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6. MONTE CARLO SAMPLING FROM NON-NORMAL DISTRIBUTIONS

In the previous chapter it was decided to characterize non-
normality by the skewness of the observed variables and by categorizing
these variables. In this chapter a numerical solution is presented how
to generate the sample covariance matrices S of such discrete and skew
variables, while at the same time the true population covariance matrix
I is known and has a specified structure. Before going into the
technical details of such procedures, a theoretical discussion of two
possible strategies in treating the non-normal case is given in
section 6.1. It will be seen that the true structural model can either
hold for unobserved latent variables or for the observed variables and
that a choice has to be made between these two approaches. In section
6.4 an overview of the procedure for non-normal observations is given.

It should be stressed that throughout this chapter the concept
"latent variable'" denotes an unobserved normally distributed variable,
which has a non-linear relation to the observed variable due to a
specific categorization of that latent variable. In section 6.2 the
relationship between the latent variables and the observed variables
is mathematically specified. At this place the reader should note the
difference.between this new concept and the latent variables in
the LISREL-model, which are tied to the observed variables by linear
relationships of the type y = ng +e orxs= ng + 6. [cf (2.2) and
(2.3)]

The idea of an underlying normal variable which corresponds to
a classified, discrete observed variable can be traced back to the
work of Karl Pearson (1901). He suggested the tetrachoric correlation
coefficient as a measure of bivariate normal correlation. Although
Pearson liked the mathematical niceties of bivariate normal distri-
butions he was worried from the start about the real life situation,
where skew and discrete variables frequently occurred(Pearson, 1895,
1913). Generalization of the tetrachoric correlation coefficient to more
than two classes in the observed variables leads to the polychoric
correlation coefficient. Recent work on polychoric correlation is

discussed by Olsson (1979a),who also derived asymptotic covariance

134

K.m B




matrices for estimates of polychoric correlations.

6.1 Considering the true model

Some of the ideas which led to our solution of the non-normal
sampling problem arose from Olsson's (1978) dissertation, where a
study on the robustness of factor analysis against crude classification
of the observations is reported (see also Olsson, 1979b). Crucial
in that work is the hypothesis that the observed variables are obtained
through a classification of some true, latent variables which have a
multivariate normal distribution and for which the (factor analysis)
model holds. Olsson numerically demonstrates the relationships between
the true latent model and the results obtained from classified ob-
servations. A preliminary reflection on his study and its relations
to our work can be found in Boomsma (1980a).

The present section serves to clarify that basically two approaches

can be distinguished in handling non-normal observations.

case aq: an approach in which the structural model holds for the
observed non-normal variables, and
case b: an approach in which the structural model is true with

respect to the latent variables.

The differences between both approaches will be treated now.

Let us assume that there are functional relationships Gi
between latent continuous variables Ci which cannot be observed
directly, and observed variables Zi(i = 15 wwes K)e Tt I8
furthermore assumed that the vector z* has a multivariate standard
normal distribution, while z has some non-normal multivariate :
distribution. The non—normai distributions of z; might be any
non-normal distributions, continuous as well as discrete; variables z;
might be numerically discrete, ordinal as well as nominal.

Next, since E* is standardized, let us denote the correlation
matriz of the latent variables 5* by §* and that of the observed
variables z by I, while the sample covariance matrix (which might
be a correlation matrix) based on the observed scores is S. The |

basis for the two different approaches thus lies in the answer to

J
135 !
:




T

S S

the question whether I£* or I satisfies the structural equation model
under study. Each approach has consequences for a possible structural
analysis and for the design in a robustness study; these will be

discussed in more detail now.

Case a

1f the true model is satisfied by L, and a LISREL-analysis is performed
on the basis of S,a wrong procedure is used, because the observed
variables have a non-normal distribution while the maximum likelihood
procedure expects a multivariate normal distribution. Here the latent
variables do not play any role of importance. In effect, if the
multivariate distribution function of the true observed variables would
be known (at least for numerical variables) maximum likelihood estimation
procedures might be derived. The only problem that remains for a robust-
ness study, if this approach would be chosen, is how to sample from
which multivariate distribution, given I.In sections 6.2 and 6.3 it
will be seen that specific functional relationships between g and z

can be chosen to solve the sampling problem if % is the true model.

