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Abstract

A sixth-order, but ghost-free, gauge-invariant action is found for a fourth-rank
symmetric tensor potential in a three-dimensional (3D) Minkowski spacetime.
It propagates two massive modes of spin 4 that are interchanged by parity
and is thus a spin-4 analog of linearized ‘new massive gravity’. Also found
are ghost-free spin-4 analogs of linearized ‘topologically massive gravity’ and
‘new topologically massive gravity’, of fifth and eighth order, respectively.

PACS numbers: 11.10.Kk, 11.15.Wx

1. Introduction

There is a well-developed theory of relativistic free-field spin-s gauge theories in a four-
dimensional (4D) Minkowski spacetime, based on symmetric rank-s gauge potentials. The
topic was initiated by Fronsdal [1] and its geometric formulation was provided by de Wit
and Freedman [2]. We refer the reader to [3] for a more recent review. The s < 2 cases
are standard; in particular, the s = 2 field equation is the linearized Einstein equation for
a metric perturbation. This provides a model for integer ‘higher spin’ (s > 2) where the
gauge-invariant two-derivative field strength is an analog of the linearized Riemann tensor. A
feature of these higher spin gauge theories of relevance here is that the gauge transformation
parameter, a symmetric tensor of rank s — 1, is constrained to be trace free. If this constraint
on the parameter were to be relaxed, then any gauge-invariant equation would be higher than
second order, and this would normally imply the propagation of ghost modes, i.e. modes of
negative energy.

The situation for three-dimensional (3D) Minkowski spacetime is different, in many
respects. One is that the standard ‘higher spin’ gauge-field equations do not actually propagate
any modes in 3D. One may take advantage of this simplification, and the fact that 3D gravity
can be recast as a Chern—Simons (CS) theory [4, 5], to construct CS models for higher spin
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fields interacting with 3D gravity in an anti de Sitter (adS) background. The original model
of this type [6] is analogous to Vasiliev’s 4D theory of all integer higher spins interacting
in an adS background [7]. However, in 3D one can consider a ‘truncated’ version describing
only a finite number of higher spin fields coupled to gravity [8, 9]. Such models have recently
yielded interesting insights [10—12] although the absence of propagating modes may limit
their impact.

Propagating modes arise in 3D when higher derivative terms are included in the action.
The best known case is ‘topologically massive gravity’ (TMG) which involves the inclusion
of a third-order Lorentz—Chern—Simons term [13]. This is a parity-violating gravity model
that propagates a single massive spin-2 mode, thereby illustrating another special feature of
3D: gauge invariance is consistent with non-zero mass. TMG is ghost free, despite the higher
derivative nature of the field equations, because one may choose the overall sign of the action
to ensure that the one propagated mode has positive energy. Rather more surprising is the
fact that there exists a parity-preserving unitary model with curvature-squared terms, and
hence fourth-order equations, that is ghost free and propagates two massive spin-2 modes,
which are exchanged by parity; this is ‘new massive gravity’ (NMG) [14]. It is notable that the
problems normally associated with nonlinearities in higher derivative theories [15] are absent in
NMG [16].

These facets of gauge-field dynamics in 3D are, by now, well known. Less well known,
because it is peculiar to ‘higher spin’ (s > 2), is yet another unusual feature: the trace-
free constraint on the gauge parameter may be relaxed, resulting in what we shall call an
‘unconstrained’ higher spin gauge invariance. As stated above, this implies higher order field
equations, but this need not imply a violation of unitarity in 3D. The spin-3 case was discussed
in [17]. Two distinct parity-violating ghost-free spin-3 models with unconstrained gauge
invariance were found there. One is a natural spin-3 analog of TMG and, as for TMG, the
absence of ghosts is essentially a consequence of the fact that only one mode is propagated.
Nevertheless, the unconstrained nature of the gauge invariance is crucial; a previous attempt to
construct a spin-3 analog of TMG with a trace-free gauge parameter led to a model propagating
an additional spin-1 ghost [18]. We should point out here that another more recent model has
also been called a ‘spin-3 TMG’ [19].

