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In this paper we provide the criteria for any generally covariant, parity preserving, and torsion-free
theory of gravity to possess a stable de Sitter (dS) or anti–de Sitter (AdS) background. By stability we mean
the absence of tachyonic or ghostlike states in the perturbative spectrum that can lead to classical
instabilities and violation of quantum unitarity. While we find that the usual suspects, the FðRÞ and FðGÞ
theories, can indeed possess consistent (A)dS backgrounds, G being the Gauss-Bonnet term, another
interesting class of theories, string-inspired infinite derivative gravitational theories, can also be consistent
around such curved vacuum solutions. Our study should not only be relevant for quantum gravity and early
universe cosmology involving ultraviolet physics, but also for modifications of gravity in the infrared sector
vying to replace dark energy.
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I. INTRODUCTION

Einstein’s general relativity (GR) is an extremely suc-
cessful theory in the infrared (IR), which matches a
plethora of predictions and observations, including various
solar system tests and cosmological predictions [1].
However, as it stands it has shortcomings in the ultraviolet
(UV); it is incomplete classically as well as quantum
mechanically; general relativity admits black hole and
cosmological singularities, while the quantum loops render
the theory nonrenormalizable beyond one loop [2]. In the
case of a black hole, at least the singularity is covered by a
horizon, but the cosmological singularity is “naked” where
the energy density of the Universe and all the curvatures
blow up for physical time, t → 0 [3]. At the quantum level
there have beenmany attempts to formulate a finite theory of
gravity [4–6] such as string theory (ST) [7], loop quantum
gravity (LQG) [8], causal set [9], dynamical triangulation
[10], and asymptotic safety [11] with varying degrees of
success. Intriguingly, most of these approaches to gravity
have lead to nonlocal phenomena.
For instance in ST, strings and branes are nonlocal objects

with interactions spread over a region of space-time.
Nonlocal structures also appear in noncommutative geom-
etry and string field theory (SFT) [12], p-adic strings [13],
zeta strings [14], and strings quantized on a random lattice
[15,16]; for a review, see [17]. LQG and causal set

approaches are primarily based on nonlocal Wilsonian
operators, while nonlocality in the form of an infinite set
of derivatives has been discussed in the context of renorm-
alization group arguments within the context of asymptotic
safety [18]. It turns out that this appearance of an infinite
series of higher derivative terms incorporating the non-
locality, often in the form of an exponential kinetic correc-
tion, is also a key feature ofmany of the stringy constructions
[19–21]. Thus, one of the main focuses of our paper is to
continue to investigate the consistency and viability of these
infinite-derivative models and their implications for funda-
mental physics.
One of the typical challenges of higher derivative theories

is that they suffer from Ostrogradsky instabilities at a
classical level; see [22]. They also appear while canonically
quantizing the theory; see [23]. The Ostrogradsky argument
relies on having a highest “momentum” associated with the
“highest derivative” in the theory in which the energy is seen
to be linear, as opposed to quadratic. This makes the energy
of the system unbounded from below and signals the
presence of instability in the spectrum of the theory, which
leads to lack of unitarity, predictability, and stability of the
vacuum.
In gravity, a classic example of a higher derivative

theory that has ghosts is Stelle’s fourth derivative theory
of gravity [24] (see also [25]), which is renormalizable, but
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unfortunately contains amassive spin-twoghost. In the path-
integral approach, the presence of ghosts can be identified
from the extra poles/roots that arise in the propagator with
wrong sign residues. As the Ostrogradski argument sug-
gests, the issue of ghosts is hard to tame order byorder; one is
invariably left with a highest momentum operator. In the
language of the propagator, a finite fourth or higher order
polynomial in momentum causes trouble for the stability of
the action as in such a case it is easy to prove that the residue
at one or more of the poles will inevitably have the wrong
sign. In order to make sure that there exist no extra poles in
the propagator, one is required to modify the propagator by
an entire function,1 which contains no poles in the finite
domain, and essential singularities only at the boundary, i.e.
�∞ [19–21]. However, such a modification of a propagator
also demands that the theory must contain infinite deriva-
tives. Since in this case there is no highest momentum
associated with the highest derivative, the Ostrogradsky
problem can be avoided and one is forced to work with the
path-integral formulation. Perhaps not surprisingly, the
stringy higher derivative modifications that we alluded to
before are precisely of this form. While our paper mainly
focuses onviability of such infinite-derivativemodifications
in the context of gravity, our discussions and results are
equally valid for most covariant higher derivative theories of
gravity, including those thatmay be relevant for inflation; for
a review see [26], or the dark energy problem [27].
In [28,29], consistency of gravitational theories that could

contain any combination of the Reimann tensor around the
Minkowski space-time in four space-time dimensions was
investigated and concrete criteria were established to ensure
the absence of any ghosts and tachyons in the perturbative
spectrum. The analysis generalized similar criteria that were
earlier found in [21] (see also [30,31] for robustness and
perturbative stability of these models) for theories that only
contained terms involving the scalar curvature. In particular,
the obtained criteria reiterated the consistency of the widely
popular FðRÞ and FðGÞ models where R and G are the
Ricci scalar and Gauss-Bonnet scalars (see also [32]). It
also corroborated the consistency of the class of infinite-
derivative gravitational (IDG) theories involving the Ricci
scalar considered in [21] while demonstrating that these
theories can also be viewed as an infinite-derivative p-adic/
SFT-type scalar field nonminimally coupled to general
relativity; please see [33] for a more detailed account.
Most interestingly however, the authors Biswas, Gerwick,
Koivisto and Mazumdar (BGKM) also found a class of
consistent IDG theories comprising terms at most quadratic
in the Riemann tensor (not just the Ricci scalar) that

contained no extra poles in the propagator other than the
one corresponding to the massless graviton and no extra
scalar degree of freedom.We shouldmention that the idea of
evading ghosts by means of infinitely many derivatives was
introduced in the second paper of [34], and later taken up in
[21,28,35].
In the new class of theories introduced in [28,29], the

only modification was in the form of a multiplicative entire
function to the graviton propagator. In particular, in the UV
the propagator could now become more convergent than
the usual inverse square dependence of the momentum.
Thus these theories can be thought of as ghost-free infinite-
derivative extensions of Stelle’s fourth derivative theory of
gravity. In fact, it was shown in [36] that although softening
of the propagator by an exponential inevitably implies an
exponential enhancement in the interactions in the UV, the
superficial degree of divergence, D, which comes from a
combination of vertex operators and propagators, reads an
encouraging D ¼ 1 − L, where L is the number of loops.
One can therefore hope that for L > 1, the theory becomes
super-renormalizable; similar results also hold for other
forms of entire functions which are not exponentially
suppressed [34,35]. The idea was tested and verified in a
scalar-toy model of gravity up to two loops explicitly for an
exponential propagator [36]. For the same setup, high
energy scatterings of gravitons were also analyzed, and
it was found that vertices can overcome the propagator
contributions at finite loop levels to make the scattering
diagrams finite for given external momenta [37].2

While the quantum nature of IDG theories is encourag-
ing, perhaps the most striking feature of IDG theories is
their classical behavior at the UV; the same propagator
which softens quantum aspects of higher loops also seems
to be able to avoid classical singularity for a point source—
as long as the mass of the source m≲ ffiffiffiffiffiffiffiffiffiffiffi

M2=M2
p

p
, whereMp is

the four-dimensional Planck mass and M is the scale of
nonlocality [28]. The classical avoidance of singularity was
tested vigorously in the linearized limit for both static [40],
and time dependent cases [41]. The avoidance of cosmo-
logical singularity has, in fact, been tested beyond linear
level. First, an ansatz was recognized that resolved the
cosmological big bang singularity problem by replacing it
with a big bounce that conjoins the expanding Universe
with a previous contraction [21]; see also [42,43].
Secondly, these background solutions were perturbed on
sub- [44] and super-Hubble scales [30] to seek any unstable
mode, but no instability has been observed yet; see also
[45–47] for general features of perturbative evolutions that
can also be applied to these bouncing scenarios and that
further corroborate these findings. Finally, the avoidance of
cosmological singularity has been tested at a nonlinear1Often it is more convenient to impose restriction on the

inverse momentum operator rather than the propagator. Since we
do not want the propagators to have extra poles, this means the
inverse propagator cannot have extra 0’s. This can be ensured if
the inverse propagator is the exponential of an entire function
which can never vanish in the finite complex plane.

2Infinite derivatives with Gaussian kinetic term also have many
applications in field theory [38], and particle physics model
building [39].
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level by understanding the geodesics of null rays to see
whether they diverge or converge to test the focusing
theorem of Penrose and Hawking [48]. It was observed that
IDG theories indeed give rise to defocusing of null rays
without violating any of the energy conditions required
upon matter [49]; for more details on the computations,
see [50].
Last but not the least, an intriguing connection has been

established between the gravitational entropy and the
propagating degrees of freedom in the space-time. The
gravitational entropy for ghost-free IDG does not get a
contribution from the UV, but only from the Einstein-
Hilbert action and follows strictly the area law for entropy
for a static spherically symmetric black hole [51].
Given all the encouraging results that have emerged in

the IDG theories, it stands to reason that we investigate the
viability of these theories further. An obvious choice is to
look at the consistency of other backgrounds that these
theories may admit; after all a theory of quantum gravity
should enable us to compute quantum amplitudes around
any classical background, not just the Minkowski vacuum.
The situation is similar to particle theories; while calcu-
lations around Minkowski space-time are the most impor-
tant, field theories can be consistently expanded around
solitonic backgrounds and provide sensible answers. Due
to their simplicity as well as importance in cosmology and
fundamental physics, looking at perturbations around de
Sitter (dS) and anti–de Sitter (AdS) space-times seems the
natural choice to make progress in this direction. On one
hand, our hope is that the requirement of consistency
around these curved backgrounds provides us with addi-
tional constraints on IDG theories shedding light on what a
fundamental theory of gravity may look like. On the other
hand, it is known that for several applications of gravity,
ranging from testing gravity in our Solar System to
understanding cosmological phenomena, often one only
needs to understand the dynamics of the relevant space-
time background and linearized perturbations around it. We
hope that our results for the dS background not only aid
inflationary or dark energy related cosmological model
building efforts,3 but also that the techniques we have
developed to study curved backgrounds pave the way to
investigate more nontrivial backgrounds, such as the

