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Abstract. We propose a novel way of applying cutting plane techniques to two-stage
mixed-integer stochastic programs with uncertainty in the right-hand side. Instead of using
cutting planes that are always valid, our idea is to apply pseudo-valid cutting planes to the
second-stage feasible regions that may cut away feasible integer second-stage solutions for
some scenarios and may be overly conservative for others. The advantage is that it allows
us to use cutting planes that are afﬁne in the ﬁrst-stage decision variables, so that the
approximation is convex and can be efﬁciently solved using techniques from convex
optimization. We derive tight performance guarantees for using particular types of
pseudo-valid cutting planes for simple integer recourse models. Moreover, we show in
general that using pseudo-valid cutting planes leads to good ﬁrst-stage solutions if the total
variations of the one-dimensional conditional probability density functions of the random
variables in the model converge to zero.
Funding: This work was supported by The Netherlands Organisation for Scientiﬁc Research (NWO)

[Grant 451-17-034 4043].

Keywords: stochastic programming • integer programming • cutting plane techniques • convex approximations

efﬁcient techniques from convex optimization cannot
be used to solve these problems.
Based on this observation and inspired by the success
of cutting plane techniques for deterministic MIPs
(Marchand et al. 2002), we propose to use cutting
planes to solve two-stage MISPs. However, we will
use them in a fundamentally different way than in
existing methods for both deterministic and stochastic MIPs. Instead of using exact cutting planes that
are always valid, we propose to use pseudo-valid cutting planes for the second-stage feasible regions in
such a way that the approximating problem remains
convex in the ﬁrst-stage decision variables, and thus
efﬁcient convex optimization techniques can be used
to solve the approximation.
The disadvantage of using pseudo-valid cutting
planes is that they may cut away part of the second-stage
feasible region or that they may be overly conservative,
so that we signiﬁcantly over- or underestimate the
second-stage costs, respectively. However, these disadvantages may be justiﬁed for MISPs, because our aim
is to obtain good ﬁrst-stage decisions, not ﬁnd the exact
and complete characterization of the integer hulls of the
second-stage feasible regions. In fact, one of our main
contributions is that we obtain good or even near-optimal
ﬁrst-stage decisions for pseudo-valid cutting plane

1. Introduction
Many practical problems under uncertainty, for example, in energy, ﬁnance, logistics, and healthcare,
involve integer decision variables. Such problems can
be modeled as mixed-integer stochastic programs
(MISPs), but are notoriously difﬁcult to solve. In this
paper, we do not attempt to solve these problems
exactly. Instead, we introduce a novel approach to
approximately solve two-stage MISPs with uncertainty in the right-hand side, and we derive performance guarantees for the resultant approximating
solutions.
Traditional solution methods for MISPs combine
solution approaches for continuous stochastic programs and deterministic mixed-integer programs
(MIPs). See, for example, Ahmed et al. (2004) for
branch-and-bound; Sen and Higle (2005) and Ntaimo
(2010) for disjunctive decomposition; Carøe and
Schultz (1999) for dual decomposition; Laporte and
Louveaux (1993) for the integer L-shaped method;
and Zhang and Küçükyavuz (2014) for cutting plane
techniques. All these solution methods aim to ﬁnd the
exact optimal solution for MISPs, but generally have
difﬁculties scaling up to solve large problems. This is
not surprising, because contrary to their continuous
counterparts, these MISPs are nonconvex in general
(Rinnooy Kan and Stougie 1988). This means that
1199
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approximations in which the cutting planes only need
to be valid for a grid of ﬁrst-stage decisions.
For simple integer recourse (SIR) models, a special
type of MISP, our pseudo-valid cutting plane approximation is equivalent to convex α-approximations, derived by Klein Haneveld et al. (2006) from a
completely different perspective. By reinterpreting
these α-approximations using pseudo-valid cutting
planes, we connect two existing solution methodologies for MISPs that use convex approximations and
exact cutting planes, respectively. Moreover, this
reinterpretation allows us to apply existing performance guarantees derived in Romeijnders et al. (2015)
for α-approximations to pseudo-valid cutting plane
techniques for SIR models. Furthermore, we use results from Romeijnders et al. (2016a) to show for
general MISPs with continuously distributed random
right-hand-side parameters that the error of using
pseudo-valid cutting plane approximations converges
to zero if all total variations of the one-dimensional
conditional probability density functions of these random parameters converge to zero.
Contrary to the convex approximation derived in
Romeijnders et al. (2016a), our pseudo-valid cutting
planes are suitable for solving large-scale MISPs.
Indeed, in a numerical case study we solve large nurse
scheduling problems using tight pseudo-valid cutting
planes and obtain ﬁrst-stage decisions that are close to
optimal. Moreover, we derive pseudo-valid mixedinteger Gomory cuts for general two-stage MISPs
with right-hand-side uncertainty.
Summarizing, the main contributions of our paper
are as follows.
• We propose a novel solution approach for twostage MISPs with uncertainty in the right-hand side
by applying pseudo-valid cutting planes to the secondstage feasible regions.
• We reinterpret α-approximations for SIR models
as pseudo-valid cutting plane approximations, connecting two existing solution methodologies for MISPs,
and yielding a tight error bound for applying pseudovalid cutting planes to SIR models.
• We derive a performance guarantee for applying
pseudo-valid cutting planes to general MISPs with
continuous distributions and uncertainty in the righthand side.
• We derive pseudo-valid mixed-integer Gomory
cuts for general MISPs and derive tight pseudo-valid
cutting planes for a nurse scheduling problem.
• We carry out numerical experiments on a nurse
scheduling problem and show that we obtain good
ﬁrst-stage decisions when using pseudo-valid cutting
planes.
The remainder of this paper is organized as follows.
In Section 2, we deﬁne MISPs and explain our pseudo-
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valid cutting plane approach. In Section 3, we reinterpret α-approximations for SIR models using
pseudo-valid cutting planes, and in Section 4, we
derive an error bound for pseudo-valid cutting plane
approximations for general MISPs. In Section 5, we
derive pseudo-valid mixed-integer Gomory cuts, and
apply tight pseudo-valid cutting planes to a nurse
scheduling problem. We present numerical experiments for the latter type of cutting planes in Section 6,
and we end with a discussion in Section 7.

2. Problem Deﬁnition and
Solution Approach
2.1. Problem Deﬁnition
Two-stage MISPs can be interpreted as hierarchical
planning problems. In the ﬁrst stage, decisions x have
to be made before some random parameters ω are
known, whereas in the second stage, decisions y are
made after the realizations of these random parameters ω are revealed. We assume that the probability
distribution of ω is known, with F denoting the cumulative distribution function and Ω the support of
ω. The MISPs that we consider are deﬁned as
{
}
η∗ : min c x + Q(z) : Ax  b, z  Tx, x ∈ X , (1)
x,z

where z  Tx ∈ Rm represent tender variables. Moreover, the expected value function Q represents the expected second-stage costs
Q(z) : Eω [v(ω, z)],

z ∈ Rm ,

(2)

where the second-stage value function v is deﬁned as
{
}
v(ω, z) : min q y : Wy  ω − z, y ∈ Y ,
y

ω ∈ Ω, z ∈ Rm .

(3)

The second-stage decisions y are also called recourse
actions. Indeed, if Tx  ω represents random goal constraints, then the second-stage optimization problem v
models all possible recourse actions y, and their
corresponding costs, to compensate for infeasibilities
of these goal constraints. Observe that we only consider randomness in the right-hand side of these goal
constraints. Moreover, we assume that at least some
of the second-stage decision variables yi are restricted
to be integer. This is captured by the feasible regions
X ⊂ Rn+1 and Y ⊂ Rn+2 that may impose integrality restrictions on the ﬁrst- and second-stage decision variables, respectively.
Throughout this paper, we make the following assumptions. The ﬁrst is often referred to as the complete
recourse assumption, meaning that there always exists
a feasible recourse action y, ensuring that v(ω, z) < +∞
for all ω ∈ Ω and z ∈ Rm . The second is equivalent to
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the dual feasible region of the LP-relaxation of v being
nonempty, implying that v(ω, z) > −∞ for all ω ∈ Ω
and z ∈ Rm . Together with the third assumption, these
assumptions guarantee that Q(z) is ﬁnite for every
z ∈ Rm .
Assumption 1. We assume that

• there exists y ∈ Y such that Wy  ω − z for every ω ∈
Ω and z ∈ Rm ,
• there exists λ ∈ Rm such that W  λ ≤ q, and
• Eω [|ωi |] < +∞, for all i  1, . . . , m.
2.2. Novel Solution Approach: Pseudo-Valid
Cutting Planes
To solve the MISP deﬁned in (1), we propose relaxing
the integrality restrictions on the second-stage decision variables y and adding pseudo-valid cutting planes
to the second-stage feasible region:
{
}
Y(ω, z) : y ∈ Y : Wy  ω − z .

In particular, we assume that the cutting planes are of
the form Ŵ(ω)y ≥ ĥ(ω) − T̂(ω)z, so that they are afﬁne
in the tender variables z.
Deﬁnition 1. Consider the second-stage value function

v deﬁned in (3). Then we call v̂ an afﬁne cutting plane
approximation of v if it is of the form
{
v̂(ω, z)  min q y : Wy  ω − z, Ŵ(ω)y ≥ ĥ(ω)
y
}
− T̂(ω)z, y ∈ Rn+2 , ω ∈ Ω, z ∈ Rm.
Moreover, we deﬁne the afﬁne cutting plane approximation Q̂ of the expected value function Q,
deﬁned in (2), as Q̂(z) : Eω [v̂(ω, z)], z ∈ Rm .
The main reason we use cutting planes that are
afﬁne in z is that the approximating value function
v̂(ω, z) with feasible region
{
}
Wy  ω − z
n2
Ŷ(ω, z) : y ∈ R+ :
Ŵ(ω)y ≥ ĥ(ω) − T̂(ω)z
is convex in z for every ﬁxed ω ∈ Ω, and thus the
corresponding approximating expected value function Q̂ is convex. This means that the MISP in (1) with
Q replaced by Q̂ is much easier to solve than the
original MISP.
Observation 1. Consider the afﬁne cutting plane ap-

proximations v̂ and Q̂ of Deﬁnition 1. Then Q̂ is convex,
and v̂(ω, z) is convex in z for every ﬁxed ω ∈ Ω. □
Obviously, we cannot expect to obtain a good approximation Q̂ if we arbitrarily add invalid afﬁne
cutting planes. That is why we restrict our attention
to so-called pseudo-valid cutting planes. Such cutting

planes are valid on a grid of points z, but may be
invalid for other values of z.
Deﬁnition 2. Consider the second-stage value func-

tion v deﬁned in (3). Then the cutting planes Ŵ(ω)y ≥
ĥ(ω) − T̂(ω)z are called pseudo-valid for v if there exist
α ∈ Rm and β ∈ Zm such that for all z ∈ α + βZm and for
all ω ∈ Ω,
{
}
p
n −p
y ∈ Z+2 × R+2 2 : Wy  ω − z
{
}
⊂ y ∈ Rn+2 : Wy  ω − z, Ŵ(ω)y ≥ ĥ(ω) − T̂(ω)z . (4)
If, in addition, v̂(ω, z)  v(ω, z) for all z ∈ α + βZm and
for all ω ∈ Ω, then we call the pseudo-valid cutting
planes tight.
Remark 1. With a slight abuse of notation, we use α +