Case b

I1f, however, the true model is satisfied by g*,and again a LISREL-
analysis is carried out on the basis of the sample covariance matrix

§ of non-normal variables,the main handicap is that the model is

true for the latent variables and not for the observed non-normal
variables.

The difficulties involved are illustrated for a factor analysis
model. Suppose for example that a researcher doing a robustness study
knows what the true model is (given §*, multivariate normal variables),
and let us assume that it is a factor analysis model. This means that
if the correlation matrix £* = A¥¢*A\¥'+ ©% specifies such a model, all
elements of the matrices on the right-hand side of this equation are
known. However, §* is 7not the correct model for the observed variables
(linked to the latent variables by some functional form), because
that would be I.

If normal variables would be categorized to discrete and possibly

skew variables, in a way described in section 6.2, the difference
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between the absolute value of the normal product-moment correlation
and the corresponding so-called multinomial product-moment correlation

is always non-negative: |p¥.| - |p. 0 (see Lord & Novick, 1968,
1] ijl #

j
p. 346 for dichotomized variables). So, if LISREL would be used to
estimate I* on the basis of § the fit would be imperfect, because of
the discrepancies between I and I* . For example, if I* = A¥@¥p\*' + O*

specifies a one—factor model,and ZT=A0 A" + @ is the analogous
decomposition of I, the corresponding order of A and ¢, let alone the
values of the elements of Q, ® and 0,are unknown. It is very unlikely
that, given §*, a one-factor model ;lso fits Z, and very probable that
more than one factor is needed (o.c., p. 382).

Let us summarize what can and what cannot be done in case b.
Given that I* = A¥¥\*¥' + O* specifies the true factor analysis model,
and given the estimate g* based on S (multivariate non-normal
variables), by using the LISREL-procedure
(i) the parameter estimates and their corresponding standard errors can

be compared with the true values, which are known,
(ii) the approximate chi-square goodness of fit statistic can be
compared with the known true chi-square distribution with a

specified number of degrees of freedom.

But in both cases, (i) and (ii), it is clear from the start that there
will be discrepancies in the comparisons because of the differences
between g* and I !
‘ Olsson's (1978) computations exactly show what happens in such a
situation. In his study the true model for the latent variables is
a one-factor model. A maximum likelihood estimation procedure M was
I used,which can be summarized by M(§ = §|§*,MND) = g*, meaning that
on the basis of the perfect covariance matrix S, given the true
population model I* and an estimation procedure assuming that the
latent variables have a multivariate normal distribution (MND), an
estimation of the population covariance matrix,g*,is made. His
results for goodness of fit and for the bias of computed factor
loadings very well show the discrepancies which might occur,

depending on the skewnesses and the number of categories of the

observed variables.
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What cannot be done in case b is to evaluate parameter estimates,
corresponding standard errors and the chi-square statistic for goodness

of fit under the model £ = A ¢ A' + O , because this model is simply unknown.

Given these two approaches a decision must be made what our point
of view Zn this robustness study will be. Should the true model hold
for the normal latent variables or for the non-normal observed variables ?
Clearly, two aspecteof robustness must be distinguished if the LISREL-
procedure is used. First, the robustness against non-normal observations
(including discrete classification) in a pure sense, where the observed
non-normal variables are confronted with a maximum likelihood procedure
which assumes a multivariate normal distribution (relevant in case a
as well as in case b). Secondly, the robustness against the wrong model
i, @ag M(SI?*,MND) = %* (relevant in case b,not in case a).

This cr;ates a rather complex situation. The theoretical idea of
continuous latent variables is attractive and sometimes unavoidable.

If the model would hold for these latent variables, in our robustness
study we could simply sample from a multivariate normal distribution
and observe what the effect of a certain categorization (with or without
skewness side effects) of the normal variables is. That is what Olsson
(1978) did. Or we might want to transform the normal variables

to non-normal continuous variables. But for sure we would fit the

wrong model. And it would be very hard,if not impossible ,to disentangle
the two aspects of robustness just mentioned.