The above considerations motivate the investigation of higher spin gauge theories in 3D
with unconstrained gauge invariance. A systematic procedure for the construction of such
theories was proposed in [17]. Starting from the 3D version of the standard massive Fierz—
Pauli (FP) equations for a rank-s symmetric tensor field, which we denote by G, one can solve
the subsidiary differential constraint on this field to obtain an expression® for it in terms of a
rank-s symmetric tensor gauge potential /:

Guypry = €y o8 B0, -+ O, By, (1.1)
We now view G as the field strength for £; it is invariant under the gauge transformation
e My = 0 Epiepiy) (1.2)

where the infinitesimal symmetric tensor parameter of rank (s — 1) is unconstrained. The FP
equations become

@O -m*Gyyp, =0, 1" Gopyper = 0. (1.3)
The dynamical equation is now of order s + 2, and hence ‘higher derivative’ for s > 0. What

was the algebraic constraint is now a differential constraint of order s, and what was the
differential constraint is now the Bianchi identity

v —
9"Gypyop, = 0. (1.4)
3 Here we use a normalization different from that used in [17].
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This procedure can equally be applied to the parity-violating ‘square-root FP’ (+/FP) spin-s
equations that propagate one mode rather than two. In this case, taking the mass to be w, one
obtains the topologically massive spin-s equations

Eulﬂaeruzmm = UGy gy n"'Guvpy-pr = 0. (L.5)

For s = 2, these are the equations of linearized TMG and for s = 3 they are the equations of
the spin-3 analog of TMG mentioned above.

Given the equivalence of the unconstrained gauge theory formulation of spin-s field
equations with the standard FP and +/FP equations, one may ask what is to be gained by a
gauge theory formulation: What advantage does it have over the original FP formulation? In
the s = 2 case, the answer is that it allows the introduction of local interactions, through a
gauge principle, that would otherwise be impossible: linearized NMG is the linearization of
the nonlinear NMG, which is not equivalent to any nonlinear modification of the FP theory
of massive spin 2 (and the same is true of TMG). One may hope for something similar in the
higher spin case, although we expect this to be much less straightforward. It may be necessary
to consider all even spins, or an adS background, as in Vasiliev’s 4D theory. There is also a
potential link to new 3D string theories [20].

The linear gauge-theory equations (1.3) propagate, by construction, two spin-s modes
that are interchanged by parity, but the construction only guarantees an on-shell equivalence
with FP theory. There is no guarantee that both spin-s modes are physical, rather than ghosts;
this depends on the signs of the kinetic energy terms in an (off-shell) action*. The action that
yields the s = 1 case of (1.3) has been studied previously as ‘extended topologically massive
electrodynamics’ (ETME) [21], and one of the two spin-1 modes turns out to be a ghost, so the
on-shell equivalence to FP does not extend to an off-shell equivalence for s = 1. In contrast,
the fourth-order spin-2 equations are those of linearized NMG, for which both spin-2 modes
are physical. Moving on to s = 3, the construction of an action shows that one of the spin-3
modes is a ghost [17], exactly as for spin 1.

No attempt to construct actions for s > 4 was made in [17] because this requires additional
‘auxiliary’ fields. Here we construct, by finding the required auxiliary fields, actions that can
be described as spin-4 analogs of TMG and NMG. In the latter case, the absence of ghosts
is a non-trivial issue, which we settle using the method introduced by Deser for NMG [22]
and further developed in [23]. This result is consistent with a conjecture of [17], on which we
elaborate at the end of this paper, that a spin-s analog of NMG (i.e. a ghost-free parity-invariant
action of order s + 2 in derivatives propagating two spin-s modes) exists only for even s.