Friedmann-Lemaître-Robertson-Walker (FLRW) space-
times, and their perturbations.
We begin by writing down the general form of an action

that consists of terms that are at most quadric in curvatures.
In the companion book chapter [31] it was shown that given
any arbitrary covariant action of gravity that is parity
preserving, torsion free and admits a well-defined
Minkowski limit, one can always find such a “quadratic
curvature” action that is “equivalent” as far as the physics
of the linearized fluctuations around dS/AdS/Minkowski
are concerned. For details on how to obtain the equivalent
quadratic action for any higher derivative action potentially
containing arbitrary high powers of curvatures, we again
refer the readers to [31]. In this paper, our main goal is to
obtain consistency conditions for the quadratic curvature
action. We first vary the quadratic curvature action of
gravity around dS and AdS keeping up to second order
terms in fluctuations of the metric.4 We decompose the ten
metric components in four space-time dimensions into the
transverse and traceless spin-two graviton field containing
five degrees of freedom, the three transverse vector degrees
of freedom, and two scalar degrees of freedom. There are,
of course, four gauge degrees of freedom, three of which
reduce the spin-two field to the two helicity states of the
graviton, while the remaining gauge freedom is used to
cancel the longitudinal vector mode reducing the vector
degrees of freedom to the two helicity states as well. This
decomposition explicitly demonstrates that just as in GR,
the vector and one of the scalars vanish from the action
even for the higher derivative action. This can also be seen
from the Bianchi identities that the field equations must
satisfy. To summarize, we are left with just the spin-two
graviton and one scalar physical degree of freedom; indeed
the latter is the familiar Brans-Dicke scalar that popularly
arises in FðRÞ theories. The final aim of this paper is to
write down explicitly the action for the graviton and the
scalar mode in order to determine when these fields can
propagate without encountering ghostlike or tachyonic
instabilities.
Our paper is organized as follows: In Sec. II, we expand

the quadratic curvature action around (A)dS background
keeping terms that are quadratic in metric fluctuations. In
Sec. III, we decompose the action into two parts corre-
sponding to the physically surviving scalar and tensor
modes of the metric. We then proceed to obtain the
consistency conditions for the theory to be free from
ghostlike and tachyonic instabilities around (A)dS back-
grounds in Sec. IV. Apart from the usual local theories that
are known to be consistent, we see how consistent nonlocal
IDG theories can also emerge. In particular, we provide
examples of IDG theories that provide consistent theories

3The dS space-time that our Universe seems to be heading
towards “presently” has a very small cosmological constant, and
thus the Minkowski space-time analysis suffices if the scale of
gravitational modification is close to Planckian. However, our
results are completely general and should be useful for under-
standing classical stability of modifications of gravity at much
smaller scales that people have been pursuing in the context of the
cosmic speed-up problem, and can be thought of as a generali-
zation of the constraints obtained in [52,53] for a more limited
class of gravitational actions. More pertinently however, there has
been a lot of recent interest in inflationary cosmology from
gravitational modifications. The inflationary scale can certainly
be high enough to be relevant for our study.

4Previous studies have concentrated on finding the graviton
propagator around dS and AdS backgrounds in the context of
Einstein-Hilbert action; see [54–59]. Here we generalize to IDG.
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in the presence of an arbitrary cosmological constant, thus
generalizing previous constructions of viable theories
around Minkowski background. We have three appendixes:
In Appendix Awe discuss various notations and identities,
in Appendix B we enumerate the commutation relations
involving covariant derivatives that we need in our com-
putations, and in Appendix C we provide the details of the
cancellation of the vector and scalar modes in covariant
gravitational actions.

II. LINEARIZED NONLOCAL GRAVITY ON DS
AND ADS BACKGROUNDS

A. Equivalent action around constant
curvature backgrounds

One can start from the most general covariant, torsion-
free, parity preserving quadratic action of gravity with a
well-defined Minkowski limit and obtain a simpler equiv-
alent action that reproduces the same quadratic action for
fluctuations around a constant curvature background, such
as dS, AdS and Minkowski. We consider actions expand-
able in Taylor series in curvatures and derivatives such that
terms like 1=R or 1=ð□RÞ are not present. In future, one
may be able to relax some of these conditions, but with
these restrictions, one can easily see that the most general
action can be written in the form5

S ¼
Z

d4x
ffiffiffiffiffiffi
−g

p �
P0 þ

X
i

Pi

Y
I

ðÔiIQiIÞ
�
; ð2:1Þ

where P’s and Q’s are quantities composed only of the
Riemann and the metric tensor and Ô’s are differential
operators solely constructed from covariant derivatives.
It is clear that the theory admits dS, AdS and/or

Minkowski vacuum solutions depending on its algebraic
properties. These backgrounds are of natural interest to
cosmology, and AdS=CFT correspondence (for a review
see, for instance, [60]) among other topics in high energy
physics. The AdS and dS backgrounds are maximally
symmetric space-times (MSS), where we have

R ¼ R̄ ¼ const; Rμν ¼
R̄
4
ḡμν;

Rρ
μσν ¼ R̄

12
ðδρσ ḡμν − δρνḡμσÞ: ð2:2Þ

Hereafter “¯” designates the background quantity, and
R̄ ¼ 0 in the above formulas yields the Minkowski
space-time.6 In [31], it was demonstrated that in order to
study the perturbative properties of the action Eq. (2.1)
around dS, AdS or Minkowski backgrounds, it is sufficient
to look at a simpler equivalent action that just contains

terms that are quadratic in curvature, but potentially an
infinite set of covariant derivatives. We introduce the metric
fluctuations as

gμν ¼ ḡμν þ hμν; ð2:3Þ

where ḡμν is the background dS/AdS/Minkowski metric.
The corresponding equivalent action reproducing the
Oðh2Þ variation of Eq. (2.1) around a MSS is

S ¼
Z

d4x
ffiffiffiffiffiffi
−g

p �
M2

P

2
R − Λþ λ

2
ðRF 1ð□ÞR

þ SμνF 2ð□ÞSμν þ CμνλσF 3ð□ÞCμνλσÞ
�
; ð2:4Þ

where S and W are the traceless-Ricci (TR) and Weyl
tensors respectively defined by

Sμν ¼ Rμν −
1

4
Rgμν ð2:5Þ

and

Cμ
ανβ ¼ Rμ

ανβ −
1

2
ðδμνRαβ − δμβRαν þ Rμ

νgαβ − Rμ
βgανÞ

þ R
6
ðδμνgαβ − δμβgανÞ: ð2:6Þ

For future convenience, we also write this action as

S ¼ SEHþΛ þ SR2 þ SS2 þ SC2 : ð2:7Þ

The F ’s are assumed to be expandable as a Taylor series,

F i ¼
X
n¼0

cin□n=M2n:

The dimensionless coupling λ is introduced to control the
higher derivative terms. For λ → 0, we recover the Einstein-
Hilbert action, while as M → ∞, we recover purely a local
action, quadratic in curvature. The reduction to this latter
action is described in detail in [31].
One can show that the equations of motion upon

substitution of values from Eq. (2.2) imply

M2
PR̄ ¼ 4Λ; ð2:8Þ

which is identical to what one obtains from just the SEHþΛ
action. We also note that the Gauss-Bonnet scalar

G ¼ R2 − 4R2
μν þ R2

μναβ ¼
1

6
R2 − 2S2μν þ C2

μναβ; ð2:9Þ

being a topological invariant in four dimensions, allows us
to set one of the coefficients among c1;0; c2;0; c3;0 to 0, if we
wanted to. Unfortunately, no such simplification is possible
for higher derivative terms.

5We are using ð−;þ;þ;þÞ signature of the metric.
6The greek indices run as μ, ν ¼ 0, 1, 2, 3.
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We proceed by obtaining the Oðh2Þ part of the action
(2.7) which is all that we need to study perturbative
consistency of theories (2.1). Unfortunately, the calcula-
tions are rather technical, so we have summarized the main
results in our concluding section, in case the reader wants to
skip these details. Also, in our derivations, we very much
rely on the formulas collected in the appendixes, and
wherever appropriate direct the reader to the relevant
sections in them.

B. Quadratic action

1. The Einstein-Hilbert term and Λ

Let us start with the pure Einstein-Hilbert action with a
cosmological term

SEHþΛ ¼
Z

d4x
ffiffiffiffiffiffi
−g

p �
M2

P

2
R − Λ

�
: ð2:10Þ

Its quadratic variation is obviously very well known, see for
instance [52,53,61], but for the sake of completeness we
include it here. Using Eq. (A6) from Appendix A 3, and
assuming the background configuration Eq. (2.2), together
with the relation Eq. (2.8), we obtain the following
quadratic variation for action Eq. (2.10):

δ2SEHþΛ ¼
Z

dx4
ffiffiffiffiffiffi
−ḡ

p M2
P

2
δ0; ð2:11Þ

δ0 ≡
�
1

4
hμν□̄hμν −

1

4
h□̄hþ 1

2
h∇̄μ∇̄ρhμρ þ

1

2
∇̄μhμρ∇̄νhνρ

�

−
1

48
R̄ðh2 þ 2hμνhνμÞ: ð2:12Þ

2. The quadratic terms involving Ricci scalar

Again, utilizing Eq. (A3) from Appendix A 3 for
notations and actual computations, and using heavily that
R̄ ¼ const, we obtain

δ2SR2 ¼ λ

2

Z
d4x

ffiffiffiffiffiffi
−ḡ

p �
2

�
h
2
rþ 1

2

�
h2

8
−
hμνhμν

4

�
R̄þ δ2ðRÞ

�
c1;0R̄þ rF 1ð□̄Þr

þ
�
h
2
R̄þ r

�
δðF 1ð□ÞÞR̄þ R̄δ2ðF 1ð□ÞÞR̄þ h

2
R̄ðF 1ð□̄Þ − c1;0Þrþ R̄δðF 1ð□ÞÞr

�
; ð2:13Þ

where we have already integrated by parts some terms. By
inspection the terms in the first line can be rewritten as

λ

2

Z
d4x

ffiffiffiffiffiffi
−ḡ

p ½2c1;0R̄δ0 þ rF 1ð□̄Þr�:

Now, turning to the second line of Eq. (2.13), we first notice
that the first two terms are actually 0. This is because R̄ is a
constant and a scalar, and therefore annihilated by □ ¼
∇μ∂μ as well as by δ□ [see Eq. (A5)]. For the last term, the
variation of δF 1ð□Þ must appear in the □ appearing at the
extreme left; otherwise, the term becomes a total derivative.
In other words, the last two terms in the second line of
Eq. (2.13) can be combined as

λ

2

X∞
n¼1

c1;nR̄
Z

d4x
ffiffiffiffiffiffi
−ḡ

p �
h
2
□̄þ δð□Þ

�
□̄

n−1r;

using the Taylor series representation for function F 1ð□Þ.
Now, reciting explicitly Eq. (A5),

δð□Þφ ¼ ð−hμν∇μ∂ν − gμνγρμν∂ρÞφ;

which is valid for any scalar field, φ, and integrating by
parts one can explicitly show that under the integral, δð□Þφ
is equivalent to − 1

2
ð□̄hÞφ, and therefore the two terms

actually cancel. In other words, we have just proved

δ2SR2 ¼ λ

2

Z
d4x

ffiffiffiffiffiffi
−ḡ

p ½2c1;0R̄δ0 þ rF 1ð□̄Þr�: ð2:14Þ

3. Terms involving the TR and Weyl tensors and the
complete quadratic action

Variations of the terms containing the Weyl or TR
ternsors are extremely simple as both these tensors are 0
on constant curvature background, see Eq. (2.2), and they
enter the action quadratically. This means that the only
terms which survive are

