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Chapter 6
The Cognitive Computational
Modeling Perspective
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Abstract
In a world that is uncertain and noisy, perception makes use of optimization
procedures that rely on the statistical properties of previous experiences. In
Bayesian observer models, these previous experiences are typically modeled by
unimodal statistical distributions. Here, we critically assess the validity of the
assumptions underlying these models, and propose a model that allows for more
flexible, yet conceptually more plausible, modeling of empirical distributions.
By representing previous experiences as a mixture of log-normal distributions,
this model can be parameterized to mimic different unimodal distributions and
thus extends previous instantiations of Bayesian observer models. We fit the
Mixture Log-Normal Model to published data of healthy young adults and a
clinical population of aged Mild Cognitive Impairment patients and agedmatched controls, and demonstrate that this model better explains behavioral
data and provides new insights into the mechanisms that underlie the behavior
of a memory-affected clinical population.
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Introduction
In a world that is uncertain and noisy, perception makes use of optimization procedures to reduce the influence of moment-to-moment noise by incorporating statistical properties of previous experiences. This observation holds
for the perception of many psychophysical quantities (Martin et al., 2017), including the estimation of distance (e.g., Wiener et al., 2016) and angles (e.g.,
Petzschner, et al., 2015), object size (Hollingworth, 1910), and duration (e.g.,
Jazayeri & Shadlen, 2010; Maaß et al., 2019b). These types of optimization
procedures assume that when a specific stimulus needs to be reproduced, observers do not only take the current percept into account but also incorporate
their prior knowledge of previous similar incidents to form an internal estimate
of this stimulus. This process yields more optimal average responses when the
perception of quantities is noisy, with the central tendency effect (Hollingworth, 1910) as its prime signature. Hollingworth’s work focused on “time
sense”, describing that reproductions of durations gravitate towards the mean,
with durations above the mean being underestimated and durations below the
mean overestimated. Later work has linked this central tendency effect with the
scalar property: As the noise increases with the size of an interval (Gibbon et
al., 1984), the prior experiences will have a relatively larger influence on the
longer percepts, and one would therefore expect a stronger central tendency
bias for longer durations. Even though the central tendency effect was one of
the first timing phenomena described in the literature, a formal account of this
phenomenon has only recently been proposed.
In 2010, Jazayeri and Shadlen described how Bayesian principles can be
used to construct an elegant mathematical framework in which an observer is
assumed to reproduce a duration by integrating the perceived duration, represented as a distribution that can vary in noisiness (the likelihood distribution),
with a probability distribution (the prior) representing the earlier observed durations. The multiplication of prior and likelihood results in the posterior distribution of which the mean is taken as the internal estimate of the to-bereproduced duration (see Figure 1, left column). The observed reproduced duration is a function of this estimation and a noise component reflecting various
noise sources. In Jazayeri and Shadlen’s work, the prior is conceptualized as a
uniform distribution defined over the stimulus range and effectively acts as a
filter constraining the likelihood to the range of durations. To reflect the increased temporal uncertainty for longer intervals, the model assumes a linear
scaling of the width of the likelihood as a function of the perceived duration.
This implementation of the scalar property (e.g., Gibbon et al., 1984) allows
the model to account for the empirical observation that the strength of the
Modeling Perspective
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central tendency bias is a function of the magnitude of the duration. Similarly,
this model accounts for individual differences in central tendency effects by assuming differences in the variability of the temporal percept: the noisier the
likelihood, the stronger the impact of the prior, and thus the stronger the central
tendency effect (see dark and light lines in the Likelihood and Posterior panels
of Figure 1, and https://vanrijn.shinyapps.io/MaassVanMaanenVanRijn-Fig1
for a dynamic simulation demonstrating these effects). The second source of
individual differences in Jazayeri and Shadlen’s model is the “motor-noise” distribution that was estimated per participant to reflect the noise associated with
the mapping from the mean of the posterior distribution to the actual reproduced duration.
Jazayeri and Shadlen’s model is a specific instance of a family of Bayesian
observer models. These models are characterized by a mapping between stimulus and response, in which the likelihood of an observed stimulus is weighted
by a prior distribution over stimuli. Different distributions or functions could
be hypothesized for the likelihood, the motor noise components, and the prior.
Indeed, over the last couple of years, various Bayesian observer models have
been shown to accurately reproduce human behavior in a number of timing
tasks (for a review see Shi et al., 2013; Mamassian, & Landy, 2010; Acerbi et
al., 2012; Cicchini et al., 2012; Gu et al., 2015; Roach et al., 2017). Most
notably, Cichini et al. (2012) proposed an alternative Bayesian observer model
in which the prior is represented by a Gaussian distribution of which the width
varies as a function of the central tendency effect. This allows the model to
partially capture the magnitude of the central tendency effect using a memorybased explanation, instead of solely relying on variability in the likelihood component (see the middle column of Figure 1, and see Narain et al., 2019, for an
evaluation of this model).
In the current paper, we will evaluate the Bayesian observer models in
terms of their construct validity and assess how the models can explain timing
performance in different populations. In this context, construct validity refers
to the question whether the computational models accurately reflect the constructs that account for variance in observed performance, similarly to the construct validity of a psychological test (see, for example, Cronbach and Meehl,
1955). Based on these evaluations, we will argue that the assumed prior distributions are, though mathematically elegant, too simple to account for performance in non-idealized laboratory settings and that certain assumptions related
to perception and reproduction noise need to be reevaluated. Based on model
simulations and comparisons to earlier published datasets of healthy young
adults (Maaß & Van Rijn, 2018) and an aged sample (Maaß et al., 2019a) that
consists of patients diagnosed with Mild-Cognitive Impairment (MCI, a clinical
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diagnosis considered as precursor to Alzheimer’s disease and dementia, Petersen
et al., 2001) and healthy controls, we will argue that a prior consisting of a
mixture of log-Normal distributions is preferred, and that the motor-noise associated with the reproduction of a duration needs to be estimated separately
from the noise associated with the timing process itself.