βZm to represent the grid of points:

{(
)
}
α + βZm : α1 + β1 l1 , . . . , αm + βm lm : l ∈ Zm .
Different classes of exact cutting planes can be applied as pseudo-valid cutting planes to two-stage
MISPs. For example, in Section 5 we derive pseudovalid mixed-integer Gomory cuts and tight pseudovalid cutting planes for a nurse scheduling problem.
However, our main focus is not on how to obtain the
pseudo-valid cutting planes. Instead, we assume that
they are given or can be iteratively generated by an
algorithm, and we consider the performance of using
such pseudo-valid cutting planes.
The performance of these pseudo-valid cutting
planes may be surprisingly good, even if they cut
away feasible integer second-stage solutions or admit
second-stage solutions outside the integer hull Ȳ(ω, z)
of the second-stage feasible region Y(ω, z); in these
cases, v̂(ω, z) may signiﬁcantly over- or underestimate
v(ω, z), respectively. However, to obtain good ﬁrststage decisions x, we do not require v̂(ω, z) to be a good
approximation of v(ω, z) for every ω ∈ Ω and z ∈ Rm ,
but merely require v̂(ω, z) to be a good approximation
of v(ω, z) on average for every z ∈ Rm . This explains
why applying pseudo-valid cutting planes may work
for stochastic MIPs, but not for deterministic MIPs.
Using a one-dimensional example, we illustrate a
class of pseudo-valid cutting planes.
Example 1. Consider a special case of the second-stage

value function deﬁned in (3), given by
v(ω, z)  min

y,u1 ,u2

s.t.

qy + ru1 + ru2
y − u1 + u2  ω − z
y ∈ Z+ , u1 , u2 ∈ R + ,

(5)
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where 0 < q < r. By rewriting the equality in (5) as
u2  ω − z − y + u1 , we can eliminate the variable u2
from the second-stage value function to obtain
v(ω, z)  r(ω − z) + min (q − r)y + 2ru1
y,u1

(6)

s.t. y − u1 ≤ ω − z
y ∈ Z + , u1 ∈ R + .
Because the minimization problem in (6) only has two
decision variables, y and u1 , we can graphically depict
its feasible region Y(ω, z). The left panel in Figure 1
shows this feasible region for ω  2.5 and z  1, and
also depicts the feasible region of the LP-relaxation of
v(ω, z). Clearly, the latter is larger than the integer hull
Ȳ(ω, z) of Y(ω, z).
It is well known that the integer hull Ȳ(ω, z) can be
obtained by adding a mixed-integer rounding (MIR)
inequality, so that for every ω ∈ Ω and z ∈ R , the
integer hull Ȳ(ω, z) equals
{
Ȳ(ω, z) : (y, u1 ) ∈ R2+ : y − u1 ≤ ω − z,
}
1
y−
u1 ≤ ω − z .
1 − (ω − z) + ω − z
The right panel in Figure 1 shows Ȳ(ω, z) and this MIR
inequality.
Observe that the MIR inequality is not afﬁne in z,
which means that it will be hard to use for optimization purposes. However, if z ∈ Z , then it reduces to
y−

1
u1 ≤ ω − z,
1−ω+ ω

(7)

which means it is of the form of the afﬁne cutting
planes in Deﬁnition 1. Thus, a natural idea is to use the

cutting planes in (7), also when z ∈/ Z . In the latter
case, the cutting planes are not always valid. However, it is not hard to show that these cutting planes
are pseudo-valid and tight.
Figure 2 shows the approximating feasible region
{
Ŷ(ω, z)  (y, u1 ) ∈ R2+ : y − u1 ≤ ω − z,
}
1
y−
u1 ≤ ω − z ,
1−ω+ ω
for z  0.5 and ω  1.5, 1.75, 2, 2.25. We observe that
for ω  2, the approximating MIR inequality coincides with the constraint y − u ≤ ω − z, so that Ŷ(ω, z)
is equal to the feasible region of the LP-relaxation of
v(ω, z), and thus admits solutions outside the integer
hull Ȳ(ω, z). For ω  1.5, on the other hand, the approximating MIR inequality cuts away feasible integer solutions. For ω  1.75 and ω  2.25, we see a
combination of both.
In Section 5.2, we numerically assess the performance
of the pseudo-valid cutting plane approximation,
}
{
v̂(ω, z) : r(ω − z) + min (q − r)y + 2ru1 : (y, u1 ) ∈ Ŷ(ω, z) ,
y,u1

ω ∈ Ω, z ∈ R,
(8)
and show that for a normally distributed random variable ω ∼ N(μ, σ2 ), Q̂ is a good approximation of Q for
medium to large values of the standard deviation σ.

3. Pseudo-Valid Cutting Planes for Simple
Integer Recourse Models
In this section, we show that existing convex approximations for simple integer recourse (SIR) models
can be interpreted as pseudo-valid cutting plane

Figure 1. Illustration of the Feasible Region of v(ω, z) of Example 1 with ω  2.5 and z  1

Notes. The feasible region Y(ω, z) is represented by the black dots and the thick black lines. In the left panel, the shaded region corresponds to the
feasible region of the LP-relaxation of v, whereas in the right panel, the MIR inequality is added, and the dark shaded region represents the
integer hull Ȳ(ω, z) of the feasible region Y(ω, z) of v(ω, z).
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Figure 2. Illustration of the Feasible Region of v(ω, z) of Example 1 with z  0.5 and ω  1.5, 1.75, 2, and 2.25

Notes. The feasible region Y(ω, z) is represented by the black dots and the thick black lines. The dotted line represents the pseudo-valid MIR
inequality deﬁned in (7), and the shaded regions the approximating feasible region Ŷ(ω, z).

approximations. SIR models are introduced by Louveaux
and van der Vlerk, (1993) and can be considered the
most-simple version of a MISP as deﬁned in (1). For
ease of exposition, we consider here the one-sided and
one-dimensional version of SIR, where the secondstage value function v is deﬁned as
{
}
v(ω, z)  min qy : y ≥ ω − z, y ∈ Z+ , ω ∈ Ω, z ∈ R.
y

Observe that we can derive a closed-form expression
for v, because for every ω ∈ Ω and z ∈ R , the optimal
solution is y∗  ω − z+ : max{0, ω − z}, and thus
v(ω, z)  q ω − z+ . Clearly, v(ω, z) is a nonconvex function of z because of the round-up operator.
We, however, focus on the feasible region Y(ω, z) 
{y ∈ Z+ : y ≥ ω − z} and its integer hull
{
}
Ȳ(ω, z)  y ∈ R + : y ≥ ω − z , ω ∈ Ω, z ∈ R.
Here, the cutting plane y ≥ ω − z makes the original
constraint y ≥ ω − z redundant. Similar to Example 1,

this exact cutting plane is not afﬁne in z and thus not
suitable for optimization purposes. However, if z ∈ Z ,
then the cutting plane is equivalent to y ≥ ω − z,
which we can use as a pseudo-valid cutting plane for
z ∈/ Z . In fact, y ≥ ω − z is a tight pseudo-valid cutting plane. We deﬁne a family of tight pseudo-valid
cutting plane approximations v̂α , each of them using
the cutting plane y ≥ ω − α + α − z that is exact for
z ∈ α + Z.
Deﬁnition 3. For every α ∈ R , deﬁne the pseudo-valid

cutting plane approximation v̂α for the SIR secondstage value function v as
{
}
v̂α (ω, z)  min qy : y ≥ ω − α + α − z, y ∈ R +
y

 q( ω − α + α − z)+ ,

ω ∈ Ω, z ∈ R.

Moreover, deﬁne the corresponding pseudo-valid cutting plane approximation Q̂α for the SIR expected value
function Q as Q̂α (z)  qEω [( ω − α + α − z)+ ], z ∈ R .

Romeijnders and van der Laan: Pseudo-Valid Cutting Planes for Two-Stage MISPs
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Surprisingly, the pseudo-valid cutting plane approximation Q̂α equals the α-approximations of Klein
Haneveld et al. (2006), derived from a completely
different perspective. They ﬁrst identify all probability distributions of ω for which the expected value
function Q is convex. This is all continuous distributions with probability density function f satisfying
f (s)  G(s + 1) − G(s), s ∈ R , for some cumulative distribution function G with ﬁnite mean. For all other
distributions, they use this condition to generate an approximating density function fˆ, resulting in a convex approximation Q̂ of Q. Selecting G(s + 1)  F( s − α + α),
s ∈ R , yields the α-approximation Q̂α (z) : qEω [( ω −
α + α − z)+ ], z ∈ R , equivalent to the pseudo-valid
cutting plane approximation of Deﬁnition 3.
In this paper, we reinterpret Q̂α as a pseudo-valid
cutting plane approximation, connecting the convex
approximation solution philosophy, introduced by van
der Vlerk (1995) and continued by, among others,
Klein Haneveld et al. (2006), Romeijnders et al. (2015,
2016a, b), van der Laan et al. (2018), and van der Vlerk
(2004, 2010), with exact cutting plane techniques
for MISPs, studied in, for example, Carøe and Tind (1997),
Ntaimo and Sen (2005), Sen and Sherali (2006), Sherali
and Zhu (2006), Guan et al. (2009), Gade et al. (2014),
Zhang M and Küçükyavuz (2014), Bodur et al. (2017),
Qi and Sen (2017), Bansal et al. (2018). This is particularly relevant, because performance guarantees are
available for using convex approximations that may be
used for pseudo-valid cutting plane approximations.
In fact, for SIR models, Romeijnders et al. (2015) derive
an upper bound on Q − Q̂α ∞ : supz∈R |Q(z) − Q̂α (z)|
for every α ∈ R , that depends on the total variation of the
probability density function f of the random variable ω.
Deﬁnition 4. Let f : R → R be a real-valued function
and let I ⊂ R be an interval. Let Π(I) denote the set of
all ﬁnite ordered sets P  {x1 , . . . , xN+1 } with x1 < · · · <
xN+1 in I. Then the total variation of f on I, denoted
|Δ| f (I), is deﬁned as

|Δ| f (I)  sup Vf (P),
P∈Π(I)

where Vf (P) 
|Δ| f (R).