δ2SS2 ¼
λ

2

Z
d4x

ffiffiffiffiffiffi
−ḡ

p
δðSμνÞF 2ð□̄ÞδðSνμÞ and

δ2SC2 ¼ λ

2

Z
d4x

ffiffiffiffiffiffi
−ḡ

p
δðCμα

νβÞF 3ð□̄ÞδðCμα
νβÞ: ð2:15Þ

Respective variations can be easily written in terms of r, rμρ,
rμνρσ, these quantities being defined and computed in
Eqs. (A3) and (A4); however one has to perform some
algebraic manipulations to account properly for all the
contractions of the Kronecker symbols. A simplifying point
is that r, rμρ, r

μν
ρσ terms do not mix, thanks to the symmetry

properties of the Riemann tensor. We leave the explicit
algebraic manipulations to the reader, and here just present
the final result for the action containing quadratic
fluctuations.
Summing all the individual contributions, Eqs. (2.12),

(2.14), and (2.15), we get
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δ2S ¼
Z

dx4
ffiffiffiffiffiffi
−ḡ

p ��
M2

P

2
þ λc1;0R̄

�
δ0 þ

λ

2
ðrF̂ 1ð□̄Þr

þ rμνF̂ 2ð□̄Þrνμ þ rμανβ F̂ 3ð□̄ÞrνβμαÞ
�

¼ s0 þ s1 þ s2 þ s3; ð2:16Þ
where we have introduced the following functions:

F̂ 1ð□̄Þ ¼ F 1ð□̄Þ − 1

4
F 2ð□̄Þ þ 1

3
F 3ð□̄Þ; ð2:17Þ

F̂ 2ð□̄Þ ¼ F 2ð□̄Þ − 2F 3ð□̄Þ; ð2:18Þ
F̂ 3ð□̄Þ ¼ F 3ð□̄Þ: ð2:19Þ

III. QUADRATIC ACTION FOR THE GRAVITON
AND THE BRANS-DICKE SCALAR

A. Decoupling tensor, vector, and scalar modes

Even though technically we have derived the second
order action, to understand the dynamical properties we
need to identify the physical excitations, or the correct
propagating degrees of freedom. Now, any second rank
tensor can be decomposed as, see for instance [56],

hμν ¼ h⊥μνþ ∇̄μA⊥
ν þ ∇̄νA⊥

μ þ
�
∇̄μ∇̄ν−

1

4
ḡμν□̄

�
Bþ1

4
ḡμνh;

ð3:1Þ

where the factor 4 comes from dimensionality. In four
dimensions, the metric tensor contains ten degrees of
freedom: h⊥μν, the transverse and traceless massless spin-
two graviton,

∇̄μh⊥μν ¼ ḡμνh⊥μν ¼ 0; ð3:2Þ
represents five degrees of freedom, A⊥

μ the transverse vector
field,

∇̄μA⊥
μ ¼ 0; ð3:3Þ

accounts for three degrees of freedom, and the two scalars,
B and h, make up the remaining two degrees of freedom.
A priori, these fields represent six physical fields, since
three gauge degrees reduce the spin-two field to the two
spin-two helicity states of a graviton, and one gauge
freedom can be used to reduce the vector field to its two
transversal spin-one helicity states as well. The aim of this
section is to write down explicitly the action in terms of the
tensor, vector and scalar components in order to analyze
their respective properties. To achieve this we use a variety
of identities collected in the appendix in order to commute
various derivative operators.
To begin with, we claim that once we directly substitute

Eq. (3.1) in Eq. (2.16) all terms involving the vector field,
Aμ, vanish, and so do all the terms involving the ∇̄μ∇̄νB

piece. In other words, the quadratic action only contains
h⊥μν, and a single scalar field combination

ϕ≡ □̄B − h: ð3:4Þ

So, effectively Eq. (3.1) is reduced to

hμν ¼ h⊥μν −
1

4
gμνϕ: ð3:5Þ

This result is identical to what happens in Einstein’s
gravity, but the algebraic computations needed to verify
it for our general case are quite tedious, so we have briefly
outlined it in Appendixes C 1 and C 2.
Next, we note that group representation theory dictates

that at the linearized level, the tensor, vector and scalar
degrees should decouple from one another. Although it is a
well-known fact for pure GR, it may be not so transparent
in a more general setting. The suspicion comes from the
presence of higher rank tensorial structures in the action. To
understand this more deeply, let us look at the GR terms in
Eq. (2.12) first, as a warm-up exercise. Note that the tensor
modes can in principle enter only in the very first and very
last terms in δ0. At any other place, they cancel due to the
transverse and traceless properties of h⊥μν [see Eq. (3.2)].
Thus if a mixing were to occur it can only be in the first or
the last term in δ0. The relevant expression reads

δ0;mix ¼ −
1

8
h⊥μν□̄ḡμνϕþ R̄

48
h⊥μ

νδνμϕ ¼ 0; ð3:6Þ

as h⊥μν is traceless and □̄ commutes with the metric tensor.
The higher derivative terms are less trivial. Essentially

we need to analyze expressions for rμνρσ. Regarding the
tensor modes, the structure of indices in the expression for
rσμνρ and the transverse, traceless properties of h⊥μν suggest
that one gains the expression for rσμνρðh⊥μνÞ by just replacing
hμν → h⊥μν. This trivial procedure yields

rσμνρðh⊥μνÞ ¼
R̄
24

ðδμνh⊥σ
ρ − δμρh⊥σ

ν − δσνh⊥μ
ρ þ δσρh⊥μ

νÞ

þ 1

2
ð∇̄ν∇̄μh⊥σ

ρ − ∇̄ν∇̄σh⊥μ
ρ − ∇̄ρ∇̄μh⊥σ

ν

þ ∇̄ρ∇̄σh⊥μ
νÞ: ð3:7Þ

The reason why nothing more can be simplified at this
stage is because h⊥μν’s are being acted by covariant
derivatives with indices different from those in h⊥μν.
Therefore, no symmetry property can be utilized yet.
The scalar part of rσμνρðϕÞ allows some tinkering. The

simplification comes from the fact that no more than two
derivatives appear and they act on a scalar. In this case these
derivatives commute, and we should not worry about their
order. The direct substitution gives
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rσμνρðϕÞ ¼ R̄
48

ðδσνδμρ − δσρδ
μ
νÞϕ −

1

8
ð∇̄ν∇̄μδσρ − ∇̄ν∇̄σδμρ

− ∇̄ρ∇̄μδσν þ ∇̄ρ∇̄σδμνÞϕ: ð3:8Þ
For future convenience, we rewrite the latter expression as
follows,

rσμνρðϕÞ ¼ 1

8
ðD̄σ

νδ
μ
ρ þ D̄μ

ρδσν − D̄μ
νδσρ − D̄σ

ρδ
μ
νÞϕ

þ 3□̄þ R̄
48

ðδσνδμρ − δσρδ
μ
νÞϕ; ð3:9Þ

where

D̄μ
ν ¼ ∇̄ν∇̄μ − δμν

□̄

4
; D̄μ

μ ¼ 0;

i.e. it is a traceless operator, which is extremely useful when
evaluating the action later.
So, the question is whether any term survives in the

following combination:Z
dx4

ffiffiffiffiffiffi
−g

p ½rσμνρðϕÞF ð□̄Þrσμνρðh⊥μνÞ�: ð3:10Þ

Schematically, four structures may arise,

δ••δ
•
•Fδ••h⊥•

•; δ••δ
•
•F ∇̄•∇̄•h⊥•

•;

δ••∇̄•∇̄•Fδ••h⊥•
•; δ••∇̄•∇̄•F ∇̄•∇̄•h⊥•

•:

Dots denote some indices, and each term is a scalar, i.e.,
indices are fully contracted. Then, we see that the first term
goes away as finally you have to contract the indices of h⊥μν
with a δ. In the second term, in order to avoid the
appearance of the trace of h⊥μν, after the δ contractions
we must be left with ∇̄μ∇̄νh⊥μν, but this is 0 as h⊥μν is
transverse. Similarly, after the delta contractions the third
term looks like ∇̄μ∇̄νF ð□̄Þh⊥μν. In Appendix B we have
proved that □̄ acting on the transverse and traceless
symmetric second rank tensor gives again a transverse
and traceless symmetric second rank tensor, and therefore
F ð□̄Þh⊥μν must be transverse and traceless ensuring that the
third term also vanishes.
The fourth term generates four possibilities upon con-

traction with the δ-symbol,

∇̄μ∇̄νF ∇̄μ∇̄νh⊥ρ
ρ; ∇̄μ∇̄νF ∇̄μ∇̄ρh⊥ρ

ν;

∇̄μ∇̄νF □̄h⊥μν; ∇̄μ∇̄νF ∇̄ρ∇̄νh⊥ρ
μ:

It is easy to see that the first three terms vanish due to
arguments similar to what we presented above. The last
term is not that obvious, however, but one finds that

∇̄ρ∇̄νh⊥ρ
μ ¼ R̄

3
h⊥νμ;

which reduces it to the form of the third term.

To summarize, we have shown that in the quadratic
action Eq. (2.16), only terms involving the transverse and
traceless graviton field, h⊥νμ, and a particular scalar field
combination, ϕ, survive. Further we have argued that the
scalar and the tensor mode must decouple, and therefore it
is sufficient to calculate the actions for scalar and tensor
fields separately.