First Theoretical Consideration: Shape of the Prior
The elegance of the specific Bayesian observer model proposed by Jazayeri and Shadlen (2010) is partially due to a number of simplifying assumptions.
For example, the prior is assumed to be a uniform distribution spanning the
range of the presented durations. Even though this provides computational simplicity, its theoretical suitability can be questioned as the nature of the central
tendency effect is that extreme observations are pulled inwards. Thus, if one
assumes that the prior is constructed on the basis of previous posterior distributions (following both Bayesian principles and instance-based explanations of the
central tendency effect, e.g., Bausenhart et al., 2014; Taatgen & Van Rijn,
2011; for reviews, see Shi et al. 2013; Van Rijn, 2016), the resulting prior must
have a higher mass at the center than at the more extreme values. Cicchini et
al. (2012) addressed the issue of the uniform prior, and proposed a Gaussian
prior distribution. Even though this distribution has characteristics that are theoretically more plausible than those of a uniformly distributed prior, its theoretical elegance is affected by the necessity to constrain the range of this
Gaussian prior to prevent it extending to negative values. Moreover, even
though the heavier center of the Gaussian captures the bias towards the mean,
the repeated presentation of different durations that are all reasonably accurately
reproduced should result in a prior distribution that is probably better characterized as a mixture of distributions centered at the presented durations. This
rationale is supported by the observations of Acerbi et al. (2012) who have
demonstrated that participants can acquire an internal approximation of more
complex empirical distributions that notably deviate from either Gaussian or
Uniform distributions as multiple peaks can be observed in the approximated
prior distributions (see Figure 5 and the corresponding section in the Results
and Discussion for a more elaborative review).
Thus, both theoretical considerations and empirical data suggest that the
prior of temporal reproduction yields a mixture distribution. Even though a
mixture of Gaussian distributions could be explored, this would require a decision about how to constrain the lower tail of these distributions. Moreover,
empirical work has demonstrated that response functions in timing studies are
better described by skewed distributions such as the Wald or inverse Gaussian,
skewed-Normal, or log-Normal distribution (see, e.g., Oprisan & Buhusi,
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2014; Simen et al., 2011; Van Rijn et al., 2014, and the discussion in Cicchini
et al., 2012). Given these considerations, a theoretically reasonable prior would
consist of a mixture of skewed distributions each representing a stimulus duration. Here, we explore a mixture-based prior that combines a log-Normal distribution for each unique duration that was presented to the participants. We
will refer to this model as the Mixture Log-Normal (or MLN) Model.
The shape of the compound mixture distribution is defined by three parameters that can be directly mapped onto constructs. Two parameters are
linked to the individual distributions: the location of the mean of the distribution and the distribution’s standard deviation. With respect to the means, we
will assume that the location of the middle component corresponds with the
duration of the middle stimulus, and that the locations of the other components
reflect the central tendency effect, with more extreme distributions pulled inwards as a function of the magnitude of the central tendency effect. This could
be a linear shift, but one could also assume a more flexible shift with longer
durations being more affected than shorter durations. Here, we will assume that
the means of the distributions will be distributed as a geometric series, resembling the type of distribution of the presented stimulus durations. The standard
deviation of these components will scale linearly with the estimated means, following the scalar property. We will estimate the standard deviation for the component associated with the median stimulus duration, and derive the standard
deviations for the other components. See the right column of Figure 1 for an
illustration. The third parameter that could influence the shape of the overall
compound mixture is the weight of each of the individual components. Even
though this parameter could be used to capture non-uniform stimulus distributions, we will not explore this additional source of variability as the modelled
datasets all presented uniform stimulus distributions (also see the section Fitting
Empirical Prior Distributions in the Results and Discussion section).

Second Theoretical Consideration: Sources of Noise
A second consideration associated with the Bayesian observer model is
that it incorporates two sources of noise, one associated with the perceptual
processing of the presented duration (wm), determining the width of the likelihood, and one associated with the mapping of the posterior to the actual reproduced duration (wp). In other domains, wm and wp are typically conceptualized
as representing perceptual noise and non-specific, motor, or response noise
(e.g., Petzschner et al., 2015; Wiener et al., 2016). Importantly, the nature of
interval timing tasks add a noise component in that the perception of duration
is not momentaneous. Instead, a noisy timing system needs to be read out to
perceive the duration of an interval, and the same or a similar timing system is
94
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involved during reproduction as the timing system needs to generate a cue upon
which the motor response can be executed. This suggests that both wm and wp
should additionally incorporate a “clock noise” component. Thus, wm captures
the perceptual noise associated with perceiving the onset and offset of the presented duration and clock noise associated with the actual timing of the interval,
where wp captures the perceptual noise for the onset of the reproduction phase,
the clock noise, and the motor noise associated with the motor movement to
mark the end of the reproduction phase. As the scalar property is reflected in a
noisier clock estimates with increased durations, the noise associated with both
perception and production stages should scale with the relevant duration. As
motor noise is more variable and larger than visual perception noise (e.g.,
Amano et al., 2006), wm should be smaller than wp when these parameters are
independently estimated as the production stage entails the combination of perceptual and clock noise (i.e., wm) and the motor noise associated with the execution of the motor movement.
As both parameters were fit independently in Jazayeri and Shadlen’s
Bayesian observer model (2010), wp could take smaller values than wm and no
correlation between both parameters was enforced. In Cicchini’s et al.’s work
(2012), neither of the noise parameters were estimated. Their model incorporated an empirical estimate for wm that was based on each participant’s performance on a bisection task, and wp was fixed for all participants. Similar to Jazayeri
and Shadlen’s model, this model did not enforce that wm should be smaller than
wp, nor that they are correlated. Additionally, by keeping wp fixed over all participants, Cicchini et al. made the simplifying assumption that all sources of
noise, including clock noise, are identical for all participants during reproduction. Moreover, as the reproduction noise was not influenced by the estimated
duration, Cicchini’s model implicitly assumes a timing system that does not
adhere to the scalar property during reproduction. However, in the discussion
of their model, Cicchini et al. already indicate that the noise should probably
be estimated at a per-participant basis. Thus, following Cicchini et al. 's recommendations and Jazayeri and Shadlen’s implementation, we do individually estimate the Weber fractions of both clock and motor noise. To provide a fair
comparison between models, we extended our implementation of Cicchini et
al.’s model to allow for individual differences in both perception and reproduction noise. As Cicchini et al. (2012) estimated reproduction noise at .1 (referred
to as just motor noise), and allowed the clock noise to take on values higher
than .1, we did not constrain the estimation procedure with respect to the relative values of wp and wm for our implementation of their model.
For the MLN Model, we - similarly to Jazayeri and Shadlen and Cicchini
et al. - scaled the standard deviations of the individual components by their
Modeling Perspective
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means. Based on the theoretical considerations outlined above, we defined wp
as wm + Δwp, where Δwp reflects the noise associated with the motor processes.
Following earlier work, we assume the production noise to follow a Gaussian
distribution, which results in N(ts, (wm × ts)) for the perception stage as clock
noise is scaled by the presented duration, and N(te, (wm × te) + Δwp ) for the
reproduction stage.