On the other hand, for our purposes it would be very nice to
know what the true model is for the observed variables, what the values
of parameters and standard errors are in the non-normal population,
like we knew it all the time in the normal population for the small
sample case. Such an approach would have the advantage that only one
main aspect of robustness, that of the use of non-normal observationms,
is dealt with. As mentioned on page 136 there is only one restriction:
a solution must be found for the problem how to obtain random samples from
a discrete multivariate distribution with a specified I. In the next
sections it will be seen that there is a conditional solution to
this problem.

It was therefore decided that in our robustness study the true
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model would hold for the observed non-normal variables; the structural

model would be satisfied by I, not by £*. This decision can be swmmarize
by saying that it was decided to choose M(§]§,MND) = E as the estimation
procedure for the non-normal case (in fact case a).

So far the discussion was rather general. We did neither specify
the functional relationship between r* and z, nor the non-normality
of z in distributional terms. This was postponed in an attempt to
illustrate that the problems discussed are indeed of a general kind,
not restricted to discrete observations alone. Our choice for discrete
skew variables has empirical grounds, which were treated in chapter
5 & This choice now has to be made explicit in an operational procedure
how to sample from a non-normal distribution with specified L.

Before that problem is dealt with in the following sections, two
final points should be made here. First, the observed variables
which are chosen are assumed to be discrete (or discretized), numerical
variables with sample covariance matrix S. In section 6.2 it will be
seen that for the non-normal case the ob;erved values have been as-
signed discrete values, which happen to be non-negative integers (see
page 141 ). It would also be possible to assume that the variables
are ordinal, or nominal, but there is one reason why we did not do so.
Since the scales of ordinal and nominal variables are arbitrary, there
is no unique true population model. Such a model depends on what numbers
are assigned to the categories. On the other hand, a unique true
population model for I may exist if the variables are discrete and
numerical. Secondly, 1in this section the pro's and contra's of
case a and case b have been discussed primarily within the frame-
work of our robustness study, apart from considerations with regard
to the practical application of structural equation models; the
consequences of both approaches were compared from the viewpoint
of a researcher doing Monte Carlo work. As such,the function of
introducing the concept of latent variables and their relationships
with observed variables served mainly technical purposes of a
specified sampling design: the exposition was a theoretical
discourse with technical, Monte Carlo purposes. If the applied
statistician would be restricted to the LISREL-program, he of course

has no choice from a practical point of view: he had to use
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M(S[Z*,MND) = 7% , whether his observed variables are multivariate
no;mal, or whegher they are not, or leave it. In applied situations one
can undoubtedly think of different analytical methods M which can

be used, depending on the theoretical and observed characteristics of
variables, of the availability of programs which may or may not be
suited for non-normal variables, and which may or may not assume
specific distributional properties. It is up to the user with his
theoretical knowledge of the variables under study, whether latent

normal variables are assumed or whether they are not.

6.2 The relationship between latent and observed variables

For the univariate case there are relatively easy methods for
generating non-normal distributions with a controlled degree of
skewness and kurtosis (Fleishman, 1978). However, the introduction
of non-normality into a multivariate distribution makes it difficult,
especially when the number of variables is larger than two and a
specified covariance structure is desired.

Ideally, we would generate random multinomial deviates from a
multivariate multinomial distribution with population covariance
structure §. To our knowledge there are no subroutines available
in statistical computer libraries which can handle this, like the IMSL-
routines used for the normal, small sample case. So we must either
make such a program of our own, which might be tedious, or find another
solution, which we did.

The problem was attacked by specifying the relationship between
latent variables E* and observed variables z. Once more, the only role
of z* in what follows is that it is of help in finding a solution for
the~non—normal sampling problem. First, together with the basic concepts
some notation will be introduced, partly following Olsson (1978) for
reasons of analogy and efficiency.