B. Scalar modes

Let us start with the scalar mode. Contracting Eq. (3.9)
with the Kronecker delta over the first and third indices, we
immediately get

rμνðϕÞ ¼
1

4
D̄μνϕþ ḡμν

�
3□̄þ R̄

16

�
ϕ; ð3:11Þ

and then

rðϕÞ ¼
�
3□̄þ R̄

4

�
ϕ: ð3:12Þ

Also, quite a short computation is needed to get

δ0ðϕÞ ¼ −
1

32
ϕð3□̄þ R̄Þϕ: ð3:13Þ

We are now ready to look at the different terms in
Eq. (2.16). The pure GR part and the r-part require no
simplifications, and one simply obtains

s0 þ s1→
ϕ
Z

dx4
ffiffiffiffiffiffi
−ḡ

p
ϕ

�
−

1

32

�
M2

P

2
þ λc1;0R̄

�

þ λ

32
F̂ 1ð□̄Þð3□̄þ R̄Þ

�
ð3□̄þ R̄Þϕ: ð3:14Þ

Next, let us look at the term, s2, involving rμν. By
inspection, it is clear that there are three possible terms,
terms containing two D̄μν’s, one D̄μν, and no D̄μν. The last
one again does not require any simplification except for a
trivial trace of the metric and the second term actually
vanishes as D̄μν is traceless. Thus we are really left to
evaluate terms such asZ

dx4
ffiffiffiffiffiffi
−ḡ

p ½ϕD̄μνF ð□̄ÞD̄μνϕ�: ð3:15Þ

As it will become progressively clear, in order to under-
stand the dynamic properties of the fields, we need to
express the kinetic operators as functions of the□ operator.
To achieve this we have to commute covariant derivatives,
which are on the left all the way to the right across an
infinite tower of d’Alembertians in the function F . We can
do this by utilizing the recursion property Eq. (B23) derived
in Appendix B, which is appropriate since D̄μν is traceless.
Accordingly, we observe
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∇̄ν□̄
nD̄μνϕ ¼

�
□̄þ 5

12
R̄

�
n∇̄νD̄μνϕ ¼

�
□̄þ 5

12
R̄

�
n
�
□̄∇̄μ − ∇̄μ □̄

4

�
ϕ: ð3:16Þ

Next, we utilize Eq. (B6) along with Eq. (B23) to obtain

∇̄μ

�
□̄þ 5

12
R̄

�
n
�
□̄∇̄μ − ∇̄μ □̄

4

�
ϕ ¼

�
□̄þ 2

3
R̄

�
n∇̄μ

�
□̄∇̄μ − ∇̄μ □̄

4

�
ϕ ¼

�
□̄þ 2

3
R̄

�
n
�
3□̄þ R̄

4

�
□̄ϕ: ð3:17Þ

Note that the number 2=3 arises as 5=12þ 1=4. Returning to Eq. (3.15), we can now write down the cumulative expressionZ
dx4

ffiffiffiffiffiffi
−ḡ

p ½ϕD̄μνF ð□̄ÞD̄μνϕ� ¼
Z

dx4
ffiffiffiffiffiffi
−ḡ

p �
ϕF

�
□̄þ 2

3
R̄

��
3□̄þ R̄

4

�
□̄ϕ

�
: ð3:18Þ

Finally, adding all the terms, we have

s2!ϕ
λ

32

Z
dx4

ffiffiffiffiffiffi
−ḡ

p
ϕ

�
ð3□̄þ R̄ÞF̂ 2ð□̄Þ þ □̄F̂ 2

�
□̄þ 2

3
R̄
���

3□̄þ R̄
4

�
ϕ: ð3:19Þ

Finally, for the s3 part involving r
σμ
νρ’s, we must carefully

count all the nonvanishing products and respective coef-
ficients. We start by noticing that cross products of terms
with and without D̄μν again vanish as the trace of D̄μν

(which is 0) arises inevitably. Then the simplest contribu-
tion is the one free of D̄μν, and it reads

ϕ

�
3□̄þ R̄

48

�
F 3ð□̄Þ

�
3□̄þ R̄

48

�
ϕðδσνδμρ − δσρδ

μ
νÞðδνσδρμ − δρσδνμÞ

¼ ϕ

�
3□̄þ R̄

2

�
F 3ð□̄Þ

�
3□̄þ R̄

48

�
ϕ: ð3:20Þ

Terms with D̄μν produce the following expression:

1

8
ϕðD̄σ

νδ
μ
ρ þ D̄μ

ρδσν − D̄μ
νδσρ − D̄σ

ρδ
μ
νÞF 3ð□̄Þ 1

8
ðD̄ν

σδ
ρ
μ þ D̄ρ

μδνσ

− D̄ν
μδ

ρ
σ − D̄ρ

σδνμÞϕ ¼ 1

8
ϕD̄ν

σF 3ð□̄ÞD̄σ
νϕ: ð3:21Þ

This is a term of a type such as in Eq. (3.18), with the
function F̂ 3 inside, and with the coefficient 1=8. Summing
up the contributions, we get

s3!ϕ
λ

32

Z
dx4

ffiffiffiffiffiffi
−ḡ

p
ϕ

��
3□̄þ R̄

6

�
F̂ 3ð□̄Þ þ 1

2
□̄F̂ 3

�
□̄þ 2

3
R̄

��
ð3□̄þ R̄Þϕ: ð3:22Þ

Putting all the four terms s0;1;2;3 together we now have the complete action for the scalar mode,

S0 ¼
1

32

Z
dx4

ffiffiffiffiffiffi
−ḡ

p
ϕð3□̄þ R̄Þ

�
−
�
M2

P

2
þ λc1;0R̄

�
þ λ

2

�
2F̂ 1ð□̄Þð3□̄þ R̄Þ

þ 1

2

�
F̂ 2

�
□̄þ 2

3
R̄

�
□̄þ F̂ 2ð□̄Þð3□̄þ R̄Þ

�
þ
�
□̄F̂ 3

�
□̄þ 2

3
R̄

�
þ F̂ 3ð□̄Þ

�
3□̄þ R̄

3

����
ϕ: ð3:23Þ

Notice that even though the functions F carry hats, the stand-alone c1;0 term does not have a hat and this is the value
corresponding to the function F 1. This latter action can actually be condensed slightly by reintroducing the functions F ’s
without hats,

S0 ¼
1

32

Z
dx4

ffiffiffiffiffiffi
−ḡ

p
ϕð3□̄þ R̄Þ

�
−
�
M2

P

2
þ λc1;0R̄

�
þ λ

2

�
2F 1ð□̄Þð3□̄þ R̄Þ þ 1

2
F 2

�
□̄þ 2

3
R̄

�
□̄

��
ϕ: ð3:24Þ

We note here that absence of the F 3 function in the last formula was to be expected. Indeed, if we restrict hμν to the
ϕ part, the complete metric takes the form gμν ¼ ð1 − 1

4
ϕÞḡμν. This is clearly a conformal scaling of the metric.

The Weyl tensor of rank (1,3) is invariant under such a scaling and as a consequence a fully contracted square of the
Weyl tensor is invariant as well. This implies that no contribution could arise from the Weyl tensor piece in the
action; see Eq. (2.4).
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C. Tensor modes

Let us now turn our attention to the tensorial terms.
Contracting Eq. (3.7) with the Kronecker delta over the first
and third indices and commuting the covariant derivatives,
we get

rμνðh⊥νμÞ ¼ −
1

2

�
□̄ −

R̄
6

�
h⊥νμ; ð3:25Þ

and consequently,

rðh⊥νμÞ ¼ 0: ð3:26Þ
We also have the well-known result

δ0ðh⊥νμÞ ¼
1

4
h⊥νμ

�
□̄ −

R̄
6

�
h⊥νμ; ð3:27Þ

as this is the only term that appears in pure GR.
We now have all the pieces to compute the action. The

most challenging part was how to compute the term
containing rμνρσ. The trick which eventually allowed us to
accomplish the task was to roll back to δCμν

ρσ. To reduce the
clutter we denote it as cμνρσ. It can be obtained as a linear
combination of rμνρσ , r

μ
ν and r. It enjoys all the symmetry

(i.e. nondifferential) properties of the Weyl tensor.
Presently, we are interested in tensor modes only. This
means that we have r ¼ 0. Although, generically a varia-
tion of a traceless tensor does not have to be traceless, in

our case the background is a conformally flat space-time.
For such space-times the Weyl tensor is 0. As a conse-
quence cμνρσ is totally traceless similar to the Weyl tensor.
To see why the setup discussed here is so important, let

us write down a generic term originating from the part of
the action Eq. (2.16) with the function F̂ 3. It is of the formZ

dx4
ffiffiffiffiffiffi
−g

p ½h⊥••OL••F ð□̄ÞO••
Rh

⊥••�: ð3:28Þ

Here OL;R can be either a metric (delta symbol) or two
covariant derivatives. Of course, the result is a scalar; all
indicesmust be contracted. Notice, however, that indices are
always contracted across the function F , i.e. they are never
contracted for tensor modes on one side of the F -factor
(because this generates either a trace or transverse combi-
nation forh⊥μν, and both are 0). Themost tedious possibility is

h⊥•
•∇̄•∇̄•F ∇̄•∇̄•h⊥•

•;

where indices can come in a large number of variations.
The biggest difficulty is to find a way of moving

derivatives from the left ofF to the right of it. After rigorous
computations, we realized that we needed to utilize recur-
sion relations analogous to Eq. (3.16), which can only be
obtained if tensors on the right have special symmetric
properties. cμνρσ became an appropriate choice, and indeed
we obtained the following recursion relation [see (B36)]:

Z
dx4

ffiffiffiffiffiffi
−ḡ

p ½h⊥••∇̄•∇̄•F ð□̄Þc••••� ¼
Z

dx4
ffiffiffiffiffiffi
−ḡ

p �
h⊥••∇̄•F

�
□̄þ R̄

4

�
∇̄•c••••

�
: ð3:29Þ

Here only two derivatives and not a metric can be on the left side of F , as everything else in this expression is totally
traceless.
So, we first rewrite the action Eq. (2.16) as

δ2S ¼
Z

dx4
ffiffiffiffiffiffi
−ḡ

p ��
M2

P

2
þ λc1;0R̄

�
δ0 þ

λ

2
ðr ~F 1ð□̄Þrþ rμν ~F 2ð□̄Þrνμ þ cμανβ ~F 3ð□̄ÞcμανβÞ

�
¼ ~s0 þ ~s1 þ ~s2 þ ~s3; ð3:30Þ

where the identification is obvious and the following shorthand notations are introduced:

~F 1ð□Þ ¼ F 1ð□̄Þ − 1

4
F 2ð□̄Þ; ~F 2ð□̄Þ ¼ F 2ð□̄Þ; ~F 3ð□̄Þ ¼ F 3ð□̄Þ: ð3:31Þ

The tensorial part from ~s3 can now be computed as follows:

~s3!h
⊥ λ

2

Z
dx4

ffiffiffiffiffiffi
−ḡ

p ½cμανβðh⊥μνÞF 3ð□̄Þcμανβðh⊥μνÞ�;

¼ λ

2

Z
dx4

ffiffiffiffiffiffi
−ḡ

p �
1

2
ð∇̄ν∇̄αh⊥μ

β − ∇̄ν∇̄μh⊥α
β − ∇̄β∇̄αh⊥μ

ν þ ∇̄β∇̄μh⊥α
νÞF 3ð□̄Þcμανβðh⊥μνÞ

�
;

¼ λ

2

Z
dx4

ffiffiffiffiffiffi
−ḡ

p ½2h⊥μ
β∇̄α∇̄νF 3ð□̄Þcνβμαðh⊥μνÞ�;

¼ λ

2

Z
dx4

ffiffiffiffiffiffi
−ḡ

p �
2h⊥μ

β∇̄αF 3

�
□̄þ R̄

4

�
∇̄νcνβμαðh⊥μνÞ

�
:
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Passing from the first to second line all other terms in the first
cμανβ are dropped as they have at least one δ-symbol. The
second transformation is solely due to the symmetry proper-
ties of the tensor cνβμα. Next we compute the rank-3 tensor
∇νcνβμα, and the result of quite a lengthy computation is

