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Preface

From early 2012 to late 2016, a string of activities on regulator maps, supported by
the French public funding agency ANR (grant ANR-12-BS01-0002), was organised
jointly at the Mathematics Institute of Jussieu (IMJ-PRG) in Paris and at the ENS
in Lyon. This program culminated with the international conference Arithmetic
L-functions and Differential Geometric Methods (Regulators IV), which was held
from May 23 to May 28, 2016, at the Sophie Germain building of the Université
de Paris and was organised by Pierre Charollois (ed.), Frédéric Déglise, Gerard
Freixas i Montplet (ed.), Xionan Ma and Vincent Maillot (ed.).

The series of Regulators conferences itself was initiated in May 1998 at the
Mathematisches Forschungsinstitut Oberwolfach and had been pursued by a sec-
ond occurence in December 2005 at the Banff International Research Station and
by a third one in July 2010 at the Universitat de Barcelona. For this forth iter-
ation of the series, members of the scientific committee strongly encouraged the
organisers to extend the initial scope of the conference in order to account for the
most exciting and recent developments in the field. This choice (incidentally made
visible in the long title of the conference) brought at the same place and for one
week people coming from very different horizons and resulted into some intense
and innovative discussions.

After the meeting, it was felt that the community of mathematicians working
in the field of Regulators could benefit from a volume collecting revised versions of
some research talks given on this occasion as well as some additional contributions
(including original works and specialised surveys) written afterwards. This book
is the result of this line of thought. Each paper was refereed and is in final form.
We warmly thank all the authors and referees who have generously and patiently
contributed.

This conference would not have been possible without the involvement of the
IMJ-PRG and its staff. In particular, Élodie Destrebecq went above and beyond
the call of duty in taking in charge the concrete organisation of the event. We
wish to express our gratitude to everyone who contributed to the success of the
conference and the production of these proceedings.

At the time of writing this preface, there have been some conversations re-
garding a fifth episode of the series of Regulators conferences, but these plans
haven’t come to fruition yet. We hope that this volume will bring additional mo-
tivation in making this possible.

The editors
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sé

Ig
n
a
ci
o
B
U
R
G
O
S

D
ee
p
a
m

P
A
T
E
L

N
o
t
id
en

ti
fi
ed

J
a
m
es

L
E
W

IS
A
u
ré
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Regulators ofK1 of Hypergeometric Fibrations

Masanori Asakura and Noriyuki Otsubo

Abstract. We study a deformation of what we call hypergeometric fibrations.
Its periods and K1-regulators are described in terms of hypergeometric func-
tions 3F2 in a variable given by the deformation parameter.

Mathematics Subject Classification (2010). 14D07, 19F27, 33C20 (primary),
11G15, 14K22 (secondary).

Keywords. Periods, regulators, hypergeometric functions.

1. Introduction

In [1] and [2] we studied the periods and regulators for a certain class of fibrations,
which we call hypergeometric fibrations (see §3 for the definition). The purpose of
this paper is to extend the main results in [2].

Let f : X → P1 be a hypergeometric fibration in the sense of §3.1. Let
π : P1 → P1 be a map given by t �→ tl with l ≥ 1 an integer. Let

X(l) i ��

f(l)

����
��

��
��

��
� X ×π,P1 P1 ��

��

X

f

��
P1 π �� P1

be a Cartesian diagram with i a desingularization. One of the main results in
[2] is the period formula which describes the periods of X(l), and the other is
the regulator formula which describes Beilinson’s regualtor map on the motivic
cohomology group H3

M (X(l),Q(2)), especially on elements supported on certain

singular fibers of f (l). In particular we described the regulator in terms of the

special values of the generalized hypergeometric functions 3F2

(
α1,α2,α3,

β1,β2
; z
)

at

z = 1.
We extend those results in the following way. Our idea is simple, just re-

placing π with a map πλ given by t �→ λ − tl for λ ∈ C \ {0, 1}. We then obtain

fibrations f
(l)
λ : X

(l)
λ → P1 in the same way as above, and they are parametrized

c© The Author(s), under exclusive license to Springer Nature Switzerland AG 2021

http://crossmark.crossref.org/dialog/?doi=10.1007/978-3-030-65203-6_1&domain=pdf
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by λ. We discuss the periods and regulators for X
(l)
λ . Since the fibrations are

parametrized by λ, the periods and regulators are no longer complex numbers but
analytic functions. The main results of this paper are to describe them in terms
of hypergeometric functions (Theorems 4.1, 5.1).

Taking the limits λ → 0 of mixed Hodge structures (⇔ the nearby cycle
cohomology functor ψλ=0), one can derive the main results of [2] from our main
results. However we make a somewhat strong assumption “αχ

1 ∈ Z” throughout
this paper, so that they do not cover all of [2].

Our another motivation is the logarithmic formula in [4] where we gave a
sufficient condition for that the special value of 3F2 at z = 1 is written by a
linear combination of log of algebraic numbers. Theorem 5.9 (=a precise version
of Theorem 5.1) enables us to obtain its functional version, namely we can give a
sufficient condition for that 3F2(z) is written in terms of the logarithmic functions.
This will be discussed in a paper [3].

At the conference “Regulator IV” in Paris (May 2016), S. Bloch asked the
first author whether results in the author’s talk gave examples to the following
question of V. Golyshev.

Question: Let

PHG = Dz

p−1∏
i=1

(Dz + βi − 1)− z

p∏
i=1

(Dz + αi), Dz := z
d

dz

be the hypergeometric differential operator and let M = DS/DSPHG the
DS-module on S = P1 \ {0, 1,∞} where DS denotes the sheaf of differential
operators. Suppose that M is reducible, equivalently ∃αi ∈ Z or αj − βk ∈ Z
for some j, k, so that there is an exact sequence

0 −→ N −→ M −→ Q −→ 0

of DS-modules. Then does it underly a variation of mixed Hodge structures
of geometric origin? If so, does the extension data arise from Beilinson’s
regulator map on a motivic cohomology group? Moreover, is the regulator
described in terms of hypergeometric functions which are solutions of PHG?

See Theorem 5.8. Our regulator formula (Theorem 5.1) gives an affirmative answer
in case p = 3 and α1 = α2 = 1. However we do not have a general solution to his
question.

Acknowledgements

We would like to thank Spencer Bloch for asking Golyshev’s question. This work is
supported by JSPS Grant-in-Aid for Scientific Research, 24540001 and 25400007.
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Notations

For α ∈ C and an integer n ≥ 0, (α)n =
∏n−1

i=0 (α+ i) is the Pochhammer symbol
and the generalized hypergeometric function is defined by

pFp−1

(
α1, . . . , αp

β1, . . . , βp−1
;x

)
=

∞∑
n=0

∏p
i=1(αi)n∏p−1
j=1 (βj)n

xn

n!
.

When p = 2, this is called the Gauss hypergeometric function. We use the standard
notation for the product of values of the gamma function Γ(s)

Γ

(
α1, . . . , αp

β1, . . . , βq

)
=

∏p
i=1 Γ(αi)∏q
j=1 Γ(βj)

.

Throughout this paper, we fix an embedding Q ↪→ C, and think Q of being
a subfield. For a variety X over Q, Hn

dR(X) = Hn
dR(X/Q) denotes the algebraic

de Rham cohomology and Hn(X,Q) denotes the Betti cohomology of the analytic
manifold Xan = (X ×Q C)an.

2. Betti–de Rham structures, Hodge–de Rham
structures and periods

2.1. Betti–de Rham structures and Hodge–de Rham structures

Let kB , kdR be fields with fixed embeddings kB ↪→ C and kdR ↪→ C. A Betti–de
Rham structure over (kB, kdR) (abbreviated BdR) is a datum (HB, HdR, ι) con-
sisting of

• a finite-dimensional vector space HB (resp. HdR) over kB (resp. kdR),

• a comparison isomorphism ι : C⊗kdR
HdR

∼→ C⊗kB HB.

A Hodge–de Rham structure overkdR (abbreviated HdR) is a datum (HB,HdR,F
•,ι)

consisting of

• a finite-dimensional vector space HB (resp. HdR) over Q (resp. kdR),
• a finite decreasing filtration F • on HdR

• a comparison isomorphism ι : C⊗kdR
HdR

∼→ C⊗Q HB

such that (HB ,C⊗kdR
HdR,C⊗kdR

F •, ι) is a Hodge structure in the usual sense. A
mixed Hodge–de Rham structure (HB,WB, HdR, F

•,WdR, ι) over kdR (abbreviated
MHdR) is defined in the similar way where WB (resp. WdR) is a finite increasing
filtration on HB (resp. HdR). The Tate twists Q(r) = (Q, kdR, F

•, ι) is defined
as F−rkdR = kdR, F

−r+1kdR = 0 and the comparison ι : kdR → C given by
1 �→ (2πi)−r. The dual and tensor products of BdR, HdR and MHdR are defined
in the customary way.

In this paper we usually consider the case kdR = Q ↪→ C with the fixed
embedding.

A filtered Betti–de Rham structure over (kB , kdR) is a datum (HB , HdR, F
•, ι)

consisting of a Betti–de Rham structure (HB , HdR, ι) and a finite decreasing fil-
tration F • on HdR. The category Filt-BdR = Filt-BdRkB ,kdR

of filtered Betti–de
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Rham structures over (kB, kdR) is not abelian but exact category. The Yoneda
extension groups

Ext•Filt-BdR(H,H ′)

are defined in the canonical way (cf. [5] 1.1). The following isomorphism is well
known (cf. [2] Proposition 2.1).

Proposition 2.1 (Carlson’s isomorphism). Let H = (HB, HdR, F
•, ι) be a filtered

Betti–de Rham structure. Then there is a natural isomorphism

Ext1Filt-BdR(k,H) ∼= (C⊗kdR
HdR)/(F

0HdR + ι−1HB)

where k = (kB , kdR, F
•, id) denotes the unit object which is defined as F 0kdR =

kdR, F
1kdR = 0 and the comparison is the identity.

2.2. Periods

For a Betti–de Rham structureH = (HB , HdR, ι), the period matrix ofH is defined
to be the representation matrix of ι with respect to the kB, kdR-lattices HB, HdR,
and we denote by

Per(H) ∈ GLr(kB)\GLr(C)/GLr(kdR)

where r is the rank of H .

2.3. Multiplication

A multiplication on a Betti–de Rham structure H by a commutative Q-algebra R
is defined as a ring homomorphism R → EndBdR(H) to the endomorphism ring of
Betti–de Rham structures. The tensor product H1 ⊗R H2 over R is defined to be

H1 ⊗R H2 = (H1,B ⊗kB⊗R H2,B, H1,dR ⊗kdR⊗R H2,dR, ι1 ⊗ ι2)

endowed with multiplication by R. The multiplication on the dual Betti–de Rham
structure

H∗ = (HomkB (HB, kB),HomkdR
(HdR, kdR), ι)

is defined in such a way that rφ := φ ◦ r for φ ∈ Hom(HB , kB) and r ∈ R.
A multiplication on a filtered BdR, HdR, MHdR and its χ-parts are defined

in the same way as above.
Assume Im(kB ↪→ C) ⊂ Q and Im(kdR ↪→ C) ⊂ Q (note that Q ↪→ C is fixed

throughout the paper). For a homomorphism χ : R → Q, we define the χ-part of
a BdR structure H as

H(χ) := (HB(χ), HdR(χ), ι)

HB(χ) := Q⊗kB⊗R HB, HdR(χ) := Q⊗kdR⊗R HdR,

where kB ⊗ R → Q and kdR ⊗ R → Q are induced from χ and the embeddings
kB ↪→ Q and kdR ↪→ Q. Then H(χ) is a BdR over (Q,Q). We call its period matrix

Per(H(χ)) ∈ GLr(Q)\GLr(C)/GLr(Q)

the χ-part of the period matrix of H . The χ-part of filtered BdR, HdR and MHdR
are defined in the same way.
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Suppose that R is a semisimple and finite-dimensional Q-algebra. Then the
functor Filt-BdRkB ,kdR

→ Filt-BdR
Q,Q given by H → H(χ) is exact. Composing

with the forgetting functor MHdRkdR
→ Filt-BdRQ,kdR

one has a map

Ext1MHdRkdR
(Q, H) −→ Ext1Filt-BdRQ,Q

(Q, H(χ)), M �−→ M(χ) (2.1)

and we call M(χ) the χ-part of extension class M .
Let X be a smooth projective variety over kdR. If i = 2j, one can construct

the Beilinson regulator map

reg : H i
M (X,Q(j)) −→ Ext1MHdR(Q, Hi−1(X,Q(j))) (2.2)

to the group of 1-extensions of MHdR’s in the following way. Firstly there is the
(usual) Beilinson regulator map

H i
M (X,Q(j)) −→ Ext1MHM(XC)

(Q,Q(j)) ∼= Ext1MHS(Q, Hi−1(XC,Q(j))) (2.3)

to the extension group of mixed Hodge modules on XC := X ×kdR
C where the

isomorphism follows from the assumption i = 2j ([7]). Note that MHS = MHdRQ,C

in our notation. On the other hand, let MFW(DX) be the category of the triplet
(M,F •,W•) where M is a regular holonomic DX -module, F • is a good filtration
and W• is a finite increasing filtration on M (see [8] 1.1. or [9] 1.8 (ii) for details).
Then one also has the natural map

Hi
M (X,Q(j)) −→ ExtiMFW(DX )(OX ,OX(j))

∼= Ext1Filt-BdRQ,kdR
(Q, Hi−1(X,Q(j))).

(2.4)

Since the construction of (2.4) is compatible with that of (2.3), one can associate
a 1-extension of MHdR to each element of Hi

M (X,Q(j)). Thus the regulator map
(2.2) is defined.

Suppose that the Hodge–de Rham structure H := H i−1(X,Q(j)) over kdR
has a multiplication by R. Then we call the composition

reg(χ) : Hi
M (X,Q(j)) −→ Ext1MHdR(Q, H)

(2.1)−→ Ext1Filt-BdR
Q,Q

(Q, H(χ))

the χ-part of regulator map.

2.4. Variations of Hodge–de Rham structures

Let S be a smooth variety over kdR. A filtered Betti–de Rham structure on S
consists of a datum (HB , HdR, F

•,∇, ι) where

• HB is a local system of finite-dimensional kB-modules on San,
• HdR is a locally free OS-module of finite rank, and F • is a finite decreasing
filtration which is locally a direct summand,

• (HdR,∇) is a connection with regular singularities on S such that ∇(F p) ⊂
Ω1

S ⊗ F p−1,

• ι : Oan
S ⊗a−1OS

a−1HdR
∼→ Oan

S ⊗kB HB is a comparison isomorphism such
that ∇ annihilates the lattice HB, where a : San → Szar is the canonical
map from the analytic site to the Zariski site and Oan

S denotes the sheaf of
analytic functions on San.
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A filtered BdR on S is called a variation of Hodge–de Rham structure (abbreviated
VHdR) if kB = Q and (HB ,Oan

S ⊗OSHdR,Oan
S ⊗OSF

•, ι,∇) is a variation of Hodge
structure in the usual sense. We also define, in a customary way, a variation of
mixed Hodge–de Rham structure (abbreviated VMHdR) on S which consists of a
datum (HB,W

B
• , HdR, F

•,W dR
• , ι,∇).

3. Hypergeometric fibrations

In what follows we work over the base field kdR = Q.

3.1. Definition

Let R be a finite-dimensional semisimple Q-algebra. Let e : R → E be a surjection
onto a number field E. Let X be a smooth projective variety over kdR, and f : X →
P1 a surjective map. We say f is a hypergeometric fibration with multiplication by
(R, e) if it is endowed with a multiplication on R1f∗Q|U by R where U ⊂ P1 is
the maximal Zariski open set such that f is smooth over U and the following
conditions hold. We fix an inhomogeneous coordinate t ∈ P1.

• f is smooth over P1 \ {0, 1,∞}.
• dimE(R

1f∗Q)(e) = 2 where we write V (e) := E ⊗e,R V the e-part.

• Let Pic0f → P1 \ {0, 1,∞} be the Picard fibration whose general fiber is the

Picard variety Pic0(f−1(t)), and let Pic0f (e) be the component associated to

the e-part (R1f∗Q)(e) (this is well defined up to isogeny). Then Pic0f (e) →
P1 \ {0, 1,∞} has a totally degenerate semistable reduction at t = 1.

The last condition is equivalent to say that the local monodromy T on (R1f∗Q)(e)
at t = 1 is unipotent and the rank of log monodromy N := log(T ) is maximal,
namely rank(N) = 1

2 dimQ(R
1f∗Q)(e) (= [E : Q] by the second condition).

Example 3.1 (Gauss type). Let f : X → P1 be the fibration over Q whose general
fiber is defined by an affine equation

yN = xa(1− x)b(t− x)N−b

with 0 < a, b < N and gcd(N, a, b) = 1. Let μN ⊂ Q be the group of Nth roots
of unity. It gives automorphisms (x, y, t) �→ (x, ζNy, t) for ζN ∈ μN , and then it
defines a multiplication by R = Q[μN ] (=group ring) on R1f∗Q. Then one can
show that f is a hypergeometric fibration with multiplication by (R, e) if and only
d := �Ker[e : μN → E×] satisfies ad/N, bd/N ∈ Z.

Example 3.2 (Fermat type). Let f : X → P1 be the fibration over Q defined by
an affine equation

(xn − 1)(ym − 1) = 1− t.

The group ring R = Q[μn × μm] acts on R1f∗Q in a natural way. Then f is a
hypergeometric fibration with multiplication by (R, e) if and only if e : Q[μn ×
μm] → E does not factor through the projections μn×μm → μn nor μn×μm → μm.
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The reason why we call this “Fermat type” is the following. Letting u = x−1,
v = y−1 and s = tx−ny−m,

(xn − 1)(ym − 1) = 1− t ⇐⇒ un + vm = 1 + s.

3.2. Basic properties

We sum up some properties on our hypergeometric fibrations, which will be used
in later sections.

Proposition 3.3 ([2], Prop. 3.7).

dim
Q
F 1H1

dR(Xt)(χ) = 1 and dim
Q
Gr0FH

1
dR(Xt)(χ) = 1

where Xt is a general fiber.

Proposition 3.4 (loc. cit. Lemmas 3.6, 5.1). (R1f∗Q)(χ) is an irreducible Q[π1(P1 \
{0, 1,∞})]-module. Moreover let αχ

0 , β
χ
0 (resp. αχ, βχ) be rational numbers such

that e2πiα
χ
0 , e2πiβ

χ
0 (resp. e2πiα

χ

, e2πiβ
χ

) are eigenvalues of the local monodromy
on (R1f∗Q)(χ) at t = 0 (resp. t = ∞). Then, none of αχ

0 +αχ, αχ
0 + βχ, βχ

0 +αχ,
βχ
0 + βχ is an integer.

Proposition 3.5 (loc. cit. (3.3), (3.4)). Let ψt=1 denote the nearby cohomology func-
tor at t = 1 and let W• be the weight monodromy filtration induced by the log
monodromy N1 = log(T1). Then there are isomorphisms

GrW2 ψt=1R
1f∗Q(e) = Coker(N1) ∼= E ⊗Q(−2),

GrW0 ψt=1R
1f∗Q(e) = Ker(N1) ∼= E,

GrWj ψt=1R
1f∗Q(e) = 0, j = 0, 2

of Hodge–de Rham structure with compatible E-action, where E is endowed with
a trivial Hodge–de Rham structure of type (0, 0).

4. Period formula

4.1. Setting

Let R0 be a finite-dimensional semisimple Q-algebra and e0 : R0 → E0 be a
surjection onto a number field E0. Let f : X → P1 be a hypergeometric fibration
over Q with multiplication by (R0, e0) in the sense of §3.1.

Let S := A1 \{0, 1} be defined over Q with coordinate λ. Write P1
S := P1×S.

Put U := (A1 \ {0, 1} × S) \Δ where Δ is the diagonal subscheme. Let l ≥ 1 be
an integer. Let π : P1

S → P1
S be a morphism over S given by (s, λ) �→ (λ − sl, λ).

Then we consider a variation of Hodge–de Rham structures

M := π∗Q⊗ pr∗1R
1f∗Q|U , pr1 : P1

S = P1 × S → P1

on U and a variation of mixed Hodge–de Rham structures

H := R1pr2∗M = (HB ,W
B
• ,HdR, F

•,W dR
• ,∇, ι), pr2 : U → S
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on S. Since M is a variation of Hodge–de Rham structures of pure weight 1, the
weights of H are at most 2, 3 and 4. We have an exact sequence

0 −→ W2H −→ H −→ H /W2H −→ 0 (4.1)

with W2H a variation of Hodge–de Rham structures of pure weight 2.

The group μl ⊂ Q
×

of lth roots of unity acts on the cyclic covering π. Thus
the group ring R := R0[μl] acts on the sheaf M and hence on H . In what follows
we fix e : R → E a surjection onto a number field E such that Ker(e) ⊃ Ker(e0).
There is a unique embedding E0 ↪→ E making the diagram

R0
e0 ��

��

E0

��
R

e �� E

commutative. Then the e-part

M (e) := E ⊗e,R M ∼= E ⊗E0[μl] (π∗Q⊗R1f∗Q(e0))

is of rank 2 over E.
Let χ : R → Q be a homomorphism factoring through e. This also induces

R0 → Q which we also write χ by abuse of notation. Define k ∈ {0, 1, . . . , l − 1}
by χ(ζl) = ζkl for all ζl ∈ μl. Put q

χ := k/l. Moreover, let αχ
0 , β

χ
0 (resp. αχ, βχ) be

rational numbers in the interval [0, 1) such that e2πiα
χ
0 and e2πiβ

χ
0 (resp. e2πiα

χ

and
e2πiβ

χ

) are eigenvalues of the local monodromy T0 at t = 0 (resp. T∞ at t = ∞) on
the χ-part (R1f∗Q)(χ) = Q ⊗χ,R0 R

1f∗Q. Equivalently, these are congruent mod
Z to the eigenvalues of the residue Rest=0(∇) (resp. Rest=∞(∇)) of the connection
on the χ-part of the bundle R1f∗Ω

•
X/P1 |P1\{0,1,∞}. Note that the local monodromy

T1 at t = 1 is unipotent. Since T0T1T∞ is the identity, we have

αχ
0 + βχ

0 + αχ + βχ ∈ Z.

4.2. Theorem on periods

Let Oan be the sheaf of analytic functions on San, Ozar the Zariski sheaf of rational
functions (with coefficients in Q) on S with coordinate λ. Let a be the canonical
morphism from the analytic site to the Zariski site. We put

W2H
an
dR := Oan ⊗a−1Ozar a−1W2HdR, W2H

an
B := Oan ⊗Q W2HB

sheaves on the analytic site. The comparison isomorphism of W2H gives an ana-
lytic section

ι ∈ Γ (San, Isom(W2H
an
dR ,W2H

an
B )).

There is a canonical map (d := rankW2H )

Isom(W2H
an
dR ,W2H

an
B ) −→ GLd(Q)\GLd(O

an)/GLd(a
−1Ozar)

of sheaves by associating the representation matrices with respect to the lattices
W2HB and W2HdR.
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We call the image of ι the period matrix of W2H :

Per(W2H ) ∈ Γ (San,GLd(Q)\GLd(O
an)/GLd(a

−1Ozar)).

The χ-part of W2H defines the χ-part of the period matrix (r := rankW2H (χ))

Per(W2H (χ)) ∈ Γ (San,GLr(Q)\GLr(O
an)/GLr(a

−1Ozar)).

Theorem 4.1 (Period formula). Assume αχ
0 = 0 (⇔ βχ

0 + αχ + βχ ∈ Z) and that
qχ ≡ 0, αχ, βχ, αχ + βχ (mod Z). Then the rank of W2H (χ) is 2. For some
μ > 1, μ ≡ qχ (mod Z), the period matrix is locally given by

Per(W2H (χ)) = 2πi

(
ΘFμ(λ) ΘGμ(λ)

∂λΘFμ(λ) ∂λΘGμ(λ)

)
,

where we put

Fμ(λ) :=
1

μ
(λ− 1)μ2F1

(
αχ, βχ

μ+ 1
; 1− λ

)
,

Gμ(λ) := (−1)μΓ

(
μ, μ+ 1− αχ − βχ

μ+ 1− αχ, μ+ 1− βχ

)
2F1

(
αχ − μ, βχ − μ

αχ + βχ − μ
;λ

)
,

and Θ is a differential operator of the form

Θ = q(λ) + r(λ)∂λ, q(λ), r(λ) ∈ Q[λ, 1/λ(λ− 1)].

4.3. Proof of period formula: Part 1

We first show dim
Q
W2H (χ) = 2. We write Ua := pr−1

2 (a) ∼= P1 \ {0, 1, a,∞} for

a ∈ San = C \ {0, 1} where pr2 : U → S. Moreover we put the fibers

Ma := M |pr−1
2 (a)

∼= πa∗Q⊗R1f∗Q, Ha := H |{a} ∼= H1(pr−1
2 (a),Ma),

where πa : P1 → P1 is the map given by s �→ a−sl. When a ∈ Q\{0, 1}, we endow
Ma and Ha with HdR structure over Q induced from the Q-frames on MdR and
HdR respectively. We then want to show dimQ W2Ha(χ) = 2 for a ∈ Q \ {0, 1}.
The weight filtration induces an exact sequence

0 −→ W2Ha(χ) −→ Ha(χ) −→ Ha(χ)/W2Ha(χ) −→ 0.

There are canonical isomorphisms

W2Ha
∼= H1(P1, j∗Ma), j : P1 \ {0, 1, a,∞} ↪→ P1, (4.2)

Ha/W2Ha
∼= H0(P1, R1j∗Ma) (4.3)

of mixed Hodge–de Rham structures. Let εk : Q[μl] → Q be given by ε(ζl) = ζkl
and Q(εk) := Q⊗εk,Q[μl] π∗Q a one-dimensional local system on P1 \ {a,∞}. Then
there is a natural isomorphism

Ma(χ) ∼= Q(εk)⊗Q (R1f∗Q)(χ)
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of π1(P1\{0,1,a,∞})-modules. Since (R1f∗Q)(χ) is an irreducible π1(P1\{0,1,∞})-
module (Proposition 3.4), so is Ma(χ) as a π1(P1 \ {0, 1, a,∞})-module. In par-
ticular H0(pr−1

2 (a),Ma(χ)) = 0. Hence

dim
Q
Ha(χ) = dim

Q
H1(pr−1

2 (a),Ma(χ)) = −χ(pr−1
2 (a),Ma(χ))

= −χtop(pr−1
2 (a)) · dimQ Ma(χ) = −(−2) · 2 = 4.

Thus dim
Q
W2Ha(χ) = 2 ⇔ dim

Q
Ha(χ)/W2 = 2.

Let T0, T1, Ta, T∞ be the local monodromy on Ma(χ) at t = 0, 1, a,∞, re-
spectively. T1 is unipotent with trivial action on Q(εk), and Ta is multiplication
by e2πiq

χ

with trivial action on (R1f∗Q)(χ). The eigenvalues of T0 (resp. T∞) are

e2πiα
χ
0 , e2πiβ

χ
0 (resp. e2πi(−qχ+αχ), e2πi(−qχ+βχ)).

Recall (4.3). We then have

Ha/W2
∼= H0(P1, R1j∗Ma)

∼=
⊕

p=0,1,a,∞
Coker[Tp − 1 : ψt=pMa → ψt=pMa ⊗Q(−1)]

where ψt=p denotes the nearby cohomology at t = p. By the assumption qχ ≡ 0,
αχ, βχ (mod Z), Ta and T∞ have no eigenvalue 1 on the χ-part of ψMa. Hence
Coker[Ta − 1] = Coker[T∞ − 1] = 0. Note

Coker[Tp − 1 : ψt=pMa(χ) → ψt=pMa(χ)⊗Q(−1)]

∼= Q(εk)⊗Q
Coker[Tp − 1 : (R1f∗Q)(χ) → (R1f∗Q)(χ)], p = 0, 1.

It follows from Proposition 3.5 that we have dim
Q
Coker(T1 − 1) = 1. There re-

mains to show dim
Q
Coker(T0 − 1) = 1. By the assumption αχ

0 = 0, one has

dim
Q
Coker(T0 − 1) ≥ 1. If dim

Q
Coker(T0 − 1) = 2 this means that T0 is trivial

on (R1f∗Q)(χ). Then (R1f∗Q)(χ) cannot be irreducible as Q[π1(P
1 \ {0, 1,∞})]-

module. This contradicts with Proposition 3.4. We thus have dim
Q
Coker(T0−1) =

1, and hence dim
Q
Ha(χ)/W2 = 2. This completes the proof of dim

Q
W2Ha(χ) = 2.

In the discussion above, we obtained the following.

Proposition 4.2. Assume αχ
0 ∈ Z and qχ ≡ 0, αχ, βχ (mod Z). Then there is an

isomorphism

H (e)/W2
∼=
⊕
p=0,1

Coker[Tp − 1 : ψt=pM (e) → ψt=pM (e)⊗Q(−1)]

of variations of mixed Hodge–de Rham structures on P1 \ {0, 1,∞}.
Each Coker(Tp − 1) is one-dimensional over E. Moreover, Coker(T1 − 1) is

endowed with a Hodge–de Rham structure of type (2, 2) (Proposition 3.5).
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4.4. Relative 1-form ωχ

The χ-part (f∗Ω
1
X/P1)(χ)|P1\{0,1,∞} of the Hodge bundle has rank one (Proposition

3.3). Hence it is a trivial line bundle on P1 \ {0, 1,∞}. In what follows we fix a
relative 1-form

ωχ ∈ Γ (P1 \ {0, 1,∞}, (f∗Ω1
X/P1)(χ))

with coefficients in Q which is everywhere nonzero (until the end of the paper).
Let Xt = f−1(t) be the general fiber. We fix (nonzero) homology cycles

γ = γt ∈ H1(Xt,Q)(χ) ∩Ker(T0 − 1), δ = δt ∈ H1(Xt,Q)(χ) ∩Ker(T1 − 1).

Note that each H1(Xt,Q)(χ)∩Ker(Tp−1) is one-dimensional over Q (Proposition
4.2).

Lemma 4.3 (Key Lemma). There is a differential operator θ = p0(t)+p1(t)
d
dt with

pi(t) ∈ Q[t] such that∫
γ

ωχ = B(αχ, βχ) · θ2F1

(
αχ, βχ

αχ + βχ
; t

)
,

∫
δ

ωχ = 2πi · θ2F1

(
αχ, βχ

1
; 1− t

)
.

(4.4)
Here B(α, β) := Γ(α)Γ(β)/Γ(α + β) is the beta function.

Proof. Since δ is T1-invariant,
∫
δ ω

χ is a single-valued meromorphic function at

t = 1. So is
∫
γ ω

χ at t = 0 as γ is T0-invariant. Therefore (4.4) follows from [2],

Lemmas 5.2, 5.3 and 5.4. �

The differential equation

(t(D + α)(D + β)− (D + α+ β − 1)D)f = 0, D = t
d

dt

has the Riemann scheme ⎧⎨⎩
t = 0 t = 1 t = ∞
0 0 α

1− α− β 0 β

⎫⎬⎭ .

Among Kummer’s 24 solutions, we used in the preceding lemma

f1(t) := 2F1

(
α, β

α+ β
; t

)
, f2(t) := 2F1

(
α, β

1
; 1− t

)
. (4.5)

Later in Section 5.4, we will use the solution

f3(t) := t1−α−β
2F1

(
1− α, 1− β

2− α− β
; t

)
, (4.6)

which has the characteristic exponent 1− α− β at t = 0. These satisfy the linear
relation (cf. [6, §2.9])

Γ

(
1− α− β

1− α, 1 − β

)
f1(t)− f2(t) + Γ

(
α+ β − 1

α, β

)
f3(t) = 0.
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This can be written, using functional equations of the gamma function

B(α, β) = Γ

(
α, β

α+ β

)
, Γ(s+ 1) = sΓ(s),

as

B(α, β)f1(t) + 2πi
1− e2πi(α+β)

(1− e2πiα)(1 − e2πiβ)
f2(t)−B(1− α, 1 − β)f3(t) = 0. (4.7)

4.5. Rational 2-forms sm−1ds ∧ ωχ.

By taking an embedded resolution, we may assume that the reduced divisor

D := (f−1(0) + f−1(1) + f−1(∞))red

of the singular fibers is a NCD. Recall from Lemma 4.3 (Key Lemma) the differ-
ential operator θ = p0(t) + p1(t)

d
dt . By replacing ωχ with tn(1 − t)mωχ for some

n,m ≥ 0, we may assume without loss of generality

P1: pi(t) are polynomials and t(1− t)|p1(t),
P2: ωχ ∈ Γ (P1\{∞}, f∗Ω1

X/P1(logD)), where the locally free sheaf Ω1
X/P1(logD)

is defined by the exact sequence

0 −→ f∗Ω1
P1(log(0 + 1 +∞)) −→ Ω1

X(logD) −→ Ω1
X/P1(logD) −→ 0.

Let a ∈ C \ {0, 1} and πa : P1 → P1 a morphism given by s �→ a − sl as in §4.3.
To distinguish the source and target of πa, we denote by P1 the target with inho-
mogeneous coordinate t, and by P1

a the source with inhomogeneous coordinate s.
Let

Xa
i ��

fa
���

��
��

��
��

� P1
a ×P1 X ��

��

X

f

��
P1
a

πa �� P1

where i is the desingularization such that the inverse image Da ⊂ Xa of D is a
NCD. Let Ua ⊂ Xa (resp. Ua ⊂ Xa) be the inverse image of P1 \{0, 1, a,∞} (resp.
P1 \ {∞}) under πa ◦ fa. By the projection formula,

Ma = πa∗Q⊗R1f∗Q ∼= πa∗(π
∗
aR

1f∗Q) = πa∗(R
1fa∗Q).

This implies

Ha = H1(P1 \ {0, 1, a,∞},Ma) ∼= H1(P1
a \ {sl = 0, a, a− 1,∞}, R1fa∗Q)

and hence we have an exact sequence

0 �� Ha
�� H2(Ua,Q) �� H2(f−1

a (s),Q).

In particular, by taking the weight 2 piece, we have a canonical isomorphism

W2Ha

∼=−→Ker[W2H
2(Ua,Q) → H2(f−1

a (s),Q)]

=Ker[H2(Xa,Q)/H2
Da

(Xa) → H2(f−1
a (s),Q)]. (4.8)
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Consider the rational 2-form

sm−1ds ωχ = sm−1ds ∧ ωχ ∈ Γ (U ,Ω2
U /Q

)

for m ≥ 1. By the assumption P2,

sm−1ds ∧ ωχ|λ=a ∈ Im[Ω1
P1
a\{∞} ∧ Ω1

U/P1(logD) −→ Ω2
Ua

(logDa)],

⊂ Im[t(1− t)Ω1
P1
a
(log(π−1

a (0 + 1))) ∧ Ω1
U/P1(logD) → Ω2

Ua
(logDa)]

⊂ t(1− t)Ω2
Ua

(logDa) = Ω2
Ua

,

so that we have

sm−1ds ∧ ωχ|λ=a ∈ Γ (Ua,Ω
2
Ua

).

Let [sm−1ds ∧ ωχ]|λ=a ∈ H2
dR(Ua/C) denote the de Rham cohomology class. Ob-

viously, its restriction to the general fiber f−1
a (s) vanishes. Thus

[sm−1ds ∧ ωχ]|λ=a ∈ H1(P1 \ {0, 1, a,∞},Ma) ∩ ImH2
dR(Ua/C).

If m ≡ k modulo l, then [sm−1ds ∧ ωχ]|λ=a belongs to the χ-part. By Proposition
4.2 together with the commutative diagram

Ha
��

��

H2(Ua,Q)

��
Ha/W2

i �� H3
Da

(Xa,Q)

with injective i, we have

[sm−1ds ∧ ωχ]|λ=a ∈ W2Ha,dR(χ) = W2H
1(P1 \ {0, 1, a,∞},Ma)(χ).

This means

[sm−1ds ∧ ωχ] ∈ Γ (S,W2H (χ)).

Summarizing, we have:

Lemma 4.4. Let ωχ be a relative 1-form satisfying the condition P2. Then for
any integer m ≥ 1 such that m ≡ k (mod l), the rational 2-form sm−1ds ∧ ωχ ∈
Γ (U ,Ω2

U /Q
) defines a de Rham cohomology class

[sm−1ds ∧ ωχ] ∈ Γ (S,W2H (χ)).

As is shown in §4.3, W2Ha,dR(χ) is two-dimensional. We shall show in below
that it is spanned by [sm−1ds ∧ ωχ]|λ=a and [sm−l−1ds∧ ωχ]|λ=a for some m. We
note that it is never obvious to show even the non-vanishing.
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4.6. Proof of period formula: Part 2

We compute the period matrix Per(W2H (χ)).

Let AdR ⊂ H2
dR(Ua) be the Q-subspace spanned by [sm−1ds ∧ ωχ]|λ=a with

m > 0 such that m ≡ k mod l (cf. Lemma 4.4). Consider the commutative diagram

AdR

��

�� Hom(HB
2 (Ua),C)

��

H2
B(Ua,C)

��
W2Ha,dR(χ) �� Hom(HB

2 (Ua),C) H2
B(Ua,C).

As is easily shown,

H2(Ua)fib := Ker[H2(Ua) → H2(Da ∩ Ua)] −→ H2(Ua)

is injective (cf. [2] §6.1), and AdR is obviously contained in H2
dR(Ua)fib. Our goal

is to find mi and Zi ∈ HB
2 (Ua,Q) (i = 1, 2) such that∣∣∣∣

∫
Z1

sm1−1ds ∧ ωχ|λ=a

∫
Z2

sm1−1ds ∧ ωχ|λ=a∫
Z1

sm2−1ds ∧ ωχ|λ=a

∫
Z2

sm2−1ds ∧ ωχ|λ=a

∣∣∣∣ = 0 (4.9)

and show that the entries (regarded as analytic functions of variable a) are as in
Theorem 4.1. Then this gives the period matrix Per(W2H (χ)).

Recall from §4.4 the homology cycle δ ∈ H1(f
−1(t),Q)(χ). We think it being

a homology cycle in a fiber f−1
a (s). We take the Lefschetz thimble Δ ⊂ Ua over a

segment from s = 0 to s = l
√
a− 1 (a fixed lth root). Let ζ ∈ μl be a primitive lth

root of unity and σζ ∈ Aut(πa) be the corresponding automorphism. We denote
the automorphism of Xa induced from σζ × idX by the same symbol σζ . Δ has no

boundary over s = l
√
a− 1, but may have boundary over s = 0. Since σζ acts on

the fiber over s = 0 as identity, (1− σζ)Δ has no boundary:

(1− σζ)Δ ∈ H2(Ua,Q).

Let Ta=0 denote the local monodromy at a = 0 on H2(Ua,Q) and we put

Z1 := (1 − σζ)Δ, Z2 := Ta=0(Z1) ∈ H2(Ua,Q). (4.10)

Let pi(t) ∈ Q[t] be polynomials which satisfy P1 in the beginning of §4.5.
Put

ai(λ) :=
(−1)i

i!
∂i
λp0(λ), bi(λ) :=

(−1)i

i!
∂i
λp1(λ), (4.11)

so that

p0(t) =
N∑
i=0

ai(λ)(λ − t)i, p1(t) =
N∑
i=0

bi(λ)(λ − t)i, (4.12)

for a sufficiently large N .
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Lemma 4.5. Let Fμ(λ) and Gm(λ) be as defined in Theorem 4.1. Then we have,
for μ > 1,

∂λFμ(λ) = (μ− 1)Fμ−1(λ), (4.13)

∂λGμ(λ) = (μ− 1)Gμ−1(λ). (4.14)

Proof. Write α = αχ, β = βχ. Since

∂λ2F1

(
α, β

γ
;λ

)
=

αβ

γ
2F1

(
α+ 1, β + 1

γ + 1
;λ

)
(4.15)

in general, we have

∂λFμ(λ) = (λ− 1)μ−1

(
2F1

(
α, β

μ+ 1
; 1− λ

)
+

αβ

μ(μ+ 1)
(1− λ)2F1

(
α+ 1, β + 1

μ+ 2
; 1− λ

))
.

Hence (4.13) is equivalent to

(α)n(β)n
(μ+ 1)n(1)n

+
αβ

μ(μ+ 1)

(α+ 1)n−1(β + 1)n−1

(μ+ 2)n−1(1)n−1
=

(α)n(β)n
(μ)n(1)n

(n ≥ 1),

and this is easily verified. One proves (4.14) similarly, using (4.15) and the func-
tional equation Γ(s+ 1) = sΓ(s). �

Proposition 4.6. For a ∈ C \ {0, 1} and any positive integer m ≡ k (mod l), put

Pm(a) :=

∫
Δ

sm−1ds ∧ ωχ|λ=a, μ =
m

l

and regard it as an analytic function Pm(λ) of variable λ. Suppose μ > 1. Then
we have

Pm(λ) =
2πi

l

N∑
i=0

(ai(λ) + bi(λ)∂λ)Fμ+i(λ). (4.16)

Moreover we have

∂λPm(λ) = (μ− 1)Pm−l(λ). (4.17)

Proof. Letting t = λ− sl we have by (4.4)

Pm(λ) =
2πi

l

∫ λ

1

(λ− t)μ−1(p0(t) + p1(t)∂t)2F1

(
αχ, βχ

1
; 1− t

)
dt

=
2πi

l

∫ λ

1

(
(λ− t)μ−1p0(t)− ∂t

(
(λ− t)μ−1p1(t)

))
2F1

(
αχ, βχ

1
; 1− t

)
dt.
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Here the second equality follows from integration by parts and the assumption
1− t | p1(t) in P1. By (4.12) and letting 1− t = (1− λ)u, we have

Pm(λ) =
2πi

l

∑
i≥−1

(ai(λ) + (μ+ i)bi+1(λ))

∫ λ

1

(λ− t)μ+i−1
2F1

(
αχ, βχ

1
; 1− t

)
dt

=
2πi

l

∑
i≥−1

(ai(λ) + (μ+ i)bi+1(λ))

× (λ − 1)μ+i

∫ 1

0

(1 − u)μ+i−1
2F1

(
αχ, βχ

1
; (1− λ)u)

)
du.

By the integral representation of 3F2 (cf. [10], (4.1.2))∫ 1

0
2F1

(
a, b

d
;xt

)
tc−1(1− t)e−c−1 dt = B(c, e− c)3F2

(
a, b, c

d, e
;x

)
, (4.18)

we have∫ 1

0

(1− u)μ+i−1
2F1

(
αχ, βχ

1
; (1 − λ)u

)
du

= B(1, μ+ i)3F2

(
αχ, βχ, 1

1, μ+ i+ 1
; 1− λ

)
=

1

μ+ i
2F1

(
αχ, βχ

μ+ i+ 1
; 1− λ

)
.

Hence we obtain

Pm(λ) =
2πi

l

∑
i≥−1

(ai(λ) + (μ+ i)bi+1(λ))Fμ+i(λ).

Now (4.16) follows using (4.13), from which (4.17) follows using

∂λai(λ) = −(i+ 1)ai+1(λ), ∂λbi(λ) = −(i+ 1)bi+1(λ),

and (4.13). �

Proposition 4.7. Let the notations be as in Proposition 4.6. There is a differential
operator Θ = q(λ) + r(λ)∂λ with q(λ), r(λ) ∈ Q[λ, 1/λ(λ− 1)], such that

Pm(λ) = 2πi ·ΘFμ(λ).

Proof. By (4.13), we have Fμ+i(λ) =
(μ)i
(μ)N

∂N−i
λ Fμ+N (λ) (i = 0, 1, . . . , N). Hence

by Proposition 4.6, we have Pm(λ) = 2πi ·Θ1Fμ+N (λ) with

Θ1 =
1

l

N∑
i=0

(
(μ)i
(μ)N

(ai(λ)∂
N−i
λ + bi(λ)∂

N+1−i
λ )

)
.

Recall that Fμ(λ) is a solution of the differential equation satisfied by

2F1

(
αχ − μ, βχ − μ

αχ + βχ − μ
;λ

)
,

i.e., DFμ(λ) = 0 with

D := λ(1−λ)∂2
λ+{αχ+βχ−μ−(αχ+βχ−2μ+1)λ}∂λ−(αχ−μ)(βχ−μ). (4.19)
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Hence we have

(αχ−μ)(βχ−μ)Fμ = ({αχ+βχ−μ−(αχ+βχ−2μ+1)λ}−λ(1−λ)∂λ)(μ−1)Fμ−1.

Applying this iteratively, we obtain a differential operator Θ2 of degree N such
that

Fμ+N (λ) = Θ2Fμ(λ).

By reducing the degree of Θ1Θ2 using (4.19), we obtain the proposition. �

To compute the period along Z2 (see (4.10)), we prepare the following.

Proposition 4.8. Assume m > l, m ≡ k (mod l), and that μ := m/l satisfies
μ ≡ 0, αχ, βχ, αχ + βχ (mod Z). Let Θ be as in Proposition 4.7. Then we have( ∫

Z1
sm−1ds ωχ

∫
Z2

sm−1ds ωχ∫
Z1

sm−l−1ds ωχ
∫
Z2

sm−l−1ds ωχ

)
= 2πi(1− ζm)

(
1 0
0 1

μ−1

)(
ΘFμ(λ) ΘGμ(λ)

∂λΘFμ(λ) ∂λΘGμ(λ)

)(
1 ξ
0 1− ξ

)
.

Here
∫
Zi

sm−l−1ds ωχ is also regarded as an analytic function of variable λ as in
Proposition 4.6.

Proof. Firstly, since σζ acts on sm−1ds as multiplication by ζm, we have, by Propo-
sition 4.7, ∫

Z1

sm−1ds ωχ = (1− ζm)Pm(λ) = 2πi(1− ζm)ΘFμ(λ).

Secondly, Gμ(λ) is a solution of the differential equation (4.19), and its monodromy
at λ = 0 is given by

Tλ=0(Fμ, Gμ) = (Fμ, Gμ)

(
ξ 0

1− ξ 1

)
, ξ := e2πi(μ−αχ−βχ)

(see [6, §2.9 (43)]). Note that ξ depends only on μ mod Z and ξ = 1 by the
assumption. Hence we have∫
Z2

sm−1ds ωχ = 2πi(1−ζm)ΘTλ=0Fμ(λ) = 2πi(1−ζm)Θ(ξFμ(λ)+(1−ξ)Gμ(λ)).

Then the computation for
∫
Zi

sm−l−1ds ωχ (i = 1, 2) follows by Proposition 4.6.
�

Now we finish the proof of Theorem 4.1. By Proposition 4.8, it suffices to
show ∣∣∣∣ ΘFμ(λ) ΘGμ(λ)

∂λΘFμ(λ) ∂λΘGμ(λ)

∣∣∣∣ = 0

for some m. This is equivalent to that ΘFμ(λ)/ΘGμ(λ) is non-constant. Suppose
that ΘFμ(λ) = CΘGμ(λ) for some constant C. Then Fμ(λ)−CGμ(λ) is a solution
of both Θf = 0 and (4.19). Since (4.19) is irreducible by the assumption that μ ≡
α, β, α+ β (mod Z), and the order of Θ is one, we have Θ = 0. Suppose that this
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is the case for any m > l with m ≡ k (mod l). Then Pm(λ) =
∫
Δ
sm−1ds ωχ = 0

for any such m. Applying the elementary lemma below (replace s with x1/l), it
follows that

∫
δ ω

χ = 0, hence a contradiction. �

Lemma 4.9. Let f be a continuous function on the closed interval [0, 1] whose zeros

have no accumulation point. If
∫ 1

0
f(x)xn−1dx = 0 for all n ∈ Z>0, then f ≡ 0.

Proof. By replacing f(x) with (x − 1)f(x) if necessary, we can assume f(1) = 0.
Suppose that f ≡ 0. By replacing f with −f if necessary, there exists a ∈ (0, 1)
such that f(x) > 0 for any x ∈ (a, 1). Put M = maxx∈[0,a] |f(x)| and choose
b, c ∈ (a, 1) (b < c) and m > 0 such that f(x) ≥ m for any x ∈ [b, c]. Then∫ 1

0

f(x)xn−1 dx > −M

∫ a

0

xn−1 dx+m

∫ c

b

xn−1 dx

=
mcn

n

(
1−
(
b

c

)n

− M

m

(a
c

)n)
.

Since the right-hand side is positive for sufficiently large n, this contradicts the
assumption. �

5. Regulator formula

We keep the setting and the notations in §4.1. Put

C := GrW2 ψt=1M ∼= π∗Q|{1}×S ⊗ (GrW2 ψt=1R
1f∗Q) (5.1)

a VHdR on S. In this section we discuss the exact sequences

0 �� W2H (e) �� H (e) �� (H /W2H )(e) �� 0

0 �� W2H (e) �� H ′(e) ��

��

C(e)⊗Q(−1) ��
��

��

0

(5.2)

of mixed Hodge–de Rham structures on S = P1\{0, 1,∞} arising from (4.1), where

the right vertical inclusion is as in Proposition 4.2. Since GrW2 ψt=1(R
1f∗Q)(e0) ∼=

E0 is a constant VHdR of type (1, 1), C(e) is one-dimensional over E and endowed
with Hodge type (1, 1) (however the monodromy is non-trivial).

5.1. Setting

Let Q : R1f∗Q ⊗ R1f∗Q → Q(−1) be a polarization form which also induces a
polarization on the e0-part (R

1f∗Q)(e0). It naturally extends to a non-degenerate
pairing Q : M ⊗M → Q(−1) which is compatible with the action of Aut(π) ∼= μl,
namely Q(σx, σy) = Q(x, y) for σ ∈ Aut(π). This also induces a polarization on
the e-part M (e). We have isomorphisms

(M )∗ ∼= M ⊗Q(1), (M (e))∗ ∼= M (e)⊗Q(1) (5.3)
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induced from Q where (−)∗ denotes the dual sheaf. Let j : U ↪→ P1
S and pr2 :

P1
S = P1 × S → S. Then there are isomorphisms

(H )∗ = (R1pr2∗Rj∗M )∗ ∼= R1pr2∗j!M
∗ ⊗Q(1) ∼= R1pr2∗j!M ⊗Q(2) (5.4)

induced from the Verdier duality and (5.3). We show that (5.4) induces an isomor-
phism

(W2H )∗ ∼= W2H ⊗Q(2). (5.5)

Let i : Z = P1
S \U ↪→ P1

S be the complement. Note that Z is finite etale over S.
There is an exact sequence

0 −→ i∗i
∗j∗M −→ j!M [1] −→ j∗M [1] −→ 0

of mixed Hodge modules where j∗M = R0j∗M . Applying Rpr2∗, one has

0 �� i∗i∗j∗M �� R1pr2∗j!M �� R1pr2∗j∗M ��

(4.2)

0

W2H

because (R0pr2∗j∗M )a = H0(Ua,Ma) = 0 for a ∈ C \ {0, 1} (see §4.3 for the
notation). The mixed Hodge–de Rham structure

i∗i
∗j∗Ma =

⊕
p=0,1,a,∞

Ker[Tp − 1 : ψt=pMa → ψt=pMa ⊗Q(−1)]

has weight ≤ 1. This implies GrW2 R1pr2∗j!M = R1pr2∗j∗M = W2H . We thus
have (5.5) by taking the graded piece of (5.4) of weight −2.

The isomorphisms (5.3) and (5.5) are not compatible with respect to the
multiplication by R. Here the multiplication on the left-hand side of (5.3) or (5.5)
is given as in §2.3. For r ∈ E, we denote by tr the multiplication on M (e) such
that

Q(rx, y) = Q(x, try), ∀ x, y.

The multiplication by r on the left corresponds to tr in the right of (5.3). Note
tσ = σ−1 for σ ∈ Aut(π). For χ : R → Q, we denote (−)(tχ) the subspace on
which tr acts by multiplication by χ(r) for all r ∈ E. Then (5.3) and (5.5) induce

(M (χ))∗ ∼= M (tχ), (W2H (χ))∗ ∼= W2H (tχ).

5.2. Theorem on regulators

Let Ozar be the Zariski sheaf of polynomial functions (with coefficients in Q) on
S = A1

Q
\ {0, 1} with coordinate λ. Let Oan be the sheaf of analytic functions on

San = Can \ {0, 1}. Let a be the canonical morphism from the analytic site to the
Zariski site. Set

J :=Coker[a−1F 2W2HdR⊕ ι−1W2HB→Oan⊗a−1Ozar a−1W2HdR],

J ∗ :=Coker[a−1Hom(W2HdR/F
1,Ozar)⊕ ι−1W2H

∗
B →Hom(a−1W2HdR,O

an)]

sheaves on the analytic site Can \ {0, 1}. Note J ∗ ∼= J by (5.5).
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Let C be the VHdR on S as defined in (5.1). Let h : S̃ → S be a generically

finite and dominant map such that l
√
λ− 1 ∈ Q(S̃). Then h∗C is a constant VHdR

of type (1, 1). Let

δ : h∗C(e)⊗Q(1) = HomVMHdR(Q, h∗C ⊗Q(1))

−→ Ext1VMHdR(Q, h∗W2H (e)⊗Q(2)).

be the connecting homomorphism arising from the exact sequence of (5.2). Let ρ
be the composition of maps

h∗C(e)⊗Q(1)
δ−→ Ext1VMHdR(Q, h∗W2H (e)⊗Q(2))

−→ Γ (S̃an, h∗J (e))
∼−→ Γ (S̃an, h∗J ∗(e))

where the second arrow is constructed in a similar way to the proof of Proposition
2.1. Let ρ(tχ) be tχ-part of ρ, namely the composition of maps

Q ∼= (h∗C(e)⊗Q(1))(tχ) −→ Ext1Filt-BdR(Q, h∗W2H (tχ)⊗Q(2))
∼−→ Ext1Filt-BdR(Q, h∗(W2H )∗(χ))

−→ Γ (S̃an, h∗J ∗(χ)).

Here J ∗(χ) is defined by replacing W2HdR with W2HdR(χ), and W2H ∗
B with

W2H ∗
B (χ) = HomQ(W2HB(χ),Q).

Theorem 5.1 (Regulator formula). Let the assumptions, μ and Θ be as in Theorem
4.1. Let ρ(tχ)(1) ∈ (h∗Oan)2 ∼= Hom(a−1W2HdR(χ), h

∗Oan) be a local lifting
where the isomorphism is with respect to a Q-frame of W2HdR(χ). Then we have

ρ(tχ)(1) ≡ (ΘHμ(λ), (μ − 1)−1∂λΘHμ(λ)) (mod Q(λ)
2
),

where we put

Hμ(λ) :=
1

(1 − αχ)(1− βχ)
(λ − 1)μ−1

3F2

(
1, 1, 1− μ

2− αχ, 2− βχ
;

1

1− λ

)
.

The map ρ is related to Beilinson’s regulator map in the following way. Let

P1
S̃
:= P1 × S̃ and π̃ : P1

S̃
→ P1 given by (s, λ) �→ h(λ)− sl. Let

XS̃

i ��

fS̃ ���
��

��
��

��
� P1

S̃
×P1 X ��

��

X

f

��
P1
S̃

π̃ �� P1

with i desingularization. Let g := pr2 ◦ fS̃ : XS̃ → S̃ be a projective smooth map.
Let

reg : H3
M (XS̃ ,Q(2)) −→ Ext1VMHdR(Q, R2g∗Q(2))
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be the Beilinson regulator map. Let j : π̃−1({0, 1,∞}) ↪→ P1
S̃
be the embedding

and put

(R2g∗Q)0 := Ker[R2g∗Q → pr2∗j∗j
−1R2fS̃∗Q].

There is a canonical surjective map (R2g∗Q)0 → h∗W2H (cf. (4.8)), so that we
have

reg0 : H3
M (XS̃ ,Q(2))0 −→ Ext1VMHdR(Q, h∗W2H ⊗Q(2)),

where H3
M (XS̃ ,Q(2))0 ⊂ H3

M (XS̃ ,Q(2)) is the inverse image of

Ext1VMHdR(Q, (R2g∗Q(2))0)

by reg. Let ES̃ ⊂ XS̃ be the inverse image of the singular fiber f−1(1) ⊂ X , then
there is a canonical map

H3
M ,ES̃

(XS̃ ,Q(2)) → H3
B,ES̃

(XS̃ ,Q(2)) ∩H0,0 → HomVMHdR(Q, h∗C ⊗Q(1))

from the motivic cohomology group with support in ES̃ , and the following diagram
is commutative

H3
M ,ES̃

(XS̃ ,Q(2)) ��

��

HomVMHdR(Q, h∗C ⊗Q(1))

∩
��

ρ

��

HomVMHdR(Q, h∗H /W2 ⊗Q(2))

��
H3

M (XS̃ ,Q(2))0
reg0 �� Ext1VMHdR(Q, h∗W2H ⊗Q(2))

��
Γ (S̃an, h∗J ∗).

Taking the e-part, one easily sees that the top horizontal arrow is surjective, and
hence the element ρ(tχ)(1) comes from an element of H3

M ,ES̃
(XS̃ ,Q(2)) (see also

[2] Prop. 4.8).

5.3. Proof of regulator formula: Part 1

Let

Xa
i ��

fa
���

��
��

��
��

� P1
a ×P1 X ��

��

X

f

��
P1
a

πa �� P1

be as in §4.5. Let Da ⊂ Xa be the inverse image of the singular fibers of f . We
denote the coordinate of P1 (resp. P1

a) by t (resp. s). We also use the notation in
§4.3. Note Ma

∼= πa∗R
1fa∗Q is endowed with the de Rham structure induced from

a Q-frame on MdR. The distinguished triangle

0 −→ j!πa∗fa∗Q −→ j!τ≤1πa∗Rfa∗Q −→ j!πa∗R
1fa∗Q[−1] −→ 0
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and the fact that

H2(P1
a, j!πa∗Q) = H0(P1

a, Rj∗πa∗Q)∗ = H0(P1
a \ {0, 1, a,∞}, πa∗Q)∗ = 0

implies

H2(P1, j!πa∗τ≤1Rfa∗Q)
∼=−→ H1(P1, j!Ma).

Hence we have an injective map

H1(P1, j!Ma) −→ H2(P1, j!πa∗Rfa∗Q) = H2(P1, πa∗Rfa∗j!Q) = H2(Xa, Da;Q).

We have a commutative diagram with exact rows

0 �� W2Ha(2) �� Ha(2) �� Ha/W2(2) �� 0

0 �� (W2Ha)
∗ �� H1(P1, j!Ma)

∗ �� H1(P1, j!Ma)
∗/W−2

�� 0

0 �� H2(Xa,Q)/H2(Da)

a1

��

�� H2(Xa, Da;Q)

a2

��

�� H1(Da)

a3

��

�� 0

0 �� H2(Ua,Q)/H2(D
◦
a)

b1

��

�� H2(Ua, D
◦
a;Q)

b2

��

�� H1(D
◦
a)

b2

��

where D◦
a := Da ∩ Ua. Since a2 is surjective, so are a1 and a3. Moreover a3 is

bijective (local invariant cycle theorem).
Let Z1, Z2 be the homology cycles (4.10), and (m1,m2) = (lμ, lμ− l) where

μ is as in Theorem 4.1. Note that (W2Ha)
∗(χ) is spanned by the images of Z1 and

Z2. Hence

Ha,B(
tχ)/W2 ∩H0,0 ∼= Q

=−→ HB
1 (D◦

a)(χ) ∩H0,0

−→ Ext1Filt-BdR(Q, H2(Ua,Q)/H2(D
◦
a)(χ))

−→ Ext1Filt-BdR(Q, (W2Ha)
∗(χ))

∼−→ Coker[(W2Ha,B)
∗(χ)⊕Hom(W2Ha,dR/F

1,Q) → Hom(W2Ha,dR(χ),C)]
=−→ Coker[Hom(W2Ha,dR(χ)/F

1,Q) → Hom(W2Ha,dR(χ),C)/ImH2(Ua,Q)]

and the composition of the above coincides with the restriction ρ(tχ)|λ=a. Moreover
the image of H2(Ua,Q) is given by the period matrix

Per(W2H (χ))|λ=a =

(∫
Z1

sm1−1dsω
∫
Z2

sm1−1dsω∫
Z1

sm2−1dsω
∫
Z2

sm2−1dsω

) ∣∣∣∣
λ=a

: Q
2 −→ C2

under the isomorphism

Hom(W2Ha,dR(χ),C) ∼= C2
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given by the Q-basis {sm1−1dsω, sm2−1dsω} of W2Ha,dR(χ). Let Dss
a ⊂ Da be

the inverse image of f−1(1). Note Dss
a ⊂ Ua. Then for 1 ∈ Q ∼= H1(D

ss
a )(χ) ⊂

H1(D
◦
a)(χ) ∩H0,0, we want to compute a lifting

ρ(tχ)(1) = (φ1(a), φ2(a)) ∈ C2.

Lemma 5.2. Let Γ(a) ∈ HB
2 (Ua, (πafa)

−1(1);Q) be a lifting of the homology cycle

1 ∈ Q ∼= H1(D
ss
a )(χ). Then there is an algebraic function R(λ) ∈ Q(λ) of variable

λ such that

φi(a) =

∫
Γ(a)

smi−1ds ωχ|λ=a +R(a)

for a in a small neighbourhood of Can \ {0, 1}.

Proof. See [2], Proposition 7.2; the situation there is slightly different but the same
discussion works. �

5.4. Proof of regulator formula: Part 2

Recall from §4.4 the homology cycles δ, γ ∈ H1(Xt,Q)(χ). By the local invariant
cycle theorem, there is an exact sequence

H1(Xt,Q)
T0−1−→ H1(Xt,Q) −→ H1(f

−1(0),Q) −→ 0, (5.6)

where T0 is the local monodromy at t = 0. We note that H1(f
−1(0),Q) has multi-

plication by R0 induced from (5.6) (recall from §4.1 that R1f∗Q has multiplication
by R0). An element γ′ ∈ H1(Xt,Q)(χ) vanishes as t → 0 if and only if it belongs
to the one-dimensional space

Ker[H1(Xt,Q)(χ) → H1(f
−1(0),Q)] = Im[T0−1 : H1(Xt,Q)(χ) → H1(Xt,Q)(χ)].

Lemma 5.3. Put

γ′ := γ +
1− e2πi(α

χ+βχ)

(1− e2πiαχ)(1− e2πiβχ)
δ.

Then γ′ is a basis of Ker[H1(Xt,Q)(χ) → H1(f
−1(0),Q)], and we have∫

γ′
ωχ = B(1− αχ, 1− βχ)θ

(
t1−αχ−βχ

2F1

(
1− αχ, 1− βχ

2− αχ − βχ
; t

))
.

Proof. If αχ + βχ = 1, then T0 is unipotent and Im(T0 − 1) = Ker(T0 − 1), to
which γ′ = γ belongs. The assertion about the period is Lemma 4.3. Suppose
αχ+βχ = 1. Recall the notations (4.5), (4.6) and the relation (4.7). The assertion
about the period follows from (4.7). Since f1(t) and f3(t) form a basis of the local
solutions near t = 0, and T0 − 1 annihilates f1(t) but not f3(t), the γ′ generates
Im(T0 − 1). �

We regard γ′ as a homology cycle in a general fiber of fa. Fix lth roots l
√
a

and l
√
a− 1. Let Γa ⊂ Ua be the Lefschetz thimble over a path from s = l

√
a− 1

to s = l
√
a with fiber γ′ (s is the coordinate of P1

a). Note that δ vanishes as



24 M. Asakura and N. Otsubo

t → 1 but γ does not. Therefore Γa has a non-trivial boundary supported on
f−1
a ( l

√
a− 1) ∼= f−1(1):

Γa ∈ HB
2 (Ua, f

−1
a ( l

√
a− 1);Q), ∂Γa = 0 ∈ HB

1 (f−1
a ( l

√
a− 1)) ∼= HB

1 (f−1(1)).

Note thatHB
1 (f−1(1),Q) has multiplication by R0 via the local invariant cycle the-

orem (cf. (5.6)). The χ|R0-part H
B
1 (f−1(1),Q)(χ|R0) is one-dimensional, spanned

by ∂Γa. Hence the χ-part

HB
1 ((πafa)

−1(1),Q)(χ) ∼= HB
1 (f−1(1),Q)(χ|R0)⊗HB

0 (π−1
a (1))(χ|μl

)

is one-dimensional, spanned by the sum
∑

σ∈μl
χ(σ)−1 · σ(∂Γa). Therefore, in

Lemma 5.2 we may take Γ(a) to be the sum
∑

σ∈μl
χ(σ)−1 · σΓa. Then we have∫

Γ(a)

sm−1ds ωχ|λ=a =
∑
σ∈μl

χ(σ)−1

∫
σΓa

sm−1ds ωχ|λ=a = l

∫
Γa

sm−1ds ωχ|λ=a.

Lemma 5.4. Let Hμ(λ) be as defined in Theorem 5.1. Then we have

Hμ(λ) = B(1 − αχ, 1− βχ)

∫ 1

0

(λ− t)μ−1t1−αχ−βχ

2F1

(
1− αχ, 1− βχ

2− αχ − βχ
; t

)
dt,

(5.7)

and

∂λHμ(λ) = (μ− 1)Hμ−1(λ). (5.8)

Proof. Recall the integral representation of 2F1 (cf [10], (4.1.2))

B(b, c− b)2F1

(
a, b

c
;x

)
=

∫ 1

0

(1 − xt)−atb−1(1− t)c−b−1 dt. (5.9)

Applying this, we have, writing α = αχ, β = βχ,

B(1− α, 1− β)2F1

(
1− α, 1− β

2− α− β
; t

)
=

∫ 1

0

(1− ts)α−1s−β(1− s)−α ds.

Letting u = 1− t, v = 1− st, we have∫ 1

0

∫ 1

0

(λ− t)μ−1t1−α−β(1 − ts)α−1s−β(1− s)−α ds dt

= (λ− 1)μ−1

∫ 1

0

∫ v

0

(
1− u

1− λ

)μ−1

vα−1(v − u)−α(1− v)−β du dv

= (λ− 1)μ−1

∫ 1

0

∫ 1

0

(
1− wv

1− λ

)μ−1

(1 − w)−α(1− v)−β dw dv.

Then, using (5.9) and (4.18), we obtain (5.7). Since

∂λ3F2

(
1, 1, 1− μ

2− α, 2− β
;

1

1− λ

)
=

1− μ

(2− α)(2 − β)
3F2

(
2, 2, 2− μ

3− α, 3− β
;

1

1− λ

)



Regulators of K1 of Hypergeometric Fibrations 25

similarly as (4.15), the proof of (5.8) amounts to show

(1)n(1)n(1 − μ)n
(2− α)n(2− β)n(1)n

+
1

(2− α)(2 − β)
· (2)n−1(2)n−1(2− μ)n−1

(3 − α)n−1(3− β)n−1(1)n−1

=
(1)n(1)n(2− μ)n

(2− α)n(2− β)n(1)n
(n > 0),

and this is elementary. �
Proposition 5.5. For a positive integer m ≡ k (mod l), put

Qm(a) :=

∫
Γa

sm−1ds ωχ|λ=a, μ =
m

l

regarded as an analytic function for a. Then we have

Qm(λ) =
1

l

N∑
i=0

(ai(λ) + bi(λ)∂λ)Hμ+i(λ), (5.10)

where ai(λ), bi(λ) are as defined in (4.11). Moreover we have, if μ > 1,

∂λQm(λ) = (μ− 1)Qm−l(λ). (5.11)

Proof. Since −dt
λ−t = l dss , we have by Lemma 5.3

Qm(λ) =
1

l
B(1−αχ, 1−βχ)

∫ 1

0

(λ−t)μ−1θ

(
t1−αχ−βχ

2F1

(
1− αχ, 1− βχ

2− αχ − βχ
; t

))
dt.

By Lemma 5.4, the same argument as in the proof of Proposition 4.6 works to
prove the proposition. �
Lemma 5.6. Let the differential operator D be as defined in (4.19). Then we have

DHμ(λ) = −(λ− 1)μ−1.

Proof. Put x = 1
1−λ , F (x) = 3F2

(
1,1,1−μ

2−αχ,2−βχ ;x
)
andD = x d

dx . UsingDxn = nxn,

one easily verifies

(x(D + 1)(D + 1− μ)− (D + 1− αχ)(D + 1− βχ))F = −(1− αχ)(1− βχ).

So Hμ satisfies D1Hμ = −1 with

D1 = (x(D + 1)(D + 1− μ)− (D + 1− αχ)(D + 1− βχ))(−x)μ−1

= (−x)μ−1(x(D + μ)D − (D − αχ + μ)(D − βχ + μ)).

Since D = (1 − λ)∂λ, where ∂λ = d
dλ , one obtains D1 = (λ − 1)1−μD . Hence the

lemma follows. �
Now we finish the proof of Theorem 5.1. Let μ = m/l be as in Theorem 4.1.

By Lemma 5.2, (5.10) and (5.11), we have

φ1(λ) ≡ Qm(λ) =
1

l

∑N

i=0
(ai(λ) + bi(λ)∂λ)Hμ+i(λ), mod Q(λ), (5.12)

φ2(λ) ≡ Qm−l(λ) = (μ− 1)−1∂λQm(λ), mod Q(λ). (5.13)
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By (5.8), we have similarly as in the proof of Proposition 4.7, that Qm(λ) =
Θ1Hμ+N (λ) where Θ1 is the same differential operator as in the proof of Proposi-
tion 4.7. By Lemma 5.6, we have

Hμ+N (λ) ≡ Θ2Hμ(λ) mod Q(λ)

where Θ2 is the same differential operator in the proof of Proposition 4.7. Hence
φ1(λ) ≡ Θ1Θ2Hμ(λ) = ΘHμ(λ) as desired. �

5.5. Question of Golyshev

We give an affirmative answer to the question of Golyshev in a special case.

Lemma 5.7. Let

PHG := Dλ(Dλ − μ+ αχ + βχ − 1)− λ(Dλ + αχ − μ)(Dλ + βχ − μ)

be the hypergeometric differential operator. Put

QHG := θλPHG, θλ := (1− λ)Dλ + (μ− 1)λ,

and local systems of C-modules on S := P1 \ {0, 1,∞}

VP := Sol(DS/DSPHG), VQ := Sol(DS/DSQHG),

where DS denotes the ring of differential operators on S. Let

0 −→ VP −→ VQ −→ VQ/VP −→ 0

be the exact sequence obtained by applying the solution functor

Sol(•) := HomDS (•,OS)

on

0 −→ DS/DSθλ −→ DS/DSQHG −→ DS/DSPHG −→ 0.

If αχ, βχ ∈ Z, then, for any generically finite dominant map h : T → S, the exact
sequence

0 −→ h∗VP −→ h∗VQ −→ h∗(VQ/VP ) −→ 0 (5.14)

of C[π1(T )]-modules does not split.

Proof. We first note that PHG = λD where D is the differential operator (4.19).
Let Fμ(λ), Gμ(λ) be as in Theorem 4.1, and Hμ(λ) as in in Theorem 5.1. Then
the solutions of PHG are Fμ(λ), Gμ(λ) (cf. the proof of Propositions 4.7 and 4.8),
and the solutions of QHG are Fμ(λ), Gμ(λ), Hμ(λ) (cf. Lemma 5.6):

VP = 〈Fμ(λ), Gμ(λ)〉C, VQ = 〈Fμ(λ), Gμ(λ), Hμ(λ)〉C.

Since Extπ1(S)(VQ/VP , VP ) → Extπ1(T )(h
∗(VQ/VP ), h

∗VP ) is injective, we may
assume T = S. Assume that the sequence (5.14) splits. This means that there
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are c1, c2 ∈ C such that C(Hμ(λ) + c1Fμ(λ) + c2Gμ(λ)) is stable under the action
of π1(S, λ). The eigenvalues of the local monodromy T∞ at λ = ∞ on VP are
e2πi(α

χ−μ), e2πi(β
χ−μ). On the other hand Hμ(λ) is the eigenvector with eigenvalue

e−2πiμ. Since αχ, βχ ∈ Z, this implies c1 = c2 = 0, namely Hμ(λ) is stable under
the action of π1(S, λ). The eigenvalues of the local monodromy T0 at λ = 0 on VQ

(resp. VP ) are 1, 1, e
2πi(μ−αχ−βχ) (resp. 1, e2πi(μ−αχ−βχ)). Therefore the eigenvalue

of T0 on VQ/VP
∼= C is 1, namely the trivial action. Therefore T1 = T−1

∞ acts on
Hμ(λ) by multiplication by e2πiμ. Thus the function

(1− αχ)(1 − βχ)(λ− 1)1−μHμ(λ) = 3F2

(
1, 1, 1− μ

2− αχ, 2− βχ
; (1− λ)−1

)
has the trivial monodromy, and this means that this is a rational function. This
is impossible. Indeed let

∑
n anz

n be the Laurent expansion of the above with
respect to variable z = 1− λ. Then this satisfies a differential equation

Q = (Dz − 1)(Dz − 1)(Dz − 1 + μ)− zDz(Dz − 1 + αχ)(Dz − 1 + βχ).

Hence

(n− 1)2(n− 1 + μ)an − (n− 1)(n− 2 + αχ)(n− 2 + βχ)an−1 = 0, ∀n.
Then an = 0 for all n ≤ 0 as an = 0 for n � 0. Moreover

an =
(n− 2 + αχ)(n− 2 + βχ)

(n− 1)(n− 1 + μ)
an−1 =

(αχ)n−1(β
χ)n−1

(n− 1)!(1 + μ)n−1
a1, n ≥ 1.

We thus have ∑
n

anz
n = a1z · 2F1

(
αχ, βχ

1 + μ
; z

)
.

The right-hand side has non-trivial monodromy unless a1 = 0. �

Theorem 5.8. Let the notation and assumption be as in Theorem 5.1. Suppose
further that αχ, βχ ∈ Z. Then the dual of the exact sequence

0 −→ W2HdR(
tχ) −→ H ′

dR(
tχ) −→ C(tχ) −→ 0 (5.15)

of connections which underlies (5.2) is isomorphic to

0 −→ DS/θλDS −→ DS/DSQHG −→ DS/DSPHG −→ 0. (5.16)

In particular, the extension (5.15) is non-trivial by Lemma 5.7. In other words,
the regulator ρ(tχ) in Theorem 5.1 does not vanish.

Proof. By the Riemann–Hilbert correspondence, it is enough to show that there
is an isomorphism

0 �� W2HB(
tχ) ��

∼=
��

H ′
B(

tχ) ��

∼=
��

C(tχ) ��

∼=��

0

0 �� VP
�� VP

�� VQ/VP
�� 0

(5.17)

where the top sequence is the underlying local systems of C-modules.
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We know that the local system W2HB(
tχ) ∼= (W2HB(χ))

∗ are spanned by
Z1, Z2, and C(tχ) by the boundary of Γ(λ) (see (4.10) and Lemma 5.2 for the
notation). It is not hard to see that the monodromy representation of C(tχ) is iso-
morphic to that of VQ/VP (cf. (5.1)). The monodromy representation of 〈Z1, Z2〉C
is isomorphic to that of〈∫

Z1

sm1−1dsω,

∫
Z2

sm1−1dsω

〉
= 〈ΘFμ(λ), ΘGμ(λ)〉
∼=← 〈Fμ(λ), Gμ(λ)〉 = VP

by Theorem 4.1 (Period formula).

We show that the monodromy representation of H ′
B(

tχ) = 〈Z1, Z2,Γ(λ)〉 is
isomorphic to that of∫

Z1

sm1−1dsω,

∫
Z2

sm1−1dsω,

∫
Γx(λ)

sm1−1dsω. (5.18)

To do this we need to check that the above integrals are linearly independent over
C. The first and second integrals are spanned by ΘFμ(λ), ΘGμ(1−λ) and they are
linearly independent by Theorem 4.1 (Period formula). The third integral is equal
to ΘHμ(λ) modulo an algebraic function by Theorem 5.1 (Regulator formula).
Suppose that the third integral is a linear combination of the first and second
integrals. Then

ΘHμ(λ) = c1ΘFμ(λ) + c2ΘGμ(λ) + (an algebraic function), (∃ci ∈ C).

Let T∞ be the local monodromy at λ = ∞. Then the eigenvalues on VP =
〈ΘFμ(λ),ΘGμ(λ)〉 are e2πi(α

χ−μ), e2πi(β
χ−μ) and ΘHμ(λ) is the eigenvector with

eigenvalue e−2πiμ. Applying (T∞ − e2πi(α
χ−μ))(T∞ − e2πi(β

χ−μ)) to the above, we
have that ΘHμ(λ) is an algebraic function. However since (5.14) is a non-trivial ex-
tension (Lemma 5.7), there is some g ∈ C[π1(S, λ)] such that gHμ(λ) = c′1Fμ(λ)+
c′2Gμ(λ) = 0. Applying Θ, we have that f(λ) := c′1ΘFμ(λ)+c′2ΘGμ(λ) = gΘHμ(λ)
is also an algebraic function. Since ΘFμ(λ), ΘGμ(λ) are linearly independent over
C, f(λ) = 0. It generates the 2-dimensional space 〈ΘFμ(λ), ΘGμ(λ)〉 ∼= VP as
C[π1(S)]-module since VP is irreducible. Hence the monodromy representation of
VP factors through a finite quotient. This is a contradiction. Hence the three in-
tegrals (5.18) are linearly independent over C.

We now have that the monodromy representation of H ′
B(

tχ) is isomorphic
to that of

ΘFμ(λ), ΘGμ(λ), ΘHμ(λ) + (an algebraic function).

Therefore letting h : T → S be a finite covering which trivializes the monodromy of
the algebraic function, we have an isomorphism h∗H ′

B(
tχ)) ∼= h∗VQ in a canonical

way. Thus the extension data [h∗VQ] ∈ Ext1π1(T )(h
∗(VQ/VP ), h

∗VP ) coincides with

[h∗H ′
B(

tχ)] ∈ Ext1π1(T )(h
∗Coker(T1 − 1)(tχ), h∗W2H ′

B(
tχ)) under the natural iso-

morphisms VP
∼= W2H

′
B(

tχ) and VQ/VP
∼= Coker(T1 − 1)(tχ). Now the assertion
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follows from the injectivity of Ext1π1(S)(VQ/VP ,VP )→Ext1π1(T )(h
∗(VQ/VP ),h

∗VP ).
This completes the proof. �

5.6. Complement: Precise formula of regulators

Applying the 3-term relation on 3F2 (e.g., [2] Lemma 7.5) to (5.12) and (5.13),
one can obtain a more explicit description of φi(λ) as Q(λ)-linear combinations of
Hμ(λ) and Hμ−1(λ):

Hμ(λ) := (1−αχ)−1(1−βχ)−1(λ−1)μ−1
3F2

(
1, 1, 1− μ

2− αχ, 2− βχ
; (1− λ)−1

)
, (5.19)

Hμ−1(λ) := (1− αχ)−1(1− βχ)−1(λ− 1)μ−2
3F2

(
1, 1, 2− μ

2− αχ, 2− βχ
; (1− λ)−1

)
(5.20)

where μ := m/l (cf. Prop. 4.8). The following theorem is used in [3].

Theorem 5.9 (Regulator formula – precise version). Let the notation and assump-
tion be as in Theorem 5.1. Let μ = m/l be as in Theorem 4.1. Let ai(λ), bi(λ) be
as in (4.11). Put a := 2− αχ, b := 2− βχ, and

ei(s) := (−1)i(ai(λ) + (s+ i)bi+1(λ))(1 − λ)i

=

{(
dip0(λ)

dλi + (s+ i)d
i+1p1(λ)
dλi+1

)
(1−λ)i

i! i ≥ 0,

−(s− 1)p1(λ)/(1 − λ) i = −1,

A(s) :=
s(a+ b+ 2s− 3− s(1− λ)−1)

(a+ s− 1)(b+ s− 1)
, B(s) :=

s(1− s)λ

(a+ s− 1)(b+ s− 1)

with indeterminate s. Define Ci(s) and Di(s) by(
Ci+1(s)
Di+1(s)

)
=

(
A(s) (λ− 1)−1

B(s) 0

)(
Ci(s+ 1)
Di(s+ 1)

)
,

(
C−1(s)
D−1(s)

)
:=

(
0
1

)
.

Put

E
(r)
1 (s) :=

∑
i≥−1

ei(s+ r)Cr+i(s), E
(r)
2 (s) :=

∑
i≥−1

ei(s+ r)Dr+i(s).

Then

φ1(λ) ≡ C1(1− λ)n[E
(n)
1 (μ)Hμ(λ) + E

(n)
2 (μ)Hμ−1(λ)],

φ2(λ) ≡ C2(1− λ)n−1[E
(n−1)
1 (μ)Hμ(λ) + E

(n−1)
2 (μ)Hμ−1(λ)]

modulo Q(λ) with some C1, C2 ∈ Q
×
. Here we note that E

(r)
i (μ) ∈ Q(λ) are

rational functions of variable λ.

Proof. The 3-term relation on 3F2 implies that Ci and Di satisfy

3F2

(
1,1,1−s− i

a,b
;x

)
≡Ci(s,x)3F2

(
1,1,1−s

a,b
;x

)
+Di(s,x)3F2

(
1,1,2−s

a,b
;x

)
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modulo Q(s, x). Hence

(1− λ)m/l+i−1
3F2

(
1, 1, 1−m/l− i

2− αχ, 2− βχ
; (1− λ)−1

)
≡ (1− αχ)(1− βχ)(1 − λ)r+i(Ci+r(μ, x)Hμ(λ) +Di+r(q

χ, x)Hμ−1(λ))

for m = k + lr, r ∈ Z. Apply this to (5.12) and (5.13). The rest is a direct
computation (left to the reader). �
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N. Triantafillou, J. Vonk

Abstract. We give an introductory account of two recent approaches towards
an effective proof of the Mordell conjecture, due to Lawrence–Venkatesh and
Kim. The latter method, which is usually called the method of Chabauty–
Kim or non-Abelian Chabauty in the literature, has the advantage that in
some cases it has been turned into an effective method to determine the set
of rational points on a curve, and we illustrate this by presenting three new
examples of modular curves where this set can be determined.
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1. Introduction

1.1. The Mordell conjecture

Many important developments in arithmetic geometry were motivated by the
Mordell conjecture, stated nearly a century ago. Let X be a smooth projective
curve, defined over the field of rational numbers Q. Its set of rational points X(Q),
which consists of all the projective solutions with rational coordinates to a finite
set of equations defining X in some projective space, is an interesting arithmetic
quantity. In 1922, Mordell [Mor22] made the following conjecture:

Conjecture 1.1 (Mordell). Suppose that X is of genus at least two. Then X(Q) is
finite.

In a monumental paper, Faltings [Fal83] proved this conjecture. The method
of Faltings is ingenious, and merits a thorough treatment on its own. Indeed, many
such are available in the literature, see for instance [CS86] for an early account.
In this paper, we wish to give an introductory account of two recent alternative
approaches towards this conjecture, due to Lawrence–Venkatesh [LV20] and Kim

c© The Author(s), under exclusive license to Springer Nature Switzerland AG 2021
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[Kim05, Kim09, Kim10]. The latter method, which is usually called the method of
Chabauty–Kim or non-abelian Chabauty in the literature, has the advantage that
in some cases it has been turned into an effective method to determine the set
of rational points X(Q), and we illustrate this by presenting three new examples
of modular curves where this set can be determined, due to Best, Bianchi, and
Triantafillou.

Remark 1.2. The Mordell conjecture, as well as many of the results discussed be-
low, admit analogues where X is replaced by a smooth hyperbolic curve, including
also the cases of a punctured elliptic curve and P1 \{0, 1,∞}, when the set of
rational points X(Q) is replaced by the set of S-integral points, where S is a finite
set of primes. In this setting, the finiteness of S-integral points is known as Siegel’s
theorem. Both methods presented here are expected to apply to non-proper hy-
perbolic curves as well. We discuss the S-unit equation in the context of [LV20]
below. Kim [Kim05] proved the finiteness of integral points on P1 \{0, 1,∞}, and
explicit Chabauty–Kim methods for S-unit equations are due to Dan–Cohen and
Wewers [DCW15, DCW16, DC20]. Chabauty–Kim theory for integral points on
punctured elliptic curves of rank 0 and 1 is discussed in [Kim10] and [BDCKW18].

Remark 1.3. For the purpose of exposition, we only consider the base field Q. It
should be noted that many results admit appropriate generalizations to number
fields [Sik13, Dog19, BBBM19]. The only exception is our discussion of the method
of Lawrence–Venkatesh, where field extensions play an essential role.

1.2. Two recent approaches

After Faltings’ proof, two notable new methods for proving finiteness of X(Q) for
X of genus g ≥ 2 have emerged. In broad strokes, they follow a similar strategy:
We start by choosing a prime p at which the curve X has good reduction, and we
study the set of rational points through the inclusion

X(Q) ⊂ X(Qp). (1)

For any field K, we write GK = Gal(K/K) for its absolute Galois group. The
starting point of both the methods of Chabauty–Kim and Lawrence–Venkatesh
is the association of a certain finite-dimensional Galois representation over Qp to
every point on the curve, giving maps

ρ : X(K) −→ Rep(GK), (2)

for K equal to Q or Qp. In both the approaches of Lawrence–Venkatesh and
Chabauty–Kim, finiteness of the set X(Q) is obtained from the consideration of a
commutative diagram of the following shape:

X(Q) X(Qp)

Rep(GQ) Rep(GQp
) MFφ/ �.

ρ ρ

resp Dcris

perp

(3)
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While the nature of ρ is very different in the two approaches, the horizontal maps
are the same. First of all, the map from X(Q) to X(Qp) is simply the natural
inclusion, and resp is the restriction of Galois representations, making the diagram
commutative in both approaches. The map Dcris is defined using p-adic Hodge
theory. More precisely, it is Fontaine’s crystalline Dieudonné functor from p-adic
Galois representations to filtered φ-modules. Finally, perp is defined to be the
composite of this map with ρ, and will be referred to as the (p-adic) period map.

As mentioned above, the maps ρ which feature in the methods of Lawrence–
Venkatesh and Chabauty–Kim are of a very different nature, and are responsible for
the drastic differences between the two approaches. They may roughly be described
as follows:

• The method of Lawrence–Venkatesh starts by considering a family of curves
C −→ X . This is a so-called Parshin family, where the fibre Cx of a point x
in X(K) is itself a disjoint union of finite coverings of X , unramified away
from the point x. The association ρ is then simply

ρ : x �−→ H1
ét(Cx,Qp).

A lemma of Faltings can be used to show that the number of global represen-
tations in ρ(X(Qp)) is finite. The main part of the argument of Lawrence–
Venkatesh is to establish that the map perp is finite-to-one. The argument
starts by realizing perp as the quotient of the Hodge filtration map Φp :
X(Qp)−→Gr(g, 2g) by the Frobenius centralizer, and showing that on every
residue disk
1. every orbit of the Frobenius centralizer has positive codimension in

Gr(g, 2g), and
2. the image of Φp is Zariski dense.

The former is established via carefully extending the base field and exploiting
the semi-linearity of the Frobenius operator, whereas the latter is established
using a monodromy calculation for the family C. The finiteness of X(Q)
follows easily from the above commutative diagram.

• In the method of Chabauty–Kim, one chooses a rational base point b ∈ X(Q)
and obtains the association ρ by considering certain well-chosen unipotent
quotients U(b) of the algebraic fundamental group πét

1 (X ; b). This choice of
quotient typically depends on the specifics of the curve X under considera-
tion. The association ρ in the method of Chabauty–Kim is then of the form

ρ : x �−→ U(b, x)

where U(b, x) is obtained by twisting the unipotent quotient U(b) by the path
torsor πét

1 (X ; b, x). This carries the structure of a Qp-representation of GK

whenever x is in X(K). All these Galois representations are twists of U(b),
whose unipotence provides a certain rigidity that is crucial for arithmetic
applications. More precisely, Kim shows that the image of ρ is contained in
a set that naturally carries the structure of an algebraic variety, which is
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usually referred to as a Selmer variety, such that the map resp between the
global and local Selmer varieties is algebraic.

This rigidity provides us with a clear strategy to prove finiteness, in
the style of the classical method of Chabauty (see below). Indeed, if we can
establish that
1. the global Selmer variety has positive codimension in the local Selmer

variety, and
2. the image of X(Qp) is Zariski dense,

then the intersection of the two sets (which contains the set of rational points)
must be finite. Property (2) is true in great generality, whereas (1) typically
requires additional information. Note the amusing similarity with the two
steps in the proof of Lawrence–Venkatesh discussed above.

In spite of the apparent similarity of the two strategies, the different na-
ture of the maps ρ already lays bare a crucial difference: In contrast with the
unconditional proof of Lawrence–Venkatesh, an additional piece of information is
needed to deduce finiteness from the method of Chabauty–Kim. Typically this
either takes the form of a geometric assumption, such as having a large Néron–
Severi rank [BD18, BD20], or the assumption of a geometric conjecture, such as
the Bloch–Kato conjecture, see [Kim09].

1.3. Finding rational points explicitly

At first glance, it may seem from the above comments that the conditional nature
of the proof of finiteness obtained from the method of Chabauty–Kim puts the
method at a significant disadvantage, especially when compared to the uncondi-
tional proof of Lawrence–Venkatesh. However, recent developments [BD18, BD20,
BDM+19] have shown that in certain examples where additional geometric infor-
mation is known, the method for proving finiteness can in fact be turned into a
method to explicitly determine the finite set X(Q).

To explain the ideas, we briefly remind the reader of the method of Chabauty–
Coleman [Cha41, Col85], of which an excellent exposition may be found in McCal-
lum–Poonen [MP12]. In this method, one chooses a rational base point b in X(Q)
and attaches to every other point a torsor of the p-adic Tate module V of the
Jacobian J . More precisely, if K is either Q or Qp, this torsor is obtained by the
composition

ρ : X(K) −→ J(K) −→ H1
f (GK , V ) (4)

where the first map is the Abel–Jacobi embedding attached to the choice of base
point b, and the second map attaches to a point x in J(K) the torsor of V obtained
from the inverse limit of the preimages of x under the multiplication-by-pn map
on the Jacobian, i.e.,

Qp ⊗Zp

(
lim←−
n

[pn]−1(x)

)
. (5)
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Such torsors are classified by the cohomology group H1(GK , V ) and satisfy certain
Selmer conditions1 which are denoted by the subscript f . This association ρ is
familiar from the context of the classical method of descent, used to compute the
Mordell–Weil group of the Jacobian.

We now obtain the commutative diagram:

X(Q) X(Qp)

H1
f (GQ, V ) H1

f (GQp
, V ) H0(X,Ω1

X)∨

ρ ρ

resp ∼

perp

(6)

representing perhaps the simplest instance of the Chabauty–Kim strategy towards
the Mordell conjecture discussed above, where U is taken to be the abelianization
V of the fundamental group. In this situation, the relevant filtered φ-modules are
classified by the dual to the space of holomorphic differentials on X , which is of
dimension g, and the isomorphism is provided by the Bloch–Kato logarithm. With
suitable finiteness conditions f , the dimension of H1

f (GQ, V ) can be bounded above
by the rank r of the Q-rational points of the Jacobian of X . The discussion of how
to prove finiteness of X(Q) using the method of Chabauty–Kim then specializes to
the classical argument of Chabauty, who deduces finiteness under the assumption
that r < g.

Going one step further, we note that the p-adic period map perp has the
following concrete description:

perp(x) =

(
ω �−→

∫ x

b

ω

)
(7)

where the integration is taken in the sense of Coleman [Col85]. Our ability to
compute Coleman integrals [BBK10, Bal15, BT20] often results in an explicit de-
termination of the set X(Q). Since there already exist several excellent expositions
of this method [MP12], we will simply explain the method by showing it in action
for a single example.

Example. Let X be the genus 3 hyperelliptic curve with minimal model2

w2 + (z4 + z2 + z + 1)w = −z5 − z2.

A search for points with small coordinates gives that{
∞±, (−1,−2), (−1, 0), (0,−1), (0, 0)

}
⊆ X(Q), (8)

where ∞+ = (1 : 0 : 0) and ∞− = (1 : −1 : 0) are the points at infinity. In order to
determine the full set of rational points X(Q), we apply the Chabauty–Coleman

1We are deliberately vague about these finiteness conditions here, but mention that the discussion
below can be made unconditional on the finiteness of the Tate–Shafarevich group of the Jacobian.
2Here X is the curve of absolute discriminant and conductor both equal to 60329 = 23 · 43 · 61
from the database [BPSS].
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method with p = 3; for convenience, we work with the following model for X :

X ′ : w2 = z8 + 2z6 − 2z5 + 3z4 + 2z3 − z2 + 2z + 1.

We embed X ′ into its Jacobian J via the Abel–Jacobi map corresponding to the
base point b = (0, 1) in X ′(Q). A computation in Magma [BCP97] shows that the
Mordell–Weil rank of J is equal to 1, and the above discussion then implies that
the codimension of the image of res3 is at least 2. In fact, it is precisely equal to
2: the set

{
ωi = zi dzw : 0 ≤ i ≤ 2

}
is a basis for H0(X ′,Ω1

X′) and we have

per3(0,−1)(ω0) ≡ 3(3 + 33 + 2 · 34) mod 36

per3(0,−1)(ω1) ≡ 3(1 + 33 + 34) mod 36

per3(0,−1)(ω2) ≡ 3(1 + 32 + 2 · 33 + 2 · 34) mod 36.

Thus, we may choose generators α = a0ω0 − a1ω1 and β = b0ω0 − b2ω2 for the
Q3-vector space{

ω ∈ H0(X ′,Ω1
X′) : res3(c)(ω) = 0 for all c ∈ H1

f (GQ, V )
}

such that

a0 ≡ 1 + 33 + 34 mod 35 a1 ≡ 3 + 33 + 2 · 34 mod 35

b0 ≡ 1 + 32 + 2 · 33 + 2 · 34 mod 35 b2 ≡ 3 + 33 + 2 · 34 mod 35.
(9)

By construction, we have

X ′(Q) ⊆ {x ∈ X ′(Q3) : per3(x)(α) = 0 and per3(x)(β) = 0} =: T ; (10)

a computation shows that T contains precisely 6 points and hence that the inclu-
sion in (8) is in fact an equality. Explicitly, suppose for instance that we want to
compute all x ∈ T which reduce to the point (1 : 1 : 0) in X ′(F3). For γ ∈ {α, β}
we have

per3(x)(γ) = per3(1 : 1 : 0)(γ) +

∫ x

(1:1:0)

γ =

∫ x

(1:1:0)

γ;

expanding in terms of the local parameter t = z(x)−1 and formally integrating
yields

per3(x)(α) = (2 · 3 + 32) · t2 + (2 · 3−1 + 2 + 2 · 3 + 32) · t3 mod (33, t4)

per3(x)(β) = 3 · t+ (2 · 3−1 + 1 + 3 + 2 · 32) · t3 mod (33, t4).

The ith coefficient of the local expansion of per3(x)(α) or per3(x)(β) has valuation
bounded from below by −ord3(i); from Newton polygon considerations, we deduce
that

• per3(x)(α) has a double zero at t = 0, a simple zero at some t ∈ Z3 which
satisfies t ≡ 2 · 32 mod 33, and no other zero in 3Z3;

• per3(x)(β) has a simple zero at t = 0, two simple zeros congruent modulo 32

to 2 · 3 and 3, respectively, and no other zero in 3Z3.
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Therefore, the intersection of the zero sets of per3(x)(α) and per3(x)(β) in the
residue disk of the point (1 : 1 : 0) in X ′(F3) is precisely {(1 : 1 : 0)} ⊂ X ′(Q).

We emphasize that neither α nor β on their own would have sufficed to
determine X(Q), as each of per3(x)(α) and per3(x)(β) vanishes at some points
x ∈ X ′(Q3) \ X ′(Q) which we can only compute modulo 3n for a choice of n.
More generally, for curves X of genus g with rank g− 1 Jacobians, the Chabauty–
Coleman method typically provides us with only one locally analytic function
whose zero set T contains X(Q). It is then often the case that T contains some
points that we cannot recognize as points inX(Q). In such situations, the Mordell–
Weil sieve (see §6.7 for a discussion) can often be used to prove that the p-adic
approximations of these points that we have computed cannot be approximations
of points in X(Q).

1.4. Integral points on higher-dimensional varieties

Both methods (Lawrence–Venkatesh and Chabauty–Kim) could be applied to the
problem of finding integral points on higher-dimensional varieties as well. To fix
ideas, let X be a smooth variety over Q. If X has large nonabelian fundamental
group, one can hope to construct a non-trivial p-adic local system on X . This will
attach a Galois representation to every point x ∈ X(Q), giving rise to a period
map ρ as above. In the higher-dimensional setting, one can no longer conclude
finiteness of integral points; rather, these methods give the weaker result that
X(Z) is not dense for the p-adic analytic topology. See [Had11, Section 9] for a
result of this form. (In dimension one, non-density for the analytic topology is
equivalent to finiteness.)

It is sometimes possible to strengthen p-adic non-density to Zariski using
tools from transcendence theory. In [LV20, Section 9] it is shown that in certain
moduli spaces of hypersurfaces, the integral points are not Zariski dense. The key
input is a recent transcendence result for period mappings, due to Bakker and
Tsimerman [BT19]. This opens the possibility that one might prove finiteness of
integral points by an inductive approach: taking X ′ to be the Zariski closure of
the integral points in X , one would hope to use the method of [LV20] to prove
that, if dimX ′ ≥ 1, the integral points cannot be dense in X ′. To make this work
one would need uniform control on the monodromy of the given family, restricted
to all subvarieties X ′ ⊆ X .

2. The method of Lawrence–Venkatesh: Finiteness

In this section, we will discuss the main ideas of the approach towards the Mordell
conjecture due to Lawrence and Venkatesh. For simplicity, our main focus will
be to explain the method in the case of X = P1 \{0, 1,∞} where the proof is
especially simple. Finally, we make some comments about the obstacles one faces
in making this approach effective, in the example of the 2-unit equation.

Recall from the introduction that we start by constructing a map ρ which
attaches a Galois representation to any point on X . In the method of Lawrence–
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Venkatesh, the map ρ arises from the cohomology of the fibres of a certain Parshin
family C −→X , see §2.2. In the case of X = P1 \{0, 1,∞}, which we discuss first,
this family is a simple modification of the classical Legendre family of elliptic
curves.

2.1. The S-unit equation

To explain some of the ideas in the proof, we discuss the case of the S-unit equation
in more detail. This has the benefit of being substantially simpler, while still
containing many of the main ideas that go into the proof of the Mordell conjecture.
To illustrate the ideas of the proof, we will start with a version of the Parshin family
for which the period map perp fails to be finite-to-one. Then we will give a correct

argument, in which a non-trivial Galois action on H0 of the fibers supplies the key
missing ingredient.

Take K = Q and S a finite set of primes. We denote the set of S-units by
O×

S and will consider the S-unit equation given by

x+ y = 1, x, y ∈ O×
S , (11)

whose solution set is finite by Siegel’s theorem. This statement represents an at-
tractive toy case for the Mordell conjecture; its geometric proof along the lines
sketched above takes place on X = P1 \{0, 1,∞}. Note that we may enlarge S
without loss of generality, so that we may as well assume that S contains 2.

The role of the Parshin family is played by the Legendre family over OS .
Denoting x for the coordinate on X = P1

OS
\{0, 1,∞}, this family C −→X is given

by the equation

C : w2 = z(z − 1)(z − x). (12)

Let p be a prime not below any primes in S and which is unramified in K. The
Legendre family gives us a Galois representation ρ(x) on the étale cohomology
group H1

ét(Cx,Qp). This gives the following diagram:

X (OS) X (Ov)

{Iso classes ρ} {Iso classes ρv} MFφ/ � .

ρ ρ

Dcris

perp

(13)

Let us now make a first attempt to deduce finiteness from the above diagram.
There are two major considerations to the strategy, corresponding to global and
local aspects. The local considerations revolve around a careful analysis of the
period map, via a monodromy calculation.

a. Global representations. The Mordell conjecture will ultimately be reduced to
a finiteness statement about a certain set of global Galois representations, due to
Faltings. More precisely, the proof of [Fal83, Satz 5] deduces the following conse-
quence from the classical theorem of Hermite–Minkowski:
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Lemma 2.1. Fix integers w, d � 0, and fix a number field K and a finite set S of
primes of OK . There are, up to conjugation, only finitely many semisimple Galois
representations ρ : GK → GLd(Qp) such that

(a) ρ is unramified outside S, and
(b) ρ is pure of weight w, i.e., for every prime p /∈ S all the eigenvalues of

Frobenius at p are algebraic integers, all of whose conjugates have complex
absolute value | OK /p|w/2.

It should be noted that this does not make the approach of Lawrence–
Venkatesh depend on the work of Faltings in an essential way, as this lemma
is comparatively simple in Faltings’ overall argument.

The semisimplicity hypothesis in Faltings’ lemma is essential: there can be
infinitely many non-trivial extensions between Galois representations3. In fact,
Faltings shows that all the representations we consider – which arise as subquo-
tients of the étale cohomology of a curve – are semisimple. This fact requires the
full weight of Faltings’ argument in [Fal83]. In order to give an independent proof
of Mordell’s conjecture, it is necessary to contemplate the possibility that some of
these representations might not be semisimple. In potential algorithmic applica-
tions, we know this situation cannot arise, so we will content ourselves here with
mentioning that in [LV20] this is addressed by showing that all but finitely many
representations in our family must be simple. This is a consequence of results of
the following form:

1. If the global representation ρ(x) has a (global) subrepresentation, then the
local representation must be of a particularly special form.

2. There are finitely many x in X(Qp) where the local representation ρ(x) takes
this special form.

b. The period map. The more subtle points of the argument of Lawrence–Venkatesh
lie in the study of the period map perp, where one systematically enlarges the base
field to gain control over the Frobenius centralizers. Let us explain the need for
this step, by first approaching the problem naively using the unadjusted Legendre
family above.

Recall that we want to show finiteness of the set of solutions to the S-unit
equation. Since we already established the finiteness of the set of isomorphism
classes of global representations ρ(x) that can arise, it is tempting to try and
show that the fibres of the period map perp are finite. However, this is not true:
The filtered φ-modules that arise in the image of perp necessarily are of the form

H1
dR(Cx,Qp), and on every good residue disk of X(Qp) the Frobenius operator φ

has a constant characteristic polynomial

f = aT 2 + bT + c ∈ Zp[T ] (14)

3As we will see in the next section, the existence of families of non-trivial extensions of a fixed
set of Galois representations is precisely what underlies the method of Chabauty–Kim.
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which has two roots in Cp whose valuations sum up to 1. The number of residue
disks is finite, and for each of these finitely many polynomials f , the filtered φ-
module belongs to a finite number of possible isomorphism classes, which is most
easily seen with a simple case-by-case analysis:

• If f is irreducible, then we may pick a basis e1 for Fil1 and set e2 = φ(e1).
Then {e1, e2} is a basis for H1

dR. With respect to this basis, we have Fil1 =
〈e1〉 and

φ =

(
0 −b
1 −a

)
.

• If f is reducible, then it must have distinct roots of valuations 0 and 1,
corresponding to eigenvectors e1, e2 which necessarily span H1

dR. Then we
either have Fil1 = 〈e1〉 or 〈e2〉, or we can rescale the eigenvectors to obtain

Fil1 = 〈e1 + e2〉.
In conclusion, we see that there is only a finite number of possible isomorphism
classes of filtered φ-modules attached to the representations ρ(x), and therefore
the period map appearing in (13) cannot possibly have finite fibres! Furthermore,
we see from this discussion exactly what the problem is, since we had in each case
so much freedom in choosing our basis, so as to move around the Hodge filtration
Fil1 while respecting the Frobenius operator.

We can rephrase the problem as follows. Fix a pair (V, φ) of a two-dimensional
vector space and linear endomorphism; in our situation, (V, φ) will arise as the
crystalline cohomology H1

cris(Cx /Zp), which only depends on the reduction of x

modulo p. The possible filtrations Fil1 ⊆ V are classified by the Grassmannian
Gr(Fil1 ⊆ V ). The centralizer Z(φ) acts on Gr(Fil1 ⊆ V ), and the orbits of this

action are in bijection with isomorphism classes (V, φ,Fil1) of filtered φ-module
with underlying φ-module (V, φ). In the setting just described, Z(φ) has a Zariski-
dense orbit on Gr(Fil1 ⊆ V ), so most such filtered φ-modules belong to a single
isomorphism class.

Interlude: Semilinearity. Let us take a short break to recall some crystalline the-
ory. So far we have been applying p-adic Hodge theory, in particular the crystalline
comparison theorem, to schemes Cx over Qp. In general, suppose Lp is an unram-
ified extension of Qp, and Cx is a scheme over Lp, admitting a smooth model over
OLp . Then Lp is Galois overQp, with cyclic Galois group generated by a Frobenius
element Fr that acts as the pth power map on the residue field. The crystalline de
Rham cohomology H1

dR(Cx /Lp) has the structure of a filtered φ-module, where φ
is now a semilinear operator: it satisfies

φ(λv) = Fr(λ)φ(v). (15)

This is important because semilinear automorphisms have small centralizers:
it’s not easy for an automorphism of V to both respect the action of Lp and
commute with φ. This is made precise in the following lemma, which was proved
in Lawrence–Venkatesh [LV20, Lemma 2.1].
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Lemma 2.2. Let Lp be an unramified extension of Qp of degree e, and let Fr :
Lp → Lp be the Frobenius endomorphism that acts as the pth power map on the
residue field. Let V be an Lp-vector space of dimension d, and φ : V → V a Fr-
semilinear automorphism. Define the centralizer Z(φ) of φ in the ring of Lp-linear
endomorphisms of V via

Z(φ) = {f : V −→ V an Lp-linear map, fφ = φf};
it is a Qp-vector space. Then

dimQp
Z(φ) = dimLp Z(φ

e),

where φe : V → V is now Lp-linear. In particular, dimQp
Z(φ) � (dimLp V )2.

c. Finiteness. Armed with this tool, we now return to the failed finiteness argument
above, and take advantage of semilinearity to resolve the issues we were having.
More precisely, we bound the size of Frobenius centralizers by considering instead
the modified Parshin family

E : w2 = z(z − 1)(z − t), t8 = x. (16)

For every field K and x in X(K), the fiber Ex is a geometrically disconnected
curve whose H0 is the algebra K[t]/(t8 − x). Suppose K = Qp and x is a unit in

Qp which is not a square4. Then Ex is a curve defined over Lp = Qp[x
1/8], the

degree-8 unramified extension of Qp. We want to show that the map

perp : X (Ov) −→ (MFφ/ �)

is finite-to-one. On each p-adic residue disk Ωv ⊆ X (Ov), the φ-module (V, φ) =
H1

cris(Ex) is constant; only the filtration varies. Thus we can regard perp as a map

perp : Ωv −→ Gr(Fil1 ⊆ V ) −→ Gr(Fil1 ⊆ V )/Z(φ) .

Since perp is an analytic map from a one-dimensional source, to show it is finite-
to-one, we need only show that it is not constant; in other words, that the image
of Φp : Ωv → Gr(Fil1 ⊆ V ) is not contained in a single orbit of Z(φ). This follows
from the following two results:

1. Every orbit of Z(φ) has positive codimension in Gr(Fil1 ⊆ V ).
2. The image of Φp is Zariski dense.

The first of these two follows from the bound in Lemma 2.2; the second, from a
complex monodromy calculation. It is essential that Lp have large degree over Qp,
which comes from the assumption that x is not a square in Qp.

The Zariski density of the image of Φp is obtained by comparing it with the
complex period map ΦC. Let us recall the construction of ΦC. The family E of
elliptic curves over X gives rise to a variation of Hodge structure on X . Let ΩC be
a contractible open subset of Xan, containing some basepoint x0 in X(K), for K

4It is enough to consider x of this form by an elementary argument based on the fact that, if x is

both a square and a solution to the S-unit equation in some number field K, then ±√
x satisfy

the S-unit equation as well. However, this does necessitate some care in the choice of p.
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a number field. Over ΩC, the family E splits as the disjoint union of eight families
of elliptic curves E(1), . . . , E(8). (The monodromy action of π1(X) preserves the
splitting but permutes the eight components.) Choose an integral basis B for the

fiberwise Betti cohomology of each elliptic curve V
(i)
C = H1

B(E
(i)
x0 ) over x0. With

respect to this basis, the Hodge filtration is described by a map

ΦC : ΩC −→
8∏

i=1

Gr(Fil1 ⊆ V (i)),

where the Grassmannian classifies one-dimensional subspaces of the two-dimen-
sional V (i).

The importance of ΦC to us comes from the fact that ΦC and Φp are, in a
suitable sense, the same. (See [LV20, Section 3.4] for details.) Both period maps
satisfy the same algebraic differential equation, coming from the Gauss–Manin
connection. It follows that in suitable local coordinates, the (complex) power series
representation of ΦC and the (p-adic) power series representation of Φp both have
all their coefficients in the number field K, and the two power series agree. This
means we can compare the images of the two period maps, and Lemmas 3.1 and
3.2 of [LV20] yield the following result:

Lemma 2.3. The image of ΦC is Zariski dense if and only if the image of Φp is
Zariski dense.

The advantage of this result is that establishing the Zariski-density of the
map ΦC boils down to an explicit monodromy calculation, see [LV20, Eqn. 3.11].

Lemma 2.4. If the image of the monodromy representation of E contains a Zariski-
dense subset of Spd2, then the image of ΦC is Zariski dense in Gr(Fil1 ⊆ V ).

Proof. Let X̃ be the universal cover of X , and extend ΦC to a map

ΦC : X̃ −→ Gr(Fil1 ⊆ V ).

This map ΦC is π1(X)-equivariant, where π1(X) acts on the Grassmannian
through the monodromy representation. Since the image of monodromy is Zariski
dense, the extended ΦC has Zariski-dense image. By analytic continuation, the
restriction of ΦC to ΩC has Zariski-dense image as well. �

Lemma 2.5. The image of the monodromy representation

π1(X,x0) −→ Aut

(
8∏

i=1

H1
B(E

(i)
x0

)

)

contains a Zariski-dense subset of Sp2(Z)
8.

Proof. This is a calculation in classical topology, see [LV20, Lemma 4.3]. �
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2.2. The Mordell conjecture over general K

After our discussion of the S-unit equation, we now make a brief foray into the
general case, and outline how to adapt this argument to proveMordell’s conjecture.
Suppose X is a smooth projective curve of genus at least 2 over K. We will define
the Parshin family over X , implicitly dependent on a parameter q. It will replace
the Legendre family in the S-unit argument.

Let q ≥ 3 be a prime number, and let Aff(q) be the non-abelian group of
affine-linear transformations x �→ ax + b over Fq. The action of Aff(q) on Fq

realizes Aff(q) as a subgroup of the symmetric group Sq. Note also that Aff(q)

surjects onto F×
q .

Definition 2.6. Let X be a curve over K, and x ∈ X(K) a point of X . An Aff(q)-
cover of X , branched at x, is a curve Z and a map Z → X , satisfying the following
properties.

• Z → X is étale over X − {x}, but not étale over x.
• Z → X is of degree q.
• For any choice of basepoint x0, and for an appropriate identification of the

fiber over x0 with Fq, the monodromy map π1(X,x0) → Sq corresponding to
the cover Z has image Aff(q).

For every x in X(K), there are finitely many isomorphism classes of Aff(q)-
covers Z → X branched at x. The Parshin family Y → X is characterized by the
property that the fiber Yx is geometrically the disjoint union of these finitely many
curves.

In the S-unit argument, the key semilinearity bound came from taking an
8th root of x (along with the elementary assumption that x is not a square). Here
the corresponding bound comes from the torsion on the Jacobian J of X , which is
guaranteed to have a non-trivial Galois structure. Specifically, for any Aff(q)-cover
of X , the composed map

π1(X − {x}) −→ Aff(q) −→ F×
q

gives a degree-(q− 1) cover of X that turns out to be unramified everywhere, even
over x. This cover in turn corresponds to a (q − 1)-torsion point on the dual of
the Jacobian. We choose q and p so that the Frobenius at p acts with sufficiently
large orbits on J [q − 1]; this in turn guarantees that the components of each fiber
Yx are defined over large p-adic fields, so we can leverage the semilinearity Lemma
2.2.

As with the S-unit equation, a calculation in the classical topology is needed
to show that the Parshin family has big monodromy. Fix X and x, and let
Z1, . . . , ZN be the Aff(q)-covers of X branched at x. We want to determine the
image of the monodromy action

Mon: π1(X,x) −→ Aut

(∏
i

H1
B(Zi)

)
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as an algebraic group. The cohomology of each Zi contains a copy of H1
B(X);

define5

H1
Pr(Zi) = H1

B(Zi)/H
1
B(X).

The map Mon descends to an automorphism of
∏

iH
1
Pr(Zi). We need the following

big monodromy result.

Theorem 2.7. The Zariski closure of the image of

Mon: π1(X,x) −→ Aut

(∏
i

H1
Pr(Zi)

)
contains the group ∏

i

Sp(H1
Pr(Zi)).

This theorem is really saying that the image of monodromy is as big as
possible: we know for abstract reasons that the identity component of the Zariski
closure of the image is no larger than the product of symplectic groups. We say a
few words about the main ideas that go into the proof:

The monodromy action of π1(X,x) on the covers Zi extends to an action
of the full mapping class group6 MCG(X − {x}). By the Birman exact sequence,
π1(X,x) is a normal subgroup of MCG(X − {x}). Since the symplectic group is
simple modulo center, we can deduce Theorem 2.7 if we know that the Zariski
closure of the image of

Mon: MCG(X − {x}) −→ Aut

(∏
i

H1
Pr(Zi)

)
contains said product of symplectic groups. The benefit to working with the full
mapping class group is that we now have access to Dehn twists, a particularly
simple class of automorphism that is amenable to explicit calculation. Dehn twists
map to unipotent automorphisms via Mon, and the proof concludes by producing
a collection of unipotent automorphisms that generates the full symplectic group.

The study of mapping class group representations like Mon is a big subject in
geometric topology. Looijenga [Loo97] studied the analogous question for abelian
covers. Grunewald, Larsen, Lubotzky, and Malestein [GLLM15] study (unramified)
covers of compact surfaces, and in a recent paper [ST20] Salter and Tshishiku
study covers whose covering group is the Heisenberg group. These results are
stronger than those of Lawrence–Venkatch: they all show that the image of the
representation has finite index in an appropriate arithmetic group, rather than
merely being Zariski dense.

5The symbol “Pr” stands for “primitive.”
6The mapping class group is the group of topological automorphisms of the topological surface X

fixing the point x, up to isotopy fixing x. The book of Farb and Margalit [FM12] is an excellent
introduction and reference on mapping class groups.
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3. The method of Lawrence–Venkatesh: Effectivity

We now discuss the extent to which we expect the work of Lawrence–Venkatesh
to yield a method for explicitly determining the set X(K) in examples. Since it is
so recent, it is unsurprising that this aspect of the method of Lawrence–Venkatesh
does not yet seem to be addressed in the literature. In this section we adopt a more
speculative tone, merely making some brief comments about various ingredients
that would likely be needed to parlay this method into an algorithm for bounding
the number of rational points on a curve over a number field. This would yield, in
a weak sense, a form of “algorithmic Mordell.”

Roughly speaking, a potential form of such a hoped-for algorithm is as follows.

Algorithm 3.1. Take as input a number field K, a smooth projective curve X over
K, and a power vn of a good7 prime ideal v of OK . Return as output a finite list
of points8 in X (Ov), to any desired finite precision which is guaranteed to include
all the rational points of X .

It should be mentioned that such an algorithm, until an efficient implemen-
tation proves the contrary, is at risk of being prohibitively slow so as to be useless
from a practical standpoint. The essential difficulty lies in enumerating Galois
representations with prescribed ramification; modularity results for the represen-
tations in question, if known, could speed up the algorithms significantly. One
possible approach to the calculation is proposed in what follows. It has four essen-
tial components, each of which we briefly discuss below. It should be noted that
whereas many of the separate ingredients have been extensively studied in the
literature, the method of Lawrence–Venkatesh has so far not been made effective,
and therefore the ideas in this section are tentative. It would be very interesting
to explore the effectivity of this method further, and make a serious attempt at a
computational version of this method.

Remark 3.2. An algorithm of the above form may return extraneous points, not
corresponding to a rational point. This phenomenon arises also in Chabauty’s
method, though in the example in §1 it was circumvented by exhibiting two inde-
pendent analytic sets, which was possible since g−r = 2. Likewise, it is conceivable
that one can circumvent it in the method of Lawrence–Venkatesh by varying the
choice of q in the covering group Aff(q). Alternatively, one could attempt to apply
the Mordell–Weil sieve, see §6.7.

3.1. Enumerating global Galois representations

Faltings’ finiteness lemma for Galois representations (Lemma 2.1) can be made ef-
fective; we expect this to be the most computation-intensive part of the algorithm.

7The method of LV requires p to satisfy a certain Galois-theoretic condition; here we will simply
call primes satisfying that condition “good” primes. The condition is needed to guarantee that
a certain extension of Kp is of large degree, and is analogous to the requirement in the S-unit

equation above that x not be a square in Qp. Choosing a good p presents no algorithmic difficulty.
8possibly with multiplicities
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Recall that we want to enumerate all global Galois representations

ρ : GK −→ GLd(Zp)

that could arise from our family, in the sense of Lemma 2.1. We know the following
about ρ:

• We are given a finite set S of places of K, outside of which ρ is unramified.
• For every prime p /∈ S, all the eigenvalues of Frobenius at p are Weil numbers
of weight 1/2.

• The representation ρ is semisimple.

On the one hand, we can list all possible mod-pn representations for any n.
First, one enumerates all possible residual representations

ρ1 : GK −→ GLd(Fp).

This is a straightforward application of Hermite–Minkowski finiteness. The residual
representation has finite image, so it corresponds to an extension L1 of K of
degree at most |GLd(Fp)|. The ramification condition translates to a bound on
the discriminant of L1. One can find all possible number fields L1 by a targeted
Hunter search [Coh00, §9.3]. However, the time complexity of such a search (for
fixed K and S) is doubly exponential in the degree [L1 : K], so it may be necessary
to further refine the search using more specifics of the situation at hand.

Second, for each residual representation, one lifts successively to mod-pn rep-
resentations

ρn : GK −→ GLd(Z /pn),

which correspond to a tower of fields Ln. The successive extensions Ln+1/Ln are
abelian, so they can be found by class field theory. (Everything we need from
class field theory can be done algorithmically; see [Coh00].) To do this, we need to
compute ideal class groups and unit groups of number fields whose degrees grow
exponentially in n; this is again a computationally expensive task.

On the other hand, given the residual representation ρ1, the Faltings–Serre
method (see for example [Del85]) allows one to compute effectively a finite set of
primes p1, . . . , ps such that for any semisimple ρ lifting ρ0, the rational represen-
tation

GK −→ GLd(Qp)

is determined by the Frobenius traces

Tr(Frpi |ρ)
at these finitely many primes. (In general, there may be multiple isomorphism
classes of integral representation, as the rational representation may have more
than one stable Zp-lattice.) The condition on Frobenius eigenvalues guarantees
that there are only finitely many possible values for Tr(Frpi |ρ), for each i. We can
choose n0 large enough that, for each fixed i ∈ {1, . . . , s}, no two of these possible
values are congruent modulo pn0 . Then any mod-pn0 representation ρn0 can lift to
at most one semisimple p-adic representation.
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The strategy, then, is as follows. First, make a list of all (finitely many)
possible tuples

(Tr(Frpi |ρ))i∈{1,...,s};

we’ll call such a tuple a candidate. As described above, we can enumerate all
mod-pn representations for some n ≥ n0. We compute their Frobenius traces
and match them with candidates, discarding candidates that don’t match any
representation, and vice-versa. We can repeat this procedure for any desired n;
the list of candidates will get shorter, as spurious candidates are deleted.

3.2. Computing the Parshin family

Before we get to the purely local part of the computation, which consists of de-
scribing the p-adic period map perp, we are faced with the problem of finding an
explicit set of algebraic equations defining the Parshin family

C −→ X,

whose fibres are finite covers of X branched over the variable point x. This is
an instance of the Riemann–Hurwitz problem. Computational work on branched
covers of curves is particularly well developed in the case of Bely̆ı covers of P1; see
[SV14] for an overview. The covers appearing in our setting are solvable, and we
expect that explicit calculations on the Jacobian could provide a fruitful approach.

The solvability of the covering group Aff(q) has the following geometric in-
terpretation. Suppose Z → X is an Aff(q)-cover, branched at x. Let ZGal be the
Galois closure of Z; this is a cover of X of degree q(q − 1), ramified only above
x and having Galois group Aff(q). The quotient map Aff(q) → F×

q gives a curve

Zab, corresponding by the Galois correspondence to F×
q . Thus we have the tower

of covers
ZGal −→ Zab π−→ X.

In this tower, Zab is an unramified abelian cover of X of degree q− 1, and ZGal is
an abelian cover of Zab of degree q, ramified at exactly the points of π−1(x). The
curve Z can be recovered as a quotient of ZGal.

This suggests the following strategy to compute the Parshin family Y , each
of whose fibers is a union of Aff(q)-covers Z. First, we attempt to compute abelian
covers (both unbranched and branched) of arbitrary curves, by finding torsion
points on algebraic generalized Jacobians. To describe one strategy9, we will re-
strict attention to unramified covers and the (ungeneralized) Jacobian. In this
setting, we want to find a divisor D on the curve X , along with a meromorphic
function f on X such that

div(f) = rD,

which amounts to looking for r-torsion on the Jacobian of X . The Jacobian has an
algebraic incarnation as a variety classifying divisor classes on X and an analytic
incarnation as a complex torus. It is of course trivial to identify torsion points on

9An alternative approach to computing covers of curves is by Hensel lifting from a finite field,
as in [Mas20].
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the analytic Jacobian; what we need is to describe them as points on the algebraic
Jacobian.

Fix a basepoint b ∈ X(C). By integration we can compute coordinates on
the analytic torus JacX , along with the analytic Abel–Jacobi map

X −→ JacX.

In the other direction, let g be the genus of X . We want to invert the map

Symg X −→ JacX, (17)

to realize a point of the analytic Jacobian as a divisor on X . This map is a bira-
tional equivalence, but not an isomorphism. On a Zariski-dense subset of JacX , the
map can be inverted, for example, by theta function methods [Mum83, Theorem
II.3.1], by Puiseux series methods [CMSV19], or by computations in Grassman-
nians arising from Riemann–Roch theory [KM04, CMSV19]. A general algorithm
appears in [CMSV19, §3.3].

If we can compute arbitrary abelian covers, we could try to determine all the
covers ZGal for any fixed point x; from there one computes Z by Galois theory
on the function field. In other words, we can compute the fiber Yx of the Parshin
family over any given point x ∈ X . To compute the Parshin family as an algebraic
family, we are faced with the need to interpolate these fibers, perhaps by Puiseux
series methods.

3.3. Computing the p-adic period map

We now come to the local part of the computation, where a description of the p-
adic period map perp reduces to a computation with p-adic cohomology in families.
There is a vast literature on this subject, and this step is therefore likely to be
more accessible and efficient than the others10. We give a brief overview of some
results in the literature, for more detailed treatments that address also the history
of the subject, see Kedlaya [Ked09, Ked07].

The basic problem is the following: Suppose we are given a curve Cx over a p-
adic field Kv and want to compute the filtered φ-module structure of H1

dR(Cx /Kv).
Representing this space by differentials of the second kind, the Hodge filtration
is easily worked out, and it is the Frobenius operator φ that forms the essence of
this problem. When Cx is hyperelliptic, Kedlaya [Ked01] introduced an efficient
algorithm, a variant of which we will see in action for the examples of the genus 2
curves in §6. There are two main ingredients for the computation:

• An appropriate lift of Frobenius on the functions in a (p-adic analytic) open
subset of Cx,

• A reduction algorithm in de Rham cohomology, that writes an arbitrary
differential as the sum of an exact differential and a linear combination of
our basis differentials.

10Indeed, the algorithms mentioned here are crucial ingredients for the effective method of
Chabauty–Kim, as we will see in §6.
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By applying the reduction in cohomology to the image of a set of basis differentials
under this Frobenius lift, we may obtain a matrix of the Frobenius operator φ, up
to some precision vn.

This method has seen extensive developments since [Ked01], notably by
Lauder [Lau04, Lau06] who introduced the fibration method. This method makes
use of the Frobenius structure on the sheaf of relative qth de Rham cohomology
Hq

dR(X/S) of a smooth morphism X −→S between smooth varieties over Kv. The
variation of the de Rham cohomology of the fibres in this family is described by
the Gauß–Manin connection

∇GM : Hq
dR(X/S) −→Ω1

X/S ⊗Hq
dR(X/S),

which gives a system of differential equations known as the Picard–Fuchs equa-
tions, whose study was taken up in the 19th century. Suppose we find a local
lift of Frobenius φ on S, then the pullback of the relative de Rham cohomology
Hq

dR(X/S) by φ is isomorphic as a vector bundle with connection to the original
one. In concrete terms, let us suppose that S is a curve, then we may express this
in matrix form as

NFdt+
∂

∂t
F =

(
∂

∂t
φ(t)

)
Fφ(N)dt (18)

by choosing a local coordinate t on S, and a basis of the relative de Rham coho-
mology, with respect to which we obtain a matrix F (t) describing the Frobenius
operator on the fibres, and N(t)dt describing the Gauß–Manin connection. This
equation is very useful. For instance, if F (t) can be computed for a single value of
t = t0, then we may solve these p-adic differential equation using F (t0) as an initial
condition. Lauder [Lau04, Lau06] uses this idea to compute the Frobenius action
in families. It is surprisingly versatile, applying both to individual curves with a
map to P1 as well as families of curves. It has been developed in many subsequent
papers of which we mention the recent algorithms of Tuitman [Tui16, Tui17], and
the references contained therein, which vastly extend the range of applicability of
these ideas.

3.4. Compare the global Galois representations with the p-adic periods

We suggest two approaches. The first is to use p-adic Hodge theory, along the
lines of Fontaine–Laffaille theory [FL82]. We are given a mod-pn global Galois
representation, presented as a polynomial whose splitting field is its kernel. We
can determine the corresponding local representation at p, in terms of extensions
of Qp. Fontaine and Laffaille define a functor US from a certain category of finite-
length filtered φ-modules to the category of Galois representations [FL82, §0.6].
One expects that Fontaine–Laffaille theory can be made algorithmic: given a mod-
pn Galois representation, we should be able to determine whether it is in the image
of this functor, and if so, describe the underlying filtered φ-module. We can then
compare these φ-modules with the φ-modules arising from the p-adic period map,
to determine a list of candidate points.
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Our second approach avoids filtered φ-modules entirely, by working directly
with Galois representations. It is a consequence of Fontaine–Laffaille theory that
the mod-pn local Galois representation ρx depends only on the reduction of x
modulo vn+1. Using this, we can compute explicitly all the possibilities for the local
Galois representation at p, and match them explicitly with the list of “candidates”
from the global Galois calculation. In other words, for each candidate ρ, we obtain
a list of mod-vn+1 points of X , the local representations at which agree modulo
pn with ρ. For each of these mod-vn+1 residue classes, we then use the period map
perp to compute a bound on the number of rational points in the class.

4. The method of Chabauty–Kim: Finiteness

In this section, we discuss an approach to Mordell’s conjecture due to Minhyong
Kim. It follows the same pattern as the method of Chabauty–Coleman discussed
in the introduction, and as such it depends on some geometric input, replacing the
condition r < g by something weaker, which may be done at the cost of replacing
the p-adic Tate module V by a more sophisticated quotient of the fundamental
group. We discuss in some detail the particular case of a quotient arising from a
geometric correspondence [BD18, BD20, BDM+19] using the geometric language
of Edixhoven–Lido [EL19].

4.1. Quotients of the fundamental group

To motivate an interest in unipotent quotients of the algebraic fundamental group
for Diophantine applications, it is instructive to first recall the section conjecture
of Grothendieck [Gro97], which states that the map

ρ : X(Q) −→ H1
(
GQ, πét

1 (X, b)
)
,

x �−→ [ πét
1 (X; b, x) ]

which attaches to every rational point the class of the Galois representation de-
fined by the corresponding path torsor of the algebraic fundamental group, should
be an isomorphism. In other words, every torsor of the fundamental group should
necessarily arise from a rational point. This provides us with the tantalizing possi-
bility of studying the set of such torsors in lieu of the set X(Q). Unfortunately, the
cohomology set that classifies these torsors does not seem to have much structure
with which we can work.

On the other end of the spectrum, we already saw that the twists of the p-
adic Tate module V of the Jacobian J of X , which is essentially the abelianization
of the fundamental group, are classified by an object which is very closely related
to J , and which therefore has a tremendous amount of structure. That said, this
association only gives us enough information under the additional assumption that
r < g.

In summary, we could roughly describe the situation by saying that the as-
sociation

ρ : X(Q) −→ H1
(
GQ, πét

1 (X, b)
)

(19)
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in the section conjecture has a target with too little structure, whereas the associ-
ation

ρ : X(Q) −→ H1
f (GQ, V ) (20)

appearing in the method of Chabauty–Coleman has a target with too much struc-
ture. The latter statement is meant in the sense that ρ factors through the Jaco-
bian, and in situations where r ≥ g this kills some crucial non-abelian information
needed to understand X(Q). In the method of Chabauty–Kim, we allay the diffi-
culties inherent to both settings by working with a suitable intermediate quotient,
balancing the availability of structure on the sets H1 against our ability to explic-
itly describe the target. We consider quotients of the fundamental group that are
unipotent11.

The strategy for proving finiteness follows the same pattern as our discussion
of the method of Lawrence–Venkatesh. First, one attempts to gain sufficient control
over the set of global representations involved, and second, one studies the local
representations via the analytic properties of an associated period map.

a. Global representations. A general theorem of Kim ([Kim05, Proposition 2] and
[Kim09, p. 118]) states that if U is a unipotent quotient satisfying certain technical
assumptions which we will not state here, the set H1

f (GK ,U) carries the structure
of an algebraic variety, dubbed Selmer variety, such that the localization map

H1
f (GQ,U) −→ H1

f (GQp
,U) (21)

between the global and local Selmer varieties is algebraic. The algebraic nature
of this map allows us to gain control over the image of the global Selmer variety,
typically by showing that the global Selmer variety is of lower dimension than the
local Selmer variety, so that the image cannot be Zariski dense.

b. The period map. As was the case in the method of Lawrence–Venkatesh, the
control of global representations can be turned into a proof of finiteness by control-
ling a p-adic period map. In the method of Chabauty–Kim, this means concretely
that one establishes that the association

ρ : X(Qp) −→ H1
f (GQp

,U), (22)

of the path torsor of U attached to a point, has an image which is Zariski dense.
Typically, the quotient U is of a “motivic” nature, in which case the association ρ
in (22) has a de Rham realisation

perp : X(Qp) −→ MFφ (23)

which can be expressed as a linear combination of iterated Coleman integrals of
differentials. A general theorem of Kim [Kim09, Theorem 1] establishes the linear
independence of such iterated integrals, which often implies the Zariski density of
the image of (22) by p-adic Hodge theory.

11Strictly speaking, quotients of the Qp-unipotent étale fundamental group studied in Deligne

[Del89].
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c. Finiteness. In conclusion, we are left with the following attractive strategy to
study the set of rational points X(Q): Suppose that we can construct a spe-
cific finite-dimensional unipotent quotient U satisfying the technical hypotheses
required for the representability of the Selmer varieties, such that furthermore

1. we can prove that dimH1
f (GQ,U) < dimH1

f (GQp
,U),

2. the quotient is “motivic”, so that we have a p-adic period map

perp : X(Qp) −→ MFφ

which is a linear combination of iterated integrals of differentials on X , and
3. we can find a computable condition on elements of the image of perp to come

from a point in X(Q).

Once we manage to find a quotient U satisfying these conditions, we consider the
diagram

X(Q) X(Qp)

H1
f (GQ,U) H1

f (GQp
,U) MFφ.

ρ ρ

Dcris

perp

(24)

The first two conditions on U are the active ingredients for deducing finiteness. The
first condition is the analogue of the condition “r < g” appearing in the method
of Chabauty–Coleman, and allows us to control the image of the global Selmer
variety. When combined with a concrete understanding of the period map perp
provided by the second condition (for instance, enough to show Zariski-density
of (22), see [Kim09, Theorem 1]) the above commutative diagram implies that
X(Qp) intersects the image of the global Selmer variety in a finite set of points.
In particular, this shows that X(Q) is finite.

Finding suitable quotients that satisfy the first two conditions is the subject
of many works, and is typically done by considering quotients U arising from
powers of the augmentation ideal. See for instance Kim [Kim05, Kim09], Coates–
Kim [CK10] and Ellenberg–Hast [EH17]. The third condition is relevant for the
explicit determination of X(Q) and will reappear later.

4.2. Geometric correspondences on X

We now discuss one instance where such a quotient can be constructed, under
the additional assumption that the Jacobian J of X has non-trivial Néron–Severi
rank, following [BD18, BDM+19]. To offer a different perspective on the con-
structions in loc. cit. we opt for the more geometric reformulation of this theory
following the beautiful work of Edixhoven–Lido [EL19]. It should be noted that
in [EL19] this geometric viewpoint is retained to find a method for the effective
determination of X(Q), but in §5 we instead opt for the cohomological language
of [BD18, BDM+19].

Recall that the Néron–Severi group of a smooth proper variety is the group
of components of its Picard scheme. In the situation at hand, we have chosen a



p-adic Approaches Towards the (Effective) Mordell Conjecture 53

base point b in X(Q), which gives us an associated Abel–Jacobi map X −→ J . By
functoriality, we obtain the following diagram:

Pic0(J)

Pic0(X)

Pic(J)

Pic(X)

NS(J)

Z

0

0.

1

1

(25)

The Néron–Severi group NS(J) is a finitely generated group, of rank rkNS which
is called the Néron–Severi rank of J . Now suppose (see Remark 4.1) that we have
a non-trivial class Z in NS(J) which maps to zero in Z � NS(X) in the above
diagram. Then, by the identification of Pic0(J) with Pic0(X) there is a unique lift
of Z to an element of Pic(J) which is trivial when restricted to X . In other words,
Z uniquely determines a (non-trivial) line bundle LZ on J which is trivial when
restricted to X , and hence we obtain a lift of the Abel–Jacobi map

X J .

LZ

(26)

This lifting of the Abel–Jacobi map, or equivalently this trivialization of the line
bundle LZ restricted to X , is a priori uniquely determined up to multiplication
by elements of Q×. As explained in Edixhoven–Lido [EL19], one can determine it
up to Z× = {±1}, and hence essentially uniquely, at the cost of taking a small12

tensor power of LZ by spreading out the geometry over Z and working with the
Néron model of J . In conclusion, we obtain an essentially unique lift

X −→ L ×
Z := IsomJ (O,LZ). (27)

The scheme L ×
Z is a Gm-torsor13 over the Jacobian J . We define U to be

the Qp-étale fundamental group of L ×
Z . This group is non-abelian, and may be

understood geometrically as follows. One can show (see for instance Bertrand–
Edixhoven [BE20, §4] for the arguments in the C-analytic setting) that there is a
co-final system of étale coverings

πn : (L×
Z )⊗n −→ L ×

Z

obtained by composing the pullback of the map [n] on the Jacobian with the nth
power map on fibres. The Galois group Un of this étale cover is a central extension

1 −→ μn −→ Un −→ J [n] −→ 0,

so that U is a Heisenberg group, and as a Galois representation it is an extension
of V by Qp(1). Suppose that x is a point in X(K) for K equal to Q or Qp. Then

12It suffices to take the least common multiple of the exponents of the Néron component groups
at all primes of bad reduction.
13Since the class of its line bundle in Pic(J) maps to a non-zero element of NS(J), this Gm-torsor
is not a group.
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in analogy with (5) we obtain a torsor of U from the inverse limit of the preimages
of x under the maps πn, i.e.,

Qp ⊗Zp

(
lim←−
n

π−1
n (x)

)
, πn : (L×

Z )⊗n −→ L ×
Z . (28)

Such torsors are classified by the cohomology group H1(GK ,U) and satisfy certain
local conditions which we will not make explicit here. In conclusion, we obtain an
association ρ analogous to (4):

ρ : X(K) −→ L ×
Z (K) −→ H1

f (GK ,U). (29)

Remark 4.1. Note that the above discussion hinges on the assumption that we
can find a non-trivial class Z in NS(J) which maps to zero in NS(X). Such a class
always exists when rkNS > 1, which is true for many examples of interest. Notably,
this includes modular curves, which typically have a large supply of such classes
induced by Hecke correspondences. See Siksek [Sik17] for more details.

Remark 4.2. The work of Alexander Betts [Bet17] establishes a precise relationship
between the association of path torsors to points in L×

Z and the theory of p-adic
heights. He proves that a certain quotient

L×
Z (Qp) −→ H1

f (GK ,U) −→ Qp

defined by purely Galois theoretic conditions coincides with the Néron log-metric
on the pointed line bundle (LZ , b), in the language of loc. cit. In Section §5, the
theory of p-adic heights will play a central role.

4.3. Finiteness of X(Q)

The quotient U attached to a Néron–Severi class Z as above has dimension 2g+1
as a Qp-vector space. More precisely, as a Galois representation, it is an extension
of the form

0 −→ Qp(1) −→ U −→ V −→ 0, (30)

where Qp(1) is the one-dimensional representation given by the cyclotomic char-
acter. The simple nature of this one-dimensional graded piece is responsible for
the proof that the quotient U satisfies the first condition on our wish list in §4.1.
Indeed, this can be deduced from the statements

H1
f (GQ ,Qp(1)) = Z× ⊗̂Qp = 0,

H1
f (GQp

,Qp(1)) = Z×
p ⊗̂Qp = Qp

(31)

which result, via the simple argument in [BD18, Lemma 3.1], in the statements

dimH1
f (GQ ,U) ≤ r,

dimH1
f (GQp

,U) = g + 1.
(32)

The quotient U is also motivic in nature, as its geometric definition via the
Gm-torsor L ×

Z shows. In particular, besides the Galois representation U, there is

also a de Rham realisation UdR, which is a quotient of the de Rham fundamental
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group of X , see [Kim05, Kim09] for more precise definitions. The theorem of Kim
[Kim09, Theorem 1] discussed in §4.1 then implies that the image of X(Qp) under
ρ is Zariski dense.

This allows us to deduce finiteness of X(Q) for certain curves X , as we now
explain. Suppose that r = g, so that we are just outside of the range where the
method of Chabauty–Coleman applies, and assume furthermore that the Néron–
Severi rank rkNS of J is at least 2, so that there exists a quotient U as above. The
diagram (25) implies, via the two properties we just discussed, that the intersection
of X(Qp) with the global Selmer variety is finite. Since this intersection contains
X(Q), finiteness of X(Q) follows.

In fact, one can refine the above discussion by constructing a quotient which
is an extension of V by the direct sum of characters Qp(1)

⊕(rkNS−1), resulting via
the same reasoning in the following finiteness statement, which is a special case of
Balakrishnan–Dogra [BD18, Lemma 3.2].

Theorem 4.3. Suppose that X is a smooth projective curve over Q. Then X(Q) is
finite whenever

r < g + rkNS − 1. (33)

Many other instances of finiteness are known to follow from the method
of Chabauty–Kim. In general finiteness was proved by Kim [Kim09] under the
assumption of the Bloch–Kato conjecture. We will not discuss these results here,
but rather turn to the question of how to explicitly determine the set X(Q).

5. The method of Chabauty–Kim: Effectivity

In this section, we discuss how to use the method of Chabauty–Kim to compute
the rational points on X in the simplest instance of Theorem 4.3: the case r = g
and rkNS > 1. Whereas the method of Chabauty–Coleman relies on detecting
global points via linear relations in the image of perp, we will provide a computable
condition on filtered φ-modules in the image of perp to come from a point in X(Q)
via bilinear relations, thereby addressing the third item in our wish list in §4.1.

5.1. Heights on Selmer varieties

Looking for bilinear relations, one is naturally led to p-adic heights. Classically,
these were defined as bilinear pairings on J(Q) but since it is crucial that the non-
abelian method of Chabauty–Kim factors through a non-abelian Selmer variety
rather than the abelian variety J , we instead prefer to utilize a more general
approach due to Nekovář [Nek93, §2]. Namely, he constructs a continuous bilinear
pairing

h : H1
f (GQ, V )× H1

f (GQ, V ∗(1))−→Qp, (34)

depending on some auxiliary choices, including the choice of a splitting of the
Hodge filtration

s : VdR/Fil
0 VdR −→VdR . (35)
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The global height h decomposes as a sum of local heights hv, where v runs
through the finite primes of Q. Briefly, the idea is to lift a pair in H1

f (GQ, V ) ×
H1

f (GQ, V ∗(1)) to a mixed extension of p-adic Galois representations with graded
pieces Qp, V and Qp(1) and to define hv on it. As explained in [BD18, Section 5],

we can construct such a representation from a torsor P ∈ H1
f (GQ,U), where U is

attached to a Néron–Severi class as in §4.2, by twisting a certain quotient of the
universal enveloping algebra of the Qp-unipotent étale fundamental group by P .

There is an analogous local construction for P ∈ H1
f (GQv

,U).

We will assume throughout that r = g and that the p-adic closure of J(Q)
has finite index in J(Qp)

14. Then there are isomorphisms

H1
f (GQ, V )

resp−−−−−→ H1
f (GQp

, V )
log−−−−→ H0(XQp

,Ω1)∨.

By Poincaré duality we obtain maps

π : H1
f (GK ,U)−→H0(XQp

,Ω1)∨ ⊗H0(XQp
,Ω1)∨

for K ∈ {Q,Qp}.
For ease of exposition, we shall assume for all v = p that hv = 0 for tor-

sors coming from X(Qv). The local height hp will be discussed in more detail
below. The main point is that it factors through Dcris, so we obtain the following
refinement of diagram (24):

X(Q)

H1
f (GQ,U)

X(Qp)

H1
f (GQp

,U)

H0(XQp
,Ω1)∨ ⊗H0(XQp

,Ω1)∨

MFφ

Qp ,

ρ

res

h

π
π

ρ

hp

Dcris

perp

(36)

where hp is now defined on the image of H1
f (GQp

,U).

If (ψi) is a basis of the dual space of H0(XQp
,Ω1)∨ ⊗ H0(XQp

,Ω1)∨, then

there are constants αi ∈ Qp such that h =
∑

i αiψi. We deduce that the locally
analytic function

Q : X(Qp)−→Qp ; x �→
∑
i

αiψi(π(ρ(x))) − hp(perp(x)) (37)

vanishes along X(Q); furthermore, one can show that it has only finitely many
zeroes (see [BD20]). We can use this function for the explicit computation of X(Q)
if we have algorithms to

(i) compute the αi for a suitable explicitly computable basis ψi.

14If the latter condition fails, we may apply classical Chabauty as in §1.3.
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(ii) expand the function x �→ hp(perp(x)) into convergent power series on residue
disks.

We can easily solve (i) given x1, . . . , xm ∈ X(Q) such that

{π(ρ(xi))}i=1,...,m is a basis for H0(XQp
,Ω1)∨ ⊗H0(XQp

,Ω1)∨;

in this case we only need to compute hp(perp(xi)) and π(ρ(xi)). If we choose
an End0(J)-equivariant splitting in (35), then the global height is also End0(J)-
equivariant, thus reducing the number of points xi required. Nevertheless, there
need not exist enough points xi, in which case we can solve (i) using genera-
tors of J(Q) ⊗Q and a construction of p-adic heights on J due to Coleman and
Gross [CG89].

Remark 5.1. It is possible to write down functions vanishing in X(Q) with finitely
many zeroes when r < g+rkNS − 1 using p-adic heights [BD18, Proposition 5.9].
More generally, one can extend Nekovář’s construction to construct such functions
when r < g2, conditional on the conjecture of Bloch–Kato, see [BD20, §4]. This has
only been made explicit in the special case of the Kulesz–Matera–Schost family of
bielliptic genus 2 curves, see the (unconditional) Theorem 1.2 of [BD20].

5.2. Local heights

In the remainder of this section we focus on (ii). We first discuss in more detail
the local height hp, following [Nek93, §4]. Let P ∈ H1

f (GQv
,U) and denote by MP

the mixed extension of π(P ) mentioned above. Then hp(MP ) is constructed using
Dcris(MP ), which is a mixed extension of filtered φ-modules with graded pieces
Qp, VdR := H1

dR(XQp
)∨ = Dcris(V ) and Qp(1).

For simplicity, we only describe hp on the image of X(Qp). The family
(Dcris(Mρ(x)))x interpolates in the following sense: There is a filtered connection
AZ = AZ(b) with Frobenius structure such that we have

Dcris(Mρ(x)) � x∗ AZ for all x ∈ X(Qp). (38)

Suppose that we have isomorphisms

sφ(b, x) : Qp ⊕VdR ⊕Qp(1)
∼−→ x∗ AZ

sFil(b, x) : Qp ⊕VdR ⊕Qp(1)
∼−→ x∗ AZ

where sφ is Frobenius-equivariant, and sFil respects the filtrations, and suppose
we can write them as

sφ(b, x) =

⎛⎝ 1 0 0
αφ(b, x) 1 0
γφ(b, x) βᵀ

φ(b, x) 1

⎞⎠ sFil(b, x) =

⎛⎝ 1 0 0
0 1 0

γFil(b, x) βᵀ
Fil(b) 1

⎞⎠ .

(39)
Note that we make a choice of basis differentials on the affine open Y (see §5.3)
so that sφ(b, x) and sFil(b, x) are of this form. The splitting s in (35) induces
idempotents

s1 : VdR −→ s(VdR/Fil
0 VdR)

s2 : VdR −→ Fil0 VdR.
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With respect to our choices, Nekovář’s local height at p is

hp(perp(x)) = γφ(b, x)− γFil(b, x)− βᵀ
φ(b, x) · s1(αφ)(b, x)− βᵀ

Fil(b) · s2(αφ)(b, x).

(40)
So in order to solve (ii) we need to compute the entries of (39), which means

computing the Hodge filtration and the Frobenius structure on AZ . For (i), we
also need to explicitly compute the composition π ◦ ρ. With respect to the dual
basis of our chosen basis differentials on Y , the map π ◦ ρ is given by

π ◦ ρ : Y (Qp) → H0(XQp
,Ω1)∨ ⊗H0(XQp

,Ω1)∨ (41)

x �→ αφ(b, x)
ᵀ ·
(

Ig
0g

)
⊗ (βᵀ

φ(b, x)− βᵀ
Fil(b)) ·

(
0g
Ig

)
.

Note in particular that the first factor is the Abel–Jacobi map AJb(x), sending x
to the functional ω �→

∫ x

b ω.

5.3. Computing the Hodge filtration

We work in an affine open subset Y of X . Set d = #(X \ Y )(Q) and choose dif-
ferentials ω0, . . . , ω2g+d−2 ∈ H0(YQ,Ω1) on Y such that the following conditions
are satisfied:

1. The differentials ω0, . . . ω2g−1 are of the second kind (residue zero) on X and
form a symplectic basis of H1

dR(XQ) with respect to the cup product pairing.
We let ω denote the column vector (ω0, . . . ω2g−1)

ᵀ.
2. The differentials ω2g, . . . , ω2g+d−2 are of the third kind (all poles have order

one) on X .

Universal properties give that the rank 2g + 2 vector bundle AZ has a con-
nection, a Hodge filtration, and a Frobenius structure, as discussed in [BDM+19,
§4,5]. Here, we give algorithms that describe these objects.

Recall that we have a non-trivial class Z in NS(J) mapping to 0 in NS(X).
This is equivalent to the choice of an endomorphism of H1

dR(X) satisfying several
conditions (see [BDM+19, §4.4]), and we describe a method to compute this in the
case of modular curves in Section 6. We denote the matrix of the correspondence
Z on H1

dR(X/Q) also by Z, where we act on column vectors.
Choose a trivialization

s0 : OY ⊗ (Qp ⊕VdR ⊕Qp(1)) → AZ |Y
such that, with respect to this trivialization, the connection ∇ on AX is given by

∇ = d+ Λ,

where

Λ = −

⎛⎝ 0 0 0
ω 0 0
η ωᵀZ 0

⎞⎠ ,

where η is a differential of the third kind on X that is uniquely determined by the
following two properties:
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1. It is in the space spanned by ω2g, . . . , ω2g+d−2, and
2. The connection ∇ extends to a holomorphic connection on all of X .

The Hodge filtration on AZ is determined completely from the Hodge filtration
on its graded pieces, via universal properties. Here is an algorithm to compute the
Hodge filtration:

Algorithm 5.2 (Computing the Hodge filtration on AZ).

1. Let L/Q denote a finite extension over which all the points of X \ Y are
defined. Compute local coordinates at each x ∈ (X\Y )(L).

2. For each x ∈ (X\Y )(L), compute power series for ωx, the expansion of the
vector of differentials ω at x to large enough precision, which means at least
mod tdx

x , where dx is the order of the largest pole occurring.
3. Compute the vector Ωx, defined by

dΩx = −ωx.

4. Compute η as the unique linear combination of ω2g, . . . , ω2g+d−2 such that

dΩᵀ
xZΩx − η

has residue zero at all x ∈ (X\Y )(L). To do this, carry out the following:
(a) Using local coordinates at each x ∈ (X\Y )(L), rewrite ω2g, . . . , ω2g+d−2.
(b) Solve for η by comparing residues.

5. Solve the system of equations for gx in L((tx))/L[[tx]] such that

dgx = Ωᵀ
xZdΩx − η.

6. Compute the vector of constants bᵀ
Fil = (bg, . . . , b2g−1) ∈ Qg and the function

γFil characterized by γFil(b) = 0 and

gx + γFil − bᵀ
FilN

ᵀΩx −Ωᵀ
xZNNᵀΩx ∈ L[[tx]] (42)

where N is the 2g × g matrix which has the zero matrix of dimension g
and the identity matrix of dimension g as blocks. Set βFil = βFil(b) =
(0, . . . , 0, bg, . . . , b2g−1)

ᵀ.

Remark 5.3. We note that [BD20, Lemma 6.5] simplifies some of the calculations
in the case of a hyperelliptic curve X : in this case, we have that η = 0 and
βFil = (0, . . . , 0)ᵀ.

5.4. Computing the Frobenius structure

The Frobenius structure on AZ can be determined explicitly in terms of double
Coleman integrals, as discussed in [BDM+19, §5]. Here is an algorithm to com-
pute it:

Algorithm 5.4 (Computing the Frobenius structure on AZ).

1. Use Tuitman’s algorithm [Tui16, Tui17] to compute the matrix of Frobenius
F and a vector f of overconvergent functions such that

φ∗ω = df + Fω,

where φ is a certain lift of Frobenius.
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2. Let b0, x0 be Teichmüller representatives of b, x respectively. Compute the
matrix

A = I(x, x0)
+ · I(b0, b)−,

where we define for any pair x1, x2 ∈ X(Qp) the parallel transport matrices

I±(x1, x2) =

⎛⎝ 1 0 0∫ x2

x1
ω 1 0∫ x2

x1
η +

∫ x2

x1
ωᵀZω ±

∫ x2

x1
ωᵀZ 1

⎞⎠ ,

where η is as computed in Algorithm 5.2 (see also Remark 5.3).
3. Explicitly solve the system⎧⎪⎨⎪⎩

dgᵀ = dfᵀZF,

dh = ωᵀF ᵀZf + dfᵀZf − gᵀω + φ∗η − pη,

h(b0) = 0.

Then compute the matrix

M(b0, x0) =

⎛⎝ 1 0 0
(I − F )−1f 1 0

1
1−p

(
gᵀ(I − F )−1f + h

)
gᵀ(F − p)−1 1

⎞⎠ (x0).

4. Finally, compute the matrix

s−1
0 (b, x) ◦ sφ(b, x) = A ·M(b0, x0) =

⎛⎝ 1 0 0
αφ(b, x) 1 0
γφ(b, x) βᵀ

φ(b, x) 1

⎞⎠ .

Remark 5.5. If X is a hyperelliptic curve, say the smooth projective model of the
affine curve Y : y2 = f(x), where f is monic and has no repeated roots, then we can
use Kedlaya’s algorithm [Ked01] or Harrison’s generalization [Har12] in Step (1)
above. In fact, Tuitman’s approach generalizes the approach of Kedlaya and Har-
rison. Note that the SageMath implementation of Kedlaya’s algorithm takes the
convention that Frobenius acts on columns, while the Magma implementation of
Tuitman’s algorithm as used here takes the convention that Frobenius acts on
rows and thus differs by a transpose.

Remark 5.6. Computing the action of Frobenius in Step (1) gives us a way to com-
pute Coleman integrals: in particular, if b0 = φ(b0) and x0 = φ(x0) are Teichmüller
points, we compute the Coleman integral as∫ x0

b0

ω = (1− F )−1 (f(x0)− f(b0)) .
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6. Examples

We illustrate the practicality of the method of Chabauty–Kim discussed in Sec-
tion 5 by applying it to three new examples of curves whose rational points were
previously unknown. They are all curves of the form

X0(N)+ := X0(N)/wN (43)

where N is prime and wN is the Atkin–Lehner involution, and therefore they
have a unique rational cusp. The non-cuspidal rational points of X0(N)+ classify
unordered pairs of elliptic curves that are related by an N -isogeny. The (non-)
existence of non-CM points is of great interest, because Elkies [Elk04] shows that
every non-CM Q-curve is isogenous to one parametrised by a rational point on
some X0(N)+.

We consider the cases N = 67, 73, and 103. For each value of N , the curve
X0(N)+ is of genus 2 and its Jacobian has real multiplication. Thus, the rank of the
Néron–Severi group is equal to 2, and the method outlined in Section 5 produces
exactly one non-trivial locally analytic function on X0(N)+(Qp) that vanishes on

the set of rational points X0(N)+(Q). Hence, unlike in the Chabauty–Coleman
example at the end of Section 1, we need in addition the Mordell–Weil sieve (see
§6.7) to extract the set of rational points from the larger quadratic Chabauty set.

We discuss the computation for N = 67 in some detail and briefly summarize
the cases N = 73 and N = 103. These computations use the computer algebra
system Magma [BCP97] and were started by Best, Bianchi, and Triantafillou at the
workshop “Arithmetic Statistics and Diophantine Stability” at the Fondation des
Treilles in July 2018. More details can be found at

https://ngtriant.github.io/papers/BBBLMTV_Data.pdf

6.1. An explicit model for X0(67)
+

As is explained in [Mur92, Gal96], an affine model for the genus 2 curve X0(67)
+

can be found explicitly as follows. Let f be the unique, up to conjugation, newform
of level 67 and weight 2, which is furthermore invariant under the Atkin–Lehner
involution w67. The complex vector space spanned by f and its Galois conjugate f c

is isomorphic to the space of regular differentials on X0(67)
+, and we may choose

a basis g1 and g2 for this space such that g1 = q+ · · · and g2 = q2+ · · · . Note that
f and f c can be computed up to arbitrary q-adic precision using Magma [BCP97].
Then x = g1

g2
and y = q

g2
dx
dq are related by an equation of the form y2 = p(x),

for some monic polynomial p(x) of degree 6 whose coefficients can be determined
from the q-expansions. Such an equation gives a model for X0(67)

+. While g2 is
unique, g1 is not. A certain choice of g1 yields

Y : y2 = x6 + 2x5 + x4 − 2x3 + 2x2 − 4x+ 1 [ =: f67(x) ] .

See [Mur92] for more details. For other examples of computations of models of
higher genus modular curves, see [Gal96]. The projective closureX adds two points

https://ngtriant.github.io/papers/BBBLMTV_Data.pdf
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Figure 1. The reduction of X0(N)+ at N .

at infinity, ∞+ and ∞−, corresponding to (1 : 1 : 0) and (1 : −1 : 0) respectively.
By an explicit search, we quickly find several points in X(Q). Indeed,

X(Q) ⊃ {∞+,∞−, (0,±1), (−1,±3), (1,±1), (−2,±7)} . (44)

Leprevost [Lep99] also found these points and conjectured that we have equality
in (44).

Our goal is to use the machinery set up in Section 5, combined with the
Mordell–Weil sieve, to show that X(Q) consists precisely of these 10 points.

Using the explicit model Y , several arithmetic properties of X0(67)
+ can be

deduced. For instance, Magma’s implementation of 2-descent shows that the rank15

of J0(67)
+(Q) is exactly 2. Alternatively, one can avoid the use of a model and

draw the same conclusion from the Gross–Zagier–Kolyvagin–Logachev theorem
[GZ86, KL89], by computing that (provably [Ste00, Chapter 3]) L(f, 1) = 0 and
(numerically [Cre97, Dok04]) L′(f, 1) = 0.

6.2. The reduction of X0(N)+

Recall that the method outlined in Section 5 uses some global and local p-adic
heights in the sense of Nekovář. Although these depend on some auxiliary choices
that we have not made yet at this stage, we have already remarked that we
can always ignore all the local heights at primes v = p of potential good re-
duction. More generally, by work of Betts–Dogra [BD19, Proposition 1.2.1], the
map X(Qv) → Qp induced by the local height at v = p takes at most as many
values as the number of irreducible components of a regular semi-stable model at
v. Note that X0(N)+ has good reduction at all primes away from N . Using an
argument analogous to [BDM+19, Theorem 6.6], we can show that for all primes
N there is a regular semi-stable model X0(N)+ of X0(N)+ whose special fibre is
isomorphic to a projective line intersecting itself g times, where g is the genus of
X0(N)+ (see Figure 1). The proof which is contained in [BDM+19], constructs
such a model starting from the semi-stable Deligne–Rapoport model of X0(N),
and shows that the quotient by the Atkin–Lehner involution remains semi-stable
using a lemma of Raynaud. The self-intersections correspond to conjugate pairs
of supersingular j-invariants in FN2 \FN (see [DR73, V, §1] and [Ogg75, §3]). In
particular, the special fibre of X0(N)+ consists of only one component, so the work
of Betts–Dogra implies that there are no non-trivial contributions at v = p.

15Since the newforms of weight 2, level 67, which are invariant under w67 form a single Galois
orbit, the Mordell–Weil rank over Q is necessarily a multiple of the genus, i.e., of 2.
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6.3. Preliminary choices

A prime p and a base point b. Since by §6.2 the curve X0(N)+ has good reduction
at all primes away from N , we could let our fixed p be any prime different from
N ; we pick p = 11. This choice may seem slightly peculiar to the reader familiar
with the classical Chabauty–Coleman method, where it is often advantageous to
choose the smallest possible prime of good reduction. The prime 11 has two main
advantages for our purposes. First, the polynomial f67 has no linear factors over
Q11. As a result, the lift of Frobenius that we use in §6.5 extends to all of X(Q11).
While it is possible to deal with disks containing a point with y-coordinate equal
to zero by working with a different lift of Frobenius or by using the trick discussed
in [BDM+19, §5.5], our choice of p makes both the exposition and the computation
significantly shorter. The second advantage of the prime 11 is somewhat post-hoc,
coming from the final Mordell–Weil sieve step. It turns out that J0(N)+(Fq) has
order divisible by 112 for several small primes q (including q = 31 and q = 137),
which makes the Mordell–Weil sieve particularly efficient for proving that points
of X(Q11) are not in X(Q).

We choose b = (1, 1) for the base point. Note that b lies in both our affine
patch and in the affine patch at infinity. One advantage of b over other possible
base points is that b will be a Teichmüller point for a convenient lift of Frobenius.

A basis for the de Rham cohomology of X0(67)
+. It is well known that

H0(YQ,Ω1) has basis given by (the classes of) the differentials{
dx

y
,
x dx

y
,
x2 dx

y
,
x3 dx

y
,
x4 dx

y

}
. (45)

Moreover, inside of H0(YQ,Ω1), we can identify H1
dR(X) with those differentials

which have residue 0 at both points of X � Y = {∞+,∞−}. By working with the
expansion of each differential in (45) in terms of the uniformizer t∞± = x−1 at
∞±, we construct a new basis ω0, . . . , ω4 satisfying properties (1) and (2) of §5.3.
In particular, we may take

ω0 = − dx

y
, ω1 = (−1− x)

dx

y
, ω2 = (−2 + x− x3 − x4)

dx

y
,

ω3 =
1

2

(
1− x2 − x3

) dx

y
, ω4 = (−x− x2)

dx

y
.

From now on, ω will denote the column vector (ω0, . . . , ω3)
ᵀ.

6.3.1. A Néron–Severi class. The choice of a Néron–Severi class Z as in Section
4 is equivalent to the choice of an endomorphism of H1

dR(X) satisfying a list of
conditions (see [BDM+19, §4.4]). Let � be a prime of good reduction forX . In order
to compute the action of the Hecke operator T� ∈ End(H1

dR(X/Q�)) on the whole

of H1
dR(X/Q�), rather than just on Fil0 H1

dR(X/Q�), we use the Eichler–Shimura
formula

T� = Frᵀ� +� · (Frᵀ� )
−1 .
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The matrix of Frobenius Fr� with respect to the basis ω may be computed using
Tuitman’s algorithm (we briefly postpone a discussion of this to Step (1) of §6.5,
since this matrix for � = p, as well as one additional output of Tuitman’s algorithm,
are both needed at that step), and we identify the operator T� with its matrix
representation with respect to ω. Note that the Eichler–Shimura formula holds for
X0(67) and thus for X0(67)

+, since the Atkin–Lehner involution commutes with
T� at all � = 67.

To obtain from T� an endomorphism corresponding to a class Z ∈ NS(J)
which maps to zero in NS(X), we first consider Tr(T�) · I4 − 4T�, which has trace
zero, and then multiply on the right by the inverse of the cup product matrix on
ω. For example, choosing � = 11, we obtain the non-trivial endomorphism with
matrix representation

Z =

⎛⎜⎜⎝
0 −8 12 8
8 0 −8 −12

−12 8 0 0
−8 12 0 0

⎞⎟⎟⎠ .

Since the Néron–Severi group has rank 2, choosing a different Hecke operator
would only change the matrix Z by multiplication by a constant.

Remark 6.1. Using Tuitman’s algorithm, we can compute the entries of T� (and
therefore of Z) only up to some �-adic precision. In our case, this is sufficient to
carry out the steps of the quadratic Chabauty computation, since we have chosen
� = p. It should, however, be possible to prove that Z is given exactly by the above
matrix, and we may assume that this is the case, as doing so does not affect the
computation in any crucial way.

6.4. Hodge Filtration on AZ

We now compute the Hodge filtration of the vector bundle AZ attached to our
choice of Néron–Severi class Z and base point b. Since the curve X is hyperelliptic,
by Remark 5.3 we only need to compute γFil, and we can do so using a simplified
version of Algorithm 5.2. In particular, for each point at infinity ∞±, we compute
Ω∞± and g∞± by formal integration of Laurent series in the uniformizer t∞± .
Following the steps, we then find that γFil has a pole of exact order 1 at ∞± with
residue −8. Since γFil must vanish at b, we conclude that

γFil = −8x+ 8.

6.5. Frobenius structure on AZ

We compute the Frobenius structure on AZ using Algorithm 5.4.
Step (1): We first fix a lift of Frobenius φ. We take φ(x) = xp, and extend to

Q11[x] by linearity. Since f67 has no zeros over F11, we extend this lift to a strict
open neighborhood of the tube ]YFp

[, which consists of all points reducing to YFp
,

by expanding

φ(y) =
√

φ(f67(x)) = yp ·
(
1 +

φ(f67(x))− f67(x)
p

y2p

)1/2

.



p-adic Approaches Towards the (Effective) Mordell Conjecture 65

as an overconvergent Laurent series in Qp[[x, y, y
−1]]. This lift naturally extends to

one-forms.

Next, we compute p-adic approximations of F and f using Tuitman’s al-
gorithm [Tui16, Tui17], a generalization of Kedlaya’s algorithm which incorpo-
rates Lauder’s fibration method [Lau06]. Roughly speaking, we first compute φ∗ωi.
Then, we reduce pole orders by iteratively subtracting differentials of overconver-
gent functions (constructed by solving linear systems) until φ∗ωi has been reduced
to a cohomologous linear combination of basis differentials

∑
j Fjiωj . The sum fi

of the functions from each step satisfies

φ∗ωi =
∑
j

Fjiωj + dfi .

Note that in our working example, this F is the matrix Fr� that was computed in
§6.3.1 since we chose � = p = 11 there as well.

Step (2): Since b = (1, 1) is a Teichmüller point for φ, I(b0, b)
− = I(b, b)−

is an identity matrix. To compute the I(x, x0)
+ on each residue disk, we expand

the ωi in terms of a uniformizer near each Teichmüller point x0 and integrate
formally. To compute

∫ x

x0
ωᵀZω, we expand, formally integrate, multiply terms,

and formally integrate again, as in steps (3) and (5) of Algorithm 5.2.

Step (3): The matrices Z and F are constants, so gᵀ = fᵀZF . We ap-
proximate h by iteratively “reducing” a p-adic approximation (dh)∼ to dh =
ωᵀF ᵀZf+dfZf−gᵀω+φ∗η−pη as in Tuitman’s algorithm until we find aj ∈ Q11

and an overconvergent function h∼(x) satisfying

(dh)∼ =
∑
j

ajωj + d(h∼) .

Then h∼(x) − h∼(b) approximates h(x). The remainder of Steps (3) and (4) of
Algorithm 5.2 are straightforward. The terms αφ(b, x),βφ(b, x), γφ(b, x) cannot be
expressed compactly, so we omit them here.

6.6. The local p-adic height and a finite set of p-adic points containing X(Q)

We have now assembled all ingredients to compute the quadratic Chabauty func-
tion from (37), whose finite set of zeroes contains X(Q). To find the constants ai
in (37), we use the discussion at the end of §5.1.

Set K := Q(
√
5) = End0(J0(67)

+) and Kp = K ⊗Q Qp. If we pick a K-
equivariant splitting s of the Hodge filtration in formula (40), then the global
height h factors through the tensor product H0(XQp

,Ω1)∨⊗KpH
0(XQp

,Ω1)∨. We

now choose auxiliary points x1 = (−2, 7), x2 = (−1, 3) ∈ X(Q). Since AJb(x1) =
[ω �→

∫ x1

b ω] is nonzero, AJb(x1) is a Kp-basis for H
0(XQp

,Ω1)∨. Using (41), we

compute (π ◦ ρ)(xi) in this basis.

We compute h(π(ρ(xi))) = hp(perp(xi)) using (40), the results of §6.4, §6.5
and the splitting s associated to the K-equivariant basis (ω0, ω1, ω2, ω3 − ω1).
Writing ψ1 for the projection onto the “rational part” and ψ2 for the projection
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Disks x-coordinates of candidate points

](0,±1)[ 0
0 + 7 · 11 + 0 · 112 + 3 · 113 + 3 · 114 + · · ·

](1,±1)[ 1
1 + 6 · 11 + 6 · 112 + 8 · 113 + 7 · 114 + · · ·

](6,±5)[ 6 + 5 · 11 + 8 · 112 + 2 · 113 + 4 · 114 + · · ·
6 + 7 · 11 + 0 · 112 + 5 · 113 + 1 · 114 + · · ·

](−2,±7)[ −2
9 + 10 · 11 + 1 · 112 + 8 · 113 + 0 · 114 + · · ·

](−1,±3)[ −1
10 + 3 · 11 + 9 · 112 + 10 · 113 + 1 · 114 + · · ·

]∞±[ ∞
2 · 11−1 + 4 + 10 · 11 + 9 · 112 + 8 · 113 + 7 · 114 + · · ·

Table 1. A set of 24 points of X0(67)
+(Q11) containing X0(67)

+(Q).

onto the “
√
5 part,” we find that the function sending x ∈ X(Qp) to

Q(x) := hp(perp(x)) − (5 · 11 + 2 · 112 + 5 · 113 + 0 · 114 + · · · ) · ψ1(π(ρ(x)))

+ (4 · 11 + 0 · 112 + 4 · 113 + 0 · 114 + · · · ) · ψ2(π(ρ(x)))
(46)

vanishes for all x ∈ X(Q).
We expand Q as a power series on each residue disk, find the roots, and repeat

the computation on an affine patch containing the points at infinity to find a finite
subset of X(Q11) which contains X(Q). Using a Newton polygon argument, we
find that every root of Q is simple. In addition to the 10 known rational points, we
find 14 additional 11-adic zeros of Q (listed in Table 1). To show that these points
are not rational, we turn to the Mordell–Weil sieve, described in the following
subsection.

6.7. The Mordell–Weil sieve

We assume we are given a smooth projective curve X/Q, p a prime of good
reduction, a set Xknown ⊆ X(Q) and a set Xextra ⊆ X(Qp) known to some finite
p-adic precision, distinct from any of the Xknown to that precision. The goal of
the Mordell–Weil sieve, which we describe in this section, is to describe extra
conditions that the points of X(Q) satisfy that the points in Xextra do not. See
also [Sik15, BS10, BBM17].

We will show that any rational point must be sufficiently close p-adically to
an element of Xknown. To do this, we prove that for each x ∈ X(Q), there is some
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y ∈ Xknown such that [x−y] ∈ J(Q) is p-adically close to the identity in J(Q). We
can get a handle on being p-adically close to 0 ∈ J(Q) using the p-adic filtration
of J(Qp) by

Ji =
{
x ∈ J(Qp) : x ≡ 0 (mod pi)

}
.

The important property of this filtration that we will make use of is that

J0/J1 � J(Fp), Ji/Ji+1 � FdimJ
p ,

so that p-adically close rational points must have difference in the Jacobian divis-
ible by a large power of p. Then for any D ∈ J(Q) we have #J(Fp) · pi ·D ∈ Ji+1.

The Mordell–Weil sieve locates small cosets within J(Q) (that is, cosets of
large index), that contain the image of X(Q) under the Abel-Jacobi map ib : X →
J sending x to [x−b]. The sieve plays off local information at a finite set of primes
v against the global Mordell–Weil group structure to find restrictions on ib(X(Q)).
First we fix a prime v of good reduction and consider the following commutative
diagram:

X(Q) J(Q)

X(Fv) J(Fv)

redX,v redJ,v

ib

ib,v

(47)

The commutativity of the diagram implies that the image of X(Q) along
redJ,v ◦ib is contained in the image of ib,v. The advantage of this observation is
that the bottom row of the diagram deals with finite objects and information
about these may be computed effectively. In particular, we can find im ib,v given
equations for X . In our setting of a hyperelliptic curve, algorithms for this go back
to [Can87], and in general one can make use of work of Khuri-Makdisi [KM07].
Pulling the computed image im ib,v back to J(Q) gives a union of cosets for the
kernel of redJ,v that contains the image of X(Q). We will want to pick v so that
the kernel of this map provides non-trivial information about cosets of the target
subgroup, which means that the index of the kernel is divisible by p. The Mordell–
Weil sieve diagram can be amended by using several primes v of good reduction
or working with residue classes of J(Q); it is also possible to make use of primes
of bad reduction and to go deeper into the filtration (Ji)i.

For simplicity, we suppose that r = g and we fix a basis D1, . . . , Dg of
J(Q)/J(Q)torsion. If x ∈ X(Qp) were to be rational, and we expressed

ib(x) =

g∑
j=1

mjDj , mj ∈ Z ,
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then we would have, via the linearity of the Coleman integral of regular 1-forms
on the Jacobian,∫ x

b

ωi =

g∑
j=1

mj

∫ Dj

0

ωi, for each i ∈ {1, . . . , g} (48)

where we identify ωi with the holomorphic differential it induces on J via ιb. This
can be used to determine the mj for given x ∈ X(Qp) modulo pn for any n. We are
done if we can show for every x ∈ Xextra that the resulting coset of J(Q)/pnJ(Q)
does not meet the pullback of ib,v under redJ,v for some v.

6.7.1. X0(67)
+. We now give some details of this computation forX0(67)

+, using
the model

y2 = x6 + 2x5 + x4 − 2x3 + 2x2 − 4x+ 1 ;

we have for Xknown the 10 points found in (44). The quadratic Chabauty computa-
tion described above also results in a set Xextra of 11-adic points of cardinality 14,
known to finite precision, whose elements are roots of the function Q in (46), but
which do not appear to be rational. See Table 1 for their x-coordinates.

As above, we take b = (1, 1). With this choice, D1 = ib(∞−) and D2 =
ib(∞+) are generators for J(Q). For x ∈ Xknown we can find exact coefficients for
ib(x) in terms of this basis. In particular, ib(Xknown) is given by pairs

(m1,m2) ∈
{
(1, 0), (0, 1), (−6, 4), (7,−3), (3,−1),

(−2, 2), (1, 1), (0, 0), (8,−5), (−7, 6)
}
.

Since we are working with p = 11, we look for primes v such that ord11(#J(Fv))
is large.

We find that

J(F31) � (Z /(3 · 11))2 and J(F137) � Z /3⊕ Z /(3 · 112 · 19)

and the image of J(Q)/112J(Q) inside these groups surjects onto the 11-parts.
We pull back the images of ib,31 and ib,137 to cosets for J(Q)/112J(Q). Using (48)
we compute ib(x) modulo 112 for all x ∈ Xextra, assuming x is rational, and we
find that this does not meet our cosets for 31 or 137.

6.7.2. Further examples. In the case of N = 73 we run computations analogous
to the ones described above, using the prime p = 37 for the quadratic Chabauty
procedure, and applying the Mordell–Weil sieve with the prime 9511 to rule out
the extra 37-adic points. Likewise for N = 103 we can perform quadratic Chabauty
at p = 3. This gives 6 “extra” 3-adic points, which can be shown to be non-rational
by applying the Mordell–Weil sieve using the prime 397.
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6.7.3. Conclusion. In summary, we have shown:

Theorem 6.2. The number of rational points on the Atkin–Lehner quotient modular
curves X0(N)+ for N ∈ {67, 73, 103} are as follows:

#X0(67)
+(Q) = 10 , #X0(73)

+(Q) = 10 , #X0(103)
+(Q) = 8 .

Recall that an exceptional point on a modular curve is a rational point
that is neither a cusp nor a CM point. According to [Gal96], Theorem 6.2 shows
that X0(67)

+(Q) contains no exceptional points and that X0(73)
+(Q) and

X0(103)
+(Q) contain precisely one exceptional point each, up to the hyperelliptic

involution.

Furthermore, we may conclude that the table in [Box21, §4.6] contains all
quadratic points on X0(67) and the table in [Box21, §4.7] contains all quadratic
points on X0(73), complementing [Box21, Theorem 1.1].

Finally, our theorem implies that the list of j-invariants of Q-curves attached
to non-cuspidal rational points on X0(N)+ given in [BGX20, §4.1] is complete for
N ∈ {67, 73, 103}.
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bres, Paris 1990-1991, pages 127–202. Birkhäuser, 1993.
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The Syntomic Regulator for K2 of Curves
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Abstract. We give a formula for the syntomic regulator on K2 of a proper
curve X over a p-adic field K. This generalizes the results of [Bes00c] where
the curve was assumed to have good reduction. The formula is essentially the
same with Coleman integration replaced by by Vologodsky integration.
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1. Introduction

In this paper we compute the syntomic regulator, more precisely the one defined by
Nekovář and Nizio
l [NN16], on the algebraic K-theory group K2 of a smooth com-
plete curve X defined over a field K which is a finite extension of Qp. In [Bes00c]
we considered the case that X had good reduction overK and proved a formula for
the cup product of the regulator with a form of the second type ω involving Cole-
man integration. The goal of this paper is to show that the same formula holds
without the good reduction assumption, at least if we impose some restrictions
on ω, when Coleman integration is replaced by Vologodsky integration [Vol03].

Let k be the residue field of K with cardinality q = pf . We fix once and for
all a uniformizer π of K, giving rise to a fixed choice of a branch of the p-adic
logarithm log = logπ with the property log(π) = 0. To explain the formula we
obtain we first recall that Nekovář and Nizio
l define, for a smooth variety X over
K, syntomic cohomology groups H i

syn(X, j), in such a way that there is a spectral
sequence

Ep,q
2 = Hp

st(G,Hq
ét(X ⊗K,Qp(j))) ⇒ Hp+q

syn (X, j) . (1.1)

Here, Hq
ét(X⊗K,Qp(j)) is regarded as a representation of G = Gal(K/K) and, for

a de Rham representation V of G, Hst(V ) is semi-stable cohomology which may be

c© The Author(s), under exclusive license to Springer Nature Switzerland AG 2021
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interpreted as higher exts in the category of potentially semi-stable representation
and may be computed in terms of the complex C•

st(V ) of [Nek93, 1.19]. Nekovář
and Nizio
l further construct regulator maps

reg : Ki(X) → H2j−i
syn (X, j) . (1.2)

Assume now that X is a complete curve. Using the complex C•
st one can

show (see Lemma 2.1) that H0
st(G,H2

ét(X ⊗K,Qp(2))) = 0 and H1
st(G,H1

ét(X ⊗
K,Qp(2))) surjects on H1

dR(X/K) and one therefore gets a map

α : H2
syn(X, 2) → H1

dR(X/K) . (1.3)

Let ω be a form of the second kind on X giving rise to a cohomology class [ω] ∈
H1

dR(X/K). We then get a map

regω : K2(X)
reg−−→ H2

syn(X, 2)
α−→ H1

dR(X/K)
∪[ω]−−−→ K . (1.4)

It is this map that we would like to compute explicitly.
The sought after explicit description is given in terms of Vologodsky inte-

gration and the triple index. The latter, developed in Sections 7 and 8 of [BdJ12]
and recalled here in Section 2, associates to formal integrals F,G,H of meromor-
phic differentials at a point x, together with some auxiliary choices of integrals, a
number

〈F,G;H〉x ∈ K .

When F,G,H are Vologodsky integrals of meromorphic differentials on X their
restriction to the formal neighborhood of any point in X is of the above form and
one may compute the global triple index

〈F,G;H〉gl =
∑
x∈X

〈F,G;H〉x .

When the auxiliary choices are themselves restrictions of Vologodsky integrals, this
expression depends only on F,G,H and not on the particular auxiliary choices.

Recall that K2 of the function field K(X) is generated by symbols {f, g},
where f and g are rational functions on X , subject to some relations. Suppose
that f and g are such functions. Then log(f) and log(g) (log = logπ, the branch
fixed before) are the Vologodsky integrals of the meromorphic forms dlog(f) and
dlog(g) respectively. Picking a Vologodsky integral Fω for ω we define

ρω(f, g) := 〈log(f), Fω; log(g)〉gl , (1.5)

which turns out to be independent of the choice of Fω . We conjecture the following:

Conjecture 1. The map ρω extends to a well-defined map K2(K(X)) → K and the
composed map

K2(X) → K2(K(X))
ρω−−→ K

equals regω.

Our main result verifies this conjecture under the following additional as-
sumption on the form ω, which we hope to remove in future work.
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Assumption 1.1. The cohomology class [ω], based changed to a semi-stable model,
is in the kernel of the monodromy operator N .

Theorem 1.2. Conjecture 1 is true under the additional assumption 1.1.

While not phrased in this way in [Bes00c] this result was proved there in
the good reduction case (see [Lan11, Proposition 1.13] as well as (3.7)). Just as
in [Bes00c], it implies the following.

Corollary 1.3. If ω is holomorphic, then the main Theorem holds with ρω(f, g)
replaced with

∫
(f)

log(g)ω

The author would like to thank the Georgia Institute of Technology, where
most of the work described here was done. He would also like to thank the referee
for many useful comments that improved dramatically both the readability and the
accuracy of the text. The author is currently supported by grant number 912/18
from the Israel Science Foundation.

2. Syntomic cohomology of curves with semi-stable reduction

In this section we first review the construction of the map α from (1.3) and reduce
the proof of the main theorem to the case of a curve with semi-stable reduction.
Then we study the syntomic cohomology of such curves and reduce further to a
simplified formula, (2.16), applying to individual symbols.

We begin by recalling the complex C•
st(V ) of [Nek93, 1.19] computing

H•
st(G, V ) for a de Rham representation V of G = Gal(K/K). It is given by

Dst(V )
(ϕ−1,N,−i)−−−−−−−→ Dst(V )⊕Dst(V )⊕DR(V )/F 0 N+1−pϕ+0−−−−−−−−→ Dst(V ) . (2.1)

Here, Dst and DR are the functors defined by Fontaine: Dst(V ) is a K0-vector
space, where K0 is the maximal unramified extension of Qp inside K, equipped
with a linear nilpotent operator N (called monodromy) and a semi-linear (with
respect to the unique lift of Frobenius on K0 operator ϕ (Frobenius), satisfying
the relation

Nϕ = pϕN .

Let X be a smooth proper curve over K.

Lemma 2.1. We have

1. H0
st(H

2
ét(X ⊗K,Qp(2))) = 0.

2. A surjection H1
st(H

1
ét(X ⊗K,Qp(2))) → H1

dR(X/K).

Before proving the lemma we recall several facts about the cohomology
of curve with semi-stable reduction X . Our reference is [dS06], relying in turn
on [LS95], and we refer to the above for the precise definition of semi-stable re-
duction in our context. Let

D = Dst(H
1
ét(X ⊗K,Qp)) . (2.2)
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By the semi-stable conjecture of Fontaine, proved by Tsuji [Tsu99] this is isomor-
phic to Hyodo–Kato cohomology of the special fiber (see below). Consequently,
by [dS06, (0.5)], there is a weight decomposition D = D0 + D1 + D2 where the
linear Frobenius φ = ϕf operates on Di with eigenvalues which are Weil numbers
of weight i. The operator N vanishes on D0 and D1 and maps D2 isomorphically
onto D0.

Proof of Lemma 2.1. Assume first that X has semi-stable reduction. We have
H2

ét(X ⊗ K,Qp(2)) ∼= Qp(1) and ϕ acts on Dst(Qp(1)) in a non-trivial manner
proving the first statement. For the second statement consider the commutative
diagram

C ′
st : D

(p−2ϕ−1,N)��

��

D ⊕D
N+1−p−1ϕ ��

��

D

��
C′′

st : D
(q−2φ−1,N)�� D ⊕D

N+1−q−1φ �� D

In this diagram the first line is the complex obtained from (2.1) by removing the
de Rham component (and twisting the operators appropriately) and the second is
its analogue with the semi-linear ϕ replaced by the linear one. By weight consid-
erations the operator q−2φ− 1 in invertible on D. This easily implies that the two
left most vertical maps in the diagram are isomorphisms and one easily obtains
an isomorphism on H0 and an injection on H1 of the rows. As for the cohomology
of C ′′

st, clearly H0(C ′′
st) = 0. Let us compute H1(C ′′

st). If Nx = (1− q−1φy), these
two equal terms lie in D0 and by doing an eigenspace decomposition to y we see
that y ∈ (1− q−1)−1Nx+D2. On the other hand, if (x, y) = (q−2φ− 1, N)z then
z = (q−2φ − 1)−1x and y = Nz ∈ D0 so y = (1 − q−1)−1Nx. Thus, the map
(x, y) �→ y − (1 − q−1)−1Nx gives an isomorphism H1(C ′′

st)
∼= D2. It is now easy

to get the isomorphism H1
st(H

1
ét(X ⊗ K,Qp(2))) ∼= H1

dR(X/K) ⊕ H1(C ′
st), with

H1(C ′
st) ⊂ D2. In general, we reduce to the above situation after a finite base

extension. �

Remark 2.2. It would be interesting to refine the results here by computing the
component of the regulator landing in H1(C ′

st). We have nothing to say about this
problem at the moment.

As in the introduction we get the map α from (1.3) and the regulator map
from (1.4).

Lemma 2.3. Conjecture 1 will be proved if it is true for X which has semi-stable
reduction.

Proof. By making a finite base change the curve has semi-stable reduction. Both
sides of the formula behave well with respect to this base change. �

Assume from now onward that X has semi-stable reduction, thus, recalling
the setup of [Bes17, Section 4], X is the generic fiber of a proper OK scheme X
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with semi-stable reduction
T = ∪iTi . (2.3)

In particular, locally near an intersection point Ti ∩ Tj there are coordinates x, y
satisfying

xy = π , Ti = (x) , Tj = (y) (2.4)

(here, (f) denotes the divisor of the rational function f). For simplicity we will
assume that components Ti and Tj intersect at most one point. We can easily get
to this by blowing up and the main theorem will apply without this assumption.

Let Γ(X) be the dual graph of T with vertices V and edges E (this is of
course an abuse of notation as it really depends on the particular model). The
vertices correspond to the components Tv while the edges are ordered pairs of
intersecting components (Tv, Tw) oriented from v to w, so that an edge e has tail
e+ = v and head e− = w. For such an edge we denote by −e the same edge with
reverse orientation.

The reduction map X → T allows us to split X into rigid analytic domains
Uv = red−1 Tv which are wide open spaces in the sense of Coleman. These then
intersect along annuli corresponding bijectively to the unoriented edges of Γ(X).
Indeed, in terms of the coordinates x, y appearing in (2.4) the annulus corre-
sponding to the edge (Ti, Tj) gets mapped via x (or y) to the rigid analytic space
A(|π|, 1) with

A(r, s) := {z ∈ K , r < |z| < s} . (2.5)

An orientation of an annulus fixes a sign for the residue along this annulus and
we match oriented edges with oriented annuli as in [Bes17, Definition 4.6]. We use
the same notation for the edge and for the associated oriented annulus.

For the vector space D from (2.2) with its Frobenius and monodromy we
have, by Tsuji’s Theorem alluded to before,

D ∼= H1
HK(Xk) , with ι : H1

HK(Xk)⊗K0 K
∼−→ H1

dR(X/K) , (2.6)

the Hyodo–Kato cohomology and Hyodo–Kato isomorphism [dS06, (0.3)], depend-
ing on the choice of the uniformizer π.

We now assume that

Y ⊂ X is a relative normal crossings divisor with generic fiber Y. (2.7)

By [NN16] the syntomic cohomology H∗
syn(X − Y, j) is equal to the cohomology

H∗
l−syn((X − Y,X ), j), which is the cohomology of the total complex associated

with the following diagram of complexes.

RΓHK(X − Y,X )
(1−ϕ/pj ,ι) ��

N

��

RΓHK(X − Y,X )⊕RΓdR(X − Y/K)/F j

N+0

��
RΓHK(X − Y,X )

1−ϕ/pj−1

�� RΓHK(X − Y,X )

(2.8)

with RΓHK(X −Y,X ) a functorial complex computing the Hyodo–Kato cohomol-
ogy and ι lifting the Hyodo–Kato isomorphism (more precisely its restriction to
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the underlying K0-vector space). We now consider a simplified cohomology theory

H∗
m−syn((X − Y,X ), j)

= H∗(MF (F jRΓdR(X − Y/K)
1−φ/qj−−−−−→ RΓHK(X − Y,X ) ⊗K0 K)) .

This is the analogue of the modified syntomic cohomology introduced in the good
reduction case in [Bes00b, Definition 8.4], but it is not as useful because the Frobe-
nius cannot be computed by an explicit map on affine dagger spaces even in affine
situations, which is why we will need further modifications later on.

Proposition 2.4. There is a map, natural in pairs (X ,Y) and compatible with prod-
ucts

H∗
l−syn(∗, ∗) → H∗

m−syn(∗, ∗). (2.9)

When X is of relative dimension 1 and Y is empty this gives a factoring

H2
l−syn(X , 2) → H2

m−syn(X , 2) → H1
dR(X/K)

of the map α from (1.3).

Proof. To obtain the required map we first project on the first line of diagram (2.8),
giving a map

H∗
l−syn(∗, ∗) → H∗(MF (RΓHK(X − Y,X )

(1−ϕ/pj ,ι)−−−−−−−→ RΓHK(X − Y,X ) ⊕RΓdR(X/K)/F j)).

The linear Frobenius φ is a power of the semi-linear Frobenius ϕ and one has a
map from the mapping fiber of 1− ϕ/pj to that of 1− φ/qj as in [Bes00b, (8.1)],
giving a map to

H∗(MF (RΓHK(X − Y,X )
(1−φ/qj ,ι)−−−−−−−→ RΓHK(X − Y,X ) ⊕RΓdR(X/K)/F j)).

The linear Frobenius extends by linearity to K-vector spaces. Extending scalars
from K0 to K gives a map to

H∗(MF (RΓHK(X − Y,X )⊗K0 K

(1−φ/qj ,ι)−−−−−−−→ RΓHK(X − Y,X ) ⊗K0 K ⊕RΓdR(X/K)/F j)).

After tensoring with K the map ι is a quasi-isomorphism, and, inverting it in a
functorial way, we find that this last cohomology is isomorphic to H∗

m−syn((X −
Y,X ), j) via the map induced from the following diagram.

F jRΓdR(X − Y/K)
1−φ/qj ��

��

RΓHK(X − Y,X )⊗K0 K))

(Id,0)��
RΓHK(X − Y,X )⊗K0 K

(1−φ/qj ,ι)�� RΓHK(X − Y,X )⊗K0 K ⊕RΓdR(X/K)/F j.

Functoriality is clear and compatibility with products is standard (see [BLZ16]
for some details on products). Finally, the statement about curves can easily be
recovered by tracing the behavior of the de Rham component on both cohomolo-
gies. �
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We will denote by regm the composition of the regulator map with the
map (2.9). We will also denote by regm the composition

regm : K2(X) → H2
syn(X, 2) = H2

l−syn(X , 2) → H2
m−syn(X , 2) → H1

dR(X/K)

which, by the proposition above, equals the map α◦reg. We are reduced to comput-
ing regm, or, composing with cup product with [ω], the map regmω = (∪[ω]) ◦ regm.

Suppose now that f and g are rational functions on X and suppose further
that the divisors of f, g are supported on Y satisfying (2.7). As f and g are invert-
ible on X − Y they define classes in K1(X − Y ) having regulators in H1

syn(X −
Y, 1). These have images, regm(f) and regm(g) respectively, in H1

m−syn((X −
Y,X ), 1). The cup product regm(f) ∪ regm(g) ∈ H2

m−syn((X −Y,X ), 2) is the im-

age of reg({f, g}) under (2.9). By our assumptions we have a map H2
m−syn((X −

Y,X ), 2) → H1
dR(X − Y ) and we abuse the notation to get an element

regm(f) ∪ regm(g) ∈ H1
dR(X − Y ) . (2.10)

At this point we recall the theory of the double index, as developed in the Coleman
setup in [Bes00c, Section 4] and in the Vologodsky setup in [Bes05, Section 3], as
well as the triple index developed in [BdJ12, Sections 7 and 8]. The double index
associates an element 〈F,G〉x, or 〈F,G〉e, of K to a pair (F,G) of integrals, either
of meromorphic differentials at a point x or of rigid analytic differentials on an
(oriented) annulus e. Note that in both cases F and G may involve a constant
multiple of log(z), where z is a uniformizer either at the point x or on the annulus
e. The double index 〈F,G〉 is uniquely characterized by being bilinear in F and G
and by equaling ResFdG whenever this makes sense. The residue are either at a
point or on the oriented annulus (the notion of orientation was recalled after (2.5)).
In both scenarios, the uniqueness implies that because locally for a morphism α
(of either germs of a point on a curve or annuli) of degree r,

Resα∗ω = rResω , (2.11)

for a meromorphic (resp. rigid analytic) form ω, we have

〈α∗F, α∗G〉 = r〈F,G〉. (2.12)

When F and G are Vologodsky integrals of meromorphic differentials on a curve
X they are of the type described above at every point and their global double
index is defined as the sum of the local indices at all points. It depends only on
dF and dG and, by [Bes05, Section 3] defines a pairing

〈 , 〉gl : H1
dR(X − Y/K)×H1

dR(X/K) → K ,

which is compatible with the cup product via the restriction map H1
dR(X/K) →

H1
dR(X − Y/K).

The triple index is defined for 3 functions as above F , G, H , together with
“auxiliary” data consisting of integrals

∫
RdS for any R = S among F,G,H ,

satisfying the relation ∫
RdS +

∫
SdR = RS . (2.13)
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To ease notation we usually only list the primary data, so the triple index is
denoted by 〈F,G;H〉. If we want to be more precise we can write (this notation
does not appear in [BdJ12]) 〈F,G;H〉U,W , with dU = HdF and dW = HdG and

the understanding that the integrals
∫
FdH and

∫
GdH are determined by (2.13)

while the remaining integrals do not affect the index by [BdJ12, Lemma 7.4]. As
proved in [BdJ12, Proposition 7.3], the triple index is uniquely defined by the
following properties:

1. It is trilinear.
2. It is symmetric in the first two variables.
3. It satisfies the triple identity

〈F,G;H〉 + 〈F,H ;G〉+ 〈G,H ;F 〉 = 0 .

4. It reduces to the double index when this makes sense as follows:

〈F,G;H〉 =
〈
F,

∫
GdH

〉
(2.14)

when Res dG = 0.

The statement of these properties require some care because we neglected to aux-
iliary data. However, in each of these properties there is a clear choice of these
auxiliary data and it is with respect to these that the properties hold. For example,
symmetry means more precisely that

〈F,G;H〉U,W = 〈G,F ;H〉W,U .

It is important to note that the properties impose the behavior of the index with
respect to changing the auxiliary data [BdJ12, Lemma 7.4]

〈F,G;H〉U+C,W = 〈F,G;H〉U,W + C Res dG ,

〈F,G;H〉U,W+C = 〈F,G;H〉U,W + C Res dF .
(2.15)

From this property it follows that the global triple index, defined as for the global
double index by summing over all points or all annuli, depends only on F , G and H
and not on the auxiliary data, provided these are taken to be Vologodsky integrals
(or Coleman integrals on overconvergent domains). This completes the description
of the triple index appearing in (1.5).

We now set

ρ′ω(f, g) = 〈regm(f) ∪ regm(g), ω〉gl
and we have

Proposition 2.5. Conjecture 1 follows if we prove the formula

ρ′ω(f, g) = ρω(f, g). (2.16)

Proof. Suppose γ ∈ K2(X) restricts to
∑

{fi, gi} ∈ K2(K(X)). After change of
basis, blowup and enlarging Y we may assume that the assumptions we made are
satisfied on all fi and gi. The restriction of γ to X − Y equals

∑
fi ∪ gi, where fi
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and gi are considered elements of K1(X−Y ). By the compatibility of the regulator
with products and its functoriality we have

reg(γ) ∪ ω = 〈reg(γ)|X−Y , ω〉gl =
〈∑

regm(fi) ∪ regm(gi), ω
〉
gl

=
∑

ρ′ω(fi, gi) =
∑

ρω(fi, gi) ,

proving the theorem. �

The remainder of this work will be devoted to proving (2.16)

3. Using smooth part syntomic cohomology

The cohomology H∗
m−syn(∗, ∗) already looks somewhat simpler than general syn-

tomic cohomology. Unfortunately, it is still not easily amenable to explicit com-
putations. The reason is that its definition involves the Hyodo–Kato isomorphism
in some form, and this, in all known construction, does not seem to have an easy
expression liftable to the derived level. To overcome this we use a trick, which is
not quite satisfying as will become apparent below, but can still be made to do
the required job. It consists of restricting to the smooth part of the special fiber

Definition 3.1. We define for any surjectiveOK scheme X with smooth generic fiber
the “smooth part” syntomic-cohomology groups Ĥi(X , j) to be the cohomologies of

MF (F jRΓdR(X/K)
1−φ/qj−−−−−→ RΓrig(X sm

s )) ,

where X sm
s is the smooth part of the special fiber of X and RΓrig is the associated

rigid complex computing rigid cohomology [Bes00b]. The map in the mapping fiber
is the composition

F jRΓdR(X/K) → RΓdR(X/K)
sp−→ RΓrig(X sm

s )
1−φ/qj−−−−−→ RΓrig(X sm

s ) ,

where the specialization map sp is computed by taking a limit over compactifica-
tions of X of restriction maps, noting that Xan contains is a strict neighborhood
of the tube of X sm

s in such a compactification (a similar argument to the one
in [Bes00b, Section 5]).

Proposition 3.2. For pairs (X ,Y) as in (2.7) there is a functorial map

H∗
m−syn((X − Y,X ), ∗) → Ĥ∗(X − Y, ∗) , (3.1)

compatible with products.

Proof. The map is induced by the diagram

F jRΓdR(X − Y/K)
1−φ/qj��

��

RΓHK(X − Y,X )⊗K0 K))

��
F jRΓdR(X − Y/K)

1−φ/qj �� RΓrig((Xs − Ys)
sm)
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where the vertical map on the right is the restriction on the part where the log
structure is trivial. �

We denote the composition of the map (3.1) with the regulator map regm by
ˆreg.

The advantage of the smooth part cohomology is that it is quite explicit. In
fact, we have

Proposition 3.3. Under assumptions (2.7) we have

Ĥi(X − Y, j) = H i

(
MF (F jRΓdR(X − Y/K)

1−φ/qj−−−−−→
⊕
v

Ω•((Uv − Y )†))

)
.

(3.2)
Here, (Uv−Y )† is the dagger space corresponding to Uv−Y , which can be thought
of as removing from Uv “discs of infinitesimally smaller than 1 radius” inside the
residue discs of the points of Y . In this mapping fiber, φ is given explicitly on
Ω•((Uv − Y )†) via a lift of Frobenius φv.

Proof. It is enough to note that the rigid complexes of the components Tv −
∪w �=vTw−Ys of the smooth locus (Xs−Ys)

sm are given by Ω•((Uv−Y )†) and that
Frobenius on these complexes is given by a lift of Frobenius, as proved in [Bes00b,
Section 10]. �

Unfortunately, this cohomology theory has two serious disadvantages which
need to be overcome in order to be able to use it for computations. The first is
that the map (3.1) is not an isomorphism and in fact is not even an injection.
To see this, we need to recall a few facts that will also be needed in the sequel.
Via the Hyodo–Kato isomorphism (2.6) the weight decomposition on D gives a
corresponding weight decomposition on H1

dR(X/K) [dS06, (0.6)] and consequently
on

H1
dR(X − Y/K) = H0 ⊕H1 ⊕H2

whose dependence on π we suppress as it remains fixed. We have an exact sequence

0 → H1(Γ(X),K) → H1
dR(X − Y/K) →

⊕
v∈V

H1
dR(Uv − Y ) (3.3)

(see [Bes17, (4.5)]), which, via the comparison between de Rham and overconver-
gent cohomologies [BC94], in light of our assumption (2.7), becomes isomorphic
to the sequence

0 → H1(Γ(X),K) → H1
dR((X − Y )†/K) →

⊕
v∈V

H1
dR((Uv − Y )†) .



The Syntomic Regulator for K2 of Curves with Arbitrary Reduction 85

The H1(Γ(X),K) is graph cohomology, defined by the complex

C0(Γ, A)
d−→ C1(Γ, A)

C0(Γ, A) = {f : V (Γ) → K} ,

C1(Γ, A) = {f : E(Γ) → K , f(−e) = −f(e)}
df(e) = f(e+)− f(e−) .

Lemma 3.4. There is a short exact sequence

0 → H1(Γ(X),K) → H2
m−syn((X − Y,X ), 2) → Ĥ2(X − Y, 2) .

Proof. This follows from the definitions of the relevant cohomologies together with
the fact that F 2H2

dR(X − Y/K) = 0 and from the exact sequence (3.3). �

Via the sequence (3.3) graph cohomology is identified with H0. The induced
operator N factors via

Im

(
H1

dR(X − Y/K) →
⊕
v∈V

H1
dR(Uv − Y )

)
→ H1(Γ(X),K)

as the map

([ωv])v �→ (e = (v, w) �→ Rese(ω)) .

The Frobenius equivariant projection χ : H1
dR(X − Y/K) → H1(Γ(X),K) can in

fact be lifted to level of cocycles by sending a form ω to the cocycle

e = (v, w) �→ Fv − Fw

where the Vologodsky integral F of ω restricts to the function Fv on Uv. By
the main theorem of [BZ17], the cocycle χ(ω) is the unique harmonic representa-
tive of the corresponding cohomology class. By Definition 4.11 and Corollary 5.3
of [Bes17] we have for any two forms on X − Y ,

〈η, ω〉gl =
∑
v

〈η, ω〉(Uv−Y )† + χ(η) ·N(ω)− χ(ω) ·N(η) (3.4)

where the dot refers to the “scalar product” of cocycles (sum of the product of
their values on all edges). Note that in [Bes17] the global index was over Uv − Y
but it is always possible to replace indices on an annulus by the sum of the indices
on the enclosed points. From this formula (and also by weight considerations) it
is easily seen that the annihilator of H0 (which we recall is the image of graph
cohomology) under the cup product is KerN . Recall that the regulator ˆreg was
defined just after (3.1) to be the composition of the regulator with the map (3.1)

to Ĥ∗(X −Y, ∗). By Lemma 3.4 the kernel of the map (3.1) is precisely H0. Thus,
the global pairing of regm(f)∪regm(g) with ω can only possibly be computed from
ˆreg(f) ∪ ˆreg(g) if Nω = 0. We will prove in this section the following.

Proposition 3.5. Suppose Nω = 0. Then formula (2.16) holds.
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The second disadvantage of Ĥ i(X , j) is that elements of F jHi
dR(X/K) have

“too many lifts” to it. Consider Ĥ1(X −Y, 1), given explicitly, as follows from (3.2)

Ĥ1(X − Y, 1) = {(η, (hv)) , η ∈ H0(X,Ω1
X/K log(Y )) ,

hv ∈ O((Uv − Y )†) , dhv = (1 − φ∗
v/q)η} .

(3.5)

Thus, the preimage of a fixed η is an affine space of dimension |V | due to all
the possible constants of integration in the choices of the hv. On the other hand,
the preimage of η in H1

m−syn((X −Y,X ), 1) is affine of dimension 1. It is therefore

natural to try to identify the image of a lift of η toH1
m−syn((X−Y,X ), 1) in Ĥ1(X−

Y, 1). Here we need the easier, but slightly more precise problem of identifying the

image of regm(f) in Ĥ1(X − Y, 1). The answer is not surprising.

Proposition 3.6. For each v ∈ V The function hv = (1 − φ∗
v/q) log(f) belongs to

O(Uv) and satisfies dhv = (1−φ∗
v/q) dlog(f). The element ˆreg(f) ∈ Ĥ1(X −Y, 1)

is given, in terms of the representation (3.5), by (dlog(f), (hv)v).

Proof. The first claim is well known and the second is obvious, leaving the veri-
fication that the suggested element is indeed the required image of the regulator,
which it is up to an additive constant for each v. For each v we find, after possible
base change, a K-rational point in Uv, giving a section x : OK → X − Y. The
diagram

K1(X − Y ) ��

x∗

��

H1
m−syn((X − Y,X ), 1)

x∗

��

�� Ĥ1(X − Y, 1)

x∗

��
K1(K) �� H1

m−syn(OK , 1)
∼ ���� Ĥ1(OK , 1)

∼ �� K

commutes. The composed map on the bottom line is known to be the chosen branch
of the logarithm and thus the required element pulls back via x to log(f(x)). That
this implies the result can be seen as in the description of pullbacks in finite
polynomial cohomology in the proof of Theorem 1.1 in Section 9 of [Bes00a]. �

At this point we turn to a description of the right-hand side of (2.16) in terms
of local indices.

Proposition 3.7. For any ω of the second kind on X, with Nω = 0, any Vologodsky
integral Fω of ω and any f, g ∈ K(X)× we have

〈log(f), Fω ; log(g)〉gl =
∑
v

〈log(f), Fω ; log(g)〉(Uv−Y )†

−
∑
e

χ(ω)(e) · 〈log(f), log(g)〉e .

Proof. This follows the same lines as the proof of Theorem 4.10 in [Bes17]. If we
add to the left-hand side the sum over all v ∈ V of the sum over all ends e of
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〈log(f), Fω; log(g)〉e we get∑
v

〈log(f), Fω; log(g)〉(Uv−Y )† .

In what we added, every annulus appears twice – the annulus connecting Uv to
Uw appears in the sum for v and the sum for w, with reverse orientations. Thus
we obtain the sum over edges e of differences

〈log(f), (Fω)v; log(g)〉e − 〈log(f), (Fω)w; log(g)〉e .
This notation, however, hides a potentially serious problem, namely: as discussed in
Section 2 the triple indices depend also on auxiliary choices of integrals

∫
log(g)ω

and
∫
log(g) dlog(f). These are made to be Vologodsky integrals. Writing these

auxiliary choices into the notation we will get the difference

〈log(f), (Fω)v; log(g)〉(∫ log(g) dlog(f))v,(
∫
log(g)ω)v ,e

− 〈log(f), (Fω)w; log(g)〉(∫ log(g) dlog(f))w,(
∫
log(g)ω)w,e

= 〈log(f), (Fω)v; log(g)〉(∫ log(g) dlog(f))v ,(
∫
log(g)ω)v ,e

− 〈log(f), (Fω)v; log(g)〉(∫ log(g) dlog(f))w,(
∫
log(g)ω)w ,e

+ 〈log(f), (Fω)v; log(g)〉(∫ log(g) dlog(f))w,(
∫
log(g)ω)w ,e

− 〈log(f), (Fω)w; log(g)〉(∫ log(g) dlog(f))w,(
∫
log(g)ω)w,e .

On the right-hand side of the equation, the first two lines differ only by the aux-
iliary data. By (2.15) this difference equals c(e)Rese dlog(f) + d(e)Rese ω, where
c(e) and d(e) are the differences between the Vologodsky integrals

∫
log(g)ω and∫

log(g) dlog(f) on v and w respectively. Similar arguments to those of [BZ17]
show that both c and d are harmonic cocycles, and as Nω and N dlog f are exact
the sum over all e of the relevant contributions vanish. By trilinearity of the triple
index we now have that the difference of the last two lines equals

〈log(f), χ(ω)(e); log(g)〉e = χ(ω)(e) · 〈log(f), log(g)〉e ,
and summing over all e completes the proof. �

Proof of Proposition 3.5. Suppose regm(f) ∪ regm(g) = [η] ∈ H1
dR(X − Y/K).

By (3.4) and the assumption Nω = 0 we have

ρ′ω(f, g) = 〈η, ω〉gl =
∑
v

〈η, ω〉(Uv−Y )† − χ(ω) ·N(η) . (3.6)

Let ηv = η|Uv . Then [ηv] is the v-component of ˆreg(f)∪ ˆreg(g) and it is computed
using Proposition 3.6 and the usual formulas for the cup product as in [Bes00c].
By Proposition 3.3 there we have

(1− φv/q
2)ηv = η0,v(f, g) + d()

with [Bes00c, (3.2)]

η0,v(f,g) =
1

q2
log f0 dlogφ

∗
vg −

1

q
log g0 dlog f



88 A. Besser

where, by definition,

f0 =
f q

φ∗
vf

.

We now have

〈ηv, ω〉(Uv−Y )† =
∑
e

〈
log(f),

∫
Fω dlog(g)

〉
e

by [Bes00c, Propositions 5.1, 5.3]

=
∑
e

〈log(f), Fω; log(g)〉e by (2.14)

= 〈log(f), Fω ; log(g)〉(Uv−Y )† , (3.7)

where the sum over e is over the ends of (Uv−Y )†. We therefore deduce from (3.6)

ρ′ω(f, g) =
∑
v

〈log(f), Fω ; log(g)〉(Uv−Y )† − χ(ω) ·N(η)

= 〈log(f), Fω; log(g)〉gl +
∑
e

χ(ω)(e) · 〈log(f), log(g)〉e − χ(ω) ·N(η) ,

where the last equality follows from Proposition 3.7. Now, Lemma 3.8 below shows
that the last two terms on the right-hand side of the last equality cancel each other,
giving the required result. �
Lemma 3.8. For each edge e of v we have Rese ηv = 〈log(f), log(g)〉e.

Proof. This is proved in [BBdJ]. For completeness, we reproduce the argument
here. We have

Rese η0,v(f, g) = Rese(1 − φv/q
2)ηv =

(
1− 1

q

)
Rese ηv

by (2.11), and, using (2.12),

Rese η0,v(f, g) =
1

q2
Rese log f0 dlogφ

∗
vg −

1

q
Rese log g0 dlog f

=
1

q2
〈log f0, logφ∗

vg〉e −
1

q
〈log g0, log f〉e

=
1

q2
〈q log f − φ∗

v log f, φ
∗
v log g〉e −

1

q
〈q log g − φ∗

v log g, log f〉e

=
1

q
〈log f, φ∗

v log g〉e −
1

q2
〈φ∗

v log f, φ
∗
v log g〉e − 〈log g, log f〉e

+
1

q
〈φ∗

v log g, log f〉e

= 〈log f, log g〉e −
1

q2
〈φ∗

v log f, φ
∗
v log g〉e = (1− 1

q
)〈log f, log g〉e . �

Propositions 2.5 and 3.5 taken together complete the proof of Theorem 1.2.
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Introduction

In the mid-19th century, Dirichlet (for quadratic fields) and then Dedekind defined
a regulator map relating the units in the ring of integers of an algebraic number
field of finite degree over Q with r1 real embeddings and 2r2 complex embeddings
to a lattice of codimension one in a Euclidean space of dimension r1 + r2. They
then showed how a determinant formed from this map and other invariants of
the field are related to values of zeta and L-functions, known as Dirichlet’s class
number formula ([LD68, Supplemente, V, §§183 and 184]). Since then, the term
“regulator” has been applied to many such maps in number theory and algebraic
geometry such as higher algebraic K-theory of number fields, Abel–Jacobi maps
for algebraic cycles, and more generally, motivic cohomology. In most cases, the
source of the regulator map is a group of interest that is deemed to be difficult to
compute, and the target somewhat easier to compute. A very general form of this
circle of ideas can be found in Beilinson’s conjectures relating motivic cohomology
of a smooth projective variety over a number field to real Deligne cohomology
and values of L-functions [Bei85], and their refinement by Bloch–Kato [BK90].
There are p-adic analogues of these conjectures, where real Deligne cohomology is
replaced by a suitable p-adic cohomology theory such as syntomic or log-syntomic
cohomology, and a conjectural relationship with values of p-adic L-functions. In
the special but important case of a variety with totally degenerate reduction over a
p-adic field K (please see below for definitions), this paper seeks to tie many of the
p-adic conjectures and some of the known results together under the guise of what
we call toric regulators, which relate motivic cohomology with p-adic tori (quotient
of a multiplicative torus by a finitely generated free abelian group). These tori may
be compact or not.

c© The Author(s), under exclusive license to Springer Nature Switzerland AG 2021
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In [RX07b, RX07a], the second named author and Xarles studied a class of
varieties X over a p-adic field K with what they termed totally degenerate reduc-
tion. In [RX07b] they studied the étale cohomology of X with Zl-coefficients and
showed that for all l these are, up to finite torsion and cotorsion, extensions of di-
rect sums of Tate twists. In [RX07a] they used this result to define p-adic interme-
diate Jacobians, which are p-adically uniformized tori, together with Abel–Jacobi
maps from the Chow group of algebraic cycles that are homologically equivalent
to zero. The first example of these is the Tate elliptic curve Eq, which is given
rigid analytically by Gm/qZ with q of absolute value less than 1 in K. In this
case, the intermediate Jacobian is just K×/qZ, and the Abel–Jacobi map is essen-
tially the identity. More generally, for a p-adically uniformized curve X , their work
recovers the p-adic uniformization of the Jacobian in a purely algebro-geometric
way. The Abel–Jacobi map defined in loc. cit. should agree with that provided by
Manin–Drinfeld [MD73], although they do not prove that in their paper.

The work [RX07b, RX07a] raises the very natural question of defining toric
regulators in higher motivic cohomology, and that is the main purpose of this pa-
per. Assuming the totally degenerate reduction of X is “split” (see Definition 1.3)

we will define higher intermediate Jacobians Hk+1
T (X,Z(r)), given by the quo-

tient of an algebraic torus by periods, and construct, assuming a certain natural
conjecture, regulator maps into them, toric regulators.

The toric regulator is a refinement of the regulator of Sreekantan [Sre10b],
which is a map

rD : Hk+1
M (X,Z(r)) → Hk+1

D (X,Q(r))

where the group on the right is the cohomology of a certain cone defined by Con-
sani [Con98]. It is a finite-dimensional Q-vector space. We construct a valuation
map (see (2.3))

Hk+1
T (X,Z(r)) → Hk+1

D (X,Z(r))

and conjecture that after tensoring with Q, the Sreekantan regulator is the valua-
tion of the toric regulator.

Another interesting feature of the theory of the toric regulator is the relation
with the syntomic regulator. Following the case of CH1 of curves, where the toric
regulator is the Abel–Jacobi map and the syntomic regulator is its logarithm,
one expects that “the syntomic regulator is the logarithm of the toric regulator.”
We formulate this assertion precisely and prove it. From the point of view of the
syntomic theory, this adds the interesting assertion that the syntomic regulator
can be “exponentiated.” This sometimes allows us to guess formulas for the toric
regulator, and we will describe one such guess, but without presenting the syntomic
motivation, for brevity.

The Tate elliptic curve is in some sense the original toric intermediate Jaco-
bian. The papers [RX07b, RX07a] may be viewed as a purely algebro-geometric
way using p-adic Hodge theory to interpret and generalize Tate’s analytic theory
and its generalization to curves of higher genus (Mumford curves) and abelian
varieties by Mumford [Mum72b, Mum72a]. Another example is provided by K2
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of a Mumford curve X . In this case, it turns out that a regulator into an alge-
braic torus has already been developed, and termed the rigid analytic regulator
by Pál [Pál10b] (we prove this except at the prime p). We also compare the log of
the rigid analytic regulator with the syntomic regulator, as computed in [Bes21].
For the product of two Mumford curves, we explain a conjectural formula for the
toric regulator on K1, whose motivation is syntomic.

A question left for future work is the relation between the toric regulator
and L-functions. Because the syntomic regulator is the logarithm of the toric
regulator and is related to special values of p-adic L-functions, we are looking
for such special values that may be “exponentiated.” There have been several
instances of such a phenomenon, starting with the refined Birch and Swinnerton–
Dyer conjecture of Mazur and Tate [MT87] and its descendants, especially in
Darmon’s work on Stark–Heegner points [BD94, BD96, BD98, Dar98, Dar01].
These conjectures concern rational points on elliptic curves in terms of the Tate
parameterize at a prime of split multiplicative reduction, and so fit perfectly with
the toric regulator in this case. These conjectures inspired in turn the refined p-adic
Stark conjecture of Gross [Gro88]. There is one example in higher K-theory, which
is due to Pál [Pál10a] and Kondo and Yasuda [KY12], providing an L-function and
a regulator formula in the case of K2 of the Drinfeld modular curve, in analogy
with Beilinson’s work in the classical case [Bei85] and [BD14, Bru10, Nik10] in
the p-adic case on K2 of a modular curve. Note that to relate this with the toric
regulator, one has to either import the result to the number field case or extend
the toric regulator to the function field case (the theory of [RX07b] at the prime
p currently relies on p-adic Hodge theory).

Another possible source of examples is the Sreekantan regulator. This is ex-
pected to be connected with L-values [Sre10b], and the example of K1 of the prod-
uct of two Drinfeld modular curves has been worked out by Sreekantan [Sre10a].
Because of the relation between the toric and Sreekantan regulators mentioned
above, the sought after L-functions should be such that their valuation is the
corresponding L-function of Sreekantan.
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1. The toric regulator

Let K be a finite extension of Qp with ring of integers R, uniformizer π and residue
field F . Let K̄ be an algebraic closure of K and let G = Gal(K̄/K). Let F̄ be
an algebraic closure of F . Let X be a smooth, projective, geometrically connected
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variety over K which has totally degenerate reduction in the sense of [RX07b]. Let
k and r be non-negative integers such that

k − 2r ≤ −1 . (1.1)

In this section we define the toric regulator

Hk+1
M (X,Z(r))0

regt−−→ Hk+1
T (X,Z(r))

from the motivic cohomology of X to the toric higher intermediate Jacobian of
X . The subindex 0 on motivic cohomology refers to homologically trivial classes.
This is only relevant when k + 1 = 2r, in which case Hk+1

M (X,Z(r)) = CHr(X)
are Chow groups. In this particular case the toric regulator is constructed in detail
in [RX07a]. We will therefore mostly concentrate on the case of strict inequality
in (1.1).

Let l be a prime number. As a consequence of the construction of étale
realization functors [Ivo07], one gets an étale regulator map (a rational coefficients
version was known for a long time but we will need integral coefficients),

regl : H
k+1
M (X,Z(r))0 → H1(K,Ml(r)) with Ml = Hk

ét(X ⊗K K̄,Zl) (1.2)

(see for example [Rio06]). Note that we have the restriction (1.1) as otherwise the
motivic cohomology groups vanish.

AsX has totally degenerate reduction, we have the following result of Raskind
and Xarles (see [RX07b, Cor. 1 and Theorem 3] as well as [RX07a, Theorem 3]
summarizing both the l = p and l = p cases).

Theorem 1.1. There exist finitely generated abelian groups T i
j and for each l, a

filtration W• on the Zl-module Ml and isogenies

GrWi Ml/tor →
{
T−i

k+i
2

/tor⊗ Zl(
−k−i

2 ) k + i even

0 otherwise,

which are isomorphisms for almost all l.

Let us recall the construction of the groups T i
j [RX07b, Section 3]. By as-

sumption, X is the generic fiber of a proper OK-scheme X with strictly semi-stable
reduction and special fiber Y , which decomposes as a union Y = ∪n

i=1Yi. Set, for
each subset of indices I ⊂ {1, . . . , n},

YI =
⋂

i∈I
Yi .

Note that our assumptions imply that the YI are projective. Let ȲI := YI ⊗ F̄ and
let Ȳ (m) be the disjoint union of ȲI over all subset I of size m. We first define

groups Ci,k
j = CHi+j−k(Ȳ (2k−i+1)) for each triple (i, j, k) such that k ≥ max(0, i)

and 0 otherwise. Then we set

Ci
j =

⊕
k
Ci,k

j .

To make a complex out of these groups, we define the following maps: for a subset
of indices I of size m + 1 and an integer 0 < r ≤ m + 1, we define Ir to be the
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subset obtained from I by deleting the rth index. There is an obvious inclusion
map ρr : YI → YIr and we define maps,

θi,m =

m+1∑
r=1

(−1)r−1ρ∗r : CHi(Ȳ (m)) → CHi(Ȳ (m+1)) ,

δi,m =

m+1∑
r=1

(−1)rρr∗ : CHi(Ȳ (m+1)) → CHi+1(Ȳ (m)) ,

d′ =
⊕

k≥max(0,i)

θi+j−k,2k−i+1 ,

d′′ =
⊕

k≥max(0,i)

θi+j−k,2k−i ,

and finally

dij = d′ + d′′ : Ci
j → Ci+1

j .

Then we define

T i
j := Hi(C•

j ) .

The monodromy map

N : T i
j → T i+2

j−1 (1.3)

is induced by the map Ci
j → Ci+2

j−1 which is the identity on the common factors.
The composed map

N i : T−i
j+i → T i

j (1.4)

is an isogeny for i ≥ 0 [RX07b, Proposition 1], implying that N is injective for
negative i and surjective for positive i after tensoring with Q.

Remark 1.2. The numerical condition (1.1) on k and r imply that the map

T k−2r
r → T k+2−2r

r−1 is injective (after tensoring with Q) while T k+1−2r
r → T k+3−2r

r−1

is injective except when k − 2r = −1 in (1.1), i.e., the case of cycles.

There exists a pairing [RX07b, p. 274]

( , ) : T i
j × T−i

d−j → Z (1.5)

coming from the intersection pairing and inducing a duality on the torsion free
quotients [RX07b, Proposition 1]. We further have the relation

(Nx, y) = −(x,Ny) . (1.6)

To proceed we make an additional restriction on the variety X .

Definition 1.3. The variety X is said to have split totally degenerate reduction if
it has totally degenerate reduction and the absolute Galois group of the residue

field F acts trivially on all the groups Ci,k
j .
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A variety with a totally degenerate reduction gains split totally degenerate
reduction after a finite unramified field extension. It is tedious but possible to
keep track of the Galois action in the non-split case, and it would be important if
we considered, e.g., towers of field extensions of K. We assume that X has split
totally degenerate reduction from now onward.

Let us further use the following terminology.

Definition 1.4. We say that a collection of maps indexed by the rational primes l is
an almost injection (respectively, almost surjection) if for all l the corresponding
kernel (respectively, cokernel) is finite and it is 0 for almost all l. We say it is an
almost isomorphism if it is both an almost injection and an almost surjection.

To proceed with the construction of the toric regulator, we will want, as
in [RX07a], to isolate from Ml(r) the subquotient which is an extension of T ∗

∗ ⊗Zl

by T ∗
∗ ⊗ Zl(1), which, with our indexing, is the the subquotient

W2r−kMl(r)/W2r−k−4Ml(r).

In order to do this, we will use the groups H1
g of Bloch–Kato ([BK90], §3). Recall

that when l = p H1
g = H1, while when l = p we have for a Qp-representation

V that H1
g (K,V ) = ker : H1(K,V ) → H1(K,V ⊗ BdR) and for a Zp-module

g-cohomology classes are the ones that become g after tensoring with Q. The
regulator regl from (1.2) takes values in H1

g (K,Ml(r)). This is tautological for
l = p and follows from the work of Nekovář and Nizio
l [NN16] when l = p (see
Section 4 (4.1) and the following statement and (4.3)).

Proposition 1.5. There exist an integer n0 and well-defined maps

reg′l : H
k+1
M (X,Z(r))0 → H1

g (K,W2r−kMl(r))

such that for any prime l = p and any α ∈ Hk+1
M (X,Z(r)) we have

reg′l(α) = n0x, with x ∈ H1
g (K,W2r−kMl(r)) , ι2r−k(x) = n0 regl(α) ,

with

ιr : WrMl → Ml

the obvious injection.

Proof. The quotient Ml(r)/W2r−kMl(r) is, up to torsion, an iterated extension
of copies of Zl(j) for j < 0. The H0 of these groups is trivial, and by ([BK90]
Example 3.9), we have H1

g (Zl(j)) = H0(Ql/Zl(j)), which are finite and killed by
a fixed integer that is independent of l. �

Projecting on the quotient by W2r−k−4Ml(r) we obtain a map

Hk+1
M (X,Z(r))0 → H1

g (K,W2r−kMl(r)/W2r−k−4Ml(r)) . (1.7)

Now we can proceed in a similar manner to the proof of Proposition 1.5. The
Galois module W2r−kMl(r)/W2r−k−4Ml(r) gives us an extension class in

Ext1(W2r−kMl(r)/W2r−k−2Ml(r),W2r−k−2Ml(r)/W2r−k−4Ml(r)) .
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This is almost isomorphic to Ext1(T k−2r
r ⊗Zl, T

k+2−2r
r−1 ⊗Zl(1)) and so after mul-

tiplying by an integer n1 we get Galois modules M ′
l with a short exact sequence

0 → T k+2−2r
r−1 ⊗ Zl(1) → M ′

l → T k−2r
r ⊗ Zl → 0 , (1.8)

and after multiplying again by an integer n2 we get a regulator map

reg′′l : Hk+1
M (X,Z(r))0 → H1

g (K,M ′
l ) . (1.9)

We now consider boundary maps in the long cohomology sequence from (1.8). In
degree 0 we use Kummer theory to get the map

Ñl : T
k−2r
r ⊗ Zl → H1

g (K,T k+2−2r
r−1 ⊗ Zl(1)) ∼= T k+2−2r

r−1 ⊗K×(l) , (1.10)

where K×(l) is the l-completion of K×. This is essentially the monodromy pairing
considered by Raskind and Xarles [RX07a, p 6064] (although they only define it
in some cases). Let us call this the augmented monodromy (at l).

Suppose now that l = p. The l-part of the tame inertia group is isomorphic to
Zl(1) as a Frobenius module and we identify the two for convenience. The following
is well known.

Lemma 1.6. The following diagram commutes

K× Kummer ��

val

��

H1(K,Zl(1))

��
Z �� Zl

where the vertical map on the right is obtained by restriction to Zl(1).

From this lemma and the relation between the monodoromy on étale coho-
mology and on the T ’s the following is easy for l = p. For l = p it will be proved
in Proposition 4.5.

Corollary 1.7. The map

T k−2r
r ⊗ Zl

Ñl−−→ T k+2−2r
r−1 ⊗K×(l) val−−→ T k+2−2r

r−1 ⊗ Zl

is just the monodromy map (1.3) with the appropriate indexing tensored with Zl.

By Remark 1.2 the composed map is almost injective.

Lemma 1.8. The obvious map from K× to the pushout of∏
lK

×(l) val �� ∏
l Zl

Z

��

is an isomorphism. For l = p we have the short exact sequence

0 → (F×)l-torsion → K×(l) val−−→ Zl → 0 .
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Proof. This is well known and follows from the fact that the group of units in the
ring of integers in K is compact and complete with respect to its subgroups of
finite index. This is not the case for a “larger” nonarchimedean-valued field such
as Cp. Note that as l = p we have (F×)l-torsion = (K×)l-torsion. �

Corollary 1.9. There is an augmented monodromy map

T k−2r
r

Ñ−→ T k+2−2r
r−1 ⊗K× (1.11)

which gives the augmented monodromy at l (1.10) after l-completion for each l.

We can finally define one of the main objects of this paper.

Definition 1.10. The higher toric intermediate Jacobian of X in degree k + 1 and
twist r is defined by

Hk+1
T (X,Z(r)) := coker

(
T k−2r
r

Ñ−→ T k+2−2r
r−1 ⊗K×

)
.

Proposition 1.11. The boundary map in the long exact cohomology sequence of
(1.8),

H1
g (K,T k−2r

r ⊗ Zl) → H2(K,T k+2−2r
r−1 ⊗ Zl(1)) ,

is almost injective.

Proof. Suppose first that l = p. By local Tate duality and by the duality induced
by the pairing 1.5 and the relation with the monodromy operator given in (1.6),
we see that this map is almost dual to the map

H0(K,T 2r−k−2
d−r+1 ⊗ Zl) → H1(K,T 2r−k

d−r ⊗ Zl(1))

obtained from the dual of (1.6), but this is again the augmented monodromy map,
this time in the range where after applying the valuation it is almost surjective,
hence is almost surjective by Lemma 1.8. For the case l = p see the syntomic
theory of Section 4, in particular, Theorem 4.6. �

Corollary 1.12. The group H1
g (K,M ′

l ) is almost isomorphic to

coker

(
T k−2r
r ⊗ Zl

Ñl−−→ T k+2−2r
r−1 ⊗K×(l)

)
.

Definition 1.13. The toric regulator completed at l is the map reglt defined as the
composition

Hk+1
M (X,Z(r))

reg′′
l−−−→ H1

g (K,M ′
l )

n3−→ coker

(
T k−2r
r ⊗ Zl

Ñl−−→ T k+2−2r
r−1 ⊗K×(l)

)
of the regulator reg′′l from (1.9) and multiplication by an integer n3 which is done
to eliminate the difference between the two groups in Corollary 1.12.

In the following section we will state a conjectural formula, Conjecture 1, for
the valuation of the toric regulator completed at l. Assuming this conjecture we
obtain the main object of this work as follows.



Toric Regulators 99

Theorem 1.14. Let X be a variety with split totally degenerate reduction such that
Parshin’s conjecture holds for each YI (see Remark 2.4 for Parshin’s conjecture,
in particular for the fact that it is true in all known cases of totally degenerate
reduction). Suppose conjecture 1 is true. Then there exists a unique map, called
the toric regulator,

Hk+1
M (X,Z(r))

regt−−→ Hk+1
T (X,Z(r)) ,

such that for each prime l the composed map

Hk+1
M (X,Z(r))

regt−−→ Hk+1
T (X,Z(r)) = coker

(
T k−2r
r

Ñ−→ T k+2−2r
r−1 ⊗K×

)
⊗Zl−−→ coker

(
T k−2r
r ⊗ Zl

Ñl−−→ T k+2−2r
r−1 ⊗K×(l)

)
is the toric regulator completed at l of Definition 1.13.

Proof. By Lemma 1.8 it suffices to show the existence of a map

rD : Hk+1
M (X,Z(r)) → coker

(
T k−2r
r

N−→ T k+2−2r
r−1

)
⊗Q

such that for any prime l the diagram

Hk+1
M (X,Z(r))

reglt ��

rD

��

coker

(
T k−2r
r ⊗ Zl

Ñl−−→ T k+2−2r
r−1 ⊗K×(l)

)
val

��

coker
(
T k−2r
r

N−→ T k+2−2r
r−1

)
⊗Q �� coker

(
T k−2r
r ⊗Ql

N⊗Ql−−−−→ T k+2−2r
r−1 ⊗Ql

)
(1.12)

commutes. In Section 2 below we will show how the work of Sreekantan [Sre10b]
gives precisely such a map and Conjecture 1 will say that the diagram (1.12)
commutes. This proves the theorem. �

Remark 1.15. We hope to prove Conjecture 1 in future work. It is somewhat prob-
lematic that the toric regulator is only defined after multiplication by an integer,
thereby erasing finer roots of unity information. Fortunately, in various situations
no such multiplication is required. We could hope that in fact the resulting regu-
lator has a canonical root, but we have no evidence to support this.

2. The relation with the regulator of Sreekantan

In [Sre10b] Sreekantan constructs a new type of regulator and conjectures relations
with special values of L-functions in the function field case. We will conjecture
that, in a very precise sense, the Sreekantan regulator is exactly the toric regulator
followed by the valuation map. As explained in Section 1, this is an important step
in actually showing the existence of the toric regulator.
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Let us recall the setup for Sreekantan’s work. Let X be smooth and proper
over K with semi-stable reduction. In his setup the reduction is not assumed to be
completely degenerate. Sreekantan starts with a variety over a global field but this
is for the sake of getting results about L-functions and he is really only interested
in the completion at a finite prime for computing the regulator.

Sreekantan defines what he calls Deligne cohomology groups at finite primes.
For this he first recalls work of Consani, who defines a certain complex based on
groups Ki,j,k [Con98, (3.13)]. In fact, it is easy to check (see also Observation 1 on
p. 273 of [RX07b], noting that Consani’s convention is the same as that of [BGS97]
and [GNA90]) that we have

Ki,j,k = Ci,k
d+j−i

2

⊗Q .

There are differentials and a monodromy operator which are the same as those
of [RX07b] and Consani defines (immediately following (3.1))

Ki,j =
⊕
k

Ki,j,k = Ci
d+j−i

2

⊗Q .

We make the following definition after Consani.

Definition 2.1 (Consani [Con98]). The Consani complex with twist r is the complex

C(r) = Cone(N : K∗−2r,∗−d → K∗−2r+2,∗−d) = Cone(N : C∗−2r
r → C∗−2r+2

r−1 )⊗Q .

For the normalization of the cone here see [Con98, p. 331].

Definition 2.2. The Deligne cohomology group Hk+1
D (X,Q(r)) is the k + 1 − 2r

cohomology of the Consani complex C(r).

Comparing with Sreekantan the reader will observe that we have removed
the v-notation, which was to indicate working with the completion of the global
X at the finite prime v.

Proposition 2.3. Suppose that all YI satisfy Parshin’s conjecture (i.e., have torsion
higher K-theory). Then we have an isomorphism

Hk+1
D (X,Q(r)) ∼= CHr−1(Y, 2r − k − 2)⊗Q (2.1)

with Bloch’s higher Chow groups.

Proof. This is a combination of results in [Con98]: Lemma 3.1 (see also p. 341
where the lemma is used but without precise reference in our context) and equa-
tion (2.3), which relies in turn on Conjecture 2.1, which is just Parshin’s conjec-
ture. �

Remark 2.4. Parshin’s conjecture, that proper varieties over finite fields have tor-
sion higher K-theory, is sometimes stated in the literature only for projective
varieties, but, as remarked previously, the YI are projective in the totally degen-
erate reduction case. Furthermore, the totally degenerate assumptions puts severe
restrictions on the YI , which may allow proving Parshin’s conjecture for them,
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thereby obtaining (2.1) unconditionally. In fact, Parshin’s conjecture holds if the
ȲI are toric or cellular varieties, which is the case for all known examples of vari-
eties with totally degenerate reduction, althought it is not known to follow from
this assumption. Note finally that Parshin’s conjecture is known in dimensions ≤ 1
by work of Quillen [Qui72] and Harder [Har77, Corollary 3.2.3].

Proposition 2.5. Suppose now that X has totally degenerate reduction. Then there
is a long exact sequence

· · · → T k−2r
r ⊗Q → T k+2−2r

r−1 ⊗Q → Hk+1
D (X,Q(r))

→ T k+1−2r
r ⊗Q → T k+3−2r

r−1 ⊗Q → · · · .

Proof. This follows immediately from the definition of the Consani complex as a
cone. �

Definition 2.6. The Sreekantan regulator is a map

rD : Hk+1
M (X,Z(r)) → Hk+1

D (X,Q(r))

which is the composition of the boundary map (effectively in motivic homology)

Hk+1
M (X,Z(r)) ∼= CHr(X, 2r − k − 1)

∂−→ CHr−1(Y, 2r − k − 2)⊗Q ,

with the isomorphism (2.1).

By Remark 1.2, unless k + 1 = 2r, the map T k+1−2r
r → T k+3−2r

r−1 is injective
after tensoring with Q, giving an isomorphism

Hk+1
D (X,Q(r)) ∼= coker

(
T k−2r
r → T k+2−2r

r−1

)
⊗Q . (2.2)

Thus, the following conjecture is quite natural.

Conjecture 1. Suppose that X has split totally degenerate reduction and that
Parshin’s conjecture holds for all YI . Assume k + 1 < 2r. Then, with rD as in
Definition 2.6, diagram (1.12) commutes.

As noted in Section 1, the existence of the toric regulator follows from this
conjecture. In addition, we get the following obvious relation between the toric
regulator and the Sreekantan regulator: Define the valuation map

val : Hk+1
T (X,Z(r)) → Hk+1

D (X,Q(r)) (2.3)

as the composition of the valuation map and the isomorphism (2.2).

Corollary 2.7. Assuming Conjecture 1 the following diagram commutes.

Hk+1
M (X,Z(r))

rD

		��
���

���
���

��

regt �� Hk+1
T (X,Z(r))

val

��
Hk+1

D (X,Q(r)) .
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Remark 2.8. Note that Sreekantan does not deal with the case of cycles at all.
If we try to argue by analogy, we should expect that in the case k + 1 = 2r,
the composed map CHr(X) → H2r

D (X,Q(r)) → T 0
r factors via the cycle class

map. Therefore, the analogous Sreekantan regulator maps the homologically trivial
cycles CHr(X)0 again to coker

(
T−1
r → T 1

r−1

)
, but as this last map is (almost)

bijective, the corresponding regulator is trivial (unlike the toric regulator).

3. K2 of curves and the rigid analytic regulator of Pál

In this section we assume thatX is of dimension 1. We recall from [Bes17, Section 4]
the setup that will be used here and also in some parts of Section 4. By assumption
X is the generic fiber of a properOK scheme X with (Zariski) semi-stable reduction

Y =
⋃
i

Yi . (3.1)

In particular, locally near an intersection point Yi ∩ Yj there are coordinates x, y
satisfying

xy = π , Yi = (x) , Yj = (y) (3.2)

(here, (f) denotes the divisor of the rational function f).
For simplicity we will assume that components Yi and Yj intersect at at most

one point.
Let Γ(X) be the dual graph of Y with vertices V and edges E (this is of

course an abuse of notation as it really depends on the particular model). The
vertices correspond to the components Yv while the edges are ordered pairs of
intersecting components (Yv, Yw) oriented from v to w, so that an edge e has tail
e+ = v and head e− = w. For such an edge we denote by −e the same edge with
reverse orientation.

The reduction map X → Y allows us to split X into rigid analytic domains
Uv = red−1 Yv which are wide open spaces in the sense of Coleman. These then
intersect along annuli corresponding bijectively to the unoriented edges of Γ(X).
Indeed, in terms of the coordinates x, y appearing in (3.2) the annulus correspond-
ing to the edge (Yi, Yj) gets mapped via x (or y) to the rigid analytic space A(|π|, 1)
with

A(r, s) := {z ∈ K̄ , r < |z| < s} . (3.3)

An orientation of an annulus fixes a sign for the residue along this annulus and
we match oriented edges with oriented annuli as in [Bes17, Definition 4.6]. We use
the same notation for the edge and for the associated oriented annulus.

At this point we recall some facts about graph cohomology and harmonic
cochains on graphs. For a slightly expanded version the reader may consult [Bes17,
Section 4]. For a graph Γ = (V,E) and an abelian group A we define 0 and 1
cochains on Γ with values in A by

C0(Γ, A) = {f : V → A} , C1(Γ, A) = {f : E → A , f(−e) = −f(e)} .
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We have a differential

d : C0(Γ, A) → C1(Γ, A), df(e) = f(e+)− f(e−)

and the graph cohomology H1(Γ, A) is the cokernel of d. We have a pointwise
product of c, d ∈ C1(Γ, A), assuming that A is a ring, defined by

c · d =
∑

e∈E(G)/±
c(e) · d(e) ,

where the sum is over unoriented edges. The kernel of the dual differential

d∗ : C1(G,A) → C0(G,A), d∗f(v) =
∑
e+=v

f(e) ,

is the space H(Γ, A) of harmonic cochains with values in A. The obvious injection
H(Γ, A) ↪→ C1(Γ, A) induces a map

H(Γ, A) → H1(Γ, A) , (3.4)

which is an isomorphism if A is a Q-vector space. With A a ring again, the space
H(Γ, A) is orthogonal to Im d, hence induces a pairing

H(Γ, A)×H1(Γ, A) → A . (3.5)

Remark 3.1. There is an unoriented version of the above, which will be needed
for what follows. This requires fixing an orientation of each edge. Then we can
redefine 1-cochains with values in A as functions from unoriented edges to A.
The differential and the dual differential are defined as above but using the fixed
orientation on each edge and the pointwise product is unchanged. It is trivial that
this construction produces isomorphic graph cohomologies.

Proposition 3.2. Let X be as above, with dual graph Γ. We have isomorphisms

T−1
1

∼= H(Γ,Z) ,

T 1
0
∼= H1(Γ,Z) .

With respect to these isomorphisms the monodromy map N : T−1
1 → T 1

0 cor-
responds to the map (3.4) and the product T−1

1 × T 1
0 → Z to the pairing (3.5)

induced by the pointwise product.

Proof. We have

C−1
1 =

⊕
k≥0

C−1,k
1 =

⊕
k≥0

CH−k(Ȳ (2k+2)) = CH0(Ȳ (2)) ,

C0
1 =

⊕
k≥0

C0,k
1 =

⊕
k≥0

CH1−k(Ȳ (2k+1)) = CH1(Ȳ (1)) ,

C−2
1 =

⊕
k≥0

C−2,k
1 =

⊕
k≥0

CH−1−k(Ȳ (2k+3)) = 0 ,

C1
0 =

⊕
k≥1

C1,k
0 =

⊕
k≥1

CH1−k(Ȳ (2k)) = CH0(Ȳ (2)) ,
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C2
0 =

⊕
k≥2

C2,k
0 =

⊕
k≥2

CH2−k(Ȳ (2k−1)) = 0 ,

C0
0 =

⊕
k≥0

C0,k
0 =

⊕
k≥0

CH−k(Ȳ (2k+1)) = CH0(Ȳ (1)) . (3.6)

As all the components of Ȳ (1) are projective lines, their CH1’s, as well as the CH0

of the components of Ȳ (2) are isomorphic to Z via the degree map, and the differ-
ential C−1

1 → C0
1 is the alternating sum of pushforward maps, which are clearly

just the identity map on the appropriate Z summands. The chosen numbering of
the components gives an orientation on all the edges. The unoriented edge {i, j}
gets the orientation (i, j) with i < j. With this the isomorphisms (3.6) are clear
in the unoriented version of Remark 3.1. Similarly, The CH0 of each component
of Ȳ (1) is isomorphic to Z and the map C0

0 → C1
0 is an alternating sum of pull-

backs, which are again the identities on the corresponding Z components, giving
the identification of the monodromy operator, again in the unoriented version. The
identification of the pairing is clear. �

Corollary 3.3. We have H2
T (X,Z(2)) ∼= H(Γ,K×) and the toric regulator in this

case is therefore a map

regt : H
2
M(X,Z(2)) → H(Γ,K×) . (3.7)

We now recall the (somewhat reformulated) definition of the Pál rigid analytic
regulator [Pál10b]. We start by working over Cp and with closed annuli A[r, s]
instead of open ones (3.3).

Definition 3.4. View the annulus e = A[r, s] as embedded in P1 in the obvious way,
and let D = D(r) be the disc {|z| < r} inside P1. For rational functions f, g on P1

which have no poles or zeros on e, set

te(f, g) =
∏
x∈D

tx(f, g) ∈ C×
p ,

where tx is the tame symbol at the point x. Let f, g be invertible rigid analytic
functions on A[r, s]. Let fn and gn be sequences of rational functions on P1 that
converge to f and g respectively on A[r, s]. Then set

te(f, g) = lim
n→∞

te(fn, gn) ∈ Cp .

For an open annulus e = A(r, s) define te(f, g) for f, g ∈ O(e)× to be te′(f, g) for
any smaller closed annulus. Finally, for an oriented (open) annulus e and invert-
ible rigid analytic functions f, g on e, define te(f, g) by choosing an orientation
preserving identification of e with A(r, s).

Theorem 3.5. The quantity te(f, g) is well defined and in C×
p . Furthermore we

have the following:

1. t−e(f, g) = te(f, g)
−1.

2. te(f, 1− f) = 1.
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3. Let U be the complement in P1(Cp) of the union of a finite number of disjoint
closed balls D[ri] and let ei be annuli A(ri, ri+ε) where ε is chosen sufficiently
small so that the ei’s are disjoint. Let f, g be invertible meromorphic functions
on U which are invertible on the ei. Then the following residue theorem holds:∏

x∈U

tx(f, g) ·
∏
i

tei(f, g) = 1 .

Proof. For the closed disc A[r, s] what we defined here is what Pál defines, in
the course of proving [Pál10b, Theorem 2.2], as tD for the boundary component
D(r) of the connected rational subdomain A[r, s]. In particular, it is well defined.
Lemma 3.4 in [Pál10b] shows that the choice of a closed annulus inside an open
annulus does not matter and Pál also shows [Pál10b, Theorem 3.11] that the con-
struction commutes with morphisms of domains, which shows that it is indepen-
dent of the choice of parameterization. Thus, the index is well defined. Switching
the orientation corresponds to using D = {s < |z|} and [Pál10b, Theorem 3.2 (iii)]
immediately gives (1) (Pál works here already with elements of K2 but the result
certainly specializes to what we have here). The formula in Theorem 2.2 (iv) there
immediately implies (2) and the residue theorem is easily deduced from (iii) of
Theorem 3.2. �

Lemma 3.6. Let dege : O(e)× → Z be defined by dege f = rese d log f . Then, for a
constant c ∈ C×

p , te(c, f) = cdege(f).

Proof. This holds for rational functions f with a degree function equaling the
number of zeros in the disc D(r) minus the number of poles, which is clearly the
same as our degree, by [Pál10b]. It then follows in general by continuity. �

To define the Pál regulator we first consider functions f, g ∈ Cp(X)× having
no poles or zeros on any e ∈ E. We can then define regP ({f, g}) ∈ C1(Γ,C×

p ) by

regP ({f, g})(e) = te(f, g) .

Next, if α =
∑

{fi, gi} is a formal combination of symbols and all the functions
fi, gi are invertible on all e ∈ E, and all its tame symbols are 1, then

regp(α) =
∏

regP ({fi, gi})

is defined and the residue theorem implies that it is in H(Γ,Cp). Suppose now that
all the fi, gi are in K(X)× and all tame symbols are 1, but without assuming they
are invertible on the e’s. By making a finite field extension we can ensure that all
points where any of these functions have values in {0, 1,∞} are defined overK and,
maintaining a semi-stable model by possibly blowing up, we get for the new graph
Γ′ that none of these points is in any of e ∈ E′ and we obtain regp(α) ∈ H(Γ′,C×

p ).
Now, (2) of Theorem 3.5 shows that regP factors via K2(K(X)). Note that Γ′ is
obtained from Γ by subdividing edges and it is easily seen that H(Γ′,C×

p )
∼=

H(Γ,C×
p ). Finally, [Pál10b, Proposition 4.2] shows that, for functions in K(X),
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regP in fact takes values in some finite extension and compatibility with Galois
actions shows that in fact takes values in K×. To summarize, we get a map

regP : K2(X) → H(Γ,K×) .

Theorem 3.7. The map regP equals the map regt from (3.7) except possibly at the
prime p. In other words, regP gives reglt upon completion at l for all primes l = p
(conjecturally also for l = p).

Proof. The proof is inspired by the work of Asakura [Asa06, page 279]. The toric
regulator completed at a prime l is the map

H2
M(X,Z(2)) → H1(K,H1

ét(X ⊗K K̄,Zl(2)))

→ H1(K,T−1
1 ⊗ Zl(1)) → T−1

1 ⊗K×(l)

and so we first need to understand the map H1
ét(X ⊗K K̄,Zl(1)) → T−1

1 ⊗ Zl

from which the second left most map above is derived by twisting once and taking
Galois cohomology.

Proposition 3.8. Suppose l = p. Let J be the Jacobian of X. The map

H1
ét(X ⊗K K̄,Zl(1)) ∼= Tl(J) → T−1

1 ⊗ Zl

is the limit of the maps

J [ln] → C1(Γ,Z/ln)

defined as follows: let [D] ∈ J [ln] by the class of a divisor D. Then lnD is the
divisor of a function f and the map sends [D] to (e �→ rese(d log(f)) (mod ln)).

Proof. We begin by observing that in the map described here, we could just as
well replace [D] by a torsion class in Pic(X/K̄), represented by some Čech cocycle,
with respect to a covering {Vk}, which is then the boundary of Vk �→ gk and map
to the residue of d log gk on an annulus, as this is independent of k modulo ln.

The map we need is

H1
ét(X ⊗K K̄,Z/ln(1)) = H1

ét(Y,RΨZ/ln(1)) → H1
ét(Y,R

1ΨZ/ln(1)[1]) ,

with R1Ψ the functor of “nearby cycles”, followed by the identification

R1ΨZ/ln(1) ∼= a2∗Z/l
n ,

where, for any k, ak : Ȳ (k) ↪→ Ȳ is the obvious injection. To understand this iden-
tification we follow [Sai03, Proposition 1.2] (alternatives are [Jan88, Proposition

3.20] or the orginal [RZ82]). We have morphisms X
j−→ X i←− Y . Then, according

to Saito, we have isomorphisms,

θ′ : ak∗Z/l
n ∼−→ i∗Rkj∗Z/l

n(k) (3.8)

(the reader would notice a shift in notation due to our definition of Ȳ (k)), and a
short exact sequence

0 → RkΨZ/ln
θ̄−→ i∗Rk+1j∗Z/l

n(1) → Rk+1ΨZ/ln(1) → 0 , (3.9)
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whose definition we will recall in a moment. To make sense out of these formulas,
note that we identify sheaves on Y with sheaves on Ȳ with an action of the Galois
group. Since there is no Ȳ (3), the isomorphism above gives i∗R3j∗Z/ln = 0 and
the short exact sequence for k = 2 gives R2ΨZ/ln = 0. Then for k = 1 the short
exact sequence yields an isomorphism

R1ΨZ/ln(1)
θ̄−→ i∗R2j∗Z/l

n(2)

from which we get the required identification by composing with the inverse of θ′.
Next we recall how the thetas are defined, focusing on a neighborhood of a

point in Y (2) locally given by an equation xy = π. The special fiber Y is defined
there by π and the two components of Y passing through the point are given by
the additional equations x = 0 and y = 0. Let ii be the embedding of Yi into X ,
ji : X − Yi → X the obvious open immersion, and ai : Yi → Y . Saito defines a
map

θi : a
i
∗Z/l

n → i∗iR
1ji∗Z/l

n(1)

to be the map sending 1 to the Kummer image of the local generator of O(−Yi).
On our local neighborhood, these are clearly the Kummer images of x and y
respectively, which we will denote by (x) and (y). Then, following Saito, the map

θ′ =
∑

θi : a1∗Z/l
n → i∗R1j∗Z/l

n(1)

is an isomorphism and the isomorphisms (3.8) are deduced from it by taking cup
products. Finally, the map

i∗Rkj∗Z/l
n → RkΨZ/ln

is surjective and the map θ̄ is induced by the map i∗Rkj∗Z/ln → i∗Rk+1j∗Z/ln(1)
obtained by cup product with the Kummer class of π, which, on our neighborhood,
is (x)+(y). We finally obtain the map we want, locally on our chosen neighborhood
as the composition

R1ΨZ/ln(1)
lift−−→ i∗R1j∗Z/l

n(1)
((x)+(y))∪−−−−−−−→ i∗R2j∗Z/l

n(2)
(x)∪(y)∪←−−−−−− a2∗Z/l

n

(3.10)
where the last map is an isomorphism that needs to be inverted. From this it
is clear that the Kummer images of x and y go to ±1 respectively. Rigidifying
and taking the residue of the corresponding d log’s on the resulting annulus would
obviously give the same. So, finally, our required map would map a torsion class in
the Picard group to the cocycle (gk) and then apply (3.10) to the Kummer image
of gk. This is now clearly the same as the map claimed in the proposition. �

Switching to K2 for convenience, we can now concentrate on a single annulus
e and compute the map

K2(X)/ln → H1(K,Pic(X)[ln]⊗ μln)
rese−−→ H1(K,μln) → K×/(K×)l

n

(3.11)

where μ denotes roots of unity and rese is the “e component” of the map in
Proposition 3.8. Let A = O(e). Furthermore, identify e with some A(r, s) ⊂ P1.
Let B be the ring of rational functions on P1 regular on e and let D = D(r). We
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have a map Spec(A) → X and using the pullback via this map we can write the
map (3.11) as the composition of K2(X)/ln → K2(A)/l

n with

K2(A)/l
n → H1(K,Pic(A)[ln]⊗ μln)

rese−−→ H1(K,μln) → K×/(K×)l
n

. (3.12)

For f ∈ B we have

rese d log(f) =
∑
x∈D

resx d log(f)

and therefore the restriction of (3.12) to K2(B)/ln is the sum over x ∈ D of the
maps

K2(B)/ln → H1(K,Pic(B)[ln]⊗ μln)
resx−−→ H1(K,μln) → K×/(K×)l

n

.

According to [Asa06, Lemma 4.3 (2)] for each x ∈ D this last map is just the tame
symbol at x modulo (K×)l

n

. It is easy to see that if f, g ∈ A are sufficiently well
approximated by fi, gi ∈ B, then the image of {fi, gi} in K2(A)/l

n is the same as
that of {f, g}. The theorem follows easily. �

4. Relation with the syntomic regulator

In this section we will analyze the construction of the toric regulator at the prime
l = p, after tensoring with Q. We will see that the logarithm of the toric regulator
may be computed using the syntomic regulator of Nekovář and Nizio
l. We will then
check our description of the toric regulator for K2 of curves via the Pál regulator
using the computation of the syntomic regulator in this case by the first named
author [Bes21].

Let X be a smooth variety over a p-adic field K. Then, Nekovář and Nizio
l
[NN16, Theorem 5.9] show that the regulator map,

regp : Hk+1
M (X,Z(r))0 → H1(K,Hk

ét(X ⊗K K̄,Qp(r))) , (4.1)

factors via the subgroup H1
st(K,Hk

ét(X ⊗K K̄,Qp(r))), where, for a de Rham rep-
resentation V of G, H1

st(V ) is semi-stable cohomology, which may be interpreted
as the group of Yoneda extensions in the category of potentially semi-stable repre-
sentation and may be computed in terms of the complex C•

st(V ) of [Nek93, 1.19],

C•
st(V ) : Dst(V )

(ϕ−1,N,−i)−−−−−−−→ Dst(V )⊕Dst(V )⊕DR(V )/F 0 N+1−pϕ+0−−−−−−−−→ Dst(V ) .
(4.2)

Here, Dst and DR are the functors defined by Fontaine: Dst(V ) is a K0-vector
space, where K0 is the maximal unramified extension of Qp inside K, equipped
with a linear nilpotent operator N (called monodromy) and a semi-linear (with
respect to the unique lift of Frobenius on K0) operator ϕ (Frobenius), satisfying
the relation

Nϕ = pϕN ,

and DR(V ) is a filtered K-vector space, and there is an isomorphism

Dst(V )⊗K → DR(V ) .
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We remark that the map between Hst, computed in terms of the complex C•
st, and

Galois cohomology, is a manifestation of the Bloch–Kato exponential map [BK90,
Definition 3.10].

Assume now that X has totally degenerate reduction. Let V be the repre-
sentation V = Hk

ét(X ⊗K K̄,Qp(r)). We first note that as the reduction of X is
semi-stable, V is semi-stable as well. It follows [Nek93, 1.24 (3)] that

H1
st(K,V ) = H1

g (V ) . (4.3)

Let us compute H1
st(K,V ). Consider D = Dst(V ), which is a K0-vector space with

a Frobenius and a monodromy operator. By the semi-stable conjecture of Fontaine,
proved by Tsuji [Tsu99], it is equal to the Hyodo–Kato cohomologyHk(Y ×/W×).
It follows from [RX07b] that we have a slope decomposition

D =
⊕

i+j=k

T i−j
j ⊗K0(r − j)

and the monodromy operator is compatible with the one defined on the T ’s. For
simplicity let us renumber this as follows: We have a vector space decomposition

D =
⊕
i

Di , Di ∼= T i ⊗K0 , T i = T k−2r−2i
i+r ,

where, with respect to the rational structure provided by T i, the Frobenius ϕ acts

by piσ, so that (Di)ϕ=pi

= T i⊗Qp. The monodromy maps are induced by the ones
defined before N : T i → T i−1. Note that by remark 1.2 the map N : T 0 → T−1 is
injective after tensoring with Q. The filtration is compatible with the filtration on
the individual terms, where DR(Qp(i)) = F−i ⊃ F−i−1 = 0. We can now compute
the semi-stable cohomology of V .

Proposition 4.1. We have a short exact sequence

0 → DR(V )/F 0 → H1
st(K,V ) → (T−1/NT 0)⊗Qp → 0 (4.4)

and a map H1
st(V ) → DR(V )/(F 0 + T 0 ⊗Qp) such that the composition

DR(V )/F 0 → H1
st(K,V ) → DR(V )/(F 0 + T 0 ⊗Qp) (4.5)

is the projection. Both of these maps are functorial.

Proof. Let us begin by computing the cohomology of the complex C•′
st (V ), which

is obtained from C•
st(V ) by dropping the de Rham component,

C•′
st (V ) : Dst(V )

(ϕ−1,N)−−−−−→ Dst(V )⊕Dst(V )
N+1−pϕ−−−−−−→ Dst(V ) .

We can decompose this last complex according to slopes

C•′
st (V ) =

⊕
i

C•i
st (V )

with

C•i
st (V ) : Di (piσ−1,N)−−−−−−−→ Di ⊕Di−1 N+1−piσ−−−−−−→ Di−1 .
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Since piσ−1 is bijective unless i = 0, we immediately see that H0(C•i
st ) = 0 unless

i = 0, and also for i = 0 since N : T 0 → T−1 is injective after tensoring with Q.
Consider next H1. Suppose (x, y) ∈ Di ⊕Di−1 represents an element in H1(C•i

st ).
If i = 0 we may use the bijectivity of piσ − 1 to assume x = 0 and the equation
on y becomes (piσ − 1)y = 0 so y = 0 as well. Thus, H1(C•i

st ) = 0 unless i = 0. In
this last case we can write explicitly

H1(C•0
st ) =

{(x, y), x ∈ D0, y ∈ D−1, Nx = (σ − 1)y}
{((σ − 1)z,Nz), z ∈ D0}

and we have the following.

Lemma 4.2. We have an isomorphism (T−1/NT 0) ⊗ Qp
∼−→ H1(C•0

st ) given by
u �→ (0, u).

Proof. The map is clearly well defined and injective. Surjectivity amounts to the
statement that any element in H1(C•0

st ) has a representative (0, y), i.e., that any
representative (x, y) has x ∈ Imσ − 1. This is true because N is defined over Q
and is injective. �
Remark 4.3. The above lemma may be interpreted for an extension

0 → T−1 ⊗Qp(1) → V → T 0 ⊗Qp → 0 (4.6)

as saying that the map H1
st(K,T−1 ⊗ Qp(1)) → H1

st(K,V ) is surjective.

We have an obvious short exact sequence of complexes

0 → DR(V )/F 0[1] → C•
st(V ) → C•′

st (V ) → 0

and the associated long exact sequence together with the computation of the co-
homology of C•′

st (V ) immediately gives the short exact sequence (4.4). To de-
fine the map H1

st(V ) → DR(V )/(F 0 + T 0 ⊗ Qp) start with a representative
(x, y, d) ∈ Dst(V ) ⊕ Dst(V ) ⊕ DR(V )/F 0 and use the computation of the co-
homology of C•′

st (V ) to see that it is equivalent to a representative with x = 0. The
d component of this representative is now unique up to an element of T 0⊗Qp and
this gives the map. The composed map (4.5) is clearly the projection. �

Consider now the case V = Qp(1), so that T−1 = Z while T 0 = 0. Clearly,
in this case the map H1

st(K,Qp(1)) → DR(V )/F 0 = K splits the short exact
sequence (4.4) and we have an isomorphism Hst(K,Qp(1)) ∼= K ⊕ Qp. Nekovář
proves the following result.

Proposition 4.4 ([Nek93, 1.35]). The composed map

K× Kummer−−−−−→ Hst(K,Qp(1)) ∼= K ⊕Qp

is given by x → (log(x), v(x)).

Proposition 4.5. For the short exact sequence (4.4) the composed map

T 0 ⊗Qp
∼= H0

st(K,T 0 ⊗Qp) → H1
st(K,T−1 ⊗Qp(1)) → T−1 ⊗K×(l) v−→ T−1 ⊗Qp

is just the monodromy map.
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Proof. By Proposition 4.4 we can compute the map by projecting on the cohomol-
ogy of the complexes C•′

st , where the result is easy. �

Theorem 4.6. The toric regulator at p exists. Furthermore we have the following
commutative diagram, where V = Hk

ét(X ⊗K K̄,Qp(r)),

Hk+1
M (X,Z(r))0 ��

��

H1
st(K,V ) �� DR(V )/(F 0 + T 0 ⊗Qp)

��
Hk+1

T (X,Z(r))
log �� T−1 ⊗K/T 0 ⊗Qp.

Here, the vertical map on the right side is a projection relative to the subspace
⊕i≤−2T

i ⊗K.

Proof. Consider the quotient V ′ = V/W2r−kV . As this does not have non-positive
Di’s, and as DR(V ′) = F 0 (since this is true for all the Tate subquotients), we
easily see thatH1

st(K,V ′) = 0. Thus, we may again do the factoring, as in Section 1,
of the regulator into H1

st(K,W2r−kV ), and then project to H1
st(K,V ′′) with V ′′ =

W2r−kV/W2r−k−4V . Furthermore, the map H1
st(K,V ′′) → H1

st(K,T 0 ⊗ Qp) is
0 because DR(Qp) = F 0 and by Remark 4.3. Thus, the toric regulator exists
at p as in Section 1. The commutativity of the diagram in the theorem is now
straightforward from the following commutative diagram

H1
st(K,T−1 ⊗ Qp(1)) ��

��

H1
st(K,V ′′) ��

��

0

T−1 ⊗K �� DR(V ′′)/(F 0 + T 0 ⊗ Qp)

and the fact that the composition of the Kummer map with the vertical map on
the left is just the log map by Nekovář’s result 4.4. �

Nekovář and Nizio
l define the syntomic regulator,

reg : Hk+1
M (X,Z(r)) → Hk+1

syn (X, r) , (4.7)

into syntomic cohomology groups. These groups are constructed in such a way
that there is a spectral sequence

Ep,q
2 = Hp

st(K,Hq
ét(X ⊗ K̄,Qp(r))) ⇒ Hp+q

syn (X, r) . (4.8)

One easily deduces from this spectral sequence and the syntomic regulator a map

reg : Hk+1
M (X,Z(r))0 → H1

st(K,Hk
ét(X ⊗K K̄,Qp(r)) ,

which is the same as the map (4.1). The syntomic regulator is computed without
étale cohomology, using a mixture of de Rham and (log) crystalline cohomology
constructions, and so is more computable, at least in principle, using a kind of
“p-adic differential geometry” approach. Indeed, in the good reduction case the
syntomic regulator has been defined for a long time and has been computed in
several cases, primarily by the first named author [Bes00, BdJ03, BdJ12, Bes12].



112 A. Besser and W. Raskind

Recently, some of these results have been extended to the semi-stable reduction
case [Bes21].

We can summarize the results and comments of this section to this point by
the motto “The log of the toric regulator is computed from the syntomic regulator”.
To end this section we illustrate this by revisiting the case of K2 of a totally
degenerate curve and showing how the syntomic regulator is indeed the logarithm
of the Pál rigid analytic regulator.

Let X be as in Section 3 and consider k = 1, r = 2 again. We have

V = H1
ét(X ⊗K K̄,Qp(2)) .

Recall that in this case T 0 = 0. We have DR(V ) ∼= H1
dR(X/K) and F 0 DR(V ) =

F 2H1
dR(X/K) = 0. According to Theorem 4.6 the logarithm of the toric regulator

map agrees with the composed map

regp : H2
M(X,Z(2))

regsyn−−−−→ H1
st(K,V ) → H1

dR(X/K) → T−1 ⊗K . (4.9)

We identify the vector space on the right-hand side with the space H(Γ,K) of
K-valued harmonic cochains on the dual graph. As expected from our motto, we
get the following result

Theorem 4.7. Let X be as above. Then the diagram

H2
M(X,Z(2))

regP ��

regp



��
���

���
���

T−1 ⊗K×

log

��
T−1 ⊗K

commutes, with regP the Pál regulator and regp the p-adic regulator from (4.9).

Proof. Suppose that an element α of K2(X) restricts to an element
∑

{fi, gi} in
K2 of the function field of X . In [Bes21] the first named author proved a formula
for the cup product with a cohomology class [ω] of the image of α under

H2
M(X,Z(2))

regsyn−−−−→ H1
st(K,V ) → H1

dR(X/K) .

One checks easily that the projection H1
st(K,V ) → H1

dR(X/K) defined there co-
incides with the one we have been using. This formula was valid when [ω] is in
the kernel of the monodromy operator N (X can be any curve with semi-stable
reduction). To explain the formula and to complete the proof we first analyze
H1

dR(X/K) in a bit more detail. We have the weight decomposition

H1
dR(X/K) = T−2 ⊗K ⊕ T−1 ⊗K = H1(Γ,K)⊕H(Γ,K) .

With respect to this decomposition the monodromy operator vanishes onH1(Γ,K)
and maps H(Γ,K) on H1(Γ,K) via (3.4). The cup product makes both summands
isotropic and gives the pointwise product (3.5) otherwise. Consequently, if χ and
pr denote the projections on H1(Γ,K) and H(Γ,K) respectively, and we have
[ω] ∈ KerN = H1(Γ,K), β ∈ H1

dR(X/K), then

[ω] ∪ prβ = χ([ω]) · pr(β) .



Toric Regulators 113

We can finally introduce the formula of [Bes21], which expresses the cup product
in term of expressions assigned to the individual symbols {f, g}. The expression
that we need is the one in Proposition 3.7, which is the same as the expression for
the regulator by the main theorem [Bes21, Theorem 1.2]. This expression is∑

v

〈log(f), Fω; log(g)〉(Uv−Z)† −
∑
e

χ(ω)(e) · 〈log(f), log(g)〉e .

Here, Z is a subset containing all the singularities of f and g, but in any case, when
all the components of the reduction are projective lines, the first term vanishes
because all the “triple indices” appearing in the sum vanish by [BdJ12, Proposi-
tion 8.4]. Thus, the projection of the regulator on H(Γ,K) is the map obtained by
sending {f, g} to

e �→ 〈log(f), log(g)〉e .
Therefore, the following lemma completes the proof. �

Lemma 4.8. For rigid analytic functions on the annulus e we have

〈log(f), log(g)〉e = log(te(f, g)).

Proof. Suppose, after identifying e with A(r, s), that f and g are rational functions
on P1. By [Bes00, Proposition 4.10] we have

〈log(f), log(g)〉e =
∑

x∈D(r)

〈log(f), log(g)〉x .

At each point in D = D(r) we have, essentially by definition,

〈log(f), log(g)〉x = log tx(f, g) .

Thus, the result is true for rational f and g and then is true in general by the
definition of the Pál regulator and by continuity. �

We close this section with a conjecture, which is suggested by the relation
between the toric regulator with both the syntomic and the Sreekantan regulator
(but note that in this conjecture we do not need to make any assumptions about
the reduction, other than being semi-stable).

Conjecture 2. The composition

Hk+1
M (X,Z(r))0

reg−−→ H1
st(K,Hk

ét(X⊗K K̄,Qp(r)) → H1(C•′
st (H

k
ét(X⊗K K̄,Qp(r)))

factors via the Sreekantan regulator.

5. A conjectural formula for K1 of surfaces

One nice feature of the relation with the syntomic regulator developed in the
preceding section is that just as we are able to test formulas for the toric regulator
by taking their logarithms and comparing with the syntomic regulator, we can look
at formulas for the syntomic regulator and attempt to exponentiate them to get
conjectural formulas for the toric regulator. In this section we present a conjecture
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for the toric regulator for K1 of surfaces, which is suggested by the corresponding
result of the first named author in the syntomic case [Bes12]. Unfortunately, the
formula we need is the analogue of the one in [Bes12] for the semi-stable reduction
case, and it is still conjectural. As it will further take some work to introduce
the results we will not present the motivation here and describe the conjecture
without it.

We begin by recalling, for easy reference, some facts about Mumford curves,
which are well known to the experts. Let X be such a curve, given as G\H where
H is the Drinfeld upper half-plane and G is some Schottky group. Let Γ = (V,E)
be the corresponding dual graph, which is the quotient G\T, with T the tree of H.
Let l be a prime. The filtration on M = H1

ét(X ⊗ K̄,Zl(1)) takes the form of a
short exact sequence

0 → H1(Γ,Z) ⊗ Zl(1) → M → H(Γ,Z)⊗ Zl → 0 . (5.1)

We now describe the augmented monodromy map

Ñ : H(Γ,Z) → H1(Γ,K×)

Proposition 5.1. Let α ∈ H(Γ,Z). Then there exists a unique ωα ∈ Ω1(X/K) such
that for each e ∈ E we have rese(ωα) = α(e). Furthermore, on each Uv there exists
fv
α ∈ O(Uv)

× such that d log(fv
α) = ωα|Uv .

This appears in [Col00] without a clear indication of the proof (Coleman
shows the existence of ωα and mentions it is locally a d log, presumably relying on
the theory of theta functions as we will do). We show how it follows from [GvdP80]
(or [MD73]). We start by defining theta functions.

Definition 5.2 ([GvdP80, II, (2.3) and (2.3.5)]). Let γ ∈ G. The theta function uγ

is defined, up to a multiplicative constant, as follows: Pick any x ∈ H and let wγ,x

be any function on P1 whose divisor is γ(x)− x. Then

uγ :=
∏
δ∈G

δ∗wγ,x .

This function is independent of the choice of x as shown in [GvdP80, II, (2.3.4)].

One can normalize the function by normalizing w in an obvious way, but we
will not do this. The function uγ has no zeros or poles. It has a constant factor of
automorphy, meaning that

μ(δ, γ) := δ∗uγ/uγ (5.2)

is constant. As a consequence the one form ωγ := d log(uγ) is G invariant and
holomorphic, descending to a holomorphic one form on X . It is furthermore easy
to see that μ is bi-multiplicative and therefore induces a map

μ : Gab × Gab → K× .

We compute the residues of ωγ . On H it is clear that for an edge ẽ of T the
residue of d log(wγ,x) on ẽ is non-zero if and only if ẽ sits on the path between the
vertex vx, corresponding to the domain where x resides, and γ(vx), and it is ±1
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depending on its orientation compared with that of the path. Averaging on G, we
immediately get that the residue of ωγ on an edge e ∈ E(Γ) is∑

δ∈G
resδẽ d log(wγ,x) , ẽ any lift of e.

Now we recall that as the graph Γ is finite, the space H(Γ,Z) of harmonic forms
on Γ can be identified with the first homology of Γ with coefficients in Z, which
is, by definition,

H1(Γ,Z) := ker(Z[E]
d−→ Z[V ]) , d(e) = (e+)− (e−) .

Furthermore, the Hurewicz isomorphism

Hur : Gab = H1(G,Z) → H1(Γ,Z) (5.3)

can be evaluated on γ ∈ G by choosing a vertex v and pushing down the path from
v to γ(v) from T to Γ. This immediately gives

Proposition 5.3. The harmonic cocycle e �→ rese uγ is Hur(γ).

Proof of Proposition 5.1. By [GvdP80, Chapter VI (4.2) Proposition ] the func-
tions ωγ span Ω1(X). The result follows easily. �

Let α ∈ H(Γ,Z). For each e ∈ E the functions f e+

α and fe−
α of Proposition 5.1

are both defined on e and have, by assumption, the same image under the d log
map. Therefore, their quotient on e maps to 0 under d log and is therefore a
constant cα(e) ∈ K×. The map e �→ cα(e) is a cocycle on Γ with values in K× and
its image in H1(Γ,K×) is uniquely determined by α. By pairing with harmonic
cocycles we get a bilinear form

μ′ : H(Γ,Z)×H(Γ,Z) → K× .

Proposition 5.4. Identifying H(Γ,Z) with Gab via the Hurewicz isomorphism (5.3)
we have the identification μ′ = μ with the bilinear form μ defined in (5.2).

Proof. Using Proposition 5.3 what we need to prove is that for the form ω = ωγ =
d log(uλ) = d log(u), the homomorphism δ �→ δ∗u/u in H1(G,K×) represents the

same cohomology class as the map e �→ d log−1 ω|Ue+
−d log−1 ω|Ue− inH1(Γ,K×).

But both are clearly the image of ω under the boundary map in the short exact
sequence

1 → K× → O× d log−−−→ Ω → 0

either as sheaves on X or, taking global sections on H, as G-modules. �
Because μ is symmetric by [MD73, Theorem 1] we get.

Corollary 5.5. The form μ′ is symmetric.

Corollary 5.6. We have Ñ(α) = cα.

Proof. This is because μ gives the periods for the p-adic uniformization of the
Jacobian of X by [MD73]. �
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We will from now onward normalize the choice of fv
α in such a way that

cα ∈ H(Γ,K×) . (5.4)

This may require multiplying by some integer.
Suppose now we have two Mumford curves Xi, i = 1, 2, with corresponding

graphs Γi, and we consider the surface X = X1 ×X2. We want a formula for the
toric regulator

regt : H
3
M(X,Z(2)) → H3

T (X,Z(2))

given on elements of the form

Θ =
∑

(Cj , gj) , (5.5)

where Cj ⊂ X are curves and gj is a rational functions on Cj such that the divisors
of the gj cancel on X .

Let us first compute H3
T (X,Z(2)). Putting aside the uninteresting terms cor-

responding to H0 ⊗H2, the main contribution to H2
ét(X,Zl(2)) is

M = M1 ⊗M2 , Mi = H1
ét(Xi ⊗ K̄,Zl(1)) .

Taking the tensor product of the short exact sequences of the form (5.1) corre-
sponding to Mi we get on M a 3-step filtration and we may consider the interesting
quotient M ′ having the following short exact sequence,

0 →
(
H(Γ1,Z)⊗H1(Γ2,Z)⊕H(Γ2,Z)⊗H1(Γ1,Z)

)
⊗ Zl(1)

→ M ′ → H(Γ1,Z)⊗H(Γ2,Z) → 0 ,

and we may apply a projection P on one of the summands on the left to get an
extension

0 →
(
H(Γ1,Z)⊗H1(Γ2,Z)

)
⊗ Zl(1) → M ′′ → H(Γ1,Z)⊗H(Γ2,Z) → 0.

The associated augmented monodromy is

idH(Γ1,Z)⊗Ñ2 : H(Γ1,Z)⊗H(Γ2,Z) → H(Γ1,Z)⊗H1(Γ2,Z)⊗K× (5.6)

and we get a regulator

P regt : H
3
M(X,Z(2)) → PH3

T (X,Z(2)) .

We use the duality between graph cohomology and harmonic cocycles to view
the resulting intermediate Jacobian PH3

T (X,Z(2)), which is the cokernel of (5.6),
as bilinear forms H1(Γ1,Z) × H(Γ2,Z) → K× modulo those forms which are
obtained from bilinear forms H1(Γ1,Z) × H1(Γ2,Z) → Z by composing in the

second coordinate with Ñ2 : H(Γ2,Z) → H1(Γ2,Z) ⊗K× (to be precise, we need

to compose with the dual of Ñ2 but this is the same by Corollary 5.5).
To construct the required form out of the element (5.5), we are going to

further assume that for each index j, the curve Cj has semi-stable reduction, the
projections πi : Cj → Xi are finite for i = 1, 2 and that they give maps of graphs
between the corresponding dual graphs. Let α ∈ H(Γ2,Z), β ∈ H1(Γ1,Z). Identify
β with a harmonic representative (which may require again multiplying by a fixed
integer), and let (fv

α)v∈V2 be the corresponding functions as in Proposition 5.1,
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normalized as in (5.4). We pick an orientation for the edges of Γ2. Consider a
curve Cj with a rational function gj on it. The map induced by π2 on graphs
determines an orientation on the edges of ΓCj . Furthermore, we get pullbacked

function hw = π∗
2f

π2(w)
α for each w ∈ VCj . Define

reg?(Θ)(β, α)j =
∑

e∈ECj

te(gj , h
e+)β(π1(e)) ,

reg?(Θ)(β, α) =
∑
j

reg?(Θ)(β, α)j .

Note that the only place where the orientation of the graph enters is when de-

ciding on the function he+ . Let us check that this gives a well-defined element of
PH3

T (X,Z(2)), fixing a single C = Cj and g = gj . Because of the harmonicity
condition there is no ambiguity in β. Since we also imposed harmonicity in the
construction of fv

α, these function, and consequently the functions hw, are defined

up to a single multiplicative factor c. Correspondingly, the terms te(g, h
e+) will

change by te(g, c) = c− dege g by Lemma 3.6, with e �→ dege(g) = rese d log g. This
last quantity belongs to dC0(ΓC ,Z) by [BZ17, Lemma 2.1] and thus the regulator
does not change.

Now we check what happens if we change the orientation. Suppose we change
the orientation for one e ∈ E2. That changes the orientation for all edges in
e′ ∈ π−1

2 e and for each of these he′+ is replaced by he′+/Ñ2(α)(e). Thus, the

change is given by some quadratic form evaluated on β and Ñ2(α) as required.

Conjecture 3. We have P regt = reg?.

Note that this conjecture only computes (a part of) the toric regulator for
very special elements. It does cover, though, certain cases that have been studied
in connection with special values of L-functions [BDR15a, BDR15b, Sre10a] and
for this reason we find it interesting in spite of its limited scope.
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[NN16] J. Nekovář and W. Nizio�l. Syntomic cohomology and p-adic regulators for
varieties over p-adic fields. Algebra Number Theory, 10(8):1695–1790, 2016.
With appendices by Laurent Berger and Frédéric Déglise.
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Higher Displays Arising from
Filtered de Rham–Witt Complexes

Oli Gregory and Andreas Langer

Abstract. For a smooth projective scheme X over a ring R on which p is
nilpotent that meets some general assumptions we prove that the crystalline
cohomology is equipped with the structure of a higher display which is a
relative version of Fontaine’s strongly divisible lattices. Frobenius-divisibility
is induced by the Nygaard filtration on the relative de Rham–Witt complex.
For a nilpotent PD-thickening S/R we also consider the associated relative
display and can describe it explicitly by a relative version of the Nygaard
filtration on the de Rham–Witt complex associated to a lifting of X over S.
We prove that there is a crystal of relative displays if moreover the mod p
reduction of X has a smooth and versal deformation space.
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Keywords. Relative de Rham–Witt complex, higher displays, crystal of rela-
tive displays.

1. Introduction

For a ring R in which p is nilpotent, we constructed in [LZ07] an exact tensor cate-
gory of displays which contains the displays associated to p-divisible groups [Zin02]
as a full subcategory. If R = k is a perfect field, a display is a finitely generated free
W (k)-module M endowed with an injective Frobenius-linear map F : M → M .
In general, displays can be regarded as a relative version of Fontaine’s strongly
divisible lattices [Fon83]. For a smooth projective scheme X over Spec R we de-
veloped a strategy in [LZ07] to equip the crystalline cohomology Hn

cris(X/W (R))
with the structure of a display. For a precise statement see below. The following
assumptions were essential in the construction of such “geometric” displays:

There exists a compatible system of smooth liftings Xn/Wn(R) for n ∈ N of
X/R such that the following properties hold:

(A1) The cohomology groups H i(Xn,Ω
j
Xn/Wn(R)) are for each n, i and j

locally free Wn(R)-modules of finite type.
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(A2) For each n the de Rham spectral sequence degenerates at E1

Ei,j
1 = Hj(Xn,Ω

i
Xn/Wn(R)) ⇒ Hi+j(Xn,Ω

•
Xn/Wn(R))

(compare (∗) and (∗∗) in ([LZ07], p. 150) and assumptions 5.2, 5.3 in [LZ07]).
For example, these assumptions are satisfied by K3 surfaces, abelian schemes and
smooth relative complete intersections (see [LZ07], Introduction).

Let IR := VW (R) and WΩ•
X/R be the relative de Rham–Witt complex as

constructed in [LZ04]. For r ≥ 0 define the complex N rWΩ•
X/R as follows:

(WΩ0
X/R)[F ]

d−→ (WΩ1
X/R)[F ]

d−→ · · · d−→ (WΩr−1
X/R)[F ]

dV−−→ WΩr
X/R

d−→ · · ·

This is a complex of W (R)-modules where (WΩi
X/R)[F ], for i < r, is considered as

aW (R)-module via restriction of scalars alongW (R)
F−→ W (R). It was conjectured

in ([LZ07], Conj. 5.8) that the predisplay structure (Appendix, Def. A.5) on P0 :=
Hn

cris(X/W (R)), defined by the data Pr := Hn(X,N rWΩ•
X/R) and maps α̂r :

IR ⊗ Pr → Pr+1, ι̂r : Pr+1 → Pr and F̂r : Pr → P0 induced by the corresponding
maps of complexes α̂r : IR ⊗ N rWΩ•

X/R → N r+1WΩ•
X/R, ι̂r : N r+1WΩ•

X/R →
N rWΩ•

X/R and F̂r : N rWΩ•
X/R → WΩ•

X/R given in ([LZ07], (5)) and the diagram

below and in the same order between the vertically written complexes

IS ⊗ (WΩ0
X/R)[F ] (WΩ0

X/R)[F ] (WΩ0
X/R)[F ] WΩ0

X/R

· · · · · · · · · · · ·

IS ⊗ (WΩr−1
X/R)[F ] (WΩr−1

X/R)[F ] (WΩr−1
X/R)[F ] WΩr−1

X/R

IS ⊗WΩr
X/R (WΩr

X/R)[F ] WΩr
X/R WΩr

X/R

IS ⊗WΩr+1
X/R WΩr+1

X/R WΩr+1
X/R WΩr+1

X/R

IS ⊗WΩr+2
X/R WΩr+2

X/R WΩr+2
X/R WΩr+2

X/R

· · · · · · · · · · · ·

p id

p id

F̃ V F

mult id pF

mult id p2F

id ⊗ d d d d

id ⊗ d d d d

id ⊗ dV d dV d

id ⊗ d dV d d

id ⊗ d d d d

id ⊗ d d d d

define a display structure on P0 (Appendix, Def. A.7). (Note that in the definition

of α̂r, F̃ (V ξ ⊗ ω) := ξFω.)
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In this note we prove this conjecture under the assumption r ≤ n < p, which
is a standard hypothesis in integral p-adic Hodge theory, and prove the following:

Theorem 1.1.

(a) Let R be a local ring in which p is nilpotent, and let X be a smooth projective
scheme over Spec R. Assume that there exists a compatible system of liftings
Xn/Spec Wn(R) satisfying (A1) and (A2). Then the data (Pr, ι̂r, α̂r, F̂r) form
a display structure PR on Hn

cris(X/W (R)) for r ≤ n < p.

(b) Assume that there exists in addition a frame A → R and a smooth projec-
tive pA-adic lifting Y/Spf A of X such that the Yn := Y ×Spf A Spf A/pn

satisfy the analogous assumptions (A1) and (A2). Then the display structure
on Hn

cris(X/W (R)) obtained by base change from the window structure on
Hn

cris(X/A) (compare [LZ07] Theorem 5.5 and Corollary 5.6) is isomorphic
to PR.

Remark. Theorem 1.1(a) was shown for reduced rings R in ([LZ07], Theorem 5.7).

In our second main result we derive a relative version of Theorem 1.1 on
relative displays using a modified version of the complexes N rWΩ•

X/R. For this,

let S → R be a homomorphism of rings in which p is nilpotent and such that
the kernel a is equipped with nilpotent divided powers. In [LZ19] and [Gre17]
we considered the Witt frames WS , WS/R, WR (Appendix, Def. A.3, A.4) and

the canonical homomorphisms of frames WS
u−→ WS/R and WS/R → WR. Let

X/Spec R be as before and let XS be a smooth projective lifting of X over Spec S,
admitting liftings (XS)n over Spec Wn(S) that satisfy the assumptions (A1) and
(A2). Let ã be the logarithmic Teichmüller ideal in W (S), as defined in ([Zin02],
1.4 and Appendix, Def. A.4). Then J := ã⊕VW (S) is the kernel of the composite
map W (S) → S → R and is again equipped with a PD-structure (see [Zin02],
2.3). Define the complex N r

rel/RWΩ•
XS/S as follows:

(WOXS )[F ] ⊕ ãrWOXS

d⊕d−−→ (WΩ1
XS/S)[F ] ⊕ ãr−1WΩ1

XS/S
d⊕d−−→ · · ·

· · · d⊕d−−→ (WΩr−1
XS/S)[F ] ⊕ ãWΩr−1

XS/S

dV+d−−−−→ WΩr
XS/S

d−→ · · ·

The maps α̂r, ι̂r, F̂r on N rWΩ•
XS/S that define the predisplay structure on

Hn
cris(X/W (S)) = Hn

cris(XS/W (S)) can easily be extended to maps on the com-

plexes N r
rel/RWΩ•

XS/S , where multiplication by p on WΩj
XS/S is replaced by the

map

π : WΩj
XS/S ⊕ ãr−jWΩj

XS/S → WΩj
XS/S ⊕ ãr−j−1WΩj

XS/S

which is multiplication by p on WΩj
XS/S and the inclusion on the other summand.

The divided Frobenius F̂r is defined on the subcomplex N rWΩ•
XS/S as before and

on ãr−jWΩj
XS/S it is defined to be the zero map. In analogy to ([LZ07], (5)) we



124 O. Gregory and A. Langer

get induced maps of complexes

α̂r : J ⊗N r
rel/RWΩ•

XS/S → N r+1
rel/RWΩ•

XS/S

ι̂r : N r+1
rel/RWΩ•

XS/S → N r
rel/RWΩ•

XS/S

F̂r : N r
rel/RWΩ•

XS/S → WΩ•
XS/S .

It is then easy to see that the above data form a predisplay PS/R on the hyper-
cohomology of these complexes over the relative Witt frame WS/R (see ([LZ19],
Def. 2 and Appendix, Def. A.5). Then one has:

Theorem 1.2.

(a) Let PS be the display over S constructed in Theorem 1.1(a). Then the as-

sociated display u∗PS under the homomorphism of frames WS
u−→ WS/R is

isomorphic to PS/R. In particular, the predisplay PS/R is a display over WS/R

in the sense of ([LZ19], Def. 3 and Appendix, Def. A.7).
(b) Assume that R is artinian local with perfect residue field k. Assume that

X0 := X ×R k has a smooth versal formal deformation space and that the
assumptions (32) and (33) of [LZ19] (analogous to (A1) and (A2)) are satis-
fied. Then the display PS/R only depends – up to isomorphism – on X, not on
the lifting XS. The collection (PS/R)S→R where S → R are PD-morphisms
defines a crystal of relative displays.

Remark. Relative displays were first considered by Zink [Zin02] and Lau [Lau14]
in their classification of p-divisible groups. Zink associated to a formal p-divisible
group G and a nilpotent PD-thickening S → R a relative display DS/R(G) (which
he calls a triple in [Zin02]) which is – up to isomorphism – the unique relative dis-
play lifting the display associated to G over R to S. Using Dieudonné displays, i.e.,
displays defined over the small Witt ring [Zin01], Zink extended the classification
to all p-divisible groups over an artinian local ring with perfect residue field, see
also [Lau14] and [Mes07]. Over slightly more general rings, called admissible rings,
Lau [Lau14] constructed a unique functor from p-divisible groups to crystals of
relative displays. The relative display is obtained by base change from a window
structure associated to the universal p-divisible group over the deformation ring.
The proof of Theorem 1.2(b) was inspired by this construction.

We assume that the reader is familiar with the basic definitions and prop-
erties of the relative de Rham–Witt complex [LZ04] including the comparison to
crystalline cohomology and the explicit description of the de Rham–Witt complex
of a polynomial algebra. In an appendix we recall the basic definitions of the theory
of higher displays including frames, windows and relative displays.
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2. Proof of the theorems

Theorem 1.1(a) is a consequence of the following result which was conjectured
in ([LZ07], Conj. 4.1) and was recently proved by the second named author in
([Lan18], Thm. 0.2) under the assumption r < p:

Theorem 2.1. Let R be a ring on which p is nilpotent and let X/ SpecR be
smooth projective, and Xn/ SpecWn(R) a compatible system of smooth liftings. Let
FrΩ•

Xn/Wn(R) be the following complex:

IR ⊗OXn

pd−→ IR ⊗ Ω1
Xn/Wn(R)

pd−→ · · · pd−→ IR ⊗ Ωr−1
Xn/Wn(R)

d−→ Ωr
Xn/Wn(R)

d−→ · · ·

where IR := VWn−1(R), and let N rWnΩ
•
X/R be the Nygaard complex, given as

(Wn−1Ω
0
X/R)[F ]

d−→ (Wn−1Ω
1
X/R)[F ]

d−→ · · · d−→ (Wn−1Ω
r−1
X/R)[F ]

dV−−→ WnΩ
r
X/R

d−→ · · ·

Then FrΩ•
Xn/Wn(R) and N rWnΩ

•
X/R are isomorphic in the derived category of

Wn(R)-modules for r < p.

2.1. Proof of Theorem 1.1(a)

Under the assumptions (A1) and (A2) it follows from [LZ07] Propositions 3.2
and the projection formula Proposition 3.1 that one has a degenerating spectral
sequence Ei,j

1 ⇒ Hi+j(Xn,FrΩ•
Xn/Wn(R)) where

Ei,j
1 =

{
IR ⊗Hj(Xn,Ω

i
Xn/Wn(R)) for i < r

Hj(Xn,Ω
i
Xn/Wn(R)) for i ≥ r

It follows from the proof of Theorem 2.1 ([Lan18], Theorem 0.2) that the isomor-
phisms FrΩ•

Xn/Wn(R)
∼= N rWnΩ

•
X/R are compatible for varying n and yield an

isomorphism FrΩ•
X•/W•(R)

∼= N rW•Ω
•
X/R of procomplexes in Dpro,Zar(X). This

induces an isomorphism resp. a decomposition

Pr = Hn(X,FrΩ•
X•/W•(R))

∼= IRL0 ⊕ IRL1 ⊕ · · · ⊕ IRLr−1 ⊕ Lr ⊕ · · · ⊕ Ln

where Li := Hn−i(X,Ωi
X•/W•(R)). Since the divided Frobenius F̂r is defined on

Hn(X,FrΩ•
X•/W•(R)) via Theorem 2.1, we can define Φr : Lr → P0 by Φr := F̂r|Lr .

To show that (Pr, F̂r, ι̂r, α̂r) defines a display on Hn
cris(X/W (R)) is equivalent

to the condition that
n⊕

i=0

Φi :
n⊕

i=0

Li →
n⊕

i=0

Li

is a σ-linear isomorphism, or equivalently that det(⊕n
i=0Φi) ∈ W (R)×. This is

reduced by base change to the case that R = k is a perfect field in the same way
as in the proof of ([LZ07] Thm. 5.5), and then follows from ([Fon83], p. 91) and
([Kat87], Prop. 2.5).
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2.2. Proof of Theorem 1.2(a)

We are going to explicitly construct displays over the relative Witt frames. For
this, let S → R be a homomorphism of rings in which p is nilpotent and such that
the kernel a is equipped with divided powers. Then the kernel of W (S) → R is
ã ⊕ IS where IS := VW (S) and ã is the logarithmic Teichmüller ideal. Then we
consider the relative Witt frame WS/R as defined in [LZ19].

We first prove a relative version of Theorem 2.1:

Theorem 2.2. Let XS/ SpecS be a smooth projective lifting of X/ SpecR and
assume that XS admits a compatible system of smooth liftings (XS)n over
SpecWn(S). Set IS := VWn−1(S). Let Filrrel/RΩ

•
(XS)n/Wn(S) be the following com-

plex:

ISO(XS)n⊕ãrO(XS)n

pd⊕d−−−→ ISΩ
1
(XS)n/Wn(S) ⊕ ãr−1Ω1

(XS)n/Wn(S)

pd⊕d−−−→ · · ·

· · · pd⊕d−−−→ ISΩ
r−1
(XS)n/Wn(S) ⊕ ãΩr−1

(XS)n/Wn(S)

d+d−−→ Ωr
(XS)n/Wn(S)

d−→ · · ·
and let N r

rel/RWnΩ
•
XS/S be the following complex:

(Wn−1OXS )[F ]⊕ãrWnOXS

d⊕d−−→ (Wn−1Ω
1
XS/S)[F ] ⊕ ãr−1WnΩ

1
XS/S

d⊕d−−→ · · ·

· · · d⊕d−−→ (Wn−1Ω
r−1
XS/S)[F ] ⊕ ãWnΩ

r−1
XS/S

dV+d−−−−→ WnΩ
r
XS/S

d−→ · · ·
Then for r < p the complexes Filrrel/RΩ

•
(XS)n/Wn(S) and N r

rel/RWnΩ
•
XS/S are

quasi-isomorphic.

Proof. First notice that we may write Filrrel/RΩ
•
(XS)n/Wn(S) and N r

rel/RWnΩ
•
XS/S

as the mapping cones of certain morphisms of complexes:

Filrrel/RΩ
•
(XS)n/Wn(S) = Cone(ã(r)Ω<r

(XS)n/Wn(S)[−1]
f−→ FrΩ•

(XS)n/Wn(S))

and
N r

rel/RWnΩ
•
XS/S = Cone(ã(r)WnΩ

<r
XS/S [−1]

g−→ N rWnΩ
•
XS/S)

where ã(r)Ω<r
(XS)n/Wn(S) and ã(r)WnΩ

<r
XS/S are the truncated complexes of the

complexes ã(r)Ω•
(XS)n/Wn(S)

ãrO(XS)n
−d−−→ ãr−1Ω1

(XS)n/Wn(S)

−d−−→ · · · −d−−→ ãΩr−1
(XS)n/Wn(S)

−d−−→ ãΩr
(XS)n/Wn(S)

−d−−→ · · ·

and ã(r)WnΩ
•
XS/S

ãrWnOXS

−d−−→ ãr−1WnΩ
1
XS/S

−d−−→ · · · −d−−→ ãWnΩ
r−1
XS/S

−d−−→ ãWnΩ
r
XS/S

−d−−→ · · ·
respectively. The morphisms f and g are respectively given by

0 ãrO · · · ã2Ωr−2 ãΩr−1 0 · · ·

ISO ISΩ
1 · · · ISΩ

r−1 Ωr Ωr+1 · · ·

0 0 d

−d −d −d

pd pd pd d d d

(2.3)
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and

0 ãrWnO · · · ã2WnΩ
r−2 ãWnΩ

r−1 0 · · ·

(Wn−1O)[F ] (Wn−1Ω
1)[F ] · · · (Wn−1Ω

r−1)[F ] WnΩ
r WnΩ

r+1 · · ·

0 0 d

−d −d −d

d d d dV d d

(2.4)
(we briefly omitted the subscripts for typographical reasons). We will construct a
morphism of distinguished triangles in the derived category

ã(r)Ω<r
(XS)n/Wn(S)[−1] FrΩ•

(XS)n/Wn(S) Filrrel/RΩ
•
(XS)n/Wn(S)

ã(r)WnΩ
<r
XS/S [−1] N rWnΩ

•
XS/S N r

rel/RWnΩ
•
XS/S

f +1

g +1

(2.5)
where the middle vertical arrow is the quasi-isomorphism of Theorem 2.1 and the
left vertical map is defined as follows:

Assume first that there exists a closed embedding (XS)n
i−→ Zn into a projec-

tive smoothWn(S)-scheme which is a Witt lift of Zn×Spec Wn(S)Spec S = ZS in the
sense of [LZ04] Definition 3.3. Such a Witt lift always exists locally ([LZ04] Prop.
3.2 and remarks after Def. 3.3) and induces maps OZn → Wn(OZS ) → Wn(OXS ).
Let ODn be the PD-envelope of i and let I[r] be the divided power ideal with
I = ker(OZn → O(XS)n). The comparison with crystalline cohomology yields a
chain of quasi-isomorphisms [BO78] Theorem 7.1 and [LZ04] Theorem 3.5

Ω•
(XS)n/Wn(S)

∼=←− Ω•
Dn/Wn(S)

∼=−→ WnΩ
•
XS/S . (2.6)

We construct a complex ã(r)Ω<r
Dn/Wn(S) together with a diagram of maps

ã(r)Ω<r
(XS)n/Wn(S) ← ã(r)Ω<r

Dn/Wn(S) → ã(r)WnΩ
<r
XS/S . (2.7)

The argument is very similar to the proof of [Lan18] Theorem 0.2. Consider dia-
gram 2.8 for r < p (on top of page 128).

The complex I[s] → I[s−1]Ω1
Dn

→ · · · → Ωs
Dn

→ Ωs+1
Dn

is exact in degrees

< s and quasi-isomorphic to Ω≥s
(XS)n/Wn(S)[−s] by [BO78] Theorem 7.2. Since all

I[l]Ωk
Dn

are – locally – free O(XS)n -modules by [BO78] Prop. 3.32, the complexes

I[s−•]Ω•
Dn

remain exact in degrees < s after ⊗Wn(S)S and ⊗Wn(S)R; they coin-
cide then with the corresponding complexes for the embeddings XS → ZS , resp
X → ZS ×Spec S Spec R, since ã is a direct summand of ker(Wn(S) → R) the
lower horizontal sequence in (2.8) is exact in degrees < r and quasi-isomorphic to

ãΩ≥r−1
(XS)n/Wn(S)[−(r− 1)]. By an easy induction argument (replace R by S/al) one
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(2.8)ãrODn

ãr−1I ãr−1Ω1
Dn

...
...

. . .

ã2I[r−2]ODn ã2I[r−3]Ω1
Dn

· · · ã2Ωr−2
Dn

ãI[r−1]ODn ãI[r−2]Ω1
Dn

· · · · · · ãΩr−1
Dn

ãΩr
Dn

· · ·

−d

−d

−d

−d

−d

−d −d −d

−d −d −d −d −d

sees that the other horizontal sequences in (2.8) are – up to the diagonal term – ex-
act as well. The degree wise sum of the two lower sequences is quasi-isomorphic to(

ã2Ωr−2
(XS)n/Wn(S)

−d−−→ ãΩr−1
(XS)n/Wn(S)

−d−−→ ãΩr
(XS)n/Wn(S)

−d−−→ · · ·
)
[−(r − 2)] .

Finally, the degree wise sum of all horizontal sequences yields a complex denoted
by ã(r)Ω•

Dn/Wn(S) which is quasi-isomorphic to ã(r)Ω•
(XS)n/Wn(S). From the above

we conclude that the complex ãFilrΩ•
Dn

ãJ [r]ODn

−d−−→ ãJ [r−1]Ω1
Dn

−d−−→ · · · −d−−→ ãΩr
Dn

−d−−→ ãΩr+1
Dn

−d−−→ · · ·
is quasi-isomorphic to

(ãΩr
(XS)n/Wn(S)

−d−−→ ãΩr+1
(XS)n/Wn(S)

−d−−→ ãΩr+2
(XS)n/Wn(S)

−d−−→ · · · )[−r] .

The natural embedding of ãFilrΩ•
Dn

into the lower horizontal complex in diagram
(2.8) defines an injective map

ãFilrΩ•
Dn

→ ã(r)Ω•
Dn/Wn(S) .

We denote the mapping cone of this map by ã(r)Ω<r
Dn/Wn(S). The notation is jus-

tified because the complex vanishes in degrees ≥ r. We see that ã(r)Ω<r
Dn/Wn(S) is

quasi-isomorphic to ã(r)Ω<r
(XS)n/Wn(S).

Note that under the canonical map ODn → Wn(OXS ) the image of I is
contained in VWn−1(OXS ) and hence the image of a ·I is zero in Wn(OXS ). Hence
the map ODn → Wn(OXS ), compatible with Frobenius, induces a well-defined
map

ã(r)Ω•
Dn/Wn(S) → ã(r)WnΩ

•
XS/S .

If one has two embeddings (XS)n
i−→ Zn, (XS)n

i′−→ Z ′
n into Witt lifts then by

considering the product embedding (XS)n
(i,i′)−−−→ Zn × Z ′

n we get a well-defined
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map in the derived category

ã(r)Ω•
(XS)n/Wn(S) → ã(r)WnΩ

•
XS/S

which induces a map

ã(r)Ω<r
(XS)n/Wn(S) → ã(r)WnΩ

<r
XS/S

on the truncated complexes. This defines (2.7).
To show that it is a quasi-isomorphism is a Zariski-local question on XS ,

so it suffices to check the case where XS = Spec B is affine and B is étale over
a polynomial algebra A := S[T1, . . . , Td]. Set An := Wn(S)[T1, . . . , Td] and let
φn : An → An−1 be the map extending F : Wn(S) → Wn−1(S) given by setting
φn(Ti) = T p

i , and let δn : An → Wn(A) be the unique Wn(S)-algebra homo-
morphism which sends each Ti to its Teichmüller representative. Then the data
(An, φn, δn) is a Frobenius lift of A to W (S) (see §3 of [LZ04]). Since A → B is
étale, there exists a unique set of liftings Bn of B which are each étale over An,
and homomorphisms ψn : Bn → Bn−1, εn : Bn → Wn(B) which are compatible
with φn, δn. The morphism ã(r)Ω•

Bn/Wn(S) → ã(r)WnΩ
•
B/S is the one induced by

the εn.
First let us treat the special case that B = A = S[T1, . . . , Td]; the quasi-

isomorphism is easy to establish because in this case the de Rham–Witt complex
has a rather explicit description (originally due to Illusie in the case of a perfect
field, and by §2 of [LZ04] in our generality). Indeed, the de Rham–Witt complex
decomposes into a direct sum of an integral part and an acyclic fractional part
([LZ04], (3.9)) and the fractional part is contained in the image of V resp. dV .
We must check that the fractional part is still acyclic after multiplying by the
logarithmic Teichmüller ideal ã. But multiplying anything in the image of V by
an element a means applying Frobenius to a, and Frobenius kills ã by [Zin02]
Lemma 38, so we conclude that the fractional part of the de Rham–Witt complex
is annihilated by ã.

Now we return to the general case where XS = Spec B for B étale over
A = S[T1, . . . , Td]. Choose an integer m such that pmWn(S) = 0 and set φm :=
φm+n ◦ · · · ◦φn+1 : Am+n → An. Then for each l we have an isomorphism (see the
proof of [LZ04] Theorem 3.5)

Ωl
Bn/Wn(S)

∼= Bn ⊗An Ωl
An/Wn(S)

∼= Bm+n ⊗Am+n,φm Ωl
An/Wn(S)

and, likewise, for each j, l an isomorphism

ãjΩl
Bn/Wn(S)

∼= Bn ⊗An ãjΩl
An/Wn(S)

∼= Bm+n ⊗Am+n,φm ãjΩl
An/Wn(S)

and this gives an isomorphism of complexes

ã(r)Ω•
Bn/Wn(S)

∼= Bm+n ⊗Am+n,φm ã(r)Ω•
An/Wn(S)

if we give the right-hand side the differential 1⊗−d.
Let

WnΩ
•
A/S = WnΩ

int,•
A/S ⊕WnΩ

frac,•
A/S
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be the decomposition into integral and fractional parts, as mentioned above. Note
that this is a direct sum decomposition of complexes of Am+n-modules via restric-

tion of scalars Am+n
φm

−−→ An. Then using the following facts proven in [LZ04]
Theorem 3.5 and Proposition 1.7

1. base change of WnΩ
• for étale maps

2. WnΩ
•
B/S

∼= Bm+n ⊗Am+n,φm WnΩ
•
A/S

we have

WnΩ
•
B/S = (Bm+n ⊗Am+n WnΩ

int,•
A/S )⊕ (Bm+n ⊗Am+n WnΩ

frac,•
A/S )

=: WnΩ
int,•
B/S ⊕WnΩ

frac,•
B/S .

Since WnΩ
frac,•
A/S is acyclic and Bm+n is a flat Am+n-module, WnΩ

frac,•
B/S is acyclic

too.
Then we define complexes ã(r)WnΩ

•
B/S , ã

(r)WnΩ
int,•
B/S and ã(r)WnΩ

frac,•
B/S in

exactly the same manner as at the beginning of the proof. Evidently we get a
direct sum decomposition

ã(r)WnΩ
•
B/S = ã(r)WnΩ

int,•
B/S ⊕ ã(r)WnΩ

frac,•
B/S .

Since WnΩ
int,•
A/S

∼= Ω•
An/Wn(S), we get an isomorphism

ã(r)WnΩ
int,•
B/S

∼= Bm+n ⊗Am+n,φm ã(r)WnΩ
int,•
A/S

∼= Bm+n ⊗Am+n,φm ã(r)Ω•
An/Wn(S)

∼= ã(r)Ω•
Bn/Wn(S) .

Since ã annihilates the fractional part WnΩ
•
A/S as observed above, we get that

ã(r)WnΩ
frac,•
B/S vanishes. Hence we obtain an isomorphism

ã(r)WnΩ
•
B/S

∼= ã(r)Ω•
Bn/Wn(S)

and likewise for the truncated complexes

ã(r)WnΩ
<r
B/S

∼= ã(r)Ω<r
Bn/Wn(S)

as desired. Since the construction of this isomorphism using PD-envelopes of em-
beddings into Witt lifts is compatible with the construction of the comparison
map

FrΩ•
(XS)n/Wn(S) → N rWnΩ

•
X/S

([Lan18], Theorem 0.2) the diagram (2.5) commutes on the left.
Let FilrΩ•

Dn/Wn(S) be the complex constructed in the proof of [Lan18, The-

orem 0.2] (see page 1868). Analogously to the map

f : ã(r)Ω<r
(XS)n/Wn(S)[−1] → FrΩ•

(XS)n/Wn(S)

in (2.3), one can define a canonical map

f̃ : ã(r)Ω<r
Dn/Wn(S)[−1] → FilrΩ•

Dn/Wn(S)

which is the zero map in degrees = r and equal to d in degree r.
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Let Filrrel/RΩ
•
Dn/Wn(S) be the mapping cone of f̃ . One obtains a commutative

diagram of complexes

ã(r)Ω<r
(XS)n/Wn(S)[−1] FrΩ•

(XS)n/Wn(S) Filrrel/RΩ
•
(XS)n/Wn(S) · · ·

ã(r)Ω<r
Dn/Wn(S)[−1] FilrΩ•

Dn/Wn(S) Filrrel/RΩ
•
Dn/Wn(S) · · ·

ã(r)WnΩ
<r
XS/S [−1] N rWnΩ

•
XS/S N r

rel/RWnΩ
•
XS/S · · ·

f +1

f̃ +1

g +1

(2.9)
where the right vertical arrows are canonical maps induced on the level of mapping
cones by the commutative diagrams of complexes on the left. Since the vertical
arrows on the left and in the middle of the diagram are quasi-isomorphisms by con-
struction, the vertical arrows on the right-hand side are also quasi-isomorphisms.
This proves that (2.5) is a morphism of distinguished triangles in the derived
category where all vertical arrows are isomorphisms.

In the absence of a global embedding into a Witt lift one proceeds by simpli-
cial methods as in the proof of [Lan18] Theorem 0.2, [LZ04] §3.2 and [Ill79] II.1. to
obtain Theorem 2.2. For the convenience of the reader we recall the argument. Let
(XS)n(i), i ∈ I be a covering of (XS)n inducing a coveringXS(i) of XS and an em-
bedding (XS)n(i) → (ZS)n(i) which is a Witt lift of ZS(i) := (ZS)n(i)×Wn(S) S.
We set

(XS)n(i1, . . . , ir) = (XS)n(i1) ∩ · · · ∩ (XS)n(ir)

(and likewise for XS itself) and

(ZS)n(i1, . . . , ir) = (ZS)n(i1)×Wn(S) · · · ×Wn(S) (ZS)n(ir) .

We denote by Dn(i1, . . . , ir) the PD-envelope of the canonical morphism

(XS)n(i1, . . . , ir) → (ZS)n(i1, . . . , ir).

One gets simplicial schemes X•
S → (XS)

•
n → D•

n → (ZS)
•
n and an isomorphism in

the derived category of simplicial complexes of sheaves on X•
S

Filrrel/RΩ
•
(XS)•n

→ N r
rel/RWnΩ

•
X•

S/S .

Let X•
S

θ−→ XS be the natural augmentation. By applying Rθ∗ we get by cohomo-
logical descent in the Zariski topology the desired isomorphism in Theorem 2.2. �

We now prove Theorem 1.2(a). As in Theorem 2.1, the isomorphisms between
the complexes in Theorem 2.2 are compatible for varying n. One first assumes the
existence of a compatible system of embeddings into Witt lifts; in the general case
one uses again simplicial methods as outlined in [Lan18] to obtain an isomorphism
of procomplexes Filrrel/RΩ

•
(XS)•/W•(S)

∼= N r
rel/RW•Ω

•
XS/S . Let

(PS/R)r = Hn(XS ,N r
rel/RW•Ω

•
XS/S) = Hn(XS ,Filrrel/RΩ

•
(XS)•/W•(S)) .
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Using the same argument as in the proof of Theorem 1.1(a), we see that the E1-
spectral sequence associated to the complex Filrrel/RΩ

•
(XS)•/W•(S) degenerates.

This implies a decomposition

(PS/R)r = JrL0 ⊕ Jr−1L1 ⊕ · · · ⊕ JLr−1 ⊕ Lr ⊕ · · · ⊕ Ln

where Li = Hn−i((XS)•,Ω
i
(XS)•/W•(S)) and Ji = ãi ⊕ IS (compare the construc-

tion of standard displays over the relative Witt frame WS/R in [LZ19] and Appen-
dix, Def. A.6).

The maps F̂r : (PS/R)r → (PS/R)0 = Hn
cris(X/W (S)) induce maps Φr : Lr →

(PS)0 by Φr = F̂r|Lr. To show that ((PS/R)r, F̂r, ι̂r, α̂r) defines a relative display
on Hn

cris(X/W (S)) is equivalent to the condition that
n⊕

i=0

Φi : L0 ⊕ · · · ⊕ Ln → (PS)0

is a σ-linear isomorphism. The argument is the same as in the proof of Theorem
1.1(a). On the level of standard displays (i.e., displays given by standard data), the
relative display associated to the display PS is given by the inclusions (Appendix,
Remark A.8)

ISL0 ⊕ · · · ⊕ ISLr−1 ⊕ Lr ⊕ · · · ⊕ Ln ↪→ JrL0 ⊕ · · · ⊕ JLr−1 ⊕ Lr ⊕ · · · ⊕ Ln .

Since the chain of quasi-isomorphisms between FrΩ•
(XS)n/Wn(S) and N rWnΩ

•
XS/S

and between Filrrel/RΩ
•
(XS)n/Wn(S) and N r

rel/RWnΩ
•
XS/S are compatible under the

inclusion maps (see the commutative diagram (2.5))

FrΩ•
(XS)n/Wn(S) ↪→ Filrrel/RΩ

•
(XS)n/Wn(S)

and

N rWnΩ
•
XS/S ↪→ N r

rel/RWnΩ
•
XS/S

we conclude that u∗PS = PS/R. This proves Theorem 1.2(a).

2.3. Proof of Theorem 1.1(b)

Let A → R be a frame for R such that the kernel a is equipped with divided
powers, by definition A is equipped with a lifting σ : A → A of the Frobenius
A/pA → A/pA. We consider the Cartier map A → W (A) into the Witt ring
([Ill79], 0.1.3.16). Then A → R factors through

A → W (A) → W (R) → R .

The kernel J of W (A) → R is ã ⊕ VW (A) = ã ⊕ IA, where ã is the logarithmic
Teichmüller ideal, equipped again with divided powers. We then get a second frame
(W (A),J , σ, σ̇) for R, where σ is the Frobenius on W (A) and σ̇ : J → W (A),
a + V ξ �→ ξ. This is the definition of the relative Witt frame WA/R (Appendix,
Def. A.4).

Assuming the existence of liftings Y/Spf A of X that satisfy (A1) and (A2),

we get by base change liftings Ỹ/Spf W (A) that also satisfy (A1) and (A2). It
is therefore enough to show Theorem 1.1(b) by working with the relative Witt
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frame WA/R and the lifting Ỹ. Then a window over W (A) ([LZ07], Def. 5.1 and
Appendix, Def. A.2) is the same as a display PA/R over the relative Witt frame

WA/R. We denote now by PA/R the display associated to the lifting Ỹ that exists

by ([LZ07], Thm. 5.5). Let Ym,s := Ỹ ×W (A) Ws(A/p
m). Then

(PA/R)r = lim←−
s,m

Hn
cris(X,J [r]

X/Ws(A/pm))

is equipped with a divided Frobenius Fr = F
pr where F is the Frobenius on crys-

talline cohomology. Assume A → R factors through A/pm → R. By ([BO78], Thm.
7.2) the groups

Hn
cris(X,J [r]

X/W (A/pm)) = lim←−
s

Hn
cris(X,J [r]

X/Ws(A/pm))

are the hypercohomology groups of the procomplexes Fil[r]Ω•
Y•,m/W•(A/pm) defined

as follows:

(ã[r]m ⊕ pr−1IA/pm)Ω0
Y•,m/W•(A/pm)

d−→ (ã[r−1]
m ⊕ pr−2IA/pm)Ω1

Y•,m/W•(A/pm)
d−→ · · ·

· · · d−→ (ãm ⊕ IA/pm)Ωr−1
Y•,m/W•(A/pm)

d−→ Ωr
Y•,m/W•(A/pm)

d−→ · · ·

where ãm is the logarithmic Teichmüller ideal associated to am := ker(A/pm → R)
and IA/pm := VW (A/pm), and we have used that ãm · IA/pm = 0 and for the ideal

Jm = ker(W (A/pm) → R) we have J [s]
m = ã

[s]
m ⊕ ps−1IA/pm .

As A and W (A) are p-torsion free, multiplication by p on W (A) and the
pro-group W•(A/p

•) is injective, hence the procomplexes Fil[r]Ω•
Y•,•/W•(A/p•) and

Fil
[r]
rel/RΩ

•
Y•,•/W•(A/p•), defined as

(ã
[r]
• ⊕ IA/p•)Ω0

Y•,•/W•(A/p•)
d⊕pd−−−→ (ã

[r−1]
• ⊕ IA/p•)Ω1

Y•,•/W•(A/p•)
d⊕pd−−−→ · · ·

· · · d⊕pd−−−→ (ã• ⊕ IA/p•)Ωr−1
Y•,•/W•(A/p•)

d−→ Ωr
Y•,•/W•(A/p•)

d−→ · · ·

are isomorphic. By Theorem 2.2, the procomplexes Fil
[r]
rel/RΩ

•
Y•,•/W•(A/p•) and

N r
rel/RW•Ω

•
Y•/(A/p•), defined as

ãr•W•OY• ⊕ (W•OY•)[F ]
d⊕d−−→ ãr−1

• W•Ω
1
Y•/(A/p•) ⊕ (W•Ω

1
Y•/(A/p•))[F ]

d⊕d−−→ · · ·

· · · d⊕d−−→ ã•W•Ω
r−1
Y•/(A/p•) ⊕ (W•Ω

r−1
Y•/(A/p•))[F ]

d+dV−−−−→ W•Ω
r
Y•/(A/p•)

d−→ · · ·

are quasi-isomorphic. This implies that

(PA/R)r = Hn(Y•,N r
rel/RW•Ω

•
Y•/(A/p•))

and the divided Frobenius on (PA/R)r is induced by the divided Frobenius on
N r

rel/RW•Ω
•
Y•/(A/p•). It is unique because A and W (A) are p-torsion free.

The morphism of frames WA/R
ε−→ WR induces a base change ε∗ on displays.

Let X̃ := Ỹ ×Spf W (A) Spec W (R) be the induced lifting of X over W (R). The
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standard display defined on L̃0 ⊕ · · · ⊕ L̃n with

L̃i = Hn−i(Ỹ,Ωi
Ỹ/Spf W (A)

)

is transformed into the standard display on L0 ⊕ · · · ⊕ Ln with

Li = L̃i ⊗W (A) W (R) = Hn−i(X̃,Ωi
X̃/W (R)

) .

Note that under the composite map κ : A → W (A) → W (R), κ(a) ∈ IR for a ∈ a,
hence the image of ã⊕ IA in W (R) is IR.

We have canonical reduction maps

Fil
[r]
rel/RΩ

•
Y•,•/W•(A/p•) → FrΩ•

X̃/W•(R)

and

N r
rel/RW•Ω

•
Y•/(A/p•) → N rW•Ω

•
X/R .

Under the base change of displays ε∗PA/R is a display over R with (ε∗PA/R)r
given by the hypercohomology of FrΩ•

X̃/W (R)
. Since the quasi-isomorphisms be-

tween Fil
[r]
rel/RΩ

•
Y•,•/W•(A/p•) and N r

rel/RW•Ω
•
Y•/(A/p•) and between FrΩ•

X̃/W (R)

and N rW•Ω
•
X/R are compatible under the canonical reduction maps, we see that

the divided Frobenius Fr on (ε∗PA/R)r obtained by base change coincides with
the divided Frobenius on the Nygaard complexes N rW•Ω

•
X/R. This finishes the

proof of Theorem 1.1(b).

2.4. Proof of Theorem 1.2(b)

As in the theorem, we assume that R is an artinian localW (k)-algebra with residue
field k, and that the special fibre X0 is a smooth projective variety with smooth
versal deformation space S. Write X/S for the versal family. Then S ∼= Spf A,
where A = W (k)�t1, . . . , th� is a formal power series algebra over W (k).

Suppose now that XS is a deformation of X/R over a PD-thickening S � R
and let us write PS(XS) for the WS-display structure on Hn

cris(X/W (S)). Write
u : WS → WS/R for the frame homomorphism. Then we must prove that the
relative display PS/R = u∗PS does not depend on the lifting XS . That is to say,
given another deformation X ′

S of X over S with associated display PS(X
′
S), the

relative displays PS/R(XS) := u∗PS(XS) and PS/R(X
′
S) := u∗PS(X

′
S) coincide.

By the versality ofS, the deformationsXS and X ′
S are induced by twoW (k)-

algebra homomorphisms A
x

⇒
y

S. Let Atriv = (A, 0, A, σ, σ/p) be the trivial frame

for A and write Ptriv
A for the Atriv-window structure on the versal family (given

by [LZ07] Thm 5.5). Then PS/R(XS) and PS/R(X
′
S) are the base change of Ptriv

A

along the two induced frame homomorphisms

Atriv

x
⇒
y
WS/R
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that arise from the commutative diagram

A

A

S

R .

=

x

y

That is PS/R(XS) = x∗Ptriv
A and PS/R(X

′
S) = y∗Ptriv

A .
Now consider the following diagram

0 J B := A⊗̂W (k)A A 0

S R .

mult.

Write DB(J) for the PD-envelope of (B, J). Similarly, set A0 := W (k)[T1, . . . , Th],

B0 := A0⊗W (k)A0, J0 := ker(B0
mult.−−−→ A0) and writeDB0(J0) for the PD-envelope

of (B0, J0). Then DB0(J0) is the PD-polynomial algebra over B0 in h variables.
Since A = W (k)�t1, . . . , th� is flat over A0 = W (k)[t1, . . . , th], [BO78] Proposition
3.21 gives that DB(J) is the PD-polynomial algebra over B in h variables. In
particular, DB(J) is a flat DB0(J0)-module, so is certainly p-torsion free. We get
a diagram

DB(J) S

A R .

Let D̂B(J) := lim←−n
DB(J)/p

n denote the p-adic completion of DB(J). Then

A =
(
D̂B(J) → A

)
is a frame for A. The sections A ⇒ A ⊗W (k) A induce frame

morphisms
Atriv ⇒ A → WS/R

given by the following diagram

A

A

D̂B(J)

A

S

R .

Since the geometric construction of windows on Hn
cris(X/A) ([LZ07], Thm. 5.5) is

compatible with base change ([LZ07], Cor. 5.6), the base change of Ptriv
A along

both frame morphisms Atriv ⇒ A gives the same A-window; it is the A-window
PA given by applying ([LZ07], Thm. 5.5) to the frame A. We may now conclude
the proof since the WS/R-displays PS/R(XS) and PS/R(X

′
S) are both given by the

base change of PA along A → WS/R.
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Appendix

In this appendix we recall the basic definitions of frames, windows and displays as
given in [LZ07] and [LZ19].

Definition A.1. Let R be a ring such that p is topologically nilpotent in R. A
frame (A, σ, α) for R consists of a torsion-free p-adic ring A with an endomorphism
σ : A → A lifting the Frobenius on A/p and a surjective homomorphism α : A → R
such that the kernel a = kerα has divided powers.

Definition A.2. Let A = (A, σ, α) be a frame for R. An A-window consists of

1. a finitely generated projective A-module P0

2. a descending filtration of P0 by A-submodules

Pi+1 ⊂ Pi ⊂ · · · ⊂ P1 ⊂ P0

3. σ-linear homomorphisms

Fi : Pi → P0

such that the following conditions are satisfied

1. aPi ⊂ Pi+1 ; Pi+1/aPi is a finitely generated projective R-module Ei+1 for
i ≥ 0. Let E0 = P0/aP0.

2. The inclusions in 2) induce injective R-module homomorphisms

Ei+1 → Ei → · · · → E0

3. aPi = Pi+1 for i large enough.
4. Fi(x) = pFi+1(x) for x ∈ Pi+1.
5. The union of the images Fi(Pi) for i ∈ Z≥0 generate P0 as an A-module.

It is then shown in [LZ07] page 181 that a window is isomorphic to a stan-
dard window, that is there are finitely generated projective A-modules L0, . . . , Ld

with
d⊕

i=0

Li = P0 and σ-linear homomorphisms Φi : Li →
d⊕

j=0

Lj such that the

determinant of Φ0 ⊕ · · · ⊕ Φd is a unit. Attached to this data we set for i ≥ 0

Pi = aiL0 ⊕ ai−1L1 ⊕ · · · ⊕ aLi−1 ⊕ Li ⊕ · · · ⊕ Ld

and define Fi on Pi, that is Fi|ai−kLk
for k < i resp. Fi|Lk

for k ≥ i, as follows:

Fi(ax) =
σ(a)

pi−k
Φk(x) for 0 ≤ k < i, x ∈ Lk, a ∈ ai−k

Fi(x) = pk−iΦk(x) for i ≤ k, x ∈ Lk.

Then these data (Pi, Fi) and the obvious inclusions Pi+1 → Pi form a window
called a standard window.

To define higher displays we will use frames over the ring of Witt vectors for
a given p-adic ring R.
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Definition A.3. Let S be a p-adic ring and W (S) its Witt vectors. The Witt frame
WS = (W (S),J = IS , S, σ, σ̇) consists of the data IS = VW (S), W (S) → S the
augmentation map with kernel IS , σ the Frobenius on W (S) and σ̇ : IS → W (S),
V ξ �→ ξ.

Definition A.4. Let S → R be a surjective homomorphism of p-adic rings such
that a becomes nilpotent in S/pS. Then the relative Witt frame

WS/R = (W (S),J , R, σ, σ̇)

consists of the ideal J = ker(W (S) → R) which is a direct sum J = ã ⊕ IS
where IS = VW (S) is the augmentation ideal in W (S) and ã ⊂ W (S) is the ideal
consisting of logarithmic Teichmüller representatives of elements of a ([Zin02], 1.4).
We recall the definition:

The divided powers on a yield divided Witt polynomials

w′
n(a) =

n∑
i=0

piap
n−i

i =

n∑
i=0

(pn−i − 1)!γpn−i(ai)

for a = (a0, a1, . . .) ∈ W (a), and an isomorphism

log : W (a)
�−→ aN

a �→ (w′
0(a), . . . , w

′
n(a), . . .) .

Define ã = log−1(a, 0, 0, . . .). This is an ideal in W (S).
The map σ is the Frobenius on W (S). We have σ(ã) = 0, IS · ã = 0 and

define σ̇ : J → W (S) by σ̇(a+ V ξ) = ξ for a ∈ ã, ξ ∈ W (S).

Then both WS and WS/R are equipped with maps called “Verjüngung”. In
the case of WS these are maps ν : IS ⊗ IS → IS , V ξ1 ⊗ V ξ2 �→ V (ξ1ξ2) with

iterations ν(k) : I⊗k
S → IS , V ξ1 ⊗ · · · ⊗ V ξk �→ V (ξ1 · · · ξk), and π : IS → IS ,

V ξ �→ pV ξ. In the case of WS/R, the Verjüngung consists of the two maps ν :
J ⊗W (S) J → J and π : J → J with

ν((a1 + V ξ1)⊗ (a2 + V ξ2)) = a1 · a2 + V (ξ1 · ξ2)
and

π(a+ V ξ) = a+ pV ξ

with obvious iterations ν(k) that satisfy the properties (3) and (4) on page 460 of
[LZ19].

In the following let F be one of the frames considered above, that is F = WS

or F = WS/R.

Definition A.5. An F -predisplay (Pi, ιi, αi, Fi) consists of the following data:

1. A sequence of W (S)-modules Pi for i ≥ 0.
2. Two sets of W (S)-module homomorphisms

ιi : Pi+1 → Pi , αi : J ⊗W (S) Pi → Pi+1

for i ≥ 0.
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3. A set of σ-linear maps for i ≥ 0

Fi : Pi → P0

which satisfy the following properties:

1. Consider the following morphisms:

J ⊗ Pi Pi+1

J ⊗ Pi−1 Pi

αi

idJ ⊗ ιi−1 ιi

αi−1

the compositions ιi ◦ αi and αi−1 ◦ (idJ ⊗ ιi−1) are the multiplication maps
J ⊗ Pi → Pi for all i.

2. Fi+1 ⊗ αi = F̃i.

Here, for each σ-linear map f : M → N between W (S)-modules M,N , we

define a new σ-linear map f̃ : J ⊗M → N by f̃(η ⊗m) = σ̇(η)f(m) for η ∈ J .
In the following we define standard data of a display over a Witt frame. In

the case of WS the definition is given in [LZ07] Definition 2.5. We only recall the
definition of standard data of a display over the relative Witt frame WS/R given
in [LZ19] pp. 460–461.

Definition A.6. A display given by standard data over the relative Witt frame
WS/R is given as follows:

It consists of finitely generated projective W (S)-modules L0, . . . , Ld and σ-
linear homomorphisms

Φi : Li → L0 ⊕ · · · ⊕ Ld

such that Φ0 ⊕ · · · ⊕Φd : L0 ⊕ · · · ⊕Ld → L0 ⊕ · · · ⊕Ld is a σ-linear isomorphism.
Define Ji = ãi ⊕ VW (S). Set

Pi = JiL0 ⊕ Ji−1L1 ⊕ · · · ⊕ JLi−1 ⊕ Li ⊕ · · · ⊕ Ld .

The map ιi is defined by the following diagram

Ji+1L0 ⊕ JiL1 ⊕ · · · ⊕ JLi ⊕ Li+1 ⊕ · · · ⊕ Ld

JiL0 ⊕ Ji−1L1 ⊕ · · · ⊕ Li ⊕ Li+1 ⊕ · · · ⊕ Ld .

π π id id id

The homomorphisms αi : J ⊗ Pi → Pi+1 are defined as follows

J ⊗ JiL0 ⊕ J ⊗ Ji−1L1 ⊕ · · · ⊕ J ⊗ Li ⊕ J ⊗ Li+1 ⊕ · · · ⊕ J ⊗ Ld

Ji+1L0 ⊕ JiL1 ⊕ · · · ⊕ Li ⊕ Li+1 ⊕ · · · ⊕ Ld .

ν ν mult mult mult
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Finally we define σ-linear maps Fi : Pi → P0 as

JiL0 ⊕ · · · ⊕ JLi−1 ⊕ Li ⊕ Li+1 ⊕ Li+2 ⊕ · · ·

L0 ⊕ · · · ⊕ Li−1 ⊕ Li ⊕ Li+1 ⊕ Li+2 ⊕ · · ·

Φ̃0 Φ̃i−1 Φi pΦi+1 p2Φi+2

where Φ̃j is defined by Φ̃j(ηlj) = σ̇(η)Φj(lj) for η ∈ Jj , lj ∈ Lj, j < i.

These data meet the requirements of a predisplay.

Definition A.7. Let F be either of the Witt frames considered above. Then an F -
display is an F -predisplay which is isomorphic to the display associated to standard
data. The choice of such an isomorphism is called a normal decomposition.

For S → R a surjective PD-morphism one has the following morphisms of
frames equipped with Verjüngung

WS
ε−→ WS/R → WR .

Remark A.8. For a morphism of frames with Verjüngung u : F → F ′, we have a
base change map of displays, that is the F ′-display u∗P obtained by base change
of an F -display P exists ([LZ19], Prop. 6).

For any WS-display PS we can associate the base change PS/R = ε∗PS ,
we also call the relative display for the morphism S → R associated to PS . It
is clear from the definitions that if PS has a normal decomposition with finitely
generated projective W (S)-modules Li, i = 0, . . . , d, then using the same finitely
generated projective modules Li for the relative display PS/R, the inclusion map

IS = VW (S) → ãi + IS = Ji (for a = ker(S → R)) and the obvious extensions of
ιi, αi, Fi to the Pi in Definition A.6 built from the Li defines the standard data
for u∗PS =: PS/R.

Remark A.9. If (Pi) is an A-window for a frame A = (A → R) as in defini-
tions A.1–A.2, then there is an induced WR-display given by the composite ring
homomorphism κ : A → W (A) → W (R) that satisfies

κ(σ(a)) = Fκ(a) ; a ∈ A

κ

(
σ(a)

p

)
= V −1κ(a) ; a ∈ a .

It is described explicitly for standard data associated to the window and also gives
an invariant construction in [LZ07] page 182.

Remark A.10. For S → R as above and the induced morphism of frames WS →
WR, the base change from WS-displays to WR-displays coincides with the one
given in [LZ07] Prop. 2.12.
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Orbifold Submersion and Analytic Torsions

Xiaonan Ma

Abstract. In this paper, we establish the curvature theorem of determinant
line bundles for an orbifold Kähler fibration as an extension of Bismut–Gillet–
Soulé’s curvature theorem. Then we introduce Bismut–Köhler analytic torsion
form for an orbifold Kähler fibration. Finally we calculate the behaviour of
the Quillen metric by orbifold submersions as an extension of Berthomieu–
Bismut’s result.

Mathematics Subject Classification (2010). 58J20, 32L10.

Keywords. Analytic torsion, Orbifold.

0. Introduction

Let ξ be a Hermitian vector bundle on a compact Hermitian complex manifold X .
Let λ(ξ) be the inverse of the determinant of the cohomology of ξ. Quillen defined
first a metric on λ(ξ) in the case that X is a Riemann surface. Quillen metric is
the product of the L2 metric on λ(ξ) by the Ray–Singer analytic torsion of the
Dolbeault complex. The logarithm of the Ray–Singer analytic torsion [39] is a lin-
ear combination of derivatives at zero of the zeta function of the Hodge Laplacians
acting on smooth forms of various degrees. In [12], Bismut, Gillet, and Soulé have
established a general theory on Quillen metric for any dimensional compact Kähler
manifolds, in particular their anomaly formulas for Quillen metrics computes the
variation of Quillen metric on the metrics on ξ and TX by using some Bott–Chern
classes; for a holomorphic submersion, they proved their determinant line bundle
from spectral theory has canonically a holomorphic structure, and is isomorphic
canonically to the Knudsen–Mumford line bundle from sheaf theory, as holomor-
phic line bundles. They have shown that the Quillen metric is a smooth metric on
the determinant line bundle λ(ξ) of the cohomology groups of the fibers, even both
L2-metric and the analytic torsion could be discontinuous, their curvature formula
calculates the curvature of λ(ξ) with Quillen metric which refines the degree two
part of the Riemann–Roch–Grothendieck theorem at the differential form level.

Later, Bismut and Köhler [13] (refer also [11], [22] in the special case) have
extended the analytic torsion of Ray–Singer to the analytic torsion forms T for a

holomorphic submersion. In particular, the equation on ∂∂
2iπT gives a refinement of

c© The Author(s), under exclusive license to Springer Nature Switzerland AG 2021
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the Riemann–Roch–Grothendieck theorem at the level of differential forms. They
have also established the corresponding anomaly formulas.

In [22], Gillet and Soulé had conjectured an arithmetic Riemann–Roch theo-
rem in Arakelov geometry. The analytic torsion form is contained in their definition
of direct image. In [23], they have established it for the first arithmetic Chern class
and Bismut–Lebeau’s embedding formula [15] for Quillen metric plays an impor-
tant role in their proof. In [24], they have established the high degree version by
using Bismut’s embedding formula [6] for torsion forms. For the various equivariant
extensions cf. [29], [5], [16], and the recent works [17, 18].

Note also that for a submersion π : M → B of compact Kähler manifolds and
a holomorphic vector bundle ξ on M , by [28], there exists a canonical isomorphism
σ from λM (ξ), the determinant of the cohomology of ξ over M , to λ(R•π∗ξ), here
R•π∗ξ is the direct image of ξ. In [2], Berthomieu and Bismut have obtained a
formula for the Quillen norm of σ in terms of Bott–Chern classes on M and the
analytic torsion forms of the fibration π. In our thesis [31, 32], we establish the
family version of [2].

In [34], we define the analytic torsion for orbifolds and established the corre-
sponding anomaly formula and embedding formula. This paper is a continuation
of [34]. For an orbifold submersion, we will study the curvature formula for the
Quillen metric and define the analytic torsion form, then extend Berthomieu–
Bismut’s result [2] for an orbifold submersion.

An complex orbifold can be always represented locally by Cn/G where the
finite group G acts C-linearly on Cn. The simplest complex orbifold is a global
orbifold M/G where G is a finite group acting holomorphically on a complex
manifold M .

We will use the heat kernel method to solve our problem. Thanks to finite
propagation speed of the solution of the hyperbolic equation [20], [35, Appendix
D], we can use the local family index theory of Bismut [3]. Since, locally, we have to
meet G-manifold, to generalize the results to the orbifold case, we must understand
very well the situation of G-equivariant complex manifolds. After localized, we will
apply the results of [5] and [33] to our situation.

Orbifold appears naturally in many important cases, for example: the sym-
plectic reduction, the problem on moduli spaces. In [27], Kawasaki has extended
the Riemann–Roch–Hirzebruch theorem to the orbifold case. Bismut and Labourie
[14] also proved the Verlinde formula by using Kawasaki’s theorem.

For applications of the analytic torsion in Arakelov geometry, cf. the book
[42], in particular the recent works [17], [36], [37]. We also hope our results have
corresponding versions in Arakelov geometry. For applications of analytic torsion
on the moduli space ofK3 surfaces, cf. Yoshikawa’s works [43], [44], in particular, in
[45], for general abelian Calabi–Yau orbifolds of dimension three, BCOV invariant
was defined and the curvature theorem was proved for global orbifolds there.

Let us explain the contain of this paper in detail now. For a complex vector
space F , we denote detF = ΛmaxF and denote by (detF )−1 := detF ∗ its dual
line.
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Let ξ be a holomorphic orbifold vector bundle on an n-dimensional complex
orbifold X . Let H•(X, ξ) be the cohomology of sheaf of holomorphic sections of ξ
over X .

The determinant of the cohomology of ξ over X is defined as

λ(ξ) := (detH•(X, ξ))−1 = ⊗n
j=0(detH

j(X, ξ))(−1)j+1

. (0.1)

Let ΣX be the strata of X which has a natural orbifold structure. Let mi

be the multiplicity of the connected component Xi of X ∪ΣX (cf. (1.2)). For α a
differential form on X ∪ΣX , we denote simply∫

X∪ΣX

α =
∑
i

1

mi

∫
Xi

α. (0.2)

Let hTX , hξ be Hermitian metrics on TX, ξ. Then as in the smooth case, in
[34], we defined the analytic torsion and the Quillen metric on the complex line λ(ξ)
(cf. (3.4)) and established the anomaly formula in [34, Theorem 4.2], and the local
term are certain integral of differential forms on X ∪ΣX , not on X . For example,
TdΣ(TX, hTX) is the Todd form on X ∪ ΣX associated with the holomorphic
Hermitian connection on (TX, hTX), which appears in Kawasaki’s formulas [27].
Other Chern–Weil forms will be denoted in a similar way. In particular, the form
chΣ(ξ, hξ) (cf. (2.8)) on X ∪ ΣX is the Chern–Weil representative of the Chern
character of (ξpr, hξ), with ξpr the maximal proper orbifold subbundle of ξ.

As the space of C∞ sections of an orbifold vector bundle is identified as the
space of C∞ sections of its maximal proper orbifold subbundle. In the whole paper,
we can assume that ξ is a proper orbifold vector bundle.

Let π : M → B be a proper orbifold submersion of complex orbifolds. Then
by Proposition 1.4, locally π is a quotient of a fibration with fiber of a compact
orbifold X , by a finite group.

We assume that π is a Kähler fibration in the sense of Bismut–Gillet–Soulé,
i.e., there is a smooth closed real (1, 1)-form on M such that it induces a Kähler
form along the fiber, cf. Definition 1.7. Let ξ be a holomorphic orbifold vector
bundle on M . Let hξ be a Hermitian metric on ξ.

When the base B is a complex manifold, then the direct image R•π∗ξ is well
defined as an element in K-group of B. In this case, we establish in Theorem
2.3 the family local index theorem as an extension of Bismut’s family local index
theorem.

When B is a complex orbifold, as one of our main results, in Section 3.3, we
define the determinant line bundle as a proper orbifold holomorphic line bundle on
B by using the spectral analysis, also Knudsen–Mumford orbifold line bundle from
sheaf theory, then Theorem 3.5 as an extension of [12, Theorem 3.14], shows the
canonical isomorphism of these orbifold line bundles is holomorphic. In Theorem
3.6, we compute the curvature of the associated Chern connection as a consequence
of the family local index theorem. Thus we extend Bismut–Gillet–Soulé’s classical
curvature theorem [12, Theorem 0.3] to the orbifold case.
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We assume now that the direct image Rkπ∗ξ(0 ≤ k ≤ dimX) are orbifold
vector bundle on B. Then in Section 4, we introduce the analytic torsion form
which is a differential form on B ∪ΣB, and we establish its anomaly formula.

Now we assume further that M,B are compact Kähler orbifolds. Let σ be
the canonical section of λM (ξ)⊗ λ−1(R•π∗ξ).

Let hTM , hTB be Kähler metrics on TM and TB. Let hTX be the metric on
TX induced by hTM . Let ωM be the Kähler form of hTM .

Let H•(X, ξ|X) be the cohomology of ξ|X . Let hH(X,ξ|X ) be the L2-metric
on H•(X, ξ|X) constructed in Section 4 associated to hTX , hξ. Let T (ωM , hξ) be
the analytic torsion forms on B ∪ ΣB constructed in Section 4, which extend the

analytic torsion forms of Bismut–Köhler to the orbifold case. Let T̃d
Σ
(TM, TB,

hTM , hTB) be the Bott–Chern class on M ∪ΣM constructed as in [10] such that

∂∂

2iπ
T̃d

Σ
(TM, TB, hTM , hTB) = TdΣ(TM, hTM)

− π∗(TdΣ(TB, hTB))TdΣ(TX, hTX). (0.3)

Let || ||λM (ξ)⊗λ−1(R•π∗ξ) be the Quillen metric on the complex line λM (ξ)⊗
λ−1(R•π∗ξ) attached to the metrics hTM , hξ, hTB, hH(X,ξ|X ) on TM, ξ, TB,R•π∗ξ.
The last purpose of this paper is to calculate the Quillen metric

||σ||λM (ξ)⊗λ−1(R•π∗ξ)

as an extension of [2, Theorem 3.1]

Theorem 5.1. The following identity holds,

log(||σ||2λM (ξ)⊗λ−1(R•π∗ξ)) =−
∫
B∪ΣB

TdΣ(TB, hTB)T (ωM , hξ) (0.4)

+

∫
M∪ΣM

T̃d
Σ
(TM, TB, hTM , hTB) chΣ(ξ, hξ).

Let mi,B,mi,M be the multiplicities of the connected components Bi,Mi of
B ∪ΣB,M ∪ ΣM . Then we can reformulate (0.4) as

log(||σ||2λM (ξ)⊗λ−1(R•π∗ξ)) =−
∑
i

1

mi,B

∫
Bi

TdΣ(TB, hTB)T (ωM , hξ) (0.5)

+
∑
i

1

mi,M

∫
Mi

T̃d
Σ
(TM, TB, hTM , hTB) chΣ(ξ, hξ).

This paper is organized as follows. The first four sections are concerned with
some generalities of orbifolds and of analytic torsions. In Section 1, we recall the
definition of orbifold, and construct the Bismut superconnection for a submersion
of orbifolds. In Section 2, We extend Kawasaki’s theorem to a relative situation. In
Section 3, we construct the Quillen metrics for an orbifold, and prove their anomaly
formulas. In Section 4, we construct the analytic torsion forms for a submersion
of orbifolds. In Section 5, we extend the result of [2] to the orbifold case.
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The first version of this paper was written in 1998 when I was visiting at
ICTP. The first part was published in [34]. For the recent works on the analytic
torsion for orbifold flat vector bundles, cf. recent works [21], [41].

In the whole paper, we use the superconnection formalism of Quillen [38]. If
E = E+ ⊕ E− is a Z2-graded vector space, and τ = ±1 defines the Z2-grading,
for A ∈ End(E), we denote Trs[A] the supertrace of A, i.e.,

Trs[A] = Tr[τA]. (0.6)

The reader is referred for more details to [4], [10], [2].

Acknowledgements. We are very much indebted to Professor Jean-Michel Bismut
for very helpful discussions and suggestions. Thanks also to a referee for his useful
comments.

1. Orbifolds and superconnections

In this section, we extend the Bismut superconnection of [3] to a Kähler fibration
of orbifolds.

This section is organized as follows. In Section 1.1, we recall the definition of
an orbifold following [34, §1.1]. In Section 1.2, we describe the Kähler fibration. In
Section 1.3, we explain the construction of the Bismut superconnection Bu(u > 0)
[3] for a submersion of orbifolds.

1.1. Definition of an orbifold

We define at first a category Ms as follows: The objects of Ms are the class of
pairs (G,M) where M is a connected smooth manifold and G is a finite group
acting effectively on M . Let (G,M) and (G′,M ′) be two objects, then a morphism
Φ : (G,M) → (G′,M ′) is a family of open embedding ϕ : M → M ′ satisfying:

i) For each ϕ ∈ Φ, there is an injective group homomorphism λϕ : G → G′ that
makes ϕ be λϕ-equivariant.

ii) For g ∈ G′, ϕ ∈ Φ, we define gϕ : M → M ′ by (gϕ)(x) = gϕ(x) for x ∈ M . If
(gϕ)(M) ∩ ϕ(M) = φ, then g ∈ λϕ(G).

iii) For ϕ ∈ Φ, we have Φ = {gϕ : g ∈ G′}.

Definition 1.1. Let X be a paracompact Hausdorff space and let U be a cover of
X consisting of connected open subsets. We assume U satisfies the condition:

For any x ∈ U ∩ U ′, U , U ′ ∈ U , there
is U ′′ ∈ U such that x ∈ U ′′ ⊂ U ∩ U ′.

(1.1)

Then an orbifold structure V on X is the following:

i) For U ∈ U , V(U) = ((GU , Ũ)
τ→ U) is a ramified covering Ũ → U giving an

identification U � Ũ/GU .

ii) For U, V ∈ U , U ⊂ V , there is a morphism ϕV U : (GU , Ũ) → (GV , Ṽ ) that
covers the inclusion U ⊂ V .

iii) For U, V,W ∈ U , U ⊂ V ⊂ W , we have ϕWU = ϕWV ◦ ϕV U .
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If U ′ is a refinement of U satisfying (1.1), then there is an orbifold structure
V ′ such that V ∪V ′ is an orbifold structure. We consider V and V ′ to be equivalent.
Such an equivalence class is called an orbifold structure over X . So we may choose
U arbitrarily fine.

In the above definition, we can replace Ms by a category of manifolds with
an additional structure such as orientation, Riemannian metric or complex struc-
ture. We understand that the morphisms (and the groups) preserve the specified
structure. So we can define oriented, Riemannian or complex orbifolds.

Let (X,V) be an orbifold. For each x ∈ X , we can choose a small neigh-

bourhood (Gx, Ũx) → Ux such that x̃ ∈ Ũx, the unique inverse image of x, is a
fixed point of Gx. (Such Gx is unique up to isomorphisms for each x ∈ X , [40, p.
468].) Let (1), (h1

x), . . . , (h
ρx
x ) be the conjugacy classes in Gx. Let ZGx(h

j
x) be the

centralizer of hj
x in Gx. One also notes Ũ

hj
x

x the fixed points of hj
x over Ũx. Then

we have a natural bijection{
(y, (hj

y)) : y ∈ Ux, j = 1, . . . , ρy

}
�

ρx∐
j=1

Ũ
hj
x

x /ZGx(h
j
x). (1.2)

So we can define globally

ΣX = {(x, (hj
x)) : x ∈ X,Gx = {1}, j = 1, . . . , ρx}. (1.3)

Then ΣX has a natural orbifold structure defined by{
(ZGx(h

j
x)/K

j
x, Ũ

hj
x

x ) → Ũ
hj
x

x /ZGx(h
j
x)
}
(x,Ux,j)

. (1.4)

Here Kj
x is the kernel of the representation ZGx(h

j
x) → Diffeo (Ũ

hj
x

x ), the diffeo-

morphism group of Ũ
hj
x

x . The number m = |Kj
x| is called the multiplicity of ΣX

in X at (x, (hj
x)). Since the multiplicity is locally constant on ΣX , we may assign

the multiplicity mi to each connected component ΣXi of ΣX .

Definition 1.2. An orbifold vector bundle ξ over an orbifold (X,V) is defined as

follows: ξ is an orbifold and for U ∈ U , (Gξ
U , p̃U : ξ̃U → Ũ) is a Gξ

U -equivariant
vector bundle such that the morphism ϕξUξV is a morphism of equivariant vector

bundles, and (Gξ
U , ξ̃U ) (resp. (G

ξ
U/KU , Ũ),KU = Ker(Gξ

U → Diffeo(Ũ))) (In gen-

eral, Gξ
U does not act effectively on Ũ , i.e., KU = {1}) is the orbifold structure of

ξ (resp. X). For x ∈ X , we denote the fiber of the vector bundle ξ̃U at an inverse

image of x in Ũ , as the vector space ξ̃x.

If Gξ
U acts effectively on Ũ for U ∈ U , we call that ξ is a proper orbifold

vector bundle.

For an orbifold vector bundle ξ, let ξ̃prU be the maximal KU -invariant sub-

bundle of ξ̃U → Ũ , then (GU , ξ̃
pr
U ) defines a proper orbifold vector bundle ξpr.

A natural example is the (proper) orbifold tangent bundle TX which is de-
fined by:

(GU , T Ũ → Ũ), for U ∈ U
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Let ξ → X be an orbifold vector bundle. A section s : X → ξ is called C∞

(or C k) if for each U ∈ U , s|U is covered by a Gξ
U -invariant smooth (or C k) section

s̃U : Ũ → ξ̃U .
If X is oriented, we define the integral

∫
X ω for a form over X (i.e., a section

of Λ(T ∗X) over X): if supp(ω) ⊂ U ∈ U , then∫
X

ω =
1

|GU |

∫
Ũ

ω̃U . (1.5)

In the sequel, if G does not act effectively on the connected manifold M ,
we will identify the couple (G,M) as an element (G/K,M) in Ms, with K =
Ker(G → Diffeo(M)).

Definition 1.3. Let M,B be two orbifolds, a map π : M → B is said to define an
orbifold submersion if there exist U , U ′ open covers of M , B, such that π(U) ⊂ U ′,

and (GU , Ũ)U∈U , (GV , Ṽ )V ∈V are the orbifold structures ofM , B; for U ∈ U , there
is π̃ : Ũ → Ṽ a GU -equivariant submersion of Ũ onto Ṽ that covers π : U → V =

π(U), and (GU , Ṽ ) = (GV , Ṽ ) in Ms; if U1 ⊂ U2, U1, U2 ∈ U , then Φπ(U2)π(U1) is
induced by ΦU2U1 .

Let π : M → B be an orbifold submersion of M onto B, then the related

tangent bundle TM/B is defined by: over Ũ , ((GU , T Ũ/Ṽ ) → Ũ).

Proposition 1.4. If π : M → B is a proper orbifold submersion of M onto B, then

for each b ∈ B, there exists a small neighborhood (Gb, Ṽb) → Vb, M̃b an orbifold,

such that π is induced by a Gb-equivariant orbifold submersion π̃b : M̃b → Ṽb with
compact fiber X.

Proof. Let U be a cover of M in Definition 1.3. For U ∈ U , set

KU = Ker{GU → Diffeo(π̃(Ũ))}. (1.6)

As π is proper, for b ∈ B, we can find V ⊂ B open, b ∈ V , (Gb, Ṽ )
γ→ V be a

ramified covering of V , and γ−1(b) = {b0}, such that there is ((GUi , Ũi) → Ui)i∈I

( I = {1, · · · , q}) induced by the orbifold structure of M , the map π̃ : (GUi , Ũi) →
(GUi , Ṽ ) = (Gb, Ṽ ) is a GUi -equivariant submersion of Ũi onto Ṽ , and π−1(V ) =
∪i∈IUi.

For W1 ⊂ W2,W1,W2 ∈ U , by definition, there exist morphisms

ΦW2W1 : (GW1 , W̃1) → (GW2 , W̃2),

Φπ(W2)π(W1) : (Gπ(W1), π̃(W̃1)) → (Gπ(W2), π̃(W̃2)) in Ms,
(1.7)

such that Φπ(W2)π(W1) is induced by ΦW2W1 . We note that π̃(W̃j) is a ramified
covering of π(Wj) for j = 1, 2.

Let Ũ = {(W̃ , ϕ): there exist i ∈ I, such that (GW , W̃ ) → W ⊂ Ui, W ∈ U ,
and ϕ ∈ ΦV π(W )}. Let a1 = (W̃1, ϕ1), a2 = (W̃2, ϕ2) ∈ Ũ , W1 ⊂ W2, for each
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ψ ∈ ΦW2W1 , we also denote ψ ∈ Φπ(W2)π(W1) the associated open embedding.
Thus for ψ ∈ ΦW2W1 , we have the commutative diagram

W̃1

ψ

��

g �� W̃1

ψ

��

π̃ �� π̃(W̃1)

ψ

��

g �� π̃(W̃1)

ψ

��

ϕ1 �� Ṽ

W̃2

λψ(g) �� W̃2
π̃ �� π̃(W̃2)

λψ(g) �� π̃(W̃2)
ϕ2 �� Ṽ

(1.8)

Put

Φa2a1 = {ψ ∈ ΦW2W1 : ϕ2ψ = ϕ1 as a map from π̃(W̃1) to Ṽ }. (1.9)

I.e., for ψ ∈ Φa2a1 , the commutative diagram (1.8) is completed by the identity

map Id : Ṽ → Ṽ .

Claim: Φa2a1 : (KW1 , (W̃1, ϕ1)) → (KW2 , (W̃2, ϕ2)) is a morphism in Ms.

Proof of the claim. The KW1 -action on (W̃1, ϕ1) is defines by its action on W̃1. i)
For ψ ∈ Φa2a1 ⊂ ΦW2W1 , the injective group homomorphism λψ : GW1 → GW2

makes that ψ is λψ-equivariant. Note that for g ∈ GW1 , x̃ ∈ W̃1, by (1.8), we have

ψ(gx̃) = λψ(g)ψ(x̃), ψπ̃(gx̃) = λψ(g)π̃ψ(x̃) = λψ(g)ψπ̃(x̃). (1.10)

Thus if g ∈ KW1 , λψ(g) ∈ GW2 fixes π̃(ψ(W̃1)) = ψ(π̃(W̃1)), an open set of π̃(W̃2).

But GW2 is compact and acts on W̃2 which is connected, thus we conclude that

λψ(g) acts as identity on π̃(W̃2), i.e., λψ(g) ∈ KW2 . Thus λψ induces an injective
group homomorphism λψ : KW1 → KW2 .

ii) Assume now (hψ)(W̃1) ∩ ψ(W̃1) = φ, and h ∈ KW2 . The first condition
implies h ∈ λψ(GW1 ), i.e., there exists g ∈ GW1 such that h = λψ(g). But h ∈ KW2

means that λψ(g) acts as identity on π̃(W̃2), this implies that g acts as identity

π̃(W̃1) by (1.8), i.e., g ∈ KW1 . We conclude that h ∈ λψ(KW1).

iii) For any ψ′, ψ ∈ Φa2a1 , there exists g ∈ GW2 such that gψ = ψ′. By (1.9),

λϕ2(g)ϕ2ψ = ϕ2gψ = ϕ2ψ
′ = ϕ1 = ϕ2ψ. (1.11)

Thus λϕ2(g) acts as identity on an open set ϕ2ψ(π̃(W̃1)) of Ṽ , thus as identity on

Ṽ , this implies that g acts as identity on π̃(W̃2), i.e., g ∈ KW2 , thus Φa2a1 = {gψ :
g ∈ KW2}.

The proof of the claim is completed. �

For i ∈ I, we denote Ũi = (