Although it might seem remarkable that a sixth-order action for spin-4 can be ghost free,
it is possible to construct (linear) higher order ghost-free spin-4 models by enlarging the
gauge invariance to include a spin-4 analog of linearized spin-2 conformal invariance, with a
symmetric second-rank tensor parameter. In fact, spin-s gauge-field equations of this type can
be found by solving simultaneously both the differential subsidiary condition of the FP or ~/FP
theory and its algebraic trace-free condition [17], and these equations may be integrated to an
action without the need for auxiliary fields. For example, the spin-s ~/FP equations become
the equations that follow by variation of the symmetric rank-s tensor /4 in the action

1 1
S[h] = > [ d*x {hﬂl---“xcﬂ,,% + ;8,4"‘5h‘“’""">‘*1Eiolclg‘,]m,,x_I } , (1.6)

4 As already mentioned, this is not an issue for ‘topologically massive’ theories because they propagate only one
mode and the sign of the action may be chosen such that this one mode is physical.
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where C is the spin-s Cotton-type tensor for i [25], defined (up to a factor) as the rank-s
symmetric tensor of order (25— 1) in derivatives that is invariant under the spin-s generalization
of a linearized conformal gauge transformation:

Sahu s gny = N Dpas.ie)- (1.7)
A convenient expression for the Cotton-type tensor is
Cll«l---ltx =Eup, = 8(#11)101 e sltxflvx*]pklalvl e 8\1;71591.../1:71\#.:)’ (1.8)

where the rank-s symmetric tensor S, of order s in derivatives, is a spin-s generalization of the
linearized 3D Schouten tensor with the conformal-type transformation

SASMM#}---M = 8(#1 3/@9#3---#:)’ (1.9)

where €2 is a rank-(s — 2) tensor operator, of order (s — 2) in derivatives, acting on the
rank-(s — 2) tensor parameter A.

Applied to the +/FP spin-2 model, this construction yields the linearized fourth-order
‘new topologically massive gravity’ theory of [23], found and analyzed independently in [24].
It was also used in [17] to find a sixth-order ghost-free action for a single spin-3 mode. Here
we present details of the s = 4 case. In particular, we verify that the eighth-order spin-4 action
of type (1.6) propagates a single mode and we show that it is ghost free. We also apply the
construction to the spin-4 FP theory, obtaining a ninth parity-preserving action but in this
case one of the two spin-4 modes is a ghost, as for the analogous lower spin cases considered
in [17].

2. Spin-4 equations
Setting s = 4 in (1.5), we obtain the ‘topologically massive’ equations for a single spin-4
mode of mass u, described by a fourth-rank symmetric gauge potential /:

€, 0:Grvpoe = UG iupos G, (h) =0, 2.1)

where we have defined va (h) = n?? G, pe (h). Similarly, setting s = 4 in (1.3) we obtain the
parity-preserving field equations for a pair of spin-4 modes of mass m, exchanged by parity”

(O = m*)Gpupo (h) =0, G, (h) =0. (2.2)
In either case,
Guvps () = £,7€,"P 6,57 6,529,805 O hapy s Gl (h) = 1" Gpuype (h). (2.3)

We use a ‘mostly plus’ metric convention and define the isotropic rank-3 antisymmetric tensor
& such that®

M2 = 1. (2.4)
The tensor G(h) is invariant under the gauge transformation
8hyvpoe = 9ubvpo) (2.5)

with the unconstrained infinitesimal rank-3 symmetric tensor parameter &.

We shall begin by confirming, using the ‘canonical’ methods of [22, 23], that
equations (2.1) and (2.2) propagate, respectively, one and two massive modes. This analysis
will be useful when we later turn to a similar analysis of the actions. As we focus on the

5 According to one definition, the spin of a particle in 3D may have either sign, which is flipped by parity. We call
this the ‘relativistic helicity’ and define spin to be its absolute value. According to this definition, both modes of a
parity doublet have the same spin.