∇̄νc
νβ
μαðh⊥μνÞ ¼

1

4

�
□̄ −

R̄
4

�
ð∇̄αh⊥β

μ − ∇̄μh⊥β
αÞ: ð3:32Þ

One can check that the latter tensor satisfies all the
properties required for the use of recursion relation
Eq. (B32) apart from manifest symmetry with respect
to permutation of the first two indices. This however is
not necessary, as those indices are anyway contracted
with a symmetric tensor h⊥μν on the left. Moving forward
we get

~s3!h
⊥
Z

dx4
ffiffiffiffiffiffi
−ḡ

p λ

2

�
1

2
h⊥μ

β∇̄αF 3

�
□̄þ R̄

4

��
□̄ −

R̄
4

�
ð∇̄αh⊥β

μ − ∇̄μh⊥β
αÞ
�
;

¼
Z

dx4
ffiffiffiffiffiffi
−ḡ

p λ

2

�
1

2
h⊥μ

βF 3

�
□̄þ R̄

3

�
∇̄α

�
□̄ −

R̄
4

�
ð∇̄αh⊥β

μ − ∇̄μh⊥β
αÞ
�
;

¼
Z

dx4
ffiffiffiffiffiffi
−ḡ

p λ

2

�
1

2
h⊥μ

βF 3

�
□̄þ R̄

3

��
□̄ −

R̄
6

�
ð□̄h⊥β

μ − ∇̄α∇̄μh⊥β
αÞ
�
;

¼
Z

dx4
ffiffiffiffiffiffi
−ḡ

p λ

2

�
1

2
h⊥μ

βF 3

�
□̄þ R̄

3

��
□̄ −

R̄
6

��
□̄ −

R̄
3

�
h⊥β

μ

�
: ð3:33Þ

Since r vanishes for the tensorial part we do not get any contribution from the ~s1 part of the action,
while the contribution from the ~s2 part can be easily written down as rμν contains no covariant derivatives
and therefore no commutations need to be performed. Accordingly, we have the final action for the tensor
modes,

S2 ¼
1

4

Z
dx4

ffiffiffiffiffiffi
−ḡ

p
h⊥νμ

�
□̄ −

R̄
6

��
M2

P

2
þ λc1;0R̄þ λ

2

�
F 2ð□̄Þ

�
□̄ −

R̄
6

�
þ 2F 3

�
□̄þ R̄

3

��
□̄ −

R̄
3

���
h⊥νμ: ð3:34Þ

Please note that our final result contains functions F
without tildes.

IV. PHYSICAL EXCITATIONS AND
CONSISTENCY CONDITIONS

A. Canonical action

We are finally ready to discuss the physics of the
fluctuations, the main goal of our study. At Oðh2Þ the
gravitational action has been neatly decomposed into a
scalar and tensor part,

Sq ¼ S0 þ S2; ð4:1Þ

with

S2 ¼
1

2

Z
dx4

ffiffiffiffiffiffi
−ḡ

p fh⊥μν
�
□̄ −

R̄
6

�

×

�
1þ 2

M2
p
λc1;0R̄þ λ

M2
p

��
□̄ −

R̄
6

�
F 2ð□̄Þ

þ 2

�
□̄ −

R̄
3

�
F 3

�
□̄þ R̄

3

���fh⊥μν; ð4:2Þ

and

S0 ¼ −
1

2

Z
dx4

ffiffiffiffiffiffi
−ḡ

p
~ϕ

�
□̄þ R̄

3

��
1þ 2

M2
p
λc1;0R̄

−
λ

M2
p

�
2ð3□̄þ R̄ÞF 1ð□̄Þ þ 1

2
□̄F 2

�
□̄þ 2

3
R̄

���
~ϕ;

ð4:3Þ

where we have introduced canonical fields

fh⊥μν ¼
1

2
Mph⊥μν; ~ϕ ¼

ffiffiffiffiffi
3

32

r
Mpϕ: ð4:4Þ

In the Minkowski limit this yields the following spin-two
and spin-0 propagators:

Π2 ¼
i

p2f1 − 2p2

M2
p
½F 2ð−p2Þ þ 2F 3ð−p2Þ�g

; ð4:5Þ

Π0 ¼
−i

p2f1þ 2p2

M2
p
½6F 1ð−p2Þ þ 1

2
F 2ð−p2Þ�g

; ð4:6Þ

where we have also chosen λ ¼ 2 to compare with the
results obtained in [28], and henceforth we proceed with
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this identification. This agrees precisely7 with the results in
[62], once one realizes that the Ricci and Riemann tensors
were used to define F ’s instead of the TR tensor and Weyl
tensor that we use here. The translation is rather simple; the
F̂ 1 and F̂ 2 defined in Eq. (2.18) are nothing but the F 1 and
F 2 in [62], while the F 3 is unchanged.
One more useful check comes from comparing our

results with the Gauss-Bonnet term, provided the curvature
squared modification comes with the form factors which
must vanish, since the Gauss-Bonnet term is a topological
invariant. This explicitly corresponds to fixing

F 1¼ c1;0¼
1

6
f0; F 2¼ c2;0¼−2f0; F 3¼ c3;0¼ f0:

One can check that expressions in curly brackets in both S0
and S2 reduce to 1, and one restores the pure GR results.

B. Ghost-free condition

The condition for absence of ghosts in our theory is
equivalent to the following:
(1) absence of new 0’s in the spin-two quadratic form as

compared to the pure GR limit, and
(2) presence of at most one more 0, say at□ ¼ m2 with

m2 > 0, in the spin-0 quadratic form as compared to
the pure GR limit. An additional 0, if present,
corresponds to the Brans-Dicke scalar mode usual
in pure FðRÞ gravity modifications.

The above conditions mean that

T ðR̄; □̄Þ≡ 1þ 4R̄
M2

p
c1;0 þ

2

M2
p

��
□̄ −

R̄
6

�
F 2ð□̄Þ

þ 2

�
□̄ −

R̄
3

�
F 3

�
□̄þ R̄

3

��
; ð4:7Þ

should not have any 0’s, and

SðR̄; □̄Þ≡ 1þ 4R̄
M2

p
c1;0 −

2

M2
p

�
2ð3□̄þ R̄ÞF 1ð□̄Þ

þ 1

2
□̄F 2

�
□̄þ 2

3
R̄

��
ð4:8Þ

can at least have a single 0. Note that since the 0 of the
scalar mode at □ ¼ 0 has a wrong sign in the residue, the
new 0, if present, is guaranteed to have the correct residue
sign, and therefore is a ghost, while the constraint m2 > 0
ensures that it is not tachyonic either. Mathematically, we
could express the two functions as

T ðR̄; □̄Þ≡ eτð□̄Þ; ð4:9Þ

and

SðR̄; □̄Þ≡
�
1 −

□̄

m2

�
ϵ

eσð□̄Þ; ð4:10Þ

with τ and σ being entire functions, ϵ ¼ 0, 1 and m being
real. ϵ ¼ 0 corresponds to no extra scalar mode and ϵ ¼ 1
corresponds to the Brans-Dicke scalar.

C. Illustrative examples

In this subsection we provide a few simple examples of
gravitational models which are consistent around dS or
AdS backgrounds. In particular, we focus on the cases
when only one of the three functions, F 1;2;3’s, is nonzero.
In this process, we also extend the IDG model with only
quadratic curvature terms that has been shown previously
[28] to consistently modify the graviton propagator, and
ameliorate some of the UV problems of GR without
introducing any new degrees of freedom, ghosts or other-
wise. By explicit construction, we show how by including
nonlinear (in curvature) terms in the action it is possible to
have a gravitational theory that is not only consistent
around the Minkowski background (Λ ¼ 0), but also the
curved dS (Λ > 0) or AdS (Λ < 0) backgrounds. It
becomes evident that nonlinear terms are necessary in
order to achieve this, and corroborates the idea that
requiring the quantum theory of gravity to be consistent
around all possible backgrounds may be a powerful way to
constrain the modifications to GR.

1. F 1 ≠ 0, but F 2 =F 3 = 0

In this case, we have manifestly no extra poles in the
spin-two propagator. However, we must ensure that

1þ 4R̄
M2

p
c1;0 ¼ 1þ 16Λ

M4
p
c1;0 > 0; ð4:11Þ

and also guarantee that

SðR̄; □̄Þ ¼ 1þ 4R̄
M2

p
c1;0 −

4

M2
p
ð3□̄þ R̄ÞF 1ð□̄Þ

¼
�
1 −

□̄

m2

�
ϵ

eσð□̄Þ: ð4:12Þ

We note that for the constant terms to match on both sides
we must have σð0Þ ¼ 0. Then, the function F 1 has to be of
the form

F 1ð□̄Þ ¼
1þ 4R̄

M2
p
c1;0 − ð1 − □̄

m2Þϵeσð□̄Þ

4R̄
M2

p
ð1þ 3□̄

R̄ Þ

¼
1þ 16Λ

M4
p
c1;0 − ð1 − □̄

m2Þϵeσð□̄Þ

16Λ
M4

p
ð1þ 3M2

p□̄

4Λ Þ
: ð4:13Þ

7To get a precise agreement with [28], one also has to put
Mp ¼ 1 and also realize that the scalar projection operator and
the canonical field used here differ by a factor half; this is just a
matter of convention.
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A couple of comments are now in order: First, as one looks
at the last expression, it is clear that for any set of
parameters, Λ; c1;0; m; ϵ, and analytic function σð□Þ, we
have a F 1 that gives rise to consistent fluctuations around a
specific dS or AdS background, as long as Eq. (4.11) is
satisfied, and σð0Þ ¼ 0. However, by inspection it is also
clear that the function,F 1, depends on the value ofΛ, and it
is not possible therefore for a single F 1 function to be
simultaneously consistent for two different Λ’s. In other
words, if we are starting from a model with only quadratic
curvature terms, it is impossible for the theory to be
consistent for arbitrary values of the cosmological constant.
On the other hand, one may imagine that a complete theory
of gravity should be consistent in the presence of any
arbitrary stress-energy tensor, and in particular, for any
value of the cosmological constant. The form of F 1 in
terms of R̄ actually suggests a simple way out of this
problem. If we instead allow for nonlinear terms in our
original gravitational action, such as an action of the form

S¼
Z

d4x
ffiffiffiffiffiffi
−g

p �
M2

P

2
R−ΛþRF 1ð□;RÞR

�
with

F 1ð□;RÞ¼
1þ 4R

M2
p
c1;0− ð1− □

m2Þϵeσð□Þ

4R
M2

p
ð1þ 3□

R Þ
; ð4:14Þ

then such an action will be consistent for any arbitrary
value of Λ, and in fact, around a given background (Λ) the
equivalent F 1 will be precisely given by Eq. (4.13).
Secondly, let us point out that this is a theory where

essentially we have GR coupled to a scalar field theory. If σ
identically vanishes, then ϵ ¼ 1 reproduces Brans-Dicke
theory. For instance, if σð□Þ ¼ −□, and ϵ ¼ 0, thenwe have
a p-adic-type scalar field coupled to gravity. Such systems
have been studied in detail in the context of cosmology [63].
On the other hand, if we have σð□Þ ¼ −□, and ϵ ¼ 1, this
corresponds to a SFT-type tachyonic field coupled to gravity
whose cosmological implications have also been studied in
previous literature [45]. Furthermore, this also provides an
extension of Starobinsky’s original model of inflation [64] to
seek an UV completion; see [65] and detailed perturbation
analysis in [66,67].