∑N

i1

| f (xi+1 ) − f (xi )|. We write |Δ| f :

Theorem 1. Consider the SIR expected value function

Q(z)  qEω [ ω − z+ ], z ∈ R , and its pseudo-valid cutting
plane approximation Q̂α (z)  qEω [( ω − α − α − z)+ ], z ∈ R ,
for α ∈ R . Then, for every continuous random variable ω
with probability density function f , we have
(
)
Q − Q̂α ∞ ≤ qh |Δ| f ,

where h : [0, ∞) → R is deﬁned as
{
|Δ| f /8,
h(|Δ| f ) 
1 − 2/|Δ| f ,

|Δ| f ≤ 4,
|Δ| f ≥ 4.

Proof. See Romeijnders et al. (2015).

□

Remark 2. Romeijnders et al. (2015) actually derive an

error bound for the α-aproximations of van der Vlerk
(2010) for integer recourse models with totally unimodular recourse matrix W. Also, these α-approximations
can be interpreted as tight pseudo-valid cutting plane
approximations.

Theorem 1 shows that the error bound is smaller for
lower values of the total variation |Δ| f of the probability density function f of ω. For unimodal density
functions, such as the normal density function in
Example 2 below, this total variation |Δ| f is small if the
variance of the random variable ω is large. Thus, in
general we conclude from Theorem 1 that the larger
the variability of the random variable in the model, the
better the pseudo-valid cutting plane approximation.
Example 2. Let ω be a normal random variable with
mean μ and standard deviation σ. Then the probability density function f of ω is given by
{ (
) }
x−μ 2
1
f (x)  √̅̅̅̅̅̅̅ exp −
, x ∈ R,
2σ2
2πσ2

which is unimodal with mode μ, and thus has total
√̅̅̅̅̅̅
variation |Δ| f  2f (μ)  σ−1 2/π. Hence, if the standard deviation σ increases, then the total variation
|Δ| f of f decreases, and thus the upper bound on
Q − Q̂α ∞ in Theorem 1 decreases. In other words, if
the standard deviation is large, then Q̂α is a close
approximation of Q, and thus the resultant approximating ﬁrst-stage decision x̂α will be good.

4. Pseudo-Valid Cutting Plane
Approximations for General MISPs
In this section, we consider tight pseudo-valid cutting
plane approximations Q̂ for general MISPs, and we
derive an upper bound on Q − Q̂∞ for the case that
the random right-hand-side vector is continuously
distributed. We use Q − Q̂∞ to measure the error of
the approximation Q̂, because it can be used to bound
the optimality gap, c x̂ + Q(x̂) − η∗ , of the approximating solution x̂ obtained by solving (1) with Q
replaced by Q̂. Indeed, Romeijnders et al. (2015)
show that for any approximation Q̂, we have
c x̂ + Q(x̂) − η∗ ≤ 2Q − Q̂∞ .
We prove that for tight pseudo-valid cutting plane
approximations Q̂, the error Q − Q̂∞ vanishes if the
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total variations of the one-dimensional conditional
probability density functions of the random vector ω
in the model go to zero. For example, for normally
distributed ω this means that the solutions obtained
by using tight pseudo-valid cutting planes are good
if the variance of ω is large enough. The ﬁnal result
is Theorem 2, which is conveniently stated below. If
the pseudo-valid cuts are not tight, then we use Q̂ to
derive a lower bound for Q in Corollary 1.
Deﬁnition 5. For every i  1,...,m and t ∈ Rm , we let t−i ∈

Rm−1 denote the vector t without its ith component.

Deﬁnition 6. For every i  1, . . . , m and t−i ∈ Rm−1 , de-

ﬁne the ith conditional density function fi (·|t−i ) of the
m-dimensional joint pdf f as
f (t)
⎪
⎧
⎪
⎨
,
fi (ti |t−i )  ⎪ f−i (t−i )
⎪
⎩
0,

f−i (t−i ) > 0,
f−i (t−i )  0,

where f−i represents the joint density function of ω−i ,
the random vector obtained by removing the ith element of ω.
Deﬁnition 7. Let *m denote the set of all m-dimensional

joint pdfs f whose conditional density functions fi (·|t−i )
are of bounded variation.

Theorem 2. Consider the mixed-integer recourse function
Q and its tight pseudo-valid cutting plane approximation Q̂.
Then, under Assumption 1, there exists a constant C ∈ R
with C > 0 such that for all ω with pdf f ∈ *m ,
⃦
⃦
m
∑
[
]
⃦
⃦
Eω−i |Δ| fi (·|ω−i ) .
⃦Q − Q⃦̂ ≤ C
∞

i1

If all components of the random vector ω are independent, then |Δ| fi (·|ω−i )  |Δ| fi for every i  1, . . . , m
and ω−i ∈ Rm−1 , and thus the error bound in Theorem 2
∑
reduces to C m
i1 |Δ| fi , where |Δ| fi is the total variation of the marginal probability density function fi
of ωi , i  1, . . . , m. Hence, if the components of ω
are independent and normally distributed, then the
error bound in Theorem 2 is small if the standard
deviations of the components of ω are large, see
Example 2.
In the next corollary, we derive a lower bound for Q
that holds irrespective of whether or not the pseudovalid cuts are tight.
Corollary 1. Consider the mixed-integer recourse func-

tion Q and its pseudo-valid cutting plane approximation Q̂.
Then, under Assumption 1, there exists a constant C ∈ R
with C > 0 such that for all ω with pdf f ∈ *m and z ∈ Rm ,
m
∑
[
]
Q(z) ≥ Q̂(z) − C Eω−i |Δ| fi (·|ω−i ) .
i1

Because Q̂ is typically strictly larger than the LPrelaxation QLP of Q, it follows that Corollary 1 deﬁnes a better lower bound on Q than QLP , at least if the
second right-hand-side term vanishes. Such a better
lower bound may be useful, for example, in a branchand-bound algorithm, if some of the ﬁrst-stage decision variables are integer or binary.
Remark 3. Theorem 2 and Corollary 1 provide a performance guarantee for pseudo-valid cutting plane
approximations of MISPs with continuous distributions only. However, for practical computations these
continuous distributions are typically discretized, for
example, using a sample average approximation
(SAA) (Kleywegt et al. 2002), to deal with the highdimensional integrals in the expected value function.
Because Q̂ is essentially a continuous stochastic program, the additional error that we incur by discretizing
continuous distributions is thus the same as for standard continuous stochastic programs with continuous
distributions. Moreover, if the discretization is ﬁne
enough, then the discretized version of Q̂ will be sufﬁciently close to the original pseudo-valid cutting plane
approximation Q̂ with continuous distributions (Han
and Chen 2015).

The proofs of Theorem 2 and Corollary 1 are
postponed to Section 4.4. First, however, we discuss
preliminary results required for these proofs. In particular, in Section 4.1, we review properties of the
mixed-integer value function v(ω, z), in Section 4.2, we
show that a tight pseudo-valid cutting plane approximation v̂(ω, z) is afﬁne in z on parts of its domain,
and in Section 4.3, we derive bounds on v̂. The proofs
of our auxiliary lemmas and propositions in these
sections are postponed to the appendix.
4.1. Properties of Mixed-Integer Value Functions
Let B be a dual feasible basis matrix of the LPrelaxation vLP of v. Then we can rewrite vLP as

vLP (ω, z)  min
yB ,yN

s.t.


q
B yB + q N yN

ByB + NyN  ω − z

(9)

n2 −m
yB ∈ Rm
,
+ , yN ∈ R +

where yB denote the basic variables and yN the nonbasic variables. Using the equality in (9) to solve for
the basic variables yB , we obtain the equivalent
representation
vLP (ω, z)
−1
 q
B B (ω − z) + min
yN

s.t.

q̄
N yN
B−1 (ω − z) − B−1 NyN ≥ 0
yN ∈ R+n2 −m ,

(10)
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 −1
with reduced costs q̄
N : qN − qB B N ≥ 0. Obviously,
it is optimal to select the nonbasic variables yN
equal to zero in the minimization problem in (10) if
B−1 (ω − z) ≥ 0. The latter condition can be conveniently rewritten as ω − z ∈ Λ, where the simplicial
cone Λ is deﬁned as Λ : {t ∈ Rm : B−1 t ≥ 0}. Thus, if
ω − z ∈ Λ, then
−1
vLP (ω, z)  q
B B (ω − z).

This result holds for every dual feasible basis matrix B.
In fact, the basis decomposition theorem of Walkup
and Wets (1969) shows that there exist basis matrices
Bk and corresponding simplicial cones Λk : {t ∈ Rm :
k
B−1
k t ≥ 0}, k  1, . . . , K, such that these cones Λ cover
m
k
R , the interiors of these cones Λ are mutually dis−1
k
joint, and vLP (ω, z)  q
Bk Bk (ω − z) for ω − z ∈ Λ for
every k  1, . . . , K.
Romeijnders et al. (2016a) prove a similar result for
the mixed-integer value function v, involving the same
basis matrices Bk and simplicial cones Λk , k  1, . . . , K.
They show that there exist distances dk ≥ 0 such that if
ω − z ∈ Λk and ω − z has at least Euclidean distance dk
to the boundary of Λk , then
−1
k
v(ω, z)  q
Bk Bk (ω − z) + ψ (ω − z),

where ψk is a Bk -periodic function (see Deﬁnition 8).
The ﬁrst term is the same as the LP-relaxation vLP , and
thus the second term can be interpreted as the additional costs of having integer variables instead of continuous ones. Theorem 3 summarizes these results.
Deﬁnition 8. Let B ∈ Zm×m be an integer matrix. Then

a function ψ : Rm → R is called B-periodic if and only
if ψ(z)  ψ(z + Bl) for every z ∈ Rm and l ∈ Zm .

Deﬁnition 9. Let Λ ⊂ Rm be a closed convex cone and

let d ∈ R with d > 0 be given. Then we deﬁne Λ(d) as
Λ(d) : {s ∈ Λ : @(s, d) ⊂ Λ},

where @(s, d) : {t ∈ Rm : t − s ≤ d} is the closed ball
centered on s with radius d. We can interpret Λ(d) as
the set of points in Λ with at least Euclidean distance d
to the boundary of Λ.
Theorem 3. Consider the mixed-integer value function

{
p
n −p }
v(ω, z)  min q y:Wy  ω − z, y ∈ Z+2 × R+2 2 , z ∈ Rm ,
where W is an integer matrix, and v(ω, z) is ﬁnite for all
ω ∈ Ω and z ∈ Rm by Assumption 1. Then there exist dual
feasible basis matrices Bk of vLP , k  1, . . . , K, simplicial
cones Λk : {t ∈ Rm : B−1
k t ≥ 0}, distances dk ≥ 0, and bounded Bk -periodic functions ψk such that
⋃K
k
m
•
k1 Λ  R ,

• (int Λk ) ∩ (int Λl )  ∅ for every k, l ∈ {1, . . . , K} with
k  l, and
−1
k
• v(ω, z)  q
Bk Bk (ω − z) + ψ (ω − z) for every ω − z
k
∈ Λ (dk ).
Proof. See Romeijnders et al. (2016a).