In the following it is assumed that there is a relationship between
a latent continuous variable gz, which cannot be observed directly,
and an observed discrete variable z; (i=1, ..., k). It is furthermore
assumed that each cz has a standard normal distribution. From now on,

for reasons of simplicity in most notations the index i is omitted as
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long as the relationship for one variable is discussed. If TS(S=1, emsesy L)

are thresholds in the standard normal distribution for variable i,

which are unknown in practice, the monotone relationship between the

latent variable and the observed variable is given by the following

prescriptions:

if Gl T then z = 0 ;
if Ty & ¥ < ¢ then z = 1 ;
5Ty Ty S ¥ < Ty then z = 2 ; (6
iF Tyonlf ¥ then z = r .
Such a relationship between z* and z is illustrated in Figure
6.1, where the observed variable has five categories and where the
skewness of the discrete distribution as depicted by a symmetric
histogram equals zero.
e
Po Py P Pa Py .
'
T ! T3 T
Po Py P2 P3 Py
4
0 1 2 3 4
Figure 6.1 The relationship between the latent vc
ess y = 0 and
e B (s =0, 5
funetions.
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As has been stated previously, the main characteristics of the
observed variables we want to use are the skewness y and the number
of categories ¢ (or its number of thresholds r = c-1). It can be
understood that we want to specify y and c¢ for each variable under
study. Thus, first of all we need a family of distributions which
can be manipulated on c categories and in which the skewness y can be
efficiently modified.

More or less arbitrarily it was chosen to characterize the
distribution of z as a binomial distribution. That is the reason why
non-negative integers have been assigned to z; the value of an
observation depends on the category in which it falls.

It may be clarifying to see how the skewness and the kurtosis

fluctuate as a function of the parameters r and p of a binomial
distribution. These relations are exemplified in Table 6.1 for a
number of categories ranging from two to seven, which is the range
used in our robustness design (see chapter 7). For r > 1 the values
for p > .5 are omitted because the kurtosis and the absolute value
of the skewness are symmetrical about .5, as may be seen from the
values for r = 1. By varying the number of categories and the
skewness [cf. formula (6.3)] in a binomial distribution the kurtosis,
{3+ [1-6p(1-p)]/ [rp(1-p)]} is changed at the same time.
Note how close the range of skewness and kurtosis in the empirical
data sets(Tables 5.1 and 5.2) is reflected by the range of values
in Table 6.1.

In Figure 6.1 the probabilities PS are thus defined by the

binomial probability distribution:

P, = P(z=s|r,p) = (:) p S(1-p)" %, (s=0,1, ...,1) , (6.2)
where r and p are the parameters of the binomial B(r,p) distribution.

In order for z to have the same skewness with a varying number
of categories, the parameter p was adapted to the number of categories.
Results are then comparable for different values of c.

The parameter p is thus a function of r and y . For given r and Y,

p can be solved from

. U2itaya=m 12, (6.3)
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Table 6.1 The values of the skewness and the kurtosis in binomial

B(r,p) distributions.

o P skewness kurtosis
1 ol 2.67 8.11
o2 1.50 3.25
o3 .87 1.76
A A4l 1.17
oD .00 1.00
.6 =41 1. 17
i =87 1.76
.8 =150 3425
.9 -2:.67 8.11
2 ol 1.89 5,56
o2 1.06 313
.3 .62 2.38
4 .29 2.08
D .00 2.00
3 wl 1.54 4,70
a2 .87 3.08
<3 «50 2.59
A « 24 2.39
o5 .00 2.33
4 1 1.33 4,28
82 « 75 3.06
2 b 2.69
A .20 2.54
o +00 250
5 o 1.19 4.02
o2 .67 3.05
o3 +39 275
A .18 2,63
" .00 2.60
6 ol 1.09 3.85
o2 .61 3.04
33 .36 2549
A 17 2.69
o5 .00 2.67
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which is the skewness of the B(r,p) distribution.

Now the binomial probabilities PS can be computed, which clearly
depend on the number of categories and the skewness of variable z.

In Figure 6.1 the only unknown quantities are the thresholds
T4 For given PS_](s=1, ...sr) they can be computed by the inverse
standard normal distribution function: g = Q—I(PO),
R ®—1[PS_] +¢(E—l)]’ for 8 = 2, iiv,¥,

where
N o T
¢(TS) = P(c* < Ts) = (2m) fmf |l #od . (6.4)

in which Ty = - and Tyep ] = s

The functional relationship between a latent variable and an
observed variable, as illustrated in Figure 6.1, has now been fully
specified: crucial is that for a given number of categories and a
given skewness a binomial distribution is chosen,resulting in proba-
bilities Ps which are linked to the standard normal distribution by
thresholds .