Overview of the Paper
In the following sections, we will demonstrate how the MLN Model,
including its theoretical constraints on the noise distribution, compares to two
baseline models published in literature. These three Bayesian observer models
take into account individual differences by assuming variations in clock (i.e.,
likelihood width) and motor noise, and, for two of the three models, allow for
variations in the memory representation of previously perceived durations (i.e.,
width and/or shape of the prior). The first baseline model is an implementation
of the model described in Jazayeri and Shadlen (2010) that assumes a uniform
prior constrained over the range of presented durations and allows for an unconstrained estimation of wm and wp. We will refer to this model, after the shape
of its prior, as the Uniform Model. The second baseline model is our implementation of Cicchini et al. 's (2012) model that assumes a Gaussian prior. Unlike the model reported in Cicchini et al. in which production noise was
constant over participants and the perception noise was derived from a separate
experiment, our implementation provides more freedom and allows for individual differences in both clock and reproduction noise. For all three models,
we will integrate the likelihood and prior numerically over a range extending
to 0.5 and 1.5 times the minimum and maximum stimulus durations. In addition, we will estimate a single parameter representing the prior’s standard deviation for the Gaussian and MLN Model. As the central tendency effect assumes
that the extreme distributions are pulled towards the mean, we estimate an additional parameter representing the inward pull for the means of the outer distributions in the MLN Model. This factor allows for the mean of the
distributions of the prior to be located either at the original locations of the
empirical distribution (resembling a wide prior, reflecting no central tendency
effect), or, in the other extreme case, to all be identical to the median value of
the empirical distribution (resembling a more narrow prior, reflecting a maximal central tendency effect).

96

Chapter 6

Figure 1. Schematic representation of Bayesian Inference in interval timing. The left-most
column depicts, from top to bottom, how the width of the likelihood determines the magnitude
of the central tendency effect, and the middle and right columns depict how a similar effect can be
obtained manipulating the prior. In all columns, the top figure depicts the likelihoods associated
with perceived short or long durations. The second row depicts the prior, either a uniform prior
(left, cf. Jazayeri & Shadlen, 2010), a Gaussian prior (middle, cf. Cicchini et al., 2012), or the MLN
prior. The third row depicts the posterior distribution with the dots reflecting the means of the
distributions, which is the estimate (this figure does not depict the influence of the motor noise).
Modeling Perspective
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The fourth row shows the resulting central tendency effects. In the left column, the light blue lines
reflect the posterior resulting from a rather narrow likelihood distribution, representing a fairly
accurate internal clock. The dark blue lines represent a noisier clock, resulting in a stronger central
tendency effect. The Posterior and Response panels in the middle and right column only show the
narrower likelihood distribution for legibility. In the middle plot, the pink, solid line represents a
wider, and thus less informative prior, resulting in a relatively small adjustment of the likelihood.
The purple, dashed line represents a more constrained prior, resulting in larger adjustments, and
thus a larger central tendency effect. In the right plot, the pink, solid line represents a mixture in
which three narrow distributions are distributed over most of the stimulus range, whereas the
dashed, purple line represents the mixture of three wider distributions that are maximally pulled
towards the mean. All mixture components are equally weighted.

The Uniform, Gaussian, and MLN Models will be fit to data from a sample consisting of 68 young healthy adults (undergraduate students) who performed a 1-second estimation task that was used to assess clock variability, and
a multi-duration reproduction task (Maaß and Van Rijn, 2018, Figure 2). The
multi-duration reproduction task consisted of reproduction of three equiprobable intervals (1.17, 1.4 and 1.68s). The three presented durations are defined
as 1.4/1.2, 1.4, 1.4×1.2, following a geometric series with scale factor 1.4, common ratio 1.2, and calculated for terms -1, 0, and 1. As expected, the data
demonstrates the central tendency effect, shown in Figure 2A.

Figure 2. Empirical results of the multi-duration reproduction task as reported in Maaß and
Van Rijn (2018), Panel A, and in Maaß et al. (2019), Panel B. Panel A represents the data of 68
healthy young adults, Panel B represents the data of 10 Mild Cognitive Impaired patients (MCI)
and 25 age-matched, healthy controls (HC). Data in both panels adhere to the central tendency
effect, with a larger central tendency effect of the MCI patients than for the HC in Panel B. ts:
presented interval; tp: produced interval in seconds.

Furthermore, to test the assumption that a mixture model can provide
new meaningful interpretations at group levels, the MLN Model was fit to the
data of 10 Mild Cognitive Impaired (MCI) individuals and 25 aged matched
98
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healthy controls (HC) from Maaß et al., (2019a, Figure 2B). These participants
performed the same 1-second estimation task that was used to assess clock variability and a multi-duration reproduction task as the students sample in Maaß
and Van Rijn (2018). Interestingly, the memory impaired population showed
a stronger central tendency effect than the healthy controls, The observed negative correlation between the magnitude of the central tendency effect and
memory functioning might be considered paradoxical as it implies that with
decreasing memory functioning, the prior - which can be seen as the memory
for previously perceived stimuli- has stronger influence on subsequent performance (see Maaß et al. 2019a for a discussion). As the temporal production
variability as assessed by the 1-second estimation task was similar among all
groups, these effects cannot be easily explained by higher clock variance. Thus,
the results could indicate that MCI patients have a stronger influence of prior
experiences than age-matched HC resulting in stronger central tendency effects.
The MLN Model that we present here will quantify these counterintuitive effects by disentangling memory and clock variability processes.