□

4.2. Linearity Regions of Pseudo-Valid Cutting
Plane Approximations
Consider a tight pseudo-valid cutting plane approximation v̂(ω, z). Moreover, let k  1, . . . , K be given and
consider a ﬁxed ω ∈ Ω. Theorem 3 shows that for all
z ∈ Rm with ω − z ∈ Λk (dk ), that is, for all z ∈ ω − Λk (dk ),
the mixed-integer value function v is given by
−1
k
v(ω, z)  q
Bk Bk (ω − z) + ψ (ω − z).

Because ψk is Bk -periodic, there exist values of β for
which ψk (ω − z)  ψk (ω − α) for all z ∈ α + βZm (see the
proof of Proposition 1). Let β be such a value. Then, for
all z ∈ ω − Λk (dk ) and z ∈ α + βZm , we have v̂(ω, z) 
v(ω, z), and, thus, the tight pseudo-valid cutting plane
approximation v̂ equals
−1
k
v̂(ω, z)  q
Bk Bk (ω − z) + ψ (ω − α).

(11)

Thus, for a ﬁxed ω ∈ Ω, the tight pseudo-valid cutting
plane approximation v̂(ω, z) is afﬁne in z over a grid of
points in ω − Λk (dk ). Because v̂(ω, z) is convex in z, we
intuitively expect v̂(ω, z) to satisfy (11) for points outside the grid in ω − Λk (dk ) as well. Lemma 1 conﬁrms
our intuition.
Lemma 1. Let v : Rm → R be a convex function and let C ⊂

Rm be a compact convex set with extreme points zj ∈ C,
j  1, . . . , J, and interior point z0 ∈ C. Suppose that there
exist a ∈ Rm and b ∈ R such that v(zj )  a zj + b for all
j  0, . . . , J. Then v(z)  a z + b for all z ∈ C.

To apply Lemma 1 to v̂(ω, z), we introduce hyperrectangles Cl (α, β) that have extreme points on the
grid α + βZm .
Deﬁnition 10. Let α ∈ Rm and β ∈ Rm be given. For

every l ∈ Zm , we deﬁne the hyperrectangle Cl (α, β) as
m [
]
Cl (α, β) : ∏ αi + βi (li − 1), αi + βi (li + 1) .
i1

For every value of α, β ∈ Rm and l ∈ Zm , the hyperrectangle Cl (α, β) ⊂ Rm is convex. Moreover, all its
extreme points and the interior point (α1 + β1 l1 , . . . ,
αm + βm lm ) are on the grid α + βZm . Thus, if Cl (α, β) ⊂
ω − Λk (dk ), then we can apply Lemma 1 to v̂(ω, ·) with
C : Cl (α, β) to conclude that v̂(ω, z) satisﬁes (11) for all
z ∈ Cl (α, β), and thus v̂(ω, z) is afﬁne in z over Cl (α, β).
Applying Lemma 1 for all Cl (α, β) that are completely
contained in ω − Λk (dk ), we can show that v̂(ω, z) is
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afﬁne in z over at least ω − Λk (dk + 2β). This is true,
because the diameter of Cl (α, β) is 2β, and Λk (dk +
2β) represents all points in Λk with at least Euclidean distance dk + 2β to the boundary of Λk . Thus,
for every z ∈ ω − Λk (dk + 2β) there exists a hyperrectangle Cl (α, β) ⊂ ω − Λk (dk ) that contains z. Here,
the diameter of Cl (α, β) is deﬁned as
{
}
max z1 − z2  : z1 , z2 ∈ Cl (α, β)  2β.
z1 ,z2

Proposition 1 shows all linearity regions of v̂(ω, z) for
ﬁxed ω ∈ Ω. These are subsets of the domain of v̂(ω, ·)
on which v̂(ω, z) is afﬁne in z.
Proposition 1. Consider a tight pseudo-valid cutting

plane approximation v̂(ω, z) as deﬁned in Deﬁnition 2,
and let Λk , k  1, . . . , K, denote the simplicial cones
from Theorem 3. Then, under Assumption 1, for every
k  1, . . . , K, there exists a distance dk ≥ 0 such that
if ω − z ∈ Λk (dk ), then
−1
q
Bk Bk (ω

bound on the value function v̂(ω, z) of the tight
pseudo-valid cutting plane approximation. The lower
bound directly follows from Proposition 1 and the fact
that v̂(ω, z) is convex in z for every ﬁxed ω ∈ Ω.
Lemma 2. Consider a tight pseudo-valid cutting plane

approximation v̂(ω, z) as deﬁned in Deﬁnition 2. Then,
under Assumption 1, we have for every ω ∈ Ω and z ∈ Rm
that
{
}
−1
k
v̂(ω, z) ≥ max q
Bk Bk (ω − z) + ψ (ω − α) .
k1,...,K

The lower bound of v̂(ω, z) in Lemma 2 is valid not
only on the linearity regions of v̂(ω, ·) but also on
ω − 1. We will show that the difference between
v̂(ω, z) and this lower bound is bounded. Again, we
use the fact that v̂(ω, z) is convex in z for every ﬁxed
ω ∈ Ω.
Lemma 3. Consider a tight pseudo-valid cutting plane

(12)

approximation v̂(ω, z) as deﬁned in Deﬁnition 2. Then,
under Assumption 1, there exists R ∈ R such that

4.3. Bounds on the Value Function of a PseudoValid Cutting Plane Approximation
Proposition 1 deﬁnes v̂(ω, z) on the linearity regions
Λk (dk ). In fact, on these linearity regions, v(ω, z) 
−1
k
 −1
q
Bk Bk (ω − z) + ψ (ω − z) and v̂(ω, z)  qBk Bk (ω − z) +

{
}
−1
k
v̂(ω, z) − max q
B
(ω
−
z)
+
ψ
(ω
−
α)
≤ R . (13)
Bk k

v̂(ω, z) 

− z) + ψ (ω − α).
k

ψk (ω − α), so that the difference between the two equals
v(ω, z) − v̂(ω, z)  ψk (ω − z) − ψk (ω − α),
z ∈ ω − Λk (dk ).
This difference is Bk -periodic and bounded, because
ψk is a bounded Bk -periodic function by Theorem 3.
These properties will be exploited to derive an error
bound for tight pseudo-valid cutting plane approximations Q̂ in Section 4.4.
Outside the linearity regions, that is, on 1 :
⋃
Rm \ Kk1 Λk (dk ), we cannot prove such properties for
v(ω, z) and v̂(ω, z). However, we can show that the
difference between the two is bounded. That is, there
exists R ∈ R such that
v − v̂∞ : sup |v(ω, z) − v̂(ω, z)| ≤ R.
ω,z

To prove this result, we use that 1 can be covered by
ﬁnitely many hyperslices Hj , j ∈ ), see Romeijnders
et al. (2016a).
Deﬁnition 11. Let δ > 0 and normal vector a ∈ Rm \{0}

be given. Then the hyperslice H(a, δ) is deﬁned as
{
}
H(a, δ) : z ∈ Rm : 0 ≤ a z ≤ δ .

However, before we derive an upper bound on
v − v̂∞ , we ﬁrst derive a lower bound and an upper

k1,...,K

Now we are ready to prove an upper bound on
v − v̂∞ . The idea of the proof is that we can use
Lemmas 2 and 3 to bound v̂ − vLP ∞ , where the LPrelaxation vLP (ω, z) of v(ω, z) is equal to
{
}
−1
vLP (ω, z)  max q
B
(ω
−
z)
,
Bk k
k1,...,K

(14)

and the maximum difference between v and vLP is
known.
Proposition 2. Consider a tight pseudo-valid cutting plane

approximation v̂(ω, z) as deﬁned in Deﬁnition 2. Then,
under Assumption 1, there exists R ∈ R such that
v − v̂∞ ≤ R.
4.4. Proof of Error Bound
In this section, we give the proofs of Theorem 2 and
Corollary 1. Whereas the focus in Sections 4.2 and 4.3
was on v̂(ω, z) as a function of z for ﬁxed ω ∈ Ω, we now
consider the difference v(ω, z) − v̂(ω, z) as a function
of ω for ﬁxed z ∈ Rm . This is because Q(z) − Q̂(z) 
Eω [v(ω, z) − v̂(ω, z)], z ∈ Rm , and thus v(ω, z) − v̂(ω, z)
can be interpreted as the underlying difference function
for ﬁxed z ∈ Rm . Based on Propositions 1 and 2, we
know for tight pseudo-valid cutting plane approximations v̂(ω, z) that for ω ∈ z + Λk (dk ), k  1, . . . , K,

v(ω, z) − v̂(ω, z)  ψk (ω − z) − ψk (ω − α),
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and for ω ∈ z + 1,

where the constant C is deﬁned as C : RD +
Ck . □

|v(ω, z) − v̂(ω, z)| ≤ R.
We will use these two main properties to derive an
upper bound for Q − Q̂∞ that depends on the total
variations of the one-dimensional conditional probability density functions of the random variables in the
model.
Proof of Theorem 2. Combining Theorem 3 and

Proposition 1, there exist basis matrices Bk , corresponding simplicial cones Λk , distances dk ≥ 0, and
bounded Bk -periodic functions ψk such that for
ω − z ∈ Λk (dk ),
v(ω, z) − v̂(ω, z)  ψk (ω − z) − ψk (ω − α).
Moreover, by Proposition 2, there exists R ∈ R such
that v − v̂∞ ≤ R.
Fix z ∈ Rm and consider the difference v(ω, z) − v̂(ω, z)
as a function of ω. We will use that for ω ∈ z + Λk (dk ),
this difference is Bk -periodic, and for ω ∈ z + 1, it is
bounded by R. In fact, using theorems 4.6 and 4.13 in
Romeijnders et al. (2016a), we can show that there exist
constants D > 0 and Ck > 0, k  1, . . . , K, such that
m
∑
[
]
P{ω ∈ z + 1} ≤ D
Eω−i |Δ| fi (·|ω−i ) ,
(15)
i1

and for every k  1, . . . , K,
⃒
⃒∫
⃒
⃒
⃒
⃒
k
k
(ψ (t − z) − ψ (t − α))f (t)dt⃒
⃒
⃒
⃒ z+Λk (d )
k
m
∑
[
]
≤ Ck
Eω−i |Δ| fi (·|ω−i ) .
Then

⃒
⃒∫
⃒
⃒
⃒
⃒
|Q(z) − Q̂(z)|  ⃒
(v(t, z) − v̂(t, z))f (t)dt⃒
⃒
⃒ Rm
⃒∫
⃒
⃒
⃒
⃒
≤⃒
(v(t, z) − v̂(t, z))f (t)dt⃒⃒
z+1
⃒
⃒
⃒
K ⃒∫
∑
⃒
⃒
+
(v(t, z) − v̂(t, z))f (t)dt⃒
⃒
⃒
⃒

k
k1 z+Λ (d )
k

≤ RP{ω ∈ z + 1}
⃒
⃒
⃒
K ⃒∫
∑
⃒
⃒
+
(v(t, z) − v̂(t, z))f (t)dt⃒.
⃒
⃒
⃒

k
k1 z+Λ (d )
k

Applying the bound in (15) to the ﬁrst term and the
bounds in (16) to the second term, we obtain
⃒
⃒
m
∑
[
]
⃒
⃒
Eω−i |Δ| fi (·|ω−i )
⃒Q(z) − Q̂(z)⃒ ≤ RD
i1

+

k1

C

m
∑
i1

Ck

m
∑
i1

[
]
Eω−i |Δ| fi (·|ω−i )

[
]
Eω−i |Δ| fi (·|ω−i ) ,

k1

·

Proof of Corollary 1. Because (4) holds for the pseudo-

valid cutting plane approximation v̂(ω, z), it immediately follows that there exist α ∈ Rm and β ∈ Zm such
that for all z ∈ α + βZm and ω ∈ Ω,
v̂(ω, z) ≤ v(ω, z).
This implies, for example, that (12) holds with “≤”
instead of “ .” Thus, analogously to the proof of
Theorem 2, we are able to show that there exists a
constant C ∈ R with C > 0 such that for all ω with pdf
f ∈ *m , and for all z ∈ Rm ,
Q̂(z) − Q(z) ≤ C

m
∑

[
]
Eω−i |Δ| fi (·|ω−i ) .