Our next goal is to investigate the relationship between
two variables g; and ;3, having a standardized bivariate mnormal
distribution with product-moment correlation pzj, where pzj is an
element of the correlation matrix §*, which is of order kxk. (It
is only for reasons of simplicity that I* is a correlation matrix
and not a general covariance matrix.) As before, corresponding
to the latent variables ¢* there are observed, discrete variables z.
The bivariate situation is illustrated in Figure 6.2, where z; has
four categories and zj has three categories.

Given the correlation pfj between two latent, bivariate normal
distributed variables we are ultimately in a position to calculate
the correlation Py5 between the corresponding observed, classified
variables z; and zj. If, given the skewnesses and the number of

categories, the thresholds for ;: are T

sy Ty oy Bews T o B0Od
11 =2ed” =% i




Figure 6.2 The positive relationship between r* and % depicted by
1

an tsodensity contour; z; and z are the corresponding observed

variables.

those for c§ are Tl’j, Tz’j, PREE Trjsj’ then the probability that
z, =8 and Zj = t may be computed as
Tstl,i (Tt+l, ]
) > ’ s *
B St . ¢ (z;, z5]o%,) dzdzy, 6.5
s £y
where
2 1 zi+z? = ZQz.ziz.
¢ (z., z.|p%.) = [@mMAN1-p*.T)] "2 exp |- 1 d.bd (6.6)
1  phalalts 1] ¢ 2
Z(I-Oij )

is the density of the standardized bivariate normal distribution
with correlation ptj.
Given the thresholds and pzj, the bivariate discrete distribution

of z; and 2 is completely specified by Pst and their correlation may be
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computed as
s Fa . E e X
st p o st-ztde sxtide ot
i o o Bt 5 6 Bt g o BE
P33 "™ TF. E. 9 £, <, S14[F; Ts 9 £, b, 2 %'(6'7)
{zl w B e - (zl o s> ] [zl s P t° - <zl op c) ]
oo °F 0 0 o o St o6 o - %

Such correlations will be called multinomial correlations.

From (6.5) and (6.7) one thus obtains the relationship between §*
and I, where §* is the correlation matrix of latent variables g* and
I that of observed variables z. This relationship will be basic for
the next section, where it will be reversed. In our Monte Carlo study
we need to compute §* , given that the structural equation model is
satisfied by L ,which is fully known. In this section it was shown
how to compute % given §*. Unfortunately, it is not possible to
calculate I* given I in a straightforward way. In section 6.3 an

iterative procedure is described by which this problem can be solved.

6.3 The numerical solution

In section 6.1 it was decided that for the non-normal case the
true population model should hold for the multivariate multinomial
variables. In the previous section a specified relationship between ¥
and I was formulated, taking discreteness and skewness into account.
The solution of the problem how to solve the sampling process from
a multivariate multinomial distribution with a true model I can shortly
be described as follows: take random samples from a multivariate normal
distribution with I* corresponding to the true population model I.

The solution looks simple, but as will be seen (page 147) it
is not without restrictions. The advantage of our proposal is that
the basic generation of random deviates is exactly the same as for
the normal, small sample case, making results at least comparable in
that respect.

In order to compute I* corresponding to a given § a Fortran
computer program called NONNOR was written by the author (Boomsma,

1980b). The algorithm, which in its simplified form is shown in
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Figure 6.3, can be summarized as follows.

1. Given that z satisfies a LISREL-model, start with §B = I, and given

the skewnesses and the number of categories find the corresponding
0 by means of (6.5) and (6.7).
2. Use an iterative procedure resulting in a final Z* which corresponds

£
differ from the true values CHP

multinomial %

to a ?f in which the elements pij,f
only to a small degree (for details see Figure 6.3).

3. Check whether £* is a positive definite matrix by investigating
its eigenvalues.

4. If the smallest eigenvalue is positive the algorithm stops.

5. If there are eigenvalues less than zero, the in absolute sense
largest negative eigenvalue is looked for; say its absolute value
equals d.

6. In order to arrive at a positive definite correlation matrix the

non-diagonal elements of I* are divided by (1 + d + €), where

=5 ;
€ = 10 ".Denote this adapted matrix by §§f' (Since for the models

used in chapter 7 it was never necessary to adapt Z?, we do not
comment on this provision).

