendicular force compared to 370 points in our case.
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Figure 13: A sphere translating parallel/perpendicular to the wall: Error in the forces as a
function of the number of nodes used to discretise sphere.

Benchmark test for the fluid-structure interaction model
As benchmark tests for the fluid-structure interaction (FSI) models are not available
in the literature, we use a 2D FSI model (Khaderi et al., 2009) to validate the present
formulation. The problem chosen is the relaxation of a plate of length L, width b and
thickness h subjected to an initial displacement. The plate is placed parallel to the no
slip plane at a distance of 0.1L, see Fig. 14(a). The elastic modulus of the plate is taken
to be 1 MPa, and the viscosity of the fluid is taken to 1 mPas. The plate is clamped along
its width, while the corresponding opposite edge of the plate is given an initial transverse

134

Figure 14: Benchmark test for the fluid-structure interaction problem: (a) Schematic representation of the geometry used to benchmark the three-dimensional model. (b) The twodimensional model.
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Figure 15: Benchmark test for the fluid-structure interaction problem. Comparison of relaxation of a plate subjected to an initial displacement of the free end with the two-dimensional
model.

displacement of 0.25L in the direction opposite to the no-slip plane, and is released at
time t = 0. The geometry and boundary conditions for the two-dimensional model are
shown in Fig. 14(b). The response of the plate as a function of time, for different widths
of the plate in the direction normal to the plane of its motion, is shown in Fig. 15. It can
be seen that as the width of the plate increases the response of the three-dimensional
model converges to the two-dimensional model. The beam in the two-dimensional model
is discretised into 80 elements. The plate element is divided into 12 elements along L and
into 12b/L elements along b. 36 and 7 gauss points were used to integrate the singular
integral and non-singular integrals, respectively.

Benchmarking the magnetostatic model
We use the previously developed two-dimensional magneto-mechanical model (Khaderi
et al., 2009) to benchmark the magneto-mechanical model presented in section 9.2.4.
To this end we subject a magnetic cilium to an external magnetic field, and compare
the tip displacement resulting from the 2D model (Khaderi et al., 2009) with the tip
displacement obtained from the present model. We would like to remind that in the
2D case, the magnetic field is calculated by solving the Maxwell’s equations. We take

L. Benchmark tests for the 3D model
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the case of a super-paramagnetic cilium which is tapered in the thickness direction and
subject it to a rotating magnetic field of B0 = 20 mT with a time period of 20 ms. The
length L of the film is 100 microns, the thickness h is 2 µm at the fixed end and decreases
uniformly along the length, so that the thickness at the free end is 1 µm. The width of
the cilium b is taken to be 2L (when b > 2L the 3D model converges to the 2D model, see
section L). The elastic modulus of the cilium is taken to be 1 MPa. The tip displacements
are compared in Fig. 16. We see that the tip displacement resulting from the present
model is in good agreement with the displacement computed by the 2D model in which
the magnetic field is obtained from the solution of Maxwell’s equations. The discrepancy
between the approaches results from two sources: The fluid-solid coupling and the way
the magnetic fields are calculated. To show that the error due to the fluid-solid coupling
is low, we also plot the displacement of the tip of the cilium for the 2D case with the
magnetic fields calculated from the magneto-static boundary conditions similar to the
3D model, see the dotted lines in Fig. 16. It can be seen that the error in the solid-fluid
coupling is indeed small and the main difference comes from the way the magnetic fields
are calculated.
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Figure 16: Cilium tip displacement computed by solving the Maxwell’s equations in a twodimensional model (solid lines) and by using the magneto-static boundary conditions for the 3D
model with b = 2L (broken lines). Dotted lines represent the results from the two-dimensional
model, with the magnetic field calculated using the magneto-static boundary conditions.

Samenvatting

Lab-on-a-chip is een technologie die zich richt op het miniaturizeren van klinische tests
op biologische vloeistofmonsters (zoals bloed en urine), die traditioneel worden uitgevoerd in klinische laboratoria. Een lab-on-a-chip bestaat uit een collectie ‘micro-kamers’
(waar de bio-analytische tests worden uitgevoerd), verbonden via micro-kanalen waar
vloeistoftransport plaats vindt. In dit werk presenteren we een nieuwe manier om deze
vloeistoffen voort te bewegen door transportmechanismen uit de natuur na te bootsen.
Deze transportmechanismen werken in de natuur op de micrometer lengteschaal op basis
van trilhaartjes (cilia genaamd) die uit-fase bewegen en hierdoor een collectieve golfbeweging vertonen (een metachronische golf). Daarnaast bewegen de individuele cilia in
een asymmetrische manier met een aparte effectieve en herstelslag. Tijdens de effectieve slag zijn de cilia recht en duwen een grote hoeveelheid vloeistof, terwijl ze tijdens
de herstelslag buigen, laag blijven en hierdoor slechts een kleine hoeveelheid vloestof
terugduwen. De netto vloeistofvoortstuwing is hierdoor in de richting van de effectieve
slag.
In dit werk hebben we kunstmatige trilhaartjes ontworpen die kunnen worden gerealiseerd met behulp van dunne polymeerlagen gevuld met magnetische nano-deeltjes.
Hierdoor kunnen ze worden vervormd met behulp van een extern aangebracht magnetisch veld. Op basis van een gekoppeld magneto-mechanisch, ‘solid-fluid’, numeriek
model hebben we uitgezocht hoe het magnetisch veld moet worden ontworpen om de
asymmetrische beweging van natuurlijke cilia na te bootsen. Het fysische gedrag van de
kunstmatige cilia hebben we verder bestudeerd in termen van dimensieloze parameters
en de effectieve parameter-ruimte is bepaald waarin de trilharen een maximale vloeistofstroming genereren.
Het effect van verschillende factoren, zoals vloeistoftraagheid en metachronische golven, hebben we in detail in kaart gebracht. In het geval van metachronisch golven wordt
de stroming tijdens de herstelslag van een cilium belemmerd door de effectieve slag van de
rest van de trilharen. Dit leidt tot een drastische toename van de vloeistofstroming. De
vloeistof stroomt dan continue in een richting, in tegenstelling tot de fluctuerende stroming in het geval van synchronisch bewegende trilharen. In aanwezigheid van vloeistoftraagheid zorgt de kinetische energie-input ervoor dat de stroming nog steeds in de richting van de effectieve slag plaatsvindt, ook al zijn de trilharen hun herstelslag begonnen.
Ook hier leidt dit tot een aanzienlijke verhoging van de netto getransporteerde vloeistof.
In aanwezigheid van vloeistoftraagheid speelt tijds-asymmetrie (verschil in snelheid van
de trilharen gedurende de effectieve en herstelslag) ook een rol. Door het uitvoeren van
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een parameterstudie hebben we geconstateerd dat de richting van de vloeistofstroming
kan worden gecontroleerd door het afstemmen van de frequentie van het aangelegde
magnetische veld.
Tot slot hebben we een numeriek model ontwikkeld om de driedimensionale ‘solidfluid’ interactie van kunstmatige cilia te beschrijven. De nauwkeurigheid van het model
hebben we aangetoond op basis van vele ‘benchmark’-studies en we hebben de toepassingen van het model gellustreerd met behulp van een aantal fysisch-relevante voorbeelden.
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