% This sign is opposite to that used in [23] and [14].
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canonical structure of the equations, we make a time/space split for the components of the
various fields, setting = (0, i) where i = 1, 2. We may then choose a gauge such that’

dihipp = 0. (2.6)

In this gauge, we may write the components of / in terms of five independent gauge-invariant
fields (¢o, @1, @2, @3, @4) as follows:

~ 1 ~ A
hoooo = W‘Po, hoooi = Wai%, hooij = Wai i®2s
1 ~xa 1 ~nan
hoiji = RBE 9;0; 03, hiji = RBE 0;0;0k 014, 2.7
where
d; = 00 (2.8)

Note that we permit space non-locality, since this does not affect the canonical structure.
Substitution into (2.3) gives
Goooo (h) = (V*)*¢, Goooi(h) = V2 (i3 + i),
Gooij(h) = (8;0;02 + 200,93 + 0;0,¢4),
I ~ra A AL A .
Goijk(h) = ﬁ[aiaiakfpl + 3000k @2 + 3000k @3 + 3i3_,'3k(3,3¢4)],
Giju(h) = W[ ;000100 + 40;0;0k0 @1 + 6000k 01 Pa.
+ 45(,‘3]‘31(81)(3,3(,03) + 3,»8,-8;(81(8,‘&04)], 2.9)
and hence

(1) = V2 (2 — Oy,
Gy (h) = 0i(e1 — Og3) + 9;(¢2 — Oga), (2.10)

1 A4 N . . . .
G:-;(h) = ﬁ[aiaj(% — Oga) + 200 (@1 — Ogz) + 0;0; (@2 — Lgs)].

Using these results, the tensor equation G = 0 implies that

9o = oy, o1 = Oes, @ = Oy, (2.11)

which eliminates (¢o, @1, ¢2) as independent fields. The dynamical equation of (2.1) is then
equivalent to

03 = 1ga, (O = 1*)gs =0, (2.12)
so a single mode of mass w is propagated. The dynamical equation of (2.2) is similarly
equivalent to

(O —m*)ps =0, (O —m*)ps =0, (2.13)
which shows that there are two propagating degrees of freedom of equal mass m.

The spins of the propagated modes cannot be determined easily by this method since
they are defined with respect to the Lorentz transformations that leave invariant the original
equations, and this has been broken by the gauge-fixing condition and subsequent (space
non-local) field redefinitions®. However, the initial construction, which guarantees on-shell
equivalence to (according to the case) the /FP or FP equations for spin 4, tells us that the
modes have spin 4.

7 The summation convention applies.
8 In light of this, it is notable that the resulting equations are still Lorentz invariant, but these Lorentz transformations
are not those of the original action.
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3. A spin-4 analog of TMG

We now seek a gauge-invariant, and manifestly Lorentz-invariant, action that yields the
‘topologically massive spin-4 equations (2.1). One can show that such an action must involve
additional ‘auxiliary’ fields that are set to zero by the equations of motion. There is a systematic
procedure that can be used to find these auxiliary fields but here we just give the final result.
One needs an auxiliary symmetric tensor 7., and an auxiliary vector field ¢, :

S = / d’x {%ﬁh’””"Guw (h) — zimh'”ﬂ”sfﬂaaGﬁw (h)
+ %NILUG;;\; (h) + %”WCMV () + %”WGMU ()
Iz Iz 2
+ in“”sﬂ“ﬂaanﬂv + 8wy, — nz) — lqﬁ"aﬂn + lwaana#
2 Iz 2z

e s + 06 G.1)
where

T =n""my, (3.2)
and where C,,,, (7r) denotes the Cotton tensor of 7:

Cuv (1) = £(,*P 30 Sp 1) (70), S (1) = Gy () = 31,0 G (). (3.3)

We now summarize how the equations of motion of this action may be shown to be equivalent
to equations (2.1). We first write down the un-contracted equations of motion of 4,5, 7,
and ¢,,. These are equations with four, two and one indices. We next construct out of these
equations all possible equations with fewer indices by taking divergences and/or traces. In
total, this leads to one (zero, two, two, four) equations with four (three, two, one, zero) indices.
We now first use the four equations with zero indices to derive that

NGE, (h) = 8797 Tp = 7 = 0", = 0. (3.4)

Next, we use the two equations with one index to show that 3%, uw = ¢, = 0. From the two
equations with two indices, we can then subsequently deduce that

G, (h) = 7, = 0. (3.5)

Substituting all these equations back into the original equation of motion for the tensor potential
h then leads to equations (2.1).

4. A spin-4 analog of NMG

Similarly, we now seek a gauge-invariant, and manifestly Lorentz-invariant, action that yields
the spin-4 equations (2.2). In this case, the auxiliary vector field ¢,, is not needed; only the
symmetric tensor 7, and an additional scalar ¢ are required. Defining

Gu(m) =€,"¢,7°0: 0,70, 4.1)
we may write the action as
1 [ 1 vpo 1 v
S = /d3x {—wh’“’" Guvpo (h) + ﬁh“ PTG ypo (h) + %n“ Gy, (h)

1
12m?

1 1 13
— — "Gy () — E(n’“’rr,w — 1) 4+ ¢ + E¢2 +

5 ¢D¢}. 4.2)
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Following the same procedure as in the TMG-like case, we summarize how the equations of
motion of this action are equivalent to equations (2.2). We first write down the un-contracted
equations of motion of 4, , 77, and ¢. These are equations with four, two and zero indices.
We next construct out of these equations all possible equations with fewer indices by taking
divergences and/or traces. In total, this leads to one (zero, two, one, four) equations with four
(three, two, one, zero) indices. The fact that there is no equation with three indices follows
from the Bianchi identity

"G upo(h) =0, 4.3)

which is the s = 4 case of (1.4). We now first use the four equations with zero indices to derive
that

n’”Giiv(h) =070y =7 = ¢ = 0. (4.4)

Next, we use the single equation with one index to show that 8*m;, = 0. From the two
equations with two indices, we subsequently deduce that

va(h) =m, =0. 4.5)

Substituting all these equations back into the original equation of motion for the tensor potential
h then leads to (2.2).

By construction, the action (4.2) propagates two spin-4 modes. We now need to show
that both these modes are physical, rather than ghosts. To do this we first need to rewrite the
action in terms of gauge-invariant variables only and then eliminate auxiliary fields to get an
action for the propagating physical modes only. We have already seen how to write the gauge
potential % in terms of the five gauge-invariant fields (¢o, @1, 2, @3, ¢4). The auxiliary tensor
7, has six independent components, which we may write in terms of six independent fields

(Yo, Y1, Y23 Ao, Al, Ao) as follows:

1 . 1 - . .
oo = —@(% + 2X0), i = —ﬁ[ai(% + A1) + 0; (Ao + A2)],

1 A4 A
Tij = —a(aiajl/fz + 28(,'8]'))\,1 + 28,81)»2) (46)

The dependence on the variables (1, Ay, A3) is that of a spin-2 gauge transformation, so the
tensor Gy, (7r), which is invariant under such a transformation, depends only on the three
variables (Yo, ¥1, V). Specifically, substituting the above expressions for the components of
Ty gives

Goo () = =V, Goi(r) = — (Y1 + 8ivin),
1 ~a ~ . .
Gij(m) = —@(31‘3]'% +200,Y1 + 9;0;Y2) 4.7
and hence
"Gy () = — (o — O9). (4.8)

We are now in a position to determine the form of the action in terms of the gauge-invariant
variables. Direct substitution yields the result

5= / Ex (L) + Lo}, 4.9)
where

1= —e1(d—m")es — — (e @3) — Vi T — W+ 1)—V2(¢1 + A1),
(4.10)

7
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which depends only on the four fields (¢, ¢3; ¥1; A1), and

Ly = %%(D —m) s + %fﬂz(m —m”)ps
- % Yolp2 —Uos) — # Va(po —Ugn) — % Vov
+ 209 — (Yo + 2/\2)%(% + 2k0)

. 1 . 1 .
— (ko + Az)%()»o + X)) + ¢€(1/f0 +2Xxo)

1
12m2¢D¢, 4.11)

which depends only on the remaining eight fields (o, ©2, @4; Yo, ¥2; Ao, X2; ¢). We have
already seen that the propagating fields are ¢3 and @q4, so it must be that one spin-4 mode
is propagated by each of these two parts of the action. We now aim to confirm this and to
determine whether the propagated modes are physical or ghosts. A systematic analysis is
possible but we give only the final results.