7. Calculate I corresponding to Z*_ and see whether it is close

df -df
enough to L. If it is, the algorithm stops. If it is not, the

number of categories and/or the skewnesses are manipulated and a

new attempt is made to find a suitable I* corresponding to I.

From Figure 6.3 it can be seen that the iterative procedure is

first used to find 031 of ©* ; successively all jk(k - 1) different
elements of §* are computed. In the algorithm provisions were made
jl > L.

It turned out that the algorithm is rather fast. In particular,

to prevent |pI

when the skewnesses and the number of categories are chosen in
harmony with the correlations pij’ hardly ever more than 10 iterations
are required for convergence.

This condition of harmony, which is the mainwrestriction of
our procedure,may well be illustrated. Suppose variable i is a
dichotomized variable with ¥e o 1 and variable j is also a dichoto-
mized variable with Yj = -2, while Py = 0.3 . It is then impossible

to find a suitable p;j < 1y 1E pzj = 0.99999 the corresponding
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(=,

trom (65) and (670 [ f=f+!
4L
h 4
dif f =pf—p
no % =0* _di
Py =P - dify
yes

next
correlation
coefficient

p=p

next

STOP

Figure 6.3 Simplified flow-diagram for the iterative procedure which
finds the multinormal p* = o?lj corresponding to the multinomial p = fi5°
Starting with Pay the algorithm treats all lower triangular elements

of t.
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Pi5 = 0.26 ,which under the circumstances is the largest possible multi-

nomial correlation coefficient.

6.4 Overview of the non—normal procedure

The handling of the non-normal case can briefly be described as
follows:
1. For a given structural equation model with I, the number of
categories ¢y and the skewnesses Yi» (i=1, ..., k) are selected.
This is done by taking the elements G

J
to avoid a selection of s and Y; which would be unlikely or

of I into account, so as

impossible ,given the size and direction of those elements.

2. With NONNOR an attempt is made to find the multinormal covariance
matrix I*, given I, c; and Yi» (i=1, ..., k). If such an attempt
fails some s and/or Y; are adapted in such a way that a positive
definite I* can be computed, where the corresponding multinomial
correlation matrix is close enough to I.

3. With SIMLIS Nxk random normal deviates are generated from a
multivariate normal distribution with covariance matrix §* (see
section 3.1). These multinormal random deviates are transformed
to multinomial random deviates according to (6.1). At this stage
a remark should be made about the next step, which is the
transformation of the matrix of multinomial random deviates, say Z,
to either a sample covariance matrix or a sample correlation matrix.
This point was discussed earlier in section 4.1,

1f a sample correlation matrix is wanted each multinomial sample
covariance matrix § is standardized by its own sample variances:
1

= i =
V ?sS Vv ? , where V
~S ~ ~8 ~S

i-th element of the diagonal of VS

Nl—

is a diagonal matrix of order kxk, and the
1

? is the sample standard deviation

of variable 1i.

If, however, a proper multinomial sample covariance matriz is
wanted, which can be viewed as a sample from L, also some
standardization has to be performed, because of the difference
between multinomial correlations and multinomial covariances.

In this chapter the relationship between I* and I was treated in
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terms of correlations. The generated samples S, however, are
multinomial covariance samples, with multinomial sample variances on
their diagonals. These variances are very restricted because of the
specific transformation from continuous multinormal deviates to
discrete multinomial deviates. Therefore, each multinomial sample
covariance matrix S is standardized by the multinomial population

= 2
variances: V 2 S V
~0 =~ ~0

ot

2 2

is a kxk diagonal matrix ;

, where V s
~g

the i-th diagonal element of Yi equals [ripi(1 = pi)]é, the
standard deviation of the multinomial variable i in the population.
The final results after this stage are NRS multinomial random
sample covariance (or correlation) matrices S.
The following steps are exactly equal to those for the normal,
small sample case (see section 3.2 for a detailed description).
The sample covariance matrices S are taken as input for LISREL-
analyses. Again,with LISREP a fixed number of replications NR < NRS
is analyzed.
Finally, the estimates of parameters, standard errors and the
goodness of fit statistic, gathered for NR replications, are
analyzed by means of DISLIS. The results of these analyses, which
is mainly a comparison of theoretical and empirical sampling
distributions, are reported in the next chapter for different kinds

of models.