2. F 2 ≠ 0, but F 1 =F 3 = 0

In this case we get two constraints on the same
function F 2,

T ðR̄; □̄Þ≡ 1þ 2

M2
p

�
□̄ −

R̄
6

�
F 2ð□̄Þ ¼ eτð□̄Þ; ð4:15Þ

SðR̄; □̄Þ≡ 1 −
2

M2
p

1

2
□̄F 2

�
□̄þ 2

3
R̄

�
¼ ð□̄ −m2Þϵeσð□̄Þ;

ð4:16Þ

and the only solution is the trivial case F 2 ¼ 0. In other
words, we get back to GR.

3. F 3 ≠ 0, but F 1 =F 2 = 0, the case of only gravitons

A particularly interesting and illuminating case, which
has been previously discussed in the context of black hole
and big bang singularity, is when no scalar degrees of
freedom are present, and the presence of infinite covariant
derivatives only modify the graviton propagator without
introducing any new states. This is ensured by demanding
that S is just a constant, which, in particular, can be
achieved by setting F 1 ¼ F 2 ¼ 0. We are then left with a
graviton quadratic form that reads

fh⊥μν

�
−□̄þ R̄

6

��
1 −

4

M2
P

�
−□̄þ R̄

3

�
F 3

�
□̄þ R̄

3

��fh⊥μν
:

ð4:17Þ
In order to illustrate how one can obtain a graviton
propagator involving an infinite set of higher derivatives,
let us consider the simplest case where the modified
quadratic form is as follows:

fh⊥μν

�
−□̄þ R̄

6

�
eαð−□̄þR̄

6
Þfh⊥μν

; ð4:18Þ

where α is a positive constant. This provides an exponential
suppression at high momentum, which has been found to
ameliorate the black hole and big bang singularities, but
does not alter the Newtonian limit as the residue at □̄ ¼
R̄=6 remains unaltered. We note that the exponential
suppression must be interpreted with care as it cannot be
consistently defined in a Lorentzian signature. One must
perform quantum loop computations in Euclidean space
and then analytically continue the resulting answer to
Minkowski space-time. This idea was originally introduced
in the first paper in [12] and has found more systematic
realizations in [16,36,38,68,69]. However, one still needs to
work out all the mathematical details in order to have this
theory defined in a Lorentzian signature in a general
context.
It is easy to obtain the form of F 3 function which gives

rise to an inverse propagator, such as Eq. (4.18),

F 3ð□Þ ¼ M2
p

4

�
e−αð□−R

2
Þ − 1

□ − 2R
3

�
: ð4:19Þ

Again, just as our construction in Eq. (4.14), such a
nonlinear function ensures that the model remains consis-
tent in the presence of any cosmological constant; the
coefficients adjust appropriately when perturbed around
any given dS/AdS/Minkowski background so that no new
poles are introduced.
The above function does have a pole at □ ¼ 2R=3,

which is perfectly acceptable as the propagators are still
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well defined. However, it is also possible to construct
analytic functions. For instance,

F 3ð□Þ ¼ M2
p

4

�
eαð□−R

2
Þð□−2R

3
Þ − 1

□ − 2R
3

�
ð4:20Þ

is an analytic function yielding the spin-two quadratic form

fh⊥μν

�
−□̄þ R̄

6

�
eαð−□̄þR̄

6
Þð−□̄þR̄

3
Þfh⊥μν ð4:21Þ

that again only contains the graviton pole and an expo-
nential suppression at high momenta.

V. CONCLUSIONS

In this paper we have provided an algorithm to construct
the most general parity invariant and torsion-free covariant
action of gravity that is consistent around constant curva-
ture backgrounds, as long as the action has a well-defined
Minkowski limit. This action is given by formula (2.4). In
particular, we have studied dS and AdS backgrounds. Our
analysis smoothly reduces to the Minkowski space-time
limit which was studied before by BGKM in [28]. Our
prescription is generic, and is equally applicable for both
UVand IR higher derivative modifications that have found
various cosmological and stringy applications. We also
checked our analysis against some well-known cases; for
instance, when the scale of nonlocalityM → ∞, the class of
consistent gravitational actions reduces to the popular local
models of 4 derivative gravity, the FðRÞ and FðGÞ theories.
We paid special attention to the Gauss-Bonnet action as it
provided us with some nontrivial checks on our derivations.
We found that the most general action can indeed contain

infinite covariant derivatives, acting on the Ricci scalar,
Ricci tensor or Weyl tensor. The infinite derivatives can be
expressed in terms of form factors, whose forms can be
constrained by demanding that the action is perturbatively
ghost and tachyon free around constant curvature back-
grounds. In order to verify this, it was sufficient to perturb
the gravitational action up to order Oðh2Þ around dS and
AdS backgrounds. We computed explicitly the second
order variation of the Einstein-Hilbert term as well as
the higher order terms involving the form factors. For
pedagogical reasons, we have provided details of our
conventions in Appendix A, properties of maximally
symmetric space-times in A 2, and perturbations in A 3.
Some very useful and powerful identities around constant
curvature backgrounds were obtained in Appendix B.
In four dimensions, in order to obtain the true propa-

gating degrees of freedom in space-time, we had to
decompose the metric tensor into its degrees of freedom
corresponding to transverse-traceless h⊥μν, a transverse
vector field, A⊥

μ , and two scalars, B, h. After performing
a systematic decomposition we were able to show that the
only viable propagating degrees of freedom are the

transverse-traceless spin-two field, h⊥μν, and a scalar
combination which gives rise to the spin-0 component,
ϕ ¼ □̄B − h. The transverse vector component, A⊥

μ ,
and ∇μ∇νB vanish identically, leaving the massless grav-
iton and possibly a Brans-Dicke scalar to propagate
around dS, AdS or Minkowski backgrounds. The details
of the latter computation can be found in Appendixes C 1
and C 2.
In order to make the graviton propagator perturbatively

ghost free in dS and AdS backgrounds, one has to make
sure that the second variation of the spin-two component
does not introduce any new pole in the propagator, and
must recover the pure GR limit at low energies. Similarly,
the spin-0 component can allow at most one extra pole, say
at mass, m2 > 0, in its propagator. The latter condition is
necessary to ensure that an additional pole representing the
Brans-Dicke scalar, if present as in FðRÞ gravity modifi-
cations, is not a tachyon. If both spin-two and spin-0
propagators do not have any extra poles, then both can be
expressed in terms of an exponential of an entire function,
which does not introduce any pole except the essential
singularity at the boundary corresponding to the UV limit,
□ → ∞. In the IR limit, when□ → 0, the second variation
of both spin-two and spin-0 components recovers the GR
limit in dS and AdS backgrounds.
We have illustrated that we can recover various limits

from the most generic IDG action. In the limit when
F 2 ¼ 0;F 3 ¼ 0;F 1 ≠ 0, the theory effectively reduces
to scalar-tensor theory around dS and AdS backgrounds.
When F 1 ¼ 0;F 3 ¼ 0, the ghost-free condition enforces a
simple solutionwhereF 2 ¼ 0, too, thereby reducing to pure
GR. In the last scenario, whenF 1 ¼ 0;F 2 ¼ 0;F 3 ≠ 0, the
theory space reduces to pure spin-two excitations, and no
physical spin-0 mode.
Our analysis indeed opens up new avenues for higher

derivative theories of gravity, including IDG, which can be
made consistent at both classical and quantum level around
dS and AdS backgrounds. This should have important
implications for both cosmology and for AdS=CFT corre-
spondence. In the dS case, it provides the possibility to
realize a big bounce [16], avoiding the big bang singularity
problem. This scenario also presents the first viable UV
generalization of Starobinsky inflation [64], and also
provides an interesting connection between the graviton
degrees of freedom propagating in space-time with the
avoidance of focusing the null congruences in a time
dependent background [50].
Furthermore, our analysis also provides conditions for

stable ghost and tachyon-free modifications of GR in the
IR, in the context of dark energy problems. In this context it
is rather useful if one can extend the class of actions we
have analyzed to include terms that do not necessarily have
a well-defined Minkowski limit as such actions have been
discussed considerably in the literature to address the dark
energy problem.
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In the case of AdS, a consistent IDG provides an ideal
platform to study connection between gravity in the UVand
the corresponding CFT in the boundary. After all, presence
of IDG is inevitable in closed string theory, in terms of α0
corrections. At present, computing all order α0 corrections
in AdS background in the closed string sector is indeed
challenging, and although our analysis does not involve
supersymmetry, we believe that constructing a stable and
consistent theory of gravity around AdS will help us in
ascertaining how such an action can be derived from closed
string field theory.
Finally, we emphasize that several of the computations

and strategies that we developed in analyzing perturbations
around dS/AdS should carry over to more nontrivial
backgrounds such as FLRW or black hole space-times.
As mentioned before, most of the applications and tests of
GR involve encoding the physics around certain highly
symmetric background space-times and small perturbations
around them. Thus, we believe that our analysis could go a
long way in making progress towards analyzing such
important physical space-times for very general covariant
theories of gravity.
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APPENDIX A: NOTATIONS

1. General backgrounds

Here we introduce the notations used at the back-
ground level.
The metric is

gμν ¼ ð−;þ;þ;þ; � � �Þ; gμνgμν ¼ D ¼ 4:

The dimension is always 4 and four-dimensional indices
are small greek letters. The metric connection (Cristoffel
symbol) is

Γρ
μν ¼ 1

2
gρσð∂μgνσ þ ∂νgμσ − ∂σgμνÞ:

The covariant derivative is ∇μ and acts as

∇μF:α:
:β: ¼ ∂μF:α:

:β: þ Γα
μχF

:χ:
:β: − Γχ

μβF
:α:
:χ: :

It follows that ∇ρgρν ≡ 0. The Riemann tensor, curvatures,
and Einstein tensor are defined as

Rσ
μνρ ¼ ∂νΓσ

μρ − ∂ρΓσ
μν þ Γσ

χνΓ
χ
μρ − Γσ

χρΓ
χ
μν;

Rμρ ¼ Rσ
μσρ; R ¼ Rμ

μ; Gμν ¼ Rμν −
1

2
Rgμν:

The symmetry properties are

Rμνρσ ¼ −Rμνσρ ¼ −Rνμρσ ¼ Rρσμν;

Rμνρσ þ Rμσνρ þ Rμρσν ¼ 0; Rμν ¼ Rνμ:

The commutator of covariant derivatives is

½∇μ;∇ν�Aρ ¼ Rχ
ρνμAχ :

The Bianchi identity is given by

∇λRμνρσ þ∇σRμνλρ þ∇ρRμνσλ ¼ 0:

It implies

∇μR
μ
ν ¼ 1

2
∂νR; ∇ν∇μRμν ¼ 1

2
□R;

∇λRνσ −∇σRνλ þ∇μRμνσλ ¼ 0; ∇μG
μ
ν ¼ 0:

The d’Alambertian (the box) is defined as □ ¼
gμν∇μ∇ν, and acts in a fully covariant way. Another
useful operator is

Dμν ¼ ∇μ∇ν −
1

4
gμν□:

It is traceless and this simplifies certain computations.
The traceless analog of the Einstein tensor is given by

Sμν ¼ Rμν −
1

D
Rgμν; Sμμ ¼ 0:

The Weyl tensor follows from the Ricci decomposition,
and this is given by (in D space-time dimensions)

Cμ
ανβ ¼ Rμ

ανβ −
1

D − 2
ðδμνRαβ − δμβRαν þ Rμ

νgαβ − Rμ
βgανÞ

þ R
ðD − 2ÞðD − 1Þ ðδ

μ
νgαβ − δμβgανÞ:

The Weyl tensor has all the symmetry properties of the
Riemann tensor and also it is absolutely traceless, i.e.
Cμ
αμβ ¼ 0. Moreover this rank (1, 3) tensor is invariant

under the conformal scaling of the metric. The latter
implies that the Weyl tensor is 0 on conformally flat
manifolds, i.e. on the manifolds where the metric can be
brought to the form ds2 ¼ aðxÞ2ημνdxμdxν, with ημν
being the Minkowski metric with the same signature
as the original one. The following quadratic relations
always hold:

S2μν ¼ R2
μν −

1

4
R2; C2

μναβ ¼ R2
μναβ − 2R2

μν þ
1

3
R2:

BISWAS, KOSHELEV, and MAZUMDAR PHYSICAL REVIEW D 95, 043533 (2017)

043533-14



The Gauss-Bonnet term can be written as

G ¼ R2 − 4R2
μν þ R2

μναβ ¼
1

6
R2 − 2S2μν þ C2

μναβ:

2. Maximally symmetric space-times

By definition maximally symmetric space-times have
1
2
DðDþ 1Þ linearly independent Killing vectors. This

translates into the fact that

Rσ
μνρ ¼

R
DðD − 1Þ ðδ

σ
νgμρ − δσρgμνÞ: ðA1Þ

In general R does not have to be constant. One however can
prove using the Bianchi identities that for D > 2 this form
of the Riemann tensor implies R ¼ const. Consequently, in
such space-times

∇λRσ
μνρ ¼ 0:

Also, one readily sees

Sμν ¼ 0; Cσ
μνρ ¼ 0: ðA2Þ

Both AdS and dS space-times are maximally symmetric
ones [i.e. they satisfies Eq. (A1)]. R ¼ const > 0 for dS,
and R ¼ const < 0 AdS. Minkowski has Rσ

μνρ ¼ 0, and can
be seen as the R → 0 limit of the (A)dS space-time.

3. Perturbations

Here we introduce notations and quantities relevant for
computing the second variation of the action around an (A)
dS background. The metric variation is

gμν ¼ ḡμν þ hμν:

Bars are used to designate the background quantities. The
following relations are relevant for perturbation analysis in
this paper:

gμν → ḡμν − hμν;
ffiffiffiffiffiffi
−g

p
→

ffiffiffiffiffiffi
−ḡ

p �
1þ h

2
þ h2

8
−
hμνhνμ
4

�
; h ¼ ḡμνhμν;

Γμ
νρ → Γ̄μ

νρ þ γμνρ; γμνρ ¼ 1

2
ð∇̄νh

μ
ρ þ ∇̄ρh

μ
ν − ∇̄μhνρÞ; γρμρ ¼ 1

2
∂μh;

Rσ
μνρ → R̄σ

μνρ þ ~rσμνρ; ~rσμνρ ¼ ∇̄νγ
σ
μρ − ∇̄ργ

σ
μν;

Rσμ
νρ → R̄σμ

νρ þ rσμνρ; rσμνρ ¼ −hμτR̄σ
τνρ þ ḡμτ ~rστνρ;

Rμρ → R̄μρ þ ~rμρ þ γσχσγ
χ
μρ − γσχργ

χ
σμ; ~rμρ ¼ ∇̄νγ

ν
μρ − ∇̄ργ

ν
μν ¼

1

2
ð∇̄ν∇̄μhνρ þ ∇̄ν∇̄ρhνμ − □̄hμρ − ∇̄ρ∂μhÞ;

Rμ
ρ → R̄μ

ρ þ rμρ; rμρ ¼ −hμσR̄σρ þ ḡμσ ~rσρ;

R → R̄þ r; r ¼ −hμρR̄μρ þ ḡμρð∇̄νγ
ν
μρ − ∇̄ργ

ν
μνÞ ¼ ð−R̄μν þ ∇̄μ∇̄ν − ḡμν□̄Þhμν: ðA3Þ

Here the arrow means that the rhs is equal to the lhs up to
higher order corrections. The order of expansion is either
linear or quadratic in the above expressions. One can show
that other (higher order in h) terms do not contribute to the
quadratic variation of the action. They either generate more
than quadratic corrections to the quadratic action variation
or become total derivatives. Note that

δFμ ¼ δðgμνFνÞ ¼ −hμνFν þ ḡμνδFν ≠ ḡμνδFν:

The two quantities which are often actually used are

rμρ ¼ −
R̄
4
hμρ þ 1

2
ð∇̄ν∇̄μhνρ þ ∇̄ν∇̄ρhνμ − □̄hμρ − ∇̄ρ∂μhÞ;

rσμνρ ¼ R̄
24

ðδμνhσρ − δμρhσν − δσνh
μ
ρ þ δσρh

μ
νÞ

þ 1

2
ð∇̄ν∇̄μhσρ − ∇̄ν∇̄σhμρ − ∇̄ρ∇̄μhσν þ ∇̄ρ∇̄σhμνÞ:

ðA4Þ

Note that

r ¼ δρσrσρ; rσρ ¼ δνμr
μσ
νρ:

Upon acting on scalars, the variation of the □ operator is

δð□Þφ ¼ ð−hμν∇̄μ∂ν − ḡμνγρμν∂ρÞφ: ðA5Þ
As a warm-up exercise, given pure Einstein-Hilbert action
with a cosmological term, i.e.

S0 ¼
Z

d4x
ffiffiffiffiffiffi
−g

p �
M2

P

2
R − Λ

�
;

one obtains a second variation around any arbitrary back-
ground, as

δ2S0 ¼
Z

dx4
ffiffiffiffiffiffi
−ḡ

p M2
P

2

��
1

4
hμν□̄hμν −

1

4
h□̄h

þ 1

2
h∇̄μ∇̄ρhμρ þ

1

2
∇̄μhμρ∇̄νhνρ

�

þ ðhhμν − 2hμσhσνÞ
�
1

8
ḡμνR̄ −

1

4
ḡμν

Λ
M2

P
−
1

2
R̄μν

�

−
�
1

2
R̄σνhσρhνρ þ

1

2
R̄σ
ρνμh

μ
σhνρ

��
: ðA6Þ
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This result can be checked against, e.g., [70]. Note that the
indices of perturbed quantities are raised and lowered by
the background metric.

APPENDIX B: COMMUTATION RELATIONS

Here we collect important commutation relations which
are used in transforming the expressions. All the expres-
sions in this section are written with maximally symmetric
space-times in mind. Also, all the derivative operators,
metrics, and curvatures take their background values, and
we simply omit bars for clarity.
Given an arbitrary scalar φ, we have

∇μ∇αφ ¼ ∇α∇μφ; ðB1Þ

∇μ∇α∇βφ ¼ ∇α∇β∇μφþ R
12

ðgβμ∇α − gαβ∇μÞφ; ðB2Þ

∇μ□φ ¼
�
□ −

R
4

�
∇μφ: ðB3Þ

Given an arbitrary vector tμ, we have

∇μ∇αtμ ¼ ∇α∇μtμ þ
R
4
tα; ðB4Þ

∇μ∇α∇βtμ ¼ ∇α∇β∇μtμ þ
R
4
ð∇αtβ þ∇βtαÞ

þ R
12

ð∇αtβ − gαβ∇μtμÞ; ðB5Þ

∇μ□tμ ¼
�
□þ R

4

�
∇μtμ; ðB6Þ

∇ν∇μ∇ρtσ ¼ ∇ρ∇μ∇νtσ þ ðδσνð∇ρtμ þ∇μtρÞ
− gμσð∇ρtν −∇νtρÞ − δσρð∇νtμ þ∇μtνÞ
þ δμν∇ρtσ − δμρ∇νtσÞ: ðB7Þ

Therefore, for a transverse vector ∇μAμ ¼ 0, one obtains

∇μ∇αAμ ¼ R
4
Aα; ðB8Þ

∇μ∇α∇βAμ ¼ R
4
ð∇αAβ þ∇βAαÞ þ

R
12

∇αAβ; ðB9Þ

∇μ□Aμ ¼ 0: ðB10Þ
The very last formula tells us that □Aμ is also a transverse
vector.
Given an arbitrary (symmetric) tensor tμν we have

∇μ∇αtμν ¼ ∇α∇μtμν þ
R
3
tνα −

R
12

tμμδνα; ðB11Þ

∇μ∇α∇βtμν ¼∇α∇β∇μtμνþ
5R
12

∇αtνβþ
R
3
∇βtνα

−
R
12

ðδνβ∇αþδνα∇βÞtμμ−
R
12

gαβ∇μtμν; ðB12Þ

∇μ□tμν ¼
�
□þ 5R

12

�
∇μtμν −

R
6
∇νtμμ; ðB13Þ

∇σ∇ρ∇σtμν ¼ □∇ρtμν þ
R
12

ðgμρ∇σtσν þ gνρ∇σtσμÞ

−
R
12

ð∇μtρν þ∇νtρμÞ; ðB14Þ

¼ ∇ρ□tμν −
R
12

ðgμρ∇σtσν þ gνρ∇σtσμÞ

þ R
12

ð∇μtρν þ∇νtρμÞ þ
R
4
∇ρhμν: ðB15Þ

Therefore, for a transverse (symmetric) tensor ∇μTμν ¼ 0,
one similarly obtains

∇μ∇αTμν ¼ R
3
Tν
α −

R
12

Tμ
μδνα; ðB16Þ

∇μ∇α∇βTμν ¼ 5R
12

∇αTν
β þ

R
3
∇βTν

α −
R
12

ðδνβ∇α þ δνα∇βÞTμ
μ;