(17)

i1

Notice that this upper bound does not necessarily
apply to Q(z) − Q̂(z), because the pseudo-valid cuts
are not necessarily tight. The claim follows by rearranging terms in (17). □

5. Examples of Pseudo-Valid
Cutting Planes
In this section, we consider examples of pseudo-valid
cutting plane approximations. We derive pseudovalid mixed-integer Gomory cuts in Section 5.1 and
a tight pseudo-valid cutting plane approximation for
a nurse scheduling problem in Section 5.2.

(16)

i1

K
∑

∑K

5.1. Pseudo-Valid Mixed-Integer Gomory Cuts
Consider the second-stage value function
{
v(ω, z) : min q
yB + q 
N yN : ByB + NyN  ω − z,
yB ,yN B
}
yB ∈ YB , yN ∈ YN , ω ∈ Ω, z ∈ Rm ,

where similar to Section 4.1, we let B denote a dual
feasible basis matrix of the LP-relaxation of v. Mul−1
tiplying the equality constraint in v(ω, z) by e
i B ,
where ei is the ith unit vector, we obtain
−1
 −1
yBi + e
i B NyN  ei B (ω − z),

(18)

where yBi denotes the ith basic variable. Let w̄ij denote
−1
the jth component of the vector e
i B N, let yNj denote
 −1
the jth
⌊  nonbasic
⌋variable, and let ri (ω, z) : ei B (ω −
−1
z) − ei B (ω − z) . If the ith basic variable yBi is restricted to be integer, then we can derive from (18) the
exact mixed-integer Gomory cut
⌊ ⌋
⌊ ⌋}
{
∑
w̄ij − w̄ij 1 − w̄ij + w̄ij
,
min
yN j
ri (ω, z)
1 − ri (ω, z)
j∈J1
{
}
∑
w̄ij
−w̄ij
,
yNj ≥ 1,
+
max
(19)
ri (ω, z) 1 − ri (ω, z)
j∈J2
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where J1 denotes the index set of integer nonbasic
variables yNj and J2 the index set of continuous nonbasic variables yNj (see, e.g., Balas and Jeroslow 1980).
Obviously, the exact mixed-integer Gomory cut in
(19) is not afﬁne in z, among others, because ri (ω, z)
is not afﬁne in z. However, if z ∈ βZm , where β :
| det(B)|e with e the m-dimensional all-one vector,
then under the assumption that W is integer, we can
show that ri (ω, z)  ri (ω, 0), and thus the mixed-integer
Gomory cut in (19) does not depend on z. This is true,
because for such z, we have
(
)
−1

−1
e
i B z  ei det(B) adj(B) z ∈ Z,
and thus

⌊  −1
⌋
−1
ri (ω, z)  e
i B (ω − z) − ei B (ω − z)
⌊  −1 ⌋
−1
 e
i B ω − ei B ω  ri (ω, 0).

Similarly, if z ∈ α + βZm with β : | det(B)|e, then ri (ω,
z)  ri (ω, α). Thus, replacing ri (ω, z) by ri (ω, α) in (19)
yields an approximate mixed-integer Gomory cut
that does not depend on z and is valid for all ω and for
all z on a grid of points α + βZm . Hence, the approximate mixed-integer Gomory cut
⌊ ⌋
⌊ ⌋}
{
∑
w̄ij − w̄ij 1 − w̄ij + w̄ij
,
min
yN j
ri (ω, α)
1 − ri (ω, α)
j∈J1
{
}
∑
w̄ij
−w̄ij
,
+
max
(20)
yNj ≥ 1,
ri (ω, α) 1 − ri (ω, α)
j∈J2
is pseudo-valid and thus satisﬁes the assumptions of
Corollary 1. This implies that we can use these pseudovalid mixed-integer Gomory cuts to obtain a strictly
better (approximate) lower bound of Q than QLP , as
we illustrate in Example 3.
Example 3. Consider an adjusted version of the MISP

in Schultz et al. (1998), given by
3
min − x1 − 4x2 + Q(x),
x∈X
2
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problem are considered in, for example, Carøe and
Tind (1997), Sherali and Zhu (2006), Gade et al. (2014),
and Qi and Sen (2017).
We use (20) to derive pseudo-valid mixed-integer
Gomory cuts for Q. To be precise, we derive pseudovalid mixed-integer Gomory cuts from those dual feasible basis matrices B that are optimal for the LPrelaxation vLP of v for at least one pair of ω ∈ Ω and
x ∈ X. These basis matrices turn out to be
(
)
(
)
(
)
2 3
2 0
3 1
B1 
, B2 
, and B3 
.
6 1
6 1
1 0
Because both columns of B1 and only the ﬁrst column of
B2 and B3 correspond to integer second-stage variables, we derive four pseudo-valid mixed-integer
Gomory cuts: two corresponding to B1 and one corresponding to B2 and B3 .
Because the ﬁrst-stage decision vector x is twodimensional, we are able to depict both Q and QLP
graphically in Figure 3. Moreover, we also show four
pseudo-valid cutting plane approximations Q̂, obtained by iteratively adding an additional pseudo-valid
mixed-integer Gomory cut. From Figure 3 we observe
that already by adding a single pseudo-valid mixedinteger Gomory cut we signiﬁcantly improve the LPrelaxation lower bound QLP of Q. Moreover, this lower
bound improves further if we add additional pseudovalid mixed-integer Gomory cuts. Notice that Q̂ is
indeed an approximate lower bound, because for Q̂ with
three or four cuts, the function Q̂ may exceed the original expected value function Q. However, Corollary 1
guarantees that supx∈X {Q̂(x) − Q(x)} cannot be too large.
Finally, in Figure 4 we show the approximation error
Q − Q̂∞ : supx∈X |Q(x) − Q̂(x)| for the four pseudovalid cutting plane approximations Q̂ with respect to
the integrality gap Q − QLP ∞ of QLP . We observe that
this integrality gap reduces by almost 20% if we add a
single pseudo-valid mixed-integer Gomory cut. Moreover, by adding all four cuts, the approximation error
of Q̂ reduces to approximately 50% of that of QLP .

where X  [0, 5]2 and Q(x)  Eω [v(ω, x)] with
v(w, x)
 min
y,u,ν

s.t.

− 16y1 − 19y2 − 23y3 − 28y4 + 50ν1 + 50ν2
2y1 + 3y2 + 4y3 + 5y4 + u1 − ν1  ω1 − x1
6y1 + y2 + 3y3 + 2y4 + u2 − ν2  ω2 − x2
y ∈ Z4+ ,

u, ν ∈ R2+ .

Similar to Schultz et al. (1998), the random vector ω
follows a discrete uniform distribution on {5, 5.5, . . . ,
15} × {5, 5.5, . . . , 15}, and thus the support Ω of ω
consists of 441 scenarios. Different variants of this

5.2. Nurse Scheduling Problem
In this section, we apply tight pseudo-valid cutting
planes to a nurse scheduling problem, introduced by
Kim and Mehrotra (2015). In this problem, a regular
work schedule for the nurses is determined in the ﬁrst
stage, resulting in a number zt of available nurses per
time period t  1, . . . , T. This regular work schedule is
determined before the random demand ωt for nurses
per time period is known. Thus, we may have a shortage
or surplus of nurses in some of the time periods. In this
case, it is possible to add or subtract nurse shifts, consisting of several consecutive time periods, after the
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Figure 3. Expected Value Function Q of Example 3, Its LP-Relaxation QLP , and Four Pseudo-Valid Cutting Plane
Approximations Q̂ with a Different Number of Pseudo-Valid Mixed-Integer Gomory Cuts

demands ωt are known. Moreover, we penalize any
remaining nurse shortages and nurse surpluses using
unit penalty costs per time period. The corresponding
second-stage value function v is given by
v(ω, z)  min

y,u1 ,u2


q  y + r
1 u1 + r2 u2

(21)

s.t. Wy − u1 + u2  ω − z
y ∈ Zn+2 , u1 , u2 ∈ RT+ ,
where y ∈ Zn+2 represents the possibility to add or
subtract nurse shifts, and W is a {−1, 0, 1}-matrix,
modelling which time periods are contained in which
shift. Kim and Mehrotra (2015) show that W is a totally unimodular matrix. Moreover, they show that if
z ∈ ZT , then the cutting planes Wy − D̂(ω)u1 ≤ ω − z,
with D̂(ω) the diagonal matrix with tth diagonal
component D̂tt (ω) equal to
D̂tt (ω) 