Discarding total derivatives, the Lagrangian £, can be rewritten as

™ 13 ,
— QY — 29 2+§¢ +

1 . - ~ ~ 1 .
Li=—¢:1(0 —m*)@1 + Ui — A+ W)i, (4.12)
where
- 5 1, - 1 1
@1 = @1 +mie3 + Sm Y, @3 =93 — — @1 — sy,
2 m 2
- 1 V2 . V2 V2
i=——||l+55|¥1+r+ 01— 6|, (4.13)
J—V2 2m? m* m?

~ 1 1 . 1
=AMt o+ —— 1 — — .
I i Zin 2m21/f1 a3

Using these relations, the field equations of (4.12) can be shown to imply that ¢y = A, =0
and

o1 = Ogs, (O —m?)g3 = 0, (4.14)

in agreement with our earlier conclusion that ¢ is the only independent propagating field (in
the original basis).
In a similar way, the Lagrangian £, can be rewritten as

4 .~ 1 -~ - - - -
Lr=—¢ (0 —m*)@r — ¢ §s — — V2900 + Ao + 25, (4.15)

m m
where
~ 2 2 2 2 T 4 - 1,
900=<P0—m</)2+m(D+m)¢2—mD¢—6m¢, ¢2:¢2+6m¢,
- 1 1 - 1
§04=<P4—n7§02—6¢1 Wo=—@(¢o—5¢2+m¢),
- 1 5 - 1 . . .
szlﬁz—ﬁ(m—m )P4, )»0=—_—V2()»0—1/f2—)vz+¢), (4.16)
- \vgs v2
)»2:2)»24-%((;?2—[\(,04)—}-(l—i—ﬁ)wz—(ﬁ,

-7 1 )
¢=6¢—@D¢—%(D—m)¢2—l/fz-

8
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Using these relations, the field equations of £, can be shown to be equivalent to ¥y = ¥, =
)\.():)»2:(]5:02111(1

9o =Py, @2 = Oy, (O —m*)ps =0, (4.17)
again in agreement with our earlier conclusion that ¢4 is the only independent propagating
field (in the original basis).

If we now recombine the two Lagrangians £ and £, and eliminate auxiliary fields, we
arrive at the Lagrangian

1 . . 4 -
L=—=¢O-m")g1 + — G0 —m’)§,. (4.18)
m m

Observe that both terms have the same sign. This means that the overall sign can be chosen
such that both modes are physical. In our conventions, the sign that we have chosen is precisely
such that this is the case, so our spin-4 action is ghost free.

5. Conformal spin 4

So far, we have considered massive spin-4 gauge theories with equations that can be obtained
by solving the differential subsidiary condition of corresponding FP or ~/FP equations. As
mentioned in section 1, it is possible to solve, simultaneously, both the differential subsidiary
constraint and the algebraic trace-free condition on the FP field, which thereby becomes a
Cotton-type tensor for a gauge potential £ that is subject to a conformal-type linearized gauge
transformation that can be used to remove its trace. Here we present a few further details of
this construction for spin 4 and we analyze the physical content of the ‘conformal’ models
that one finds this way.
The spin-4 FP field becomes the spin-4 Cotton-type tensor

Cuvpo = €716, 8,231, 80, 00,Sp, o1 (R, (5.1)
where the spin-4 Schouten-type tensor S, for symmetric rank-4 tensor potential 7, is

S;w,oa (h) = G;/,upa (h) — U(Mngg)(h) + %n(uvnpa)naﬂcgﬂ (h). (5.2)
The conformal-type transformation for spin-4 is

Sh/wpa = n(/thprr)~ (53)

The invariance of the Cotton-type tensor under this gauge transformation is an immediate
consequence of the following simple transformation law for the spin-4 Schouten-type tensor:

8S)mp0 () = 0,0y Rp0). Qv = Gy (A) — 7, G (A), (5.4)

where the tensor G(A) is the linearized Einstein tensor for the second-rank tensor
parameter A.

Following the procedure outlined above, we deduce that the spin-4 FP equations are
equivalent to the single equation

(0 —m*)Cpupo =0, (5.5)

with no lower derivative constraints; what were the differential and algebraic constraints of
the FP theory are now the Bianchi and trace-free identities

" Cpvps =0, n""Crvpe = 0. (5.6)

Equation (5.5) may integrated to the following ninth-order action, without the need of auxiliary
fields:

1
§O = 3 / &x 1P (O — m*)Corpo (h). (5.7)

9
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Similarly, the ~/FP spin-4 equations become
guaﬁ 8acﬂvpa = MC/LUpo'v (5.8)

again with no lower derivative constraints. These equations can be integrated to the following
action, eighth order in derivatives:

1 1
§® = 3 / d’x {h“""”CWW (h) + ;eﬂaﬁhw“a&cﬂw (h)}. (5.9)

Again, no auxiliary fields are needed.

By construction, the actions S® and S propagate, respectively, one or two modes of
spin 4, although there is no guarantee that none of the modes is a ghost. To settle this issue,
we may use the additional gauge invariance (5.3) to go to a gauge in which

hijwy = 0. (5.10)
In this gauge, the only non-zero components appearing in decomposition (2.7) are
1 | N
hoooo = —5— %o, hoooi = ——5— 0;¢1. 5.11
0000 = 73340 0001 = g2z 91 (5.11)

As a consequence of this simplification, we will need only the following components of the
Cotton-type tensor:

Coooo = —3(VH) 01,

Coooi = — 5 V2Bi00 — V28

Cooij = _%éiéj O — ié(iaj)fﬁo — 180,¢1. (5.12)
The remaining components are not zero but they are determined in terms of the ones given
by conditions (5.6).
Using these results for the Cotton-type tensor, we find that
1
5 = —2 / P go (0 —mP)g. (5.13)

This action propagates two modes but one is a ghost. This was to be expected because this is
what happens for s = 2, 3 [17]. In contrast, S® propagates a single mode. To check this, we
may use the above expressions for the Cotton-type tensor components to deduce that

s® = / Pl oo+ i + o1 O (5.14)
2 e’ ' '
The field ¢y is now auxiliary and may be trivially eliminated, so that
1
§®  — /d3x o1 (O —u)e. (5.15)
n

This action clearly propagates a single mode, and this mode is physical if © > 0. We have
therefore found an eighth-order ghost-free action that propagates a single spin-4 mode.

6. Conclusions

In this paper, we have constructed ghost-free actions that yield spin-4 analogs of linearized
massive gravity models. One, of fifth order in derivatives, is a parity-violating field theory
that propagates a single spin-4 mode; it is a spin-4 analog of linearized ‘topologically massive
gravity’ (TMG). The other, of sixth order in derivatives, is a parity-preserving field theory
that propagates two spin-4 modes; it is a spin-4 analog of ‘new massive gravity’ (NMG). In
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both cases, the action involves auxiliary fields and is invariant under an unconstrained spin-4
gauge transformation (i.e. one in which the third-rank symmetric tensor gauge parameter is
not constrained to be trace free). The absence of ghosts is non-trivial in the NMG-type case
but we have verified by ‘canonical’ methods that both propagating modes are physical.

In the spin-2 case, both TMG and NMG are particular limits of a ‘general massive gravity’
model that propagates two spin-2 modes, generically with different masses [14]. We expect
there to exist a spin-4 analog of this model, such that the TMG-type and NMG-type spin-4
models constructed here arise as special cases.

Given a spin-s TMG-type model, we could construct a parity-preserving theory by taking
the action to be the sum of two TMG-type models with opposite sign masses. This bi-field
model has the same propagating content as a single NMG-type model but is one order lower in
derivatives. In the spin-2 case, there exists a ‘soldering’ procedure that allows one to convert
the bi-field TMG model into an NMG model [26]. We do not expect this to work for spin
3 (because the attempt to construct a spin-3 NMG-type model, along the lines of this paper,
yields a model with ghosts [17]) but there might exist some analogous ‘soldering’ procedure
for spin 4.

We have also constructed a parity-violating ghost-free ‘conformal spin-4’ action that
propagates a single spin-4 mode. In this case, the action is eighth order in derivatives but
invariant under a spin-4 analog of a spin-2 linearized conformal gauge invariance, in addition
to the unconstrained spin-4 gauge invariance. This is the spin-4 analog of ‘new topologically
massive gravity’. There is a parity-preserving version, of ninth-order in derivatives, that
propagates two spin-4 modes but one mode is a ghost. However, a parity-preserving bi-field
model of eighth order will have the same physical content as the sixth-order spin-4 NMG-type
action.

Of course, what is ultimately of importance is which, if any, of the various models
constructed here has some extension to an interacting theory or, more likely, plays a role in
the context of some interacting 3D theory of higher spins. It seems likely to us that a much
improved understanding of the general spin s > 2 case will be needed to begin addressing this
issue. This lies outside the scope of this paper. However, we will conclude with an argument
that goes some way toward a proof of the conjecture in [17] that an NMG-like action for
integer spin s is ghost free only if s is even.

To prove the conjecture, we should start from an action for a spin-s NMG-type model, as
found here for s = 4, in which case we would first have to find the auxiliary fields. Recall that
these auxiliary fields are needed to impose the lower order constraint equation. As a shortcut,
we could construct an action for the dynamical equation alone, for which auxiliary fields are
not needed, and then impose ‘by hand’ the constraint equation. In other words, we consider
the Lagrangian

Lpin—s = 3" (O =m*)Gy,.pn, (). (6.1)
To the field equations, we must now add, ‘by hand’, the trace-free constraint
G () =0. 6.2)

We now proceed to a canonical analysis of this Lagrangian, and the constraint, by setting

1 ~ A
hiligwi,O»--O = mail s ai,got t=0,...,s). (6.3)
It then follows, for r =0, ..., s, that
s, RSN N _
Gipaioo(h) = (=1 (=V3)> 7" )" (p) Oiy -+ 03, 0ipy -+ 013 " Py (6.4)
p=0
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and, forr =2, ---, s, that
Gl i oo = (=D (=vH ! (6.5)
A r—2
AT A r—p=2
XY ( , )30’1 s 0,0, 0580 T (9 p2 — D p) -
p=0

Substituting into Lagrangian (6.1), we obtain

(s/2)-1
L(s 2 s 5
§<s 2)%/2(5 —m7) Qs + Z (I)%(D —m")@s—; evens,

Lpin—s = (s=1)/2 =0 (6.6)
— Z C) o (O —m2)<ps,, odd s.
=0
In either case, the equations of motion that follow from this Lagrangian are
@O-m*)g, =0 (t=0,...,5). (6.7)
To these equations, we have to add the trace-free condition (6.2), which is equivalent to
Ys—p—2 =Uos, (p=0,...,5s=2). (6.8)
By combining (6.7) with (6.8), one finds, for z < s, that
o = m'g,, t=0,2,4,..., (6.9)
o1 =m "y, r=1,3,5.... (6.10)

Next, one substitutes these equations into the Lagrangians of (6.6) in order to eliminate
all fields other than ¢y and ¢;. For even spin s, the resulting Lagrangians contain only two
terms: @o (00 —m?)@y and ¢ (O —m?)¢;, both with the same (positive) sign. The even-spin
Lagrangians are therefore ghost free. In contrast, the Lagrangians for odd spin contains only
one off-diagonal term, which is proportional to ¢o(CJ —m?)¢,. In this case, therefore, one
mode is physical and the other a ghost. Although this argument falls short of a proof that there
is a ghost-free spin-s NMG-type action only for even s, we believe that it captures the essential
difference between the even- and odd-spin cases.
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