Methods
The Bayesian Observer Model
We fit Bayesian observer models to the data from the experiments introduced above. All models follow the rationale from Jazayeri and Shadlen (2010)
that a reproduced temporal interval on a particular trial depends on (1) the relationship between the sample interval ts and the internal measurement of this
interval (tm ), (2) the mapping of tm onto an internal representation of the perceived duration (te ) by incorporating the prior, and (3) the incorporation of
noise to map the internal representation to the produced interval (tp). The likelihood of a specific internal representation of the sample interval is modelled as
# $#"

!(#! |#" ) = ' ( %!

" #!

).

Here '(⋅) represents the standard Normal distribution function, and wm is the
Weber fraction associated with the internal representation of the sample interval
(i.e., perception clock noise). The scalar property is captured by the multiplication of wm and ts, as this results in increasing uncertainty with longer durations.
Likewise, the likelihood of a specific reproduced duration is modelled as
# $#$
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Here, wp is the Weber fraction associated with the reproduction, providing another locus for the scalar property. The mapping from the internal measurement
(tm) to the internal estimate (te ) depends on the integration of the likelihood
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over a prior distribution. The specification of the prior distribution will differ
according to the different theoretical considerations discussed above, resulting
in three distinct models.
First, the Uniform Model is a direct implementation of the Jazayeri and
Shadlen (2010) model that assumed a uniform distribution of the prior. The
range of the uniform distribution is determined by the stimulus range (i.e.,
ranging from 1.17 to 1.68 seconds in the experiments we report on here). Second, the Gaussian Model assumes a normally distributed prior (cf. Cicchini et al.
2012). The prior is centered at the median stimulus duration (i.e., 1.4 seconds),
and truncated below 0. The parameter that is estimated is the standard deviation
(psd) of the normally distributed prior. Third, the Mixture Log-Normal Model
(MLN Model) incorporates the theoretical considerations that were previously
introduced. Specifically, the MLN Model is characterized by a mixture of multiple log-Normal distributions. We assume that the number of mixture components equals the number of empirically presented durations. The standard
deviation of the mixture components is estimated under the constraint that they
scale linearly with the component means (following the scalar property). Consequently, below we report the standard deviation (psd) of the middle component and the common ratio pr of the geometric series that scales the mixture
components assuming a scale factor of 1.4 and terms -1, 0, and 1. Finally, we
assume that the weight of each mixture component is equal, representing the
fact that participants have observed every stimulus an equal number of times.
For all three models, we additionally estimate the Weber fraction parameters wm and wp. For the Uniform and Gaussian Models, both wm and wp are
unconstrained, conforming to the specifications in Jazayeri and Shadlen (2010)
and Cicchini et al. (2012). However, the MLN Model incorporates our second
theoretical consideration that wp should reflect the combination of clock noise
captured by wm and additive motor noise. We therefore estimate Δwp and define
wp as wm+ Δwp.

Model Fitting & Model Selection
For each participant, we performed a linear grid search for the optimal set
of parameters (e.g., Becsey et al., 1968; Lerman, 1980; Mestdagh et al., 2019).
The range as well as the resolution of each parameter are presented in Table 1.
The ranges are based on an iterative process to ensure an optimal resolution and
to prevent ceiling and floor effects. The number of values tested in the range
was chosen to provide a fine enough grid, while still being able to search the
full grid in a reasonable amount of time. For each parameter vector we generated 1.000 trials for each stimulus duration, and computed the RMSE between
the observed and predicted 10%, 30%, 50%, 70%, and 90% quantiles separately
100
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for every participant. As we are mainly interested in the central tendency effects,
and not in any linear shifts that represent structural over- or under-reproduction, we subtracted, for each reproduction, the average reproduction time
across all trials and added the average stimulus duration (following Cicchini et
al., 2012). The integration of the likelihood over the prior distribution was
approximated using the Riemann sum/rectangle method over the range 0.5852.52s, to avoid misspecification where the posterior density approaches zero
(implementation details of the models, grid search data, code for all figures, and
fitting routines can be found online: https://osf.io/kqjxf/, Maaß et al., 2020).
It is common practice to compare statistical models in terms of their quantitative fit to the data, taking into account any differences in model complexity.
Here we take a different approach, as our research question is not about the
model that provides the best balance between goodness-of-fit and model complexity, but about which model provides the best understanding of the empirical phenomena observed in healthy and clinical populations while adhering to
plausible theoretical considerations. For that reason, we will consider the validity of the estimated parameters vis-a-vis their interpretation to differentiate between models.
Table 1. Parameter ranges for the estimated parameters (with the number of tested equidistant
values listed in parenthesis)
Model

wm

wp

Uniform

[0.005-0.2] (20)

[0.005-0.2] (20)

Gaussian

[0.005-0.2] (20)

[0.005-0.2] (20)

MLN

[0.005-0.2] (20)

Δw p

psd

pr

[0.01-0.3] (20)
[0.0001-0.15] (20)

[0.01-0.3] (20)

[1.02-1.2] (10)

Bayes Factors & Model Averaging
When comparing model fits to the data of individual participants, we will
plot the empirical data and the model estimates for the vector of parameters
with the lowest RMSE to reflect the best possible fit we could obtain. However, this depiction of the model fit ignores the uncertainty in model selection:
it is well possible that another vector of parameters provides similar fits in terms
of RMSE. Using Bayesian model averaging we calculated a weighted average
of the parameters (weighted by their respective model probability using relative
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AIC values) that best reflects the information provided by the model fitting
processes (e.g., Hinne et al., 2019; Hoeting et al., 1999).
The Bayes factors were computed with the R package BayesFactor (version 0.9.12-4.2; Morey et al., 2018) using the default prior settings and are
interpreted based on the guidelines provided by Jeffreys (1961, see also Van
Doorn et al., 2019). The reported Bayes factors summarize the extent to which
an observer’s opinion of the tested variable should change based on the data. A
Bayes factor of 1 indicates that both hypotheses are equally likely under the data
and therefore is inconclusive. Bayes factors larger than 1 represent evidence for
the alternative hypothesis of an influence of the tested independent variable on
the dependent variable, and Bayes factors less than 1 represent evidence for the
null hypothesis of no effect of the tested variable.