1
,
1 − ωt + ωt

t  1, . . . , T,

are valid for all ω ∈ Ω. In particular, combined with
the constraints Wy − u1 + u2  ω − z, they completely

deﬁne the integer hull Ȳ(ω, z) of the feasible region
Y(ω, z) of v(ω, z). That is, for every ω ∈ Ω and z ∈ ZT ,
{
Ȳ(ω, z)  (y, u1 , u2 ) ∈ R+n2 +2T : Wy − u1 + u2  ω − z,
}
Wy − D̂(ω)u1 ≤ ω − z .
If we assume, contrary to Kim and Mehrotra (2015),
that z is not necessarily integral, then we may use the
cutting planes Wy − D̂(ω)u1 ≤ ω − z to derive the
tight pseudo-valid cutting plane approximation
v̂(ω, z)  min

y,u1 ,u2


q  y + r
1 u1 + r2 u2

(22)

s.t. Wy − u1 + u2  ω − z
Wy − D̂(ω)u1 ≤ ω − z
y ∈ Rn+2 , u1 , u2 ∈ RT+ .
Because the cutting planes are valid for all z ∈ α + βZm ,
with α  0 and β  e, and, for all ω ∈ Ω, they are indeed pseudo-valid and tight. Hence, by Theorem 2,
the error of the corresponding tight pseudo-valid cutting
plane approximation Q̂ converges to zero if all total
variations of one-dimensional conditional pdf of ω
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Figure 4. Relative Approximation Errors of the PseudoValid Cutting Plane Approximations Q̂ of Example 3
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Figure 5. Maximum Difference between Q and Its PseudoValid Cutting Plane Approximation Q̂ of Example 4, with
q  1 and r  2, as a Function of the Standard Deviation σ
of a Normal Random Variable ω

two benchmark approximations. All computations
are carried out on a single Intel Xeon E5 2680v3 core
(2.5 GHz).
converge to zero. In Example 4 below, we numerically
show the actual performance of this approximation
for the one-dimensional second-stage value function
of Example 1 in Section 2, which can be considered a
special case of (21).
Example 4. Consider the second-stage value function

v(ω, z) of Example 1,
v(ω, z)  r(ω − z) + min
y,u1

(q − r)y + 2ru1

s.t. y − u1 ≤ ω − z
y ∈ Z + , u1 ∈ R + ,
and its tight pseudo-valid cutting plane approximation deﬁned in (8). Let ω be a normal random variable
with mean μ and standard deviation σ. Then, as
shown in Example 2, the total variation |Δ| f of the
probability
density function f of ω equals |Δ| f 
√̅̅̅̅̅̅
σ−1 2/π. Figure 5 shows Q − Q̂∞ , the maximum
difference between the expected value function Q and
its tight pseudo-valid cutting plane approximation
Q̂, as a function of the standard deviation σ for q  1
and r  2. We observe that this difference decreases
if σ increases. This is in line with Theorem 2, because
the total variation |Δ| f of a normal probability density function f decreases if the standard deviation σ
increases.

6. Numerical Case Study
In this section, we evaluate the performance of the
tight pseudo-valid cutting planes derived for the
nurse scheduling problem in Section 5.2. This nurse scheduling problem is adapted from Kim and
Mehrotra (2015) so that all ﬁrst-stage decision variables are continuous instead of integer. For small
problems, we compute the optimality gap of our
pseudo-valid cutting plane approximation, and, for
larger problems, we compare our approximation with

6.1. Experimental Design
Like in Kim and Mehrotra (2015), the regular nurse
schedule that we have to determine is a weekly repeating nurse scheduling for a 12-week period in
which nurses work in shifts of 8 or 12 hours. Moreover, there are three possible employment types for
nurses: full-time, part-time, and casual. See Kim and
Mehrotra (2015) for the details.
The normalized costs for regular nurses are 1 per
hour. In the second stage, nurse shifts can be cancelled
for free, but they can be only added at a cost of 1.5 per
hour. Moreover, the unit penalty costs r1 and r2 from
(21) are 0 and 104 for each time period, respectively. In
this way, demand for nurses should be met either by
the regular workforce or by adding nurse shifts in the
second stage to avoid high penalty costs.
The demand for nurses ωt during time period t is
determined by the patient volume ξt and the nurse-topatient ratio. Like Kim and Mehrotra (2015), we use a
nurse-to-patient ratio of 1:4 from 8 a.m. to 4 p.m. and
1:5 for the remainder of the day. For the distribution
of the patient volume ξt , we differ from Guan et al.
(2009), and consider both normal and uniform distributions with mean μt : E[ξt ] ∈ {25, 75, 125} and
standard deviation σt ∈ {0.5, 1, 2, 5, 10, 19}. We assume
that all ξt are identically and independently distributed. We include μt  125 and σt  19, because Kim
and Mehrotra (2015) report these statistics for actual
patient volume data. Moreover, we note that in our
experiments we truncate the patient volume if necessary, so that it is always nonnegative.
We test the performance of our tight pseudo-valid
cutting plane approximation on both small and large
problems of this nurse scheduling problem. In the small
problems, a 3-day regular nurse schedule has to be determined, taking into account 100 scenarios for future
patient volume, sampled from the abovementioned
distributions. The large problems correspond to the
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12-week nurse scheduling problem with 1,000 scenarios. These problems have the same size as those
in Kim and Mehrotra (2015).
6.2. Solution Methods
For both small and large problems, we solve the
pseudo-valid cutting plane approximation from (22).
We do so using a standard L-shaped algorithm (van
Slyke and Wets 1969), yielding the approximating
solution x̂0 . The solution is called x̂0 , because the
pseudo-valid cutting planes in (22) can be considered
a special case of the family of pseudo-valid cutting
planes

Wy − D̂(ω − α)u1 ≤ ω − α + α − z,
with α  0. We, however, also compute the pseudovalid cutting plane solutions x̂α for 100 different
values of α, and let x̂∗ denote the best solution among
those. The different values for α that we use are
α  0.01ke, k  1, . . . , 100, where e is the all-one vector.
For the small nurse scheduling problems, we solve
their large-scale deterministic equivalent MIP, and we
let x∗ denote the best-found solution within 12 hours
of computation time. We also obtain the MIP optimality gap corresponding to x∗ . If this gap is zero, then
x∗ is the optimal solution. Alternatively, we could
have used a state-of-the-art method, for example, Qui
and Sen (2017), to obtain the exact optimal solution.
However, the MIP optimality gaps that we obtain by
solving the large-scale deterministic equivalent MIP
are relatively small already.
The larger problems cannot be solved to optimality
within reasonable time limits. For these instances we
compute two benchmark approximations. The ﬁrst is
the LP-relaxation in which the integrality conditions
on the second-stage variables y are relaxed, and the
second is the expected-value model in which the
random patient volumes are replaced by their mean
values. We denote the resultant solutions by xLP and
xμ , respectively. The solution of the LP-relaxation is
obtained using a similar L-shaped algorithm as for
the pseudo-valid cutting plane approximation. The
expected-value model is a relatively small MIP that
easily can be solved to optimality. For each problem
instance, both small and large, we dedicate at most 12
hours of computation time to obtaining each candidate solution.
6.3. Performance Measures
For the small problems, we report in-sample costs,
out-of-sample costs, and running times of x̂0 and x̂∗ .
The in-sample costs are based on the 100 generated
scenarios for that problem instance, whereas the outof-sample costs are based on a new sample of 106
scenarios. We also report the relative difference (in %)

with the in-sample and out-of-sample costs of x∗ . The
in-sample difference represents the optimality gap in
the 100-scenario problem. However, not all problems
could be solved to optimality, so we use the MIP
optimality gap of x∗ to compute lower and upper
bounds on the optimality gaps of x̂0 and x̂∗ . For the
larger problems, we do not report these optimality
gaps, but only the normalized in-sample costs of the
pseudo-valid cutting plane solutions and the benchmark solutions.
The running times for x̂∗ for the small problems
represent the time required to solve the 100 pseudovalid cutting plane approximations in series. For the
large problems, however, we report the maximum
computing time over all 100 approximations. This
is the time required to obtain x̂∗ if all pseudo-valid
cutting plane approximations are solved in parallel.
We actually used parallel computing over 24 cores to
obtain x̂∗ .
6.4. Numerical Results
Table 1 shows the results for the small problems. We
observe that the overall performance of the pseudovalid cutting plane solutions x̂0 and x̂∗ is very good,
both for the normal and uniform distribution. In fact,
in most of the problems the in-sample optimality gap
for x̂∗ is below 1%. The optimality gaps are smaller for
larger values of the standard deviation σ. This is in line
with Theorem 2, because the total variation of both the
normal and the uniform probability density function
is smaller if σ is larger.
For small values of the standard deviation, that is,
σ ≤ 2, and for μ  25, we observe that the optimality
gap of x̂0 can be quite high. In these cases, we do not
recommend using this pseudo-valid cutting plane
approximation. However, the optimality gap can be
signiﬁcantly reduced, in particular, when σ is small,
by considering multiple pseudo-valid cutting plane
approximations with different values for α, and to
select the best among them. Indeed, the in-sample
optimality gap of x̂∗ never exceeds 4%.
Compared with the optimal in-sample solution x∗ ,
the out-of-sample performance of the pseudo-valid
cutting plane solutions x̂0 and x̂∗ is better than their insample performance. In fact, in some cases, the out-ofsample costs of x̂∗ are actually lower than those for x∗ .
In general, we conclude that for larger values of the
standard deviation, that is, σ ≥ 5, the out-of-sample
performance of x̂∗ is equivalent to that of x∗ .
Finally, we note from Table 1 that the pseudo-valid
cutting plane solutions are obtained extremely fast
for the small problems. Indeed, the running times for
x̂0 are below 10 seconds, and to obtain x̂∗ , the best of
100 different pseudo-valid cutting plane solutions,
takes at most 16 minutes. In contrast, the optimal
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Table 1. Numerical Results for the Small Nurse Scheduling Problems
Running times
(seconds)
μ

σ

x̂0

In-sample costs
(percentage gap)

x̂∗

Out-of-sample costs
(percentage gap)
x̂∗

x̂0

x̂0

x̂∗

456 (9.9%)
456 (4.8%)
474 (0.7%)
559 (0.5%)
688 (-0.1%)
924 (0.0%)
1,230 (2.9%)
1,248 (2.7%)
1,253 (0.2%)
1,340 (0.2%)
1,471 (0.2%)
1,705 (0.0%)
2,016 (2.1%)
2,016 (1.0%)
2,034 (0.2%)
2,119 (0.1%)
2,248 (0.0%)
2,486 (0.0%)

426 (2.7%)
444 (2.0%)
475 (0.9%)
557 (0.1%)
688 (-0.1%)
923 (-0.2%)
1,197 (0.2%)
1,216 (0.1%)
1,250 (-0.1%)
1,337 (0.0%)
1,468 (0.0%)
1,705 (0.0%)
1,986 (0.6%)
2,004 (0.4%)
2,035 (0.2%)
2,118 (0.1%)
2,248 (0.0%)
2,485 (0.0%)

456
456
471
548
664
875
1,224
1,248
1,248
1,320
1,444
1,654
2,016
2,016
2,031
2,108
2,225
2,435

418
433
458
533
656
871
1,189
1,201
1,226
1,311
1,438
1,653
1,978
1,993
2,018
2,093
2,216
2,432

Normally distributed patient volume
25
25
25
25
25
25
75
75
75
75
75
75
125
125
125
125
125
125

0.5
1.0
2.0
5.0
10.0
19.0
0.5
1.0
2.0
5.0
10.0
19.0
0.5
1.0
2.0
5.0
10.0
19.0

1.9
1.6
1.8
3.3
3.9
4.2
2.0
2.9
2.1
5.6
8.0
6.9
2.0
1.7
2.6
5.4
7.8
9.6

124.3
177.4
246.2
401.9
415.3
434.7
154.5
253.8
302.9
517.8
676.8
713.2
158.2
242.2
337.3
572.7
807.3
915.0