ðB17Þ

∇μ□Tμν ¼ −
R
6
∇νTμ

μ; ðB18Þ

∇σ∇ρ∇σTμν ¼ □∇ρTμν −
R
12

ð∇μTρν þ∇νTρμÞ; ðB19Þ

¼ ∇ρ□Tμν þ
R
12

ð∇μTρν þ∇νTρμÞ þ
R
4
∇ρTμν: ðB20Þ

Next, for a traceless (symmetric) tensor Hμ
μ ¼ 0 one gets

∇μ∇αHμν ¼ ∇α∇μHμν þ R
3
Hν

α; ðB21Þ

∇μ∇α∇βHμν ¼ ∇α∇β∇μHμν þ 5R
12

∇αHν
β

þ R
3
∇βHν

α −
R
12

gαβ∇μHμν; ðB22Þ

∇μ□Hμν ¼
�
□þ 5R

12

�
∇μHμν: ðB23Þ

Moreover, for a transverse and traceless (symmetric) tensor
∇μh⊥μν ¼ h⊥μ

μ ¼ 0, one obtains

∇μ∇αh⊥μν ¼ R
3
h⊥ν

α; ðB24Þ

∇μ∇α∇βh⊥μν ¼ 5R
12

∇αh⊥ν
β þ

R
3
∇βh⊥ν

α; ðB25Þ

∇μ□h⊥μν ¼ 0: ðB26Þ

The very last formula tells us that □h⊥μν is also a transverse
and traceless tensor. For completeness, we also note
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∇ρ□h⊥μν ¼ □∇ρh⊥μν −
R
6
ð∇μh⊥ρν þ∇νh⊥ρμÞ

−
R
4
∇ρh⊥μν: ðB27Þ

From all the above three recursion relations, we can deduce
a simple relation. For a scalar [from Eq. (B3)]

∇μ□φ ¼
�
□ −

R
4

�
∇μφ ⇒ ∇μ□

nφ ¼
�
□ −

R
4

�
n∇μφ:

ðB28Þ
For any arbitrary vector, no transversality is required
[from (B6)],

∇μ□tμ ¼
�
□þ R

4

�
∇μtμ ⇒ ∇μ□

ntμ ¼
�
□þ R

4

�
n∇μtμ:

ðB29Þ
For a traceless (symmetric) and not necessarily transverse
tensor [from (B23)]

∇μ□Hμν ¼
�
□þ 5R

12

�
∇μHμν ⇒

∇μ□
nHμν ¼

�
□þ 5R

12

�
n∇μHμν: ðB30Þ

Two more extremely essential commutators are needed.
The first is for a rank-3 tensor tβμα. One can compute the
following relation:

∇α□tβμα ¼
�
□þ R

4

�
∇αtβμα þ

R
6
∇ρðtρμβ þ tβρμÞ

−
R
6
ð∇βtαμα þ∇μtβααÞ: ðB31Þ

We note that on the rhs, the second term is a specific linear
combination of the initial tensor with some index permu-
tations, while the last piece is a combination of various
traces. Given a tensor Vβμα, which enjoys the following
properties,

Vβμα þ Vμαβ þ Vαβμ ¼ 0; Vβμα ¼ Vμβα;

Vα
μα ¼ Vμα

α ¼ 0;

one comes to a simple relation

∇α□Vβμα ¼
�
□þ R

12

�
∇αVβμα: ðB32Þ

Notice that outlined symmetry properties are very much
similar (not identical though) to those of the so-called
Cotton tensor. A recursion relation following from the latter
formula reads

∇α□
nVβμα ¼

�
□þ R

12

�
n∇αVβμα: ðB33Þ

The last relation we need is for a rank-4 tensor tμανβ. One
can compute the following relation:

∇μ□tμανβ ¼
�
□þ R

4

�
∇μtμανβ

þ R
6
∇ρðtαρνβ þ tναρβ þ tβανρÞ

−
R
6
ð∇αtμμνβ þ∇νtμαμβ þ∇βtμανvÞ: ðB34Þ

One immediately sees that on the rhs, the second term is a
specific linear combination of the initial tensor with some
index permutations while the last piece is a combination of
various traces. Given a tensor Wμανβ, which enjoys all the
symmetric properties of the Weyl tensor, and is also totally
traceless, one comes to a simple relation

∇μ□Wμανβ ¼
�
□þ R

4

�
∇μWμανβ: ðB35Þ

A recursion relation following from the latter formula reads

∇μ□
nWμανβ ¼

�
□þ R

4

�
n∇μWμανβ: ðB36Þ

APPENDIX C: CANCELLATION OF MODES

1. Vector mode

In this section all the derivative operators, metrics, and
curvatures take their background values, and we omit the
bars. For the corresponding piece of rμσνρ, we have

rσμνρðA⊥
μ Þ ¼

R
24

ðδμνð∇σA⊥
ρ þ∇ρA⊥σÞ − δμρð∇σA⊥

ν þ∇νA⊥σÞ − δσνð∇μA⊥
ρ þ∇ρA⊥μÞ þ δσρð∇μA⊥

ν þ∇νA⊥μÞÞ

þ 1

2
ð∇ν∇μð∇σA⊥

ρ þ∇ρA⊥σÞ −∇ν∇σð∇μA⊥
ρ þ∇ρA⊥μÞ −∇ρ∇μð∇σA⊥

ν þ∇νA⊥σÞ þ∇ρ∇σð∇μA⊥
ν þ∇νA⊥μÞÞ:

Now we do the following commutations in the two last lines. In the first term with A⊥
ρ and the first term with A⊥

ν, we
commute σ and μ derivatives. In the second line for the terms with A⊥σ and A⊥μ, we exchange ρ and ν derivatives. After
some algebra together with the Riemann tensor substitution, we get
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24

R
rσμνρðA⊥

μ Þ ¼ δμνð∇σA⊥
ρ þ∇ρA⊥σÞ − δμρð∇σA⊥

ν þ∇νA⊥σÞ − δσνð∇μA⊥
ρ þ∇ρA⊥μÞ þ δσρð∇μA⊥

ν þ∇νA⊥μÞ
þ ðδμρ∇νA⊥σ − δσρ∇νA⊥μÞ þ ðδσνð∇ρA⊥μ þ∇μA⊥

ρÞ − gμσð∇ρA⊥
ν −∇νA⊥

ρÞ − δσρð∇νA⊥μ þ∇μA⊥
νÞ

þ δμν∇ρA⊥σ − δμρ∇νA⊥σÞ − ðδμνð∇ρA⊥σ þ∇σA⊥
ρÞ − gμσð∇ρA⊥

ν −∇νA⊥
ρÞ − δμρð∇νA⊥σ þ∇σA⊥

νÞ
þ δσν∇ρA⊥μ − δσρ∇νA⊥μÞ − ðδμν∇ρA⊥σ − δσν∇ρA⊥μÞ ¼ 0:

Note that all the terms cancel explicitly.
Since rσρ and r are obtained by a simple contraction of rμσνρ with the Kronecker delta our result implies that the piece A⊥

ν is
also absent in r and rσρ. Similarly,

δ0ðA⊥
μÞ ¼

1

4
ð∇μA⊥

ν þ∇νA⊥
μÞ□ð∇μA⊥ν þ∇νA⊥μÞ þ 1

2
∇μð∇μA⊥ρ þ∇ρA⊥μÞ∇νð∇νA⊥

ρ þ∇ρA⊥νÞ

−
R
24

ð∇μA⊥
ν þ∇νA⊥

μÞð∇μA⊥ν þ∇νA⊥μÞ: ðC1Þ

Note that δ0 is an integrand, and we can integrate it by parts. Doing so in the first and last lines, and utilizing several
commutation relations, we get

δ0ðA⊥
μÞ ¼ −

1

2
A⊥
ν

�
□þ 5R

12

�
∇μð∇μA⊥ν þ∇νA⊥μÞ þ 1

2
A⊥ρ

�
□þ R

4

�
2

A⊥
ρ þ

R
12

A⊥ρ

�
□þ R

4

�
A⊥

ρ;

¼ A⊥ρ

�
−
1

2

�
□þ 5R

12

�
þ 1

2

�
□þ R

4

�
þ R
12

��
□þ R

4

�
A⊥

ρ ¼ 0: ðC2Þ

2. Scalar mode, ∇μ∇νB

As in the previous section, all the derivative operators, metrics, and curvatures take their background values, and we omit
the bars. For the corresponding piece of rμσνρ, we have

2rμσνρð∇μ∇νBÞ ¼ ð∇ν∇μ∇σ∇ρ −∇ν∇σ∇μ∇ρ −∇ρ∇μ∇σ∇ν þ∇ρ∇σ∇μ∇νÞB

þ 2
R
24

ðδμν∇σ∇ρ − δμρ∇σ∇ν − δσν∇μ∇ρ þ δσρ∇μ∇νÞB: ðC3Þ

Since B is a scalar, the two most right derivatives can always be commuted. Also, we can commute others in order to cancel
explicit 4 derivative terms. Explicitly, we can commute σ and μ derivatives in the first and last terms in the first line. Doing
so, together with the Riemann tensor substitution, we gain four 2 derivative terms as follows:

2
12

R
rμσνρð∇μ∇νBÞ ¼ ð∇νðδμρ∇σ − δσρ∇μÞ þ∇ρðδσν∇μ − δμν∇σÞÞBþ ðδμν∇σ∇ρ − δμρ∇σ∇ν − δσν∇μ∇ρ þ δσρ∇μ∇νÞB ¼ 0:

ðC4Þ

Now we have only two derivatives everywhere acting on a scalar. We therefore can forget ordering those derivatives. An
explicit cancellation of all terms is transparent.
Since rσρ and r are obtained by a simple contraction of rμσνρ with the Kronecker delta, our result implies that the piece

∇μ∇νB is also absent in r and rσρ.
Now,

δ0ð∇μ∇νBÞ ¼ B

�
1

4
∇μ∇ν□∇μ∇ν −

1

4
□

3 þ 1

2
□∇ν∇ρ∇ν∇ρ −

1

2
∇μ∇ρ∇μ∇ν∇ρ∇ν

�
B −

R
48

Bð□2 þ 2∇ν∇μ∇ν∇μÞB; ðC5Þ

where we implicitly used the fact that the actual computation goes under the integral. As a result we can employ integration
by parts. Performing the first iteration of commutations, one yields
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δ0ð∇μ∇νBÞ ¼ B

�
1

4
∇μ

��
□þ 5

12
R

�
□∇μ −

R
6
∇μ

□

�
−
1

4
□

3 þ 1

2
□

2

�
□þ R

4

�

−
1

2
∇μ∇ρ∇μ∇ρ

�
□þ R

4

��
B −

R
48

B

�
□

2 þ 2□

�
□þ R

4

��
B: ðC6Þ

Performing the remaining possible commutations, one finally gets

δ0ð∇μ∇νBÞ ¼ B

�
1

4

��
□þ 2

3
R

��
□þ R

4

�
□ −

R
6
□

2

�
−
1

4
□

3 þ 1

2
□

2

�
□þ R

4

�
−
1

2
□

�
□þ R

4

�
2
�
B

−
R
48

B

�
□

2 þ 2□

�
□þ R

4

��
B ¼ 0: ðC7Þ
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