Results and Discussion
Fitting the Student Sample
First, we will fit the three models to the data of a sample of 68 healthy
young adults (undergraduate students). We determined the best fitting vector
of parameters per participant by minimizing the RMSE for each quantile and
empirical duration per participant and model. Figure 1 depicts in the three leftmost columns the empirical data and the model fits resulting in the lowest
RMSE for three participants. In addition, we plotted in the rightmost column
of Figure 1 the predicted against empirical reproduced duration for each quantile (coded by color) and empirical duration (each diagonal line representing a
ts). At first sight, all models seem to provide an equally good fit, as no strong
deviations can be observed from the diagonal. Yet, when comparing the
squared difference between predicted and empirical duration per type of model
(RMSEs: 0.032 for Uniform, 0.028 for Gaussian, 0.027 for MLN), there is
strong evidence (BF = 11.31) that this squared deviation is better predicted
when type of model is included as main effect (in addition to the main and
interaction effects of quantile, ts, and empirical duration). This effect is driven
by a worse fit for the Uniform Model, as there the Gaussian and MLN Models
provide comparable fits (BF = 0.055). Thus, although all three models provide
a reasonable visual fit to the data, the Gaussian and MLN Models better account
for the data than the Uniform Model.
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Figure 3. Fit of the models to the empirical data from Maaß and Van Rijn (2018). The three
leftmost columns depict the 10%, 50%, and 90% quantile (in blue) and model predictions (in black),
for three example participants (ts: presented interval; tp: produced interval in seconds). The three
rows represent the Uniform, Gaussian, and Mixed Log-Normal Model respectively. The rightmost
panel depicts, for each of the three ts durations (one diagonal line per ts duration, longest at top),
the difference between predicted quantiles and the observed empirical quantiles for all 68 participants, with color scale representing the 10 (black), 30, 50, 70 and 90% (blue) quantiles.

As discussed in the introduction, the Uniform and Gaussian Model do not
constrain the estimation of the width of the noise of the reproduction (wp) in
relation to the width of the noise of the perception (wm) of the duration. As a
reproduction consists of the same clock processes associated with the perceptual
stage plus an additional motor response, one should expect wp to be larger than
wm. Figure 4 depicts the difference between wm and wp, expressed as Δwp, for the
Uniform and Gaussian Models, and the estimated Δwp for the MLN Model. As
the two leftmost violin plots show, a sizable proportion of the best fitting models per participant assume a larger wm than wp, suggesting that for those participants the reproduction of a duration is associated with less noise than the
perception of a duration. For the MLN Model, wp is defined to be larger than
Modeling Perspective
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wm, as this model estimates Δwp, as a positive value, that is added to wm to arrive
at wp. It is important to note that this theoretically implausible result is intrinsic
to the Uniform Model as the only way this model can account for the magnitude of the central tendency effect is by manipulation wm. As the prior is fixed,
wm captures the central tendency effect: A very small wm yields a very peaked
likelihood which mostly falls within the defined uniform prior, and thus only
small central tendency effects will be observed, whereas a large wm will results in
large proportions of the likelihood falling outside the range of the prior, resulting in stronger pull effects. Thus, for participants with large central tendency
effects, wm needs to be large. If wp would be constrained to be larger than wm,
this would result in too dispersed estimates for the extreme quantiles, and thus
wp will often be smaller than wm when a participant shows a large central tendency effect. Note that for the Gaussian Model, constraining wp might be an
option as central tendency effects might also be captured by manipulating the
width of the prior, however, we opted for keeping the models as similar as
possible to the earlier published descriptions. This results in two models with
parameter estimates that, even though they provide reasonable fits to the data,
are difficult to align with the theoretical constructs they represent.

Figure 4. Estimated additional noise (Δwp) associated with the reproduction of a duration
compared to the perception of a duration (wp) for the three models (Whisker plot represents
mean and two standard deviations). For the Uniform and Gaussian Model, Δwp is calculated by
subtracting the estimated wm from the estimated wp; for the Mixture Log Normal Model, Δwp is
estimated as additive noise to wm when the estimated duration is mapped to the reproduced duration. Green dots represent participants for whom the estimated combination of clock and motor
noise is larger than just clock noise, red dots represent participants for whom the models estimated
lower noise for reproduction than for perception.
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Fitting Empirical Prior Distributions
A distinction between the Uniform and Gaussian Models on the one
hand, and the MLN Model on the other is that the latter can accommodate
more irregular or complex prior distributions. These distributions could either
be elicited by stimuli sampled from non-uniform distributions, or because of
observing behavior that does not align with the assumption of an ideal Gaussian
or uniform prior. To assess how well the MLN Model fits such prior distributions, we fitted this model to the nonparametrically estimated prior distributions
of Experiment 1 reported by Acerbi et al. (2012) that are shown as the dashed
lines in Figure 5. The top-left and both bottom panels (Figure 5A, 5C, & 5D)
represent the prior derived from the participant’s reproductions given either a
short (purple/left) or a long (pink/right) uniform stimulus distribution consisting of six stimulus durations. These priors are characterized by a central peak
flanked by two lower peaks or shoulders, suggesting (1) that the central tendency effect resulted not just in a behavioral pull, but that this pull is also reflected in the central peak of the prior itself, and (2) that the more extreme
stimulus durations might be encoded separately from a representation of the
mean of the distribution, resulting in the two subordinate peaks. The dashed
lines in the top-right panel (Panel B) represent both a biased (left/green) and an
uniform distribution (right/purple), tested over the same range of stimulus durations. For the biased distribution, the second shortest stimulus had a 7/12
probability of being presented, while the other five stimuli durations were each
presented with a probability of 1/12. The relative frequency with which the
stimuli durations are presented is shown in the small vertical bars just above the
x-axis. The estimated prior distributions clearly show multiple modes, again
suggesting that a mixture distribution would best describe these priors, with the
biased distribution shifted in the direction of the positively biased duration. The
bottom two panels (Panel C and D) depict the two uniform empirical distributions with slightly different parameterized mixture log-Normal priors.
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Figure 5. The nonparametrically estimated prior distributions of Experiment 1 (Panel A, C,
and D) and 2 (Panel B) of Acerbi et al. (2012) and the fits of 10 runs of the MLN Model. For the
fits in the top two panels, location and weight of each of the components was independently estimated, in the bottom two panels either weight (C) or location (D) was kept constant. See text for
further explanation.

The partly transparent lines plotted in the four panels of Figure 5 represent
10 instances of MLN priors. Each prior consists of 6 component distributions,
one for each stimulus duration presented, with a weight between 1/15 and
10/15. The weights, locations, and a single standard deviation were estimated
by minimizing the summed squared differences between the nonparametrically
estimated prior distributions and the mixture log-Normal prior distribution
over the 200 to 1600 ms range (using the Simplex procedure, Nelder & Mead,
1965). In the top row, the standard deviation and both location and weight of
each of the components are independently estimated. In the bottom row, the
left panel depicts the fit assuming that the weights of each component are equal,
whereas the right panel depicts the fit assuming that the locations of the components equate the presented ts values. The vertical bars extending from 0
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downwards represent the location (x value, jittered for visualization purposes)
and weight (length of line) of each of the components of the mixture. The small
lines at the bottom of each panel represent the relative proportion and location
of the presented, empirical durations. By plotting 10 fitted models, the partly
transparent lines provide a visual indication of the variability and flexibility of
the model fits.
Figure 5A demonstrates that the central peak in the estimated prior distribution is captured by a clustering of relatively heavily weighted component
distributions around the mean of the empirical distribution, with the subordinate peaks captured by two smaller clusters to the sides. In Figure 5B, the downwards pointing location and weight indicators show that the central cluster of
the biased condition plotted in green is slightly more scattered and shifted leftwards. These observations demonstrate that the MLN prior can fit the qualitative patterns of the nonparametrically estimated priors reported by Acerbi et al.
(2012). To assess whether both locations and weights need to be estimated to
provide a reasonable fit, Panel C and D represent model fits in which either the
locations are estimated but the weights kept constant (Panel C), or, vice versa,
the weights were estimated but the locations kept constant. As can be seen by
comparing both panels, Panel C fares better in capturing the kurtosis and multimodality of the estimated prior. Panel C can be interpreted as a shift of the
mean or location of the prior component that is associated with a particular
stimulus duration, a view that fits with the theoretical assumption that the prior
reflects the history of posterior values which are also pulled towards the center
of the distribution. To conclude, this section demonstrates that the MLN Model
is capable of capturing realistic, more complex prior distributions. When comparing Figure 5C and 5D, visual inspection suggests that the simulation that
estimates the locations provides a better fit than the simulation with free
weights. To prevent unnecessary flexibility, we will therefore estimate a factor
representing the pull exerted on the component distributions, yet not estimate
the relative weights of the components.

Fitting the MCI Sample
After confirming that the MLN Model matches the data of the young
adult population and the more complex empirical priors described in Acerbi et
al. (2012), we now assess whether this model can provide additional insight in
empirical phenomena and, vice versa, whether the parameters associated with
the models relate in a sensible manner to external constructs. Hereto, we fitted
the MLN Model to the clinical data collected by Maaß et al. (2019a). In this
work, we demonstrated that the participants diagnosed with MCI demonstrated
a stronger central tendency effect than age-matched, healthy control (HC)
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participants. This result might seem paradoxical as MCI status is partially defined
by memory dysfunction, whereas a stronger central tendency effect assumes an
emphasized influence of memory. By fitting the MLN Model to this data, we
hope to elucidate the locus of the increased central tendency effect by assessing
whether a difference can be observed in the priors associated with both participant groups, or whether this effect is driven by noisier clock systems. Figure 6
presents the fits of the MLN model to three MCI (top row) and three control
(bottom row) participants. The right-most column again shows the model fit
for all participants, again demonstrating that the deviation between predicted
and observed responses is relatively small for all quantiles. Figure 7 plots the
distributions of the four parameters of the MLN Model for the MCI and the
HC participants, with in the top left corner the Bayes factor representing the
evidence in favor of a difference between both distributions as a function of
MCI status (assessed with lmBF, Morey et al., 2018). Importantly, while there
is a difference observed between both groups for wm (internal clock noise), there
is no evidence for a difference for wp between both groups. This finding is in
line with earlier work that has demonstrated that clock noise increases as a function of cognitive decline (Nichelli et al., 1993; Wearden et al., 1997; Malapani
et al., 1998; Caselli et al., 2009; Gooch et al., 2009; Wild-Wall et al., 2009;
Turgeon & Wing, 2012). However, and most notably, this contrasts our earlier
report in which we argued that there was no difference between both groups
in terms of clock noise when we determined clock noise using the 1-second
task.
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Figure 6. Fit of the MCI Model to the empirical data from Maaß et al. (2019a). The three
leftmost columns depict the 10%, 50%, and 90% quantile of the empirical data (blue) and MLN
Model predictions (black) for three example participants (ts: presented interval; tp: produced interval
in seconds). The two rows represent the two participant groups (MCI and HC participants). The
rightmost panel depicts, for each of the three ts durations, the difference between predicted quantiles
and the observed empirical quantiles for all HC (n=25) and MCI (n=10) participants, with color
scale representing the 10 (black), 30, 50, 70 and 90% (blue) quantiles.

Figure 7. MLN Model parameters for the HC and MCI groups from Maaß et al. (2019a).
Violin and whisker plot (representing mean and two standard deviations) represent model parameters estimated by means of grid search and Bayesian model averaging for wm, wp, pr, and psd by
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participant group. Dots (jittered for visualization) represent individual participants. The BF value
in the top-left of each panel reflects the Bayes Factor in favor of Participant Group predicting that
panel’s model parameter determined by the lmBF function of the BayesFactor package (Morey et
al., 2018).

In the 1-second task, part of both data sets reported in this manuscript
(Maaß & Van Rijn, 2018; Maaß et al., 2019a), participants are asked to repeatedly produce a duration of one second by means of a keypress. In our earlier
work, we have argued that the measure derived from this task “is related to the
width of the likelihood distribution in the multi-duration reproduction task,
which has been associated with the noise in the clock parts of the temporal
system” (p. 8, Maaß & Van Rijn, 2018). This predicts, in terms of the discussed
Bayesian observer models, that the observed measure should correlate with wm
as this measure indexes clock noise, but also with wp in the Uniform and Gaussian Models, as wp reflects both clock- and motor noise in these models. However, shown in the columns for the Uniform and Gaussian Model of Table 2,
the only reliable correlation is found between wm and the 1-second task for the
Uniform Model, but no reliable results are observed for wp in either model.
Instead, the distribution width parameter of the Gaussian Model (psd) is negatively correlated to the 1-second variance, indicating that a higher variance during the 1-second task results in stronger pull-effects due to a stronger prior
influence. Obviously, this pattern results in the empirical observation of the
stronger pull for participants with higher 1-second variance measures (Maaß &
Van Rijn, 2018, Maaß et al., 2019a), but it is difficult to conceive a mechanism
that can both explain an increased 1-second production variance while at the
same time only predicting a more narrow prior and no reliable clock-noise effects. Interestingly, the MLN Model does show a correlation between 1-second
variability and wm, but not between 1-second variability and Δwp. As the latter
parameter represents motor-noise, this pattern of results supports the notions
forwarded in Maaß and Van Rijn (2018) that the 1-second variability measure
captures clock noise, and provides conceptual support for the internal validity
of the MLN Model. However, no reliable relations can be found for the MCI
sample. This could be due to the smaller number of participants, or because this
sample consists of multiple subsamples (i.e., healthy aged, non-diagnosed but
memory-affected, and MCI-diagnosed participants, Maaß et al., 2019a). As analyzing these subsamples did not provide qualitatively different results, we refrain from interpretation, but recommend to reassess this relation when data of
a larger sample of participants are available. Obviously, an alternative explanation is that the results of the 1-second task are influenced by motor-noise, which
might be stronger in the aged population than in the young-adult population.
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The results reported in Table 2 hint in that direction, as where there is positive
evidence for wm and negative evidence for wp relating to 1-second production
noise in the young-adult population, the effects are reversed for the aged population. This argues that stronger effects of motor noise in aged populations
could explain the disparity between the results in Figure 7A (where we find wm
differences between MCI and HC participants) and the earlier reported (Maaß
et al., 2019a) absence of clock noise differences between these groups.
Table 2. Correlations between 1-second task measure to predict clock noise (see Maaß & Van
Rijn, 2018) and the model parameters. The wp / Δwp row lists wp for the Uniform and Gaussian
Models, and Δwp for the MLN Model. The r column lists Pearson's product moment correlation
coefficient, the BF column lists the Bayes Factor determined by Jeffreys (1961) test for linear correlation as implemented in the correlationBF function of the BayesFactor package (Morey et al.,
2018).
Maaß & Van Rijn (2018)
(n=57, young healthy adults)
Model

Uniform

Gaussian

Maaß et al., (2019a)
(n=30, MCI & HC)
MLN

MLN

r

BF

r

BF

r

BF

r

BF

wm

.38

16.247

.21

0.907

.32

5.046

.19

0.622

wp / Δwp

.20

0.845

.26

1.885

.11

0.403

.33

1.649

-.39

22.936

-.19

0.763

.36

2.210

-.15

0.546

.24

0.837

psd
pr

Apart from the difference between MCI and HC for the wm parameter,
Figure 7C also depicts a difference for the pr parameter which reflects the spread
of the individual components contributing to the MLN prior. The smaller pr
values estimated for the MCI participants indicate that their prior is more compact, resulting in a stronger memory-based central tendency effect. This is in
line with the conclusions drawn on the statistical analysis of the behavioral data
reported in Maaß et al. (2019a), and thus provides additional support for the
hypothesis that in this memory-affected population the internal representation
of earlier experiences is weighted more strongly than in healthy control populations. Whereas Bayesian observer models are typically considered to represent
optimally as the integration with the prior compensates for a lack of accuracy,
in this clinical population compensation might be needed to counter the decay
of the memory trace of the current interval.
Modeling Perspective

111

General Discussion and Conclusion
We demonstrated and argued that Bayesian observer models that allow
for interindividual variability in the shape of the prior outperform a Bayesian
observer model that assumes a uniform prior, but that only the MLN Model
adheres to theoretical constraints regarding perception and production noise. In
addition, this more realistic MLN Model provides new insights regarding the
differences between Mild-Cognitive Impaired patients and healthy controls in
a context task. Whereas in our original work we attributed the increased context effects uniquely to a more narrow prior for MCI patients, the computational cognitive model demonstrated that the combination of a narrower prior
and a noisier internal clock drive the observed patterns. The components that
make up the prior are more strongly pulled inwards, rather than represented by
a narrower distribution (as would be the case in a Gaussian model). These results
thus refine the conclusions that were drawn on the basis of a statistical analysis
of the behavioral data (Maaß et al., 2019, see also Rueda & SchmitterEdgecombe, 2009) and exemplifies the observation by Paraskevoudi et al.
(2018) that insight in deficient timing processes hinges upon a formalized approach that allows for dissecting whether memory or clock-noise processes
drive deviations in timing performance.
Even though we presented the Gaussian and MLN Models as two distinct
models, the former could be seen as a special case of the latter. That is, apart
from the distributional differences between a Gaussian and Log-Normal, the
Gaussian Model can be approximated by an MLN Model with pr = 1, as this
would assume completely overlapping mixture prior distributions. However,
the model simulations estimated pr to be 1.05 or higher, indicating that even in
the participants with the strongest prior-based central tendency effect, the components were not fully overlapping (i.e., a pr = 1.05 results in distribution means
of 1.33, 1.4, and 1.47). Consequently, the estimated distributions are more leptokurtic than what would be obtained with a Normal distribution.
In addition, the Gaussian distribution has been shown to fail to predict
empirical patterns observed in studies that use a dense representation of intervals. In a number of such studies, it has been demonstrated that the central
tendency effect may not be a linear deviation from the target duration, but
rather follows a more sigmoid pattern, where more extreme data points gravitate towards the mean more than less extreme data points (Narain et al., 2018;
Sohn et al., 2019). Narain et al. demonstrated that the sigmoid pattern is conditional on a uniform prior as a Gaussian prior does not yield sufficient curvature. Our work extends the observations forwarded by Narain et al., as it
supports the observation that a prior distribution with a sudden transition from
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negligible prior density to a higher prior density yields a sigmoid pattern in
central tendency. In the extreme case, when many underlying components are
assumed to contribute to the prior, the resulting MLN prior distribution mimics
a uniform distribution (Figure 8A). The degree of mimicry to the uniform prior
depends on the width of each component, with narrower components resulting
in a distribution that more closely resembles the step-shaped boundaries of the
uniform distribution closer. When wider components are assumed, the resulting
prior more resembles a Gaussian distribution, yielding a weakening of the sigmoidal pattern (Figure 8B). However, a high density of intervals is not required
to observe the sigmoidal pattern. When, following the experimental paradigm
of Sohn et al. (2019), a smaller number of underlying components (Figure 8C)
is assumed, the MLN Model still results in sigmoidal response patterns (Figure
8D), the strength of which is again a function of the width of the mixture
components. Thus, the MLN Model reveals that it is not the uniform-like prior
distribution per se that yields the sigmoid pattern in central tendency, but a
sudden transition from negligible to increased prior densities. Moreover, it suggests that the strength of the sigmoid pattern appears as a result of individual
differences in timing behavior: Individuals with more precise timing capabilities
may develop prior distributions that have narrower mixture components, required for a sudden transition of prior density to demonstrate strong curvature
effects.

Figure 8. Simulations with the MLN Model show that the model predicts complex behavioral patterns. Simulations plotted in the top row are based on an MLN prior consisting of 21
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equidistant mixture components. With a sufficiently low standard deviation (narrow components
drawn in black/grey lines), the resulting mixture resembles a uniform distribution (solid line). A
larger standard deviation (wide components) results in a more unimodal distribution (dashed line).
The right panel depicts that an increased width of the components results in increased nonlinearity
in the central tendency effect. The simulations in the bottom row are based on an MLN prior
consisting of 5 mixture components (similar to Sohn et al., 2019). If the components have a sufficiently low standard deviation, the resulting mixture has a density that is negligible outside the
stimulus range (solid purple line). A larger standard deviation (wide components) results in a more
unimodal distribution (dashed line). Again, the different shapes of the MLN prior predict differences
in the central tendency effect.

One challenge when comparing different computational cognitive models, or variants of a single computational cognitive model, is to account for the
degrees of freedom provided by additional parameters or assumed processing
steps (Pit & Myung, 2002; Myung, 2000). The same holds for the three models
presented in this manuscript, as it is not straightforward to provide an objective
assessment of the exact number of degrees of freedom for each model. One
could, for example, consider the parameters determining the width of a uniform
prior as free-but-not-manipulated parameters in the Uniform Model (cf.
Taatgen & Anderson, 2008, Van Rijn et al., 2016): One could imagine a uniform prior to either extend beyond the maximum range of the presented durations if one assumed that a highly noisy internal clock blends out the perceived
durations, or assume a more narrow uniform prior if one assumes that the estimated (or reproduced) durations would provide the basis for the prior. One
could argue that this latter assumption is more in line with Bayesian reasoning
as it fits well with the theoretical assumption that the model’s posterior on a
current trial contributes to the prior on future trials (e.g., Shi et al., 2013). As
the posterior will demonstrate the central tendency effect, one could hypothesize that the prior should also be narrower. Simply iterating over the number
of estimated parameters is also problematic when considering wm and wp. All
three models assume two parameters for the noise associated with the perception and production stages, but only the MLN Model constrains the latter to
be larger than the former, reducing the model’s flexibility. Instead of providing
formal comparisons based on model complexity or flexibility, here we compared the three different models on construct validity. Even though the mathematical simplicity of the Uniform and Gaussian Models could be taken as
arguments in favor of their adoption, and both models fare well in cases of welldesigned, balanced and simple paradigms, neither model allows for capturing
more complex behavioral patterns that can readily be observed in empirical
studies (e.g., Acerbi et al., 2012). Moreover, especially in the case of the Uniform Model as implemented here, central tendency effects are defined as a function of clock noise, as only by increasing the width of the likelihood can this
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model explain stronger central tendency effects. This rules out the possibility
that memory-based explanations drive observed central tendency effects, which
we argue is an important explanatory variable when considering the behavioral
patterns observed in clinical populations. Additionally, a fixed prior also means
that in the case of a strong central tendency effect but limited reproduction
variance, the Uniform Model has to assume a highly variable clock for the perception phase to account for the strong central tendency effect, but a very precise clock for the reproduction phase to capture the lack of variance. This
dissociation between perception and reproduction clock noise is, to our
knowledge, not supported by any empirical evidence. In sum, the models presented in this manuscript provide a hierarchy of conceptually plausible models,
and demonstrate that the different components of the MLN Model provide the
best tools to understand the clock and memory mechanisms involved in interval
timing.

Conclusions
To conclude, a Bayesian observer model that assumes a prior that consists
of a mixture of log-Normal distributions outperforms a Bayesian observer
model based on a uniform prior, and can fit and explain a number of empirical
phenomena not captured by either a model based on an uniform or Gaussian
prior. The MLN Model does not just explain how Bayesian integration could
take place, but also provides a theoretically sensible foundation for the shape of
the prior. By fitting the prior to the observed behavior, the MLN Model provides a mechanistic account of how memory influences Bayesian integration.
In addition, this model allows for a functional separation of clock noise, which
is mostly driving the noise during the perception phase, and motor noise, which
is an additional noise component during the reproduction phase. With respect
to the distribution of the prior, specific parameterizations of the MLN prior
resemble the uniform and Gaussian priors that have been proposed earlier, indicating that the MLN Model can capture the phenomena earlier ascribed to
these more specific models while adhering to more stringent construct validity
criteria. Thus, even though the MLN Model is more complex than the existing
models, theoretical and empirical considerations justify this model over the simpler models. Lastly, we demonstrated that this MLN Model allows for a more
precise interpretation of the behavioral results in a clinical population, paving
the way for the utilization of computational cognitive models (cf., Huys et al.,
2016) to assess the relative contribution of memory and clock components in
declining performance in clinical populations.

Modeling Perspective

115