456
456
474
558
686
919
1,230
1,248
1,252
1,337
1,466
1,698
2,016
2,016
2,034
2,118
2,246
2,478

(10.9%–11.0%)
(5.9%–6.4%)
(1.8%–3.2%)
(1.3%–3.6%)
(0.6%–2.8%)
(0.4%–2.0%)
(3.2%–3.3%)
(3.1%–3.3%)
(0.5%–1.0%)
(0.5%–1.4%)
(0.5%–1.3%)
(0.1%–1.1%)
(2.3%–2.3%)
(1.3%–1.4%)
(0.4%–0.7%)
(0.3%–0.9%)
(0.3%–0.8%)
(0.1%–0.7%)

425
443
473
555
683
917
1,196
1,214
1,249
1,334
1,464
1,697
1,985
2,003
2,033
2,115
2,243
2,477

(3.4%–3.5%)
(2.9%–3.3%)
(1.7%–3.0%)
(0.9%–3.1%)
(0.2%–2.4%)
(0.2%–1.8%)
(0.4%–0.4%)
(0.3%–0.5%)
(0.3%–0.8%)
(0.3%–1.2%)
(0.3%–1.2%)
(0.0%–1.0%)
(0.7%–0.7%)
(0.6%–0.7%)
(0.4%–0.7%)
(0.2%–0.8%)
(0.1%–0.7%)
(0.0%–0.7%)

Uniformly distributed patient volume
25
25
25
25
25
25
75
75
75
75
75
75
125
125
125
125
125
125

0.5
1.0
2.0
5.0
10.0
19.0
0.5
1.0
2.0
5.0
10.0
19.0
0.5
1.0
2.0
5.0
10.0
19.0

1.3
1.8
1.7
4.2
4.8
6.7
1.6
2.2
1.8
3.3
6.2
7.7
1.8
1.6
2.4
4.8
6.8
6.9

112.0
173.2
196.4
335.9
410.0
513.4
128.6
187.6
264.6
385.6
602.6
720.4
127.7
196.6
269.9
482.8
614.4
774.4

456 (13.0%–13.0%)
456 (9.4%–9.4%)
472 (6.5%–6.5%)
547 (4.4%–4.8%)
663 (1.9%–3.4%)
868 (0.4%–2.1%)
1,224 (3.4%–3.4%)
1,248 (4.3%–4.3%)
1,248 (2.0%–2.0%)
1,320 (1.2%–1.3%)
1,441 (0.8%–1.4%)
1,649 (0.4%–1.1%)
2,016 (2.7%–2.7%)
2,016 (2.0%–2.0%)
2,032 (1.4%–1.4%)
2,107 (1.1%–1.2%)
2,222 (0.6%–1.0%)
2,429 (0.3%–0.7%)

solution x∗ could not be computed within 12 hours for
most of the small problems.
Table 2 shows the results for the large problems. We
observe that both pseudo-valid cutting plane solutions x̂0 and x̂∗ consistently outperform the benchmark solutions xLP and xμ , both for the normal and
uniform distribution. Similar to the small problems, x̂∗
can be signiﬁcantly better than x̂0 , in particular for
small values of the standard deviation σ. For large
values of σ, we observe that the solution xLP of the LPrelaxation is almost as good as the pseudo-valid
cutting plane solutions x̂∗ and x̂0 . Because x̂∗ and x̂0
are close to optimal for the small problems in these
cases, we conjecture that x̂∗ , x̂0 , and xLP are all close to
optimal in the corresponding large problems as well.

418
433
458
533
652
866
1,189
1,201
1,226
1,311
1,436
1,647
1,978
1,993
2,018
2,093
2,212
2,427

(3.6%–3.6%)
(3.9%–3.9%)
(3.3%–3.3%)
(1.6%–2.0%)
(0.3%–1.7%)
(0.1%–1.8%)
(0.5%–0.5%)
(0.4%–0.4%)
(0.2%–0.2%)
(0.5%–0.6%)
(0.4%–1.0%)
(0.2%–1.0%)
(0.7%–0.7%)
(0.8%–0.8%)
(0.7%–0.7%)
(0.4%–0.5%)
(0.1%–0.5%)
(0.2%–0.7%)

(12.7%)
(9.0%)
(5.7%)
(3.9%)
(1.1%)
(0.2%)
(3.3%)
(4.1%)
(1.8%)
(1.0%)
(0.5%)
(0.1%)
(2.6%)
(1.9%)
(1.3%)
(1.0%)
(0.4%)
(0.1%)

(3.3%)
(3.5%)
(2.8%)
(1.1%)
(-0.1%)
(-0.3%)
(0.4%)
(0.2%)
(0.0%)
(0.3%)
(0.1%)
(0.0%)
(0.7%)
(0.7%)
(0.6%)
(0.3%)
(0.0%)
(0.0%)

With respect to the running times, we observe that
the pseudo-valid cutting plane approximation can be
typically solved much faster than the LP-relaxation.
We emphasize that both solution methods are implemented using the same standard version of the
L-shaped algorithm. Further analysis of the computational results shows that computing xLP requires
much more master iterations than computing x̂0 , explaining the surprising difference in running times.

7. Discussion
We consider a new solution method for solving twostage mixed-integer stochastic programs (MISPs) with
uncertainty in the right-hand side. Instead of applying exact cuts to the second-stage feasible regions
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Table 2. Numerical Results for the Large Nurse Scheduling Problems
Running times (seconds)
μ

σ

x̂∗

x̂0

xLP

In-sample costs (normalized)
xμ

x̂∗

x̂0

xLP

xμ

100.0
100.0
100.0
100.0
100.0
100.0
100.0
100.0
100.0
100.0
100.0
100.0
100.0
100.0
100.0
100.0
100.0
100.0

107.2
102.9
100.0
100.3
100.0
100.1
102.7
102.7
100.3
100.3
100.1
100.1
101.5
100.6
100.0
100.1
100.0
100.0

110.8
108.0
104.1
100.8
100.3
100.1
104.5
103.6
102.0
100.4
100.1
100.1
102.3
101.8
101.0
100.2
100.1
100.1

116.0
111.4
105.7
105.4
106.7
107.6
106.4
104.8
102.5
102.4
103.1
104.4
103.4
102.5
101.3
101.4
102.0
103.0

100.0
100.0
100.0
100.0
100.0
100.0
100.0
100.0
100.0
100.0
100.0
100.0
100.0
100.0
100.0
100.0
100.0
100.0

109.1
105.3
102.8
102.8
101.6
100.6
102.9
103.9
101.8
100.7
100.4
100.2
101.9
101.1
100.6
100.7
100.5
100.2

113.0
111.1
108.8
103.6
101.2
100.4
105.3
105.0
104.3
101.6
100.4
100.2
102.7
102.4
102.0
100.9
100.4
100.1

118.2
114.1
107.9
109.3
110.6
111.7
107.1
106.1
103.9
103.9
104.7
106.3
103.8
103.1
101.8
102.4
103.1
104.4

Normally distributed patient volume
25
25
25
25
25
25
75
75
75
75
75
75
125
125
125
125
125
125

0.5
1.0
2.0
5.0
10.0
19.0
0.5
1.0
2.0
5.0
10.0
19.0
0.5
1.0
2.0
5.0
10.0
19.0

4,942
6,019
7,791
8,937
10,190
12,407
4,907
8,471
7,151
9,231
14,060
22,212
5,168
7,091
7,718
7,529
10,768
13,524

1,063
1,130
1,998
5,672
7,626
12,407
1,275
2,307
1,853
7,153
9,105
17,905
1,112
1,137
2,070
6,909
7,081
11,636

11,289
11,101
12,285
13,340
12,388
13,123
10,720
11,394
12,722
12,385
13,395
13,866
11,160
12,254
13,476
12,279
13,650
13,521

85
82
87
89
84
87
85
85
78
90
83
85
88
84
92
85
88
85

Uniformly distributed patient volume
25
25
25
25
25
25
75
75
75
75
75
75
125
125
125
125
125
125

0.5
1.0
2.0
5.0
10.0
19.0
0.5
1.0
2.0
5.0
10.0
19.0
0.5
1.0
2.0
5.0
10.0
19.0

5,346
5,507
6,827
7,719
9,591
13,995
5,223
5,617
7,215
9,031
10,096
11,780
5,520
5,636
6,980
8,013
8,627
13,637

1,210
1,017
1,722
5,891
6,075
10,704
1,093
1,837
1,278
3,717
6,199
10,728
1,027
1,072
2,030
5,897
6,290
8,684

11,183
10,797
10,854
12,549
13,206
13,572
10,500
11,594
11,497
13,427
12,944
14,084
10,944
11,824
12,666
13,650
13,286
13,872

that are always valid, we propose to use pseudo-valid
cutting planes that are afﬁne in the ﬁrst-stage decision
variables. The advantage is that the approximating
problem, that uses these pseudo-valid cuts, is convex,
and thus it is much easier to solve than the original MISP.
For simple integer recourse (SIR) models, we show
that the α-approximations of Klein Haneveld et al.
(2006) can be interpreted as pseudo-valid cutting plane
approximations. A direct consequence of this result is
that we obtain an error bound on the quality of the
solution obtained using pseudo-valid cutting planes
for SIR models. For general MISPs we derive a similar
bound for so-called tight pseudo-valid cutting plane
approximations. We show that the error of using such

85
77
82
89
89
72
94
86
82
76
82
89
90
86
91
86
95
86

approximations converges to zero if the total variations
of the one-dimensional conditional probability density
functions in the model converge to zero.
For general MISPs we also derive pseudo-valid
mixed-integer Gomory cuts, and for a nurse scheduling problem we derive pseudo-valid cutting planes
that are tight. Numerical experiments for the latter
type of cutting planes show that we are able to ﬁnd
good ﬁrst-stage decisions, also for large-scale problems. In line with the error bound that we derive, the
performance of the pseudo-valid cutting planes is
better if the standard deviations of the random variables in the model are larger.
A direction for future research is to derive problemspeciﬁc pseudo-valid cutting planes for applications
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of two-stage MISPs. Moreover, tighter error bounds
may be derived for these problem-speciﬁc cutting
plane approximations using the special structure of
the problems, similar as for simple integer recourse
models. Alternatively, error bounds may be derived
for pseudo-valid cutting planes for two-stage MISPs
with discretely distributed random right-hand-side
vectors. Another future research direction is to combine exact and pseudo-valid cutting planes to obtain
more accurate approximations at the expense of increasing the computational effort of solving the
approximation.
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Proof of Proposition 1. Because v̂(ω, z)  v(ω, z) for all ω ∈
Ω and z ∈ α + βZm , it follows from Theorem 3 that for
every k  1, . . . , K, there exists dk such that for all ω ∈ Ω and
z ∈ α + βZm with ω − z ∈ Λk (dk ),
−1
k
v̂(ω, z)  q
Bk Bk (ω − z) + ψ (ω − z).

Fix ω ∈ Ω. Then ψk (ω−z) is Bk -periodic in z and thus ψk (ω −z)
 ψk (ω − z − det(Bk )l) for every l ∈ Zm by lemma 4.8 in
Romeijnders et al. (2016a). Deﬁne δk : det(Bk )β ∈ Zm and
let l ∈ Zm be given, and consider the hyperrectangle
Cl (α, δk ). Let zj , j  1, . . . , J, denote its extreme points and
let z0 : (α1 + δk1 l1 , . . . , αm + δkm lm ) be an interior point. If
Cl (α, δk ) ⊂ ω − Λk (dk ), then we can apply Lemma 1 with
−1
 −1
k
l
k
a : −q
Bk Bk , b : qBk Bk ω + ψ (ω − α), and C : C (α, δ ) to
 −1
k
conclude that v̂(ω, z)  qBk Bk (ω − z) + ψ (ω − α) for all
z ∈ Cl (α, δk ). Because the diameter of Cl (α, δk ) is 2δk , we
conclude that the result holds for all ω − z ∈ Λk (dk + 2δk ).
Indeed, ω − z will be in ω − Cl (α, δk ) for some l ∈ Zm . The
claim now follows by deﬁning dk : dk + 2δk . □
Proof of Lemma 2. Fix ω ∈ Ω. Then, by Proposition 1, it
follows that for every k  1, . . . , K,
−1
k
v̂(ω, z)  q
Bk Bk (ω − z) + ψ (ω − α),

Appendix
Proof of Lemma 1. Because C is a compact convex set,
every z ∈ C can be written as a convex combination of its
extreme points:
z

J
∑

∑
with Jj1 μj  1, and μj ≥ 0, j  1, . . . , J. Since v is convex,
this implies that for all z ∈ C
(
)
J
J
∑
∑
j
μj z ≤
μj v(zj )
v(z)  v


J
∑

(23)

j1

To prove that also v(z) ≥ a z + b for all z ∈ C, assume for
contradiction that there exists z̄ ∈ C such that v(z̄) < a z̄ + b.
Because C is convex and z0 is an interior point of C, there
exists > 0 such that ẑ : z0 + (z0 − z̄) ∈ C. This point ẑ is
deﬁned in such a way that z0 can be written as a convex
combination of z̄ and ẑ:
z0 

−1
k
v̂(ω, z) ≥ q
Bk Bk (ω − z) + ψ (ω − α),

z ∈ Rm .

Proof of Lemma 3. Fix ω ∈ Ω. By Proposition 1, there exist
distances dk ≥ 0 such that for every k  1, . . . , K,
−1
k
v̂(ω, z)  q
Bk Bk (ω − z) + ψ (ω − α),

j1

μj (a zj + b)  a z + b.

Because v̂(ω, z) is convex in z and afﬁne on ω − Λk (dk ), we can
derive a subgradient inequality for each k  1, . . . , K:

Combining these inequalities over all k  1, . . . , K, yields the
desired result. □

μj zj ,

j1

j1

z ∈ ω − Λk (dk ).

1
ẑ +
z̄.
1+
1+

Since v is convex, this implies that
1
1
v(ẑ) +
v(z̄) <
(a ẑ + b) +
(a z̄ + b)
1+
1+
1+
1+
(24)
 a z0 + b,

v(z0 ) ≤

where we use that v(z̄) < a z̄ + b by assumption and v(ẑ) ≤
a ẑ + b by (23). Because (24) contradicts the assumption
that v(z0 )  a z0 + b, we conclude that v(z)  a z + b for all
z ∈ C. □

z ∈ ω − Λk (dk ).

Thus, on the linearity regions ω − Λk (dk ), v̂(ω, z) equals its
lower bound from Lemma 2. Therefore, we only have to show
(13) for z ∈ ω − 1. To this end, let z ∈ ω − 1 be given. Because
1 can be covered by ﬁnitely many hyperslices, there exist aj ∈
Rm \{0} and δj > 0, j ∈ ), such that
⋃
Hj ,
1⊂
j∈)

where Hj : H(aj , δj ), j ∈ ). We will construct points z1 and z2
in the linearity regions of v̂(ω, ·), so that z is a convex combination of z1 and z2 . Then we can use that v̂(ω, z) is convex in
z to derive an upper bound on v̂(ω, z) in terms of v̂(ω, z1 ) and
v̂(ω, z2 ). Because z1 and z2 are in the linearity regions, these
values are known.
To construct such z1 and z2 , let d ∈ Rm \{0} be a direction of
unit length not parallel to any of the hyperslices Hj and thus
not orthogonal to any of the normal vectors aj , j ∈ ). Then
a
j d  0, j ∈ ), and d  1. We consider the line through z
with direction d and deﬁne the halﬂines L1 and L2 as
L1 : {z + μd : μ ∈ R + }

and L2 : {z − μd : μ ∈ R + }.

Because the direction d is not parallel to any of the
⋃
⋃
hyperslices, we have L1 ⊄ j∈) Hj and L2 ⊄ j∈) Hj , and thus
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⋃
Li ∩ (ω − Kk1 Λk (dk ))  ∅, i  1, 2. This means that it is pos⋃
sible to select z1 , z2 ∈ ω − Kk1 Λk (dk ) on L1 and L2 , respectively, with minimal distance to z:
(
)}
{
K
⋃
( )
i


k 
, i  1, 2.
z : arg min z − z  : z ∈ Li ∩ ω −
Λ dk
z

k1

Because z is on the line segment between z1 to z2 , we can
write z as a convex combination z  μz1 + (1 − μ)z2 of z1 and
z2 with μ ∈ [0, 1]. We will use the convexity of v̂(ω, ·) to
derive an upper bound on v̂(ω, z). Here, we will assume
without loss of generality that z1 ∈ ω − Λk1 (dk1 ) and z2 ∈ ω −
Λk2 (dk2 ) with k1 , k2 ∈ {1, . . . , K}. We obtain
(
)
(
)
v̂(ω, z) ≤ μv̂ ω, z1 + (1 − μ)v̂ ω, z2
(
)
(
)
−1
1
k1
 μ q
Bk1 Bk1 ω − z + ψ (ω − α)
(
)
(
)
−1
2
k2
+ (1 − μ) q
Bk Bk2 ω − z + ψ (ω − α) .
2

To obtain the bound in (13) on the difference between v̂(ω, z)
and its lower bound, we subtract this lower bound from
both the left- and right-hand sides of the inequality above.
−1
k
Deﬁning k∗ : arg maxk1,...,K {q
Bk Bk (ω − z) + ψ (ω − α)}, the
difference between v̂(ω, z) and its lower bound then can be
bounded by
(
)
(
)
−1
1
k1

−1
k∗
μ q
Bk1 Bk1 ω − z + ψ (ω − α) − qBk∗ Bk∗ (ω − z) − ψ (ω − α)
(
(
)
−1
2
k2

−1
+ (1 − μ) q
Bk2 Bk2 ω − z + ψ (ω − α) − qBk∗ Bk∗ (ω − z)
)
∗
− ψk (ω − α) .
Because k1 and k2 are not necessarily the maximizing index
−1
k
∗
for maxk1,...,K {q
Bk Bk (ω − z) + ψ (ω − α)}, we may replace k
by k1 and k2 , respectively, to obtain, after straightforward
simpliﬁcations,
{
}
−1
k
v̂(ω, z) − max q
Bk Bk (ω − z) + ψ (ω − α)
k1,...,K
(
)
(
)

1

−1
2
≤ μqBk B−1
k1 z − z + (1 − μ)qBk Bk2 z − z .
1

2

We bound the right-hand side in terms of the distance z1 − z2 
−1
between z1 and z2 . Here, we use λ∗i : maxk1,...,K |q
Bk (Bk ) ei |, for
i  1, . . . , m, where ei is the ith unit vector. We have
{
}
−1
k
B
(ω
−
z)
+
ψ
(ω
−
α)
v̂(ω, z) − max q
Bk k
k1,...,K

≤μ
≤μ

m
∑
i1
m
∑

m
∑
⃒
⃒
⃒
⃒
λ∗i ⃒z1i − zi ⃒ + (1 − μ)
λ∗i ⃒z2i − zi ⃒

⃦
⃦
λ∗i ⃦z1 − z⃦ + (1 − μ)

i1

m
⃦
⃦∑
≤ ⃦z1 − z2 ⃦
λ∗ ,
i

i1
m
∑

contained in the union of the hyperslices Hj , j ∈ ). Hence,
letting +(L) denote the length of line segment L, we have
⃦ 1
⃦ ⃦(
) (
)⃦
⃦z − z2 ⃦  ⃦ ω − z1 − ω − z2 ⃦
(
(
))
⋃
Hj
 + (ω − L) ∩
j∈)

(

)
∑ (
⋃(
)
)
(ω − L) ∩ Hj ≤
+ (ω − L) ∩ Hj .
+
j∈)

j∈)

To ﬁnd +((ω − L) ∩ Hj ), observe that ẑ ∈ L satisﬁes ẑ  z −
μ̂d for some μ̂ ∈ R . Moreover, ω − ẑ ∈ Hj : H(aj , δj ) if 0 ≤
a
j (ω − z + μ̂d) ≤ δj , or equivalently if
−a
δj − a
⎧
⎪
j (ω − z)
j (ω − z)
⎪
⎪
: μ ≤ μ̂ ≤ μ :
,
⎪

⎪
⎪
aj d
a
⎨
j d
⎪
⎪
δj − a
−a
⎪
j (ω − z)
j (ω − z)
⎪
⎪
: μ ≤ μ̂ ≤ μ :
,
⎪
⎩

aj d
a
j d

if a
j d > 0,
if a
j d < 0.

δ

Then +((ω − L) ∩ Hj )  (μ − μ)d  |ajd|, where we use that
j
d  1. Thus, by deﬁning
(


R :

m
∑
i1

)(
λ∗i

)
∑ δj
,

j∈) |aj d|

the claim follows from combining z1 − z2  ≤
and (25). □

∑

δj
j∈) |a d|
j

Proof of Proposition 2. Consider the LP-relaxation vLP (ω, z)
of v(ω, z) as deﬁned in (14). Then, by, for example, Blair and
Jeroslow (1979) and Cook et al. (1986), there exists R such
that v − vLP ∞ ≤ R . Moreover, by combining Lemmas 2 and 3,
we conclude that vLP − v̂∞ ≤ R + maxk1,...,K sups∈Rm |ψk (s)|. If
we deﬁne R :R + R + maxk1,...,K sups∈Rm |ψk (s)|, then
v − v̂ ≤ v − vLP  + vLP − v̂
⃒
⃒
≤ R + R + max sup⃒ψk (s)⃒ : R,
k1,...,K s∈Rm

where the ﬁrst inequality follows from the triangle inequality.
Moreover, sups∈Rm |ψk (s)| is ﬁnite for every k  1, . . . , K, because by Theorem 3 the function ψk is bounded for every
k  1, . . . , K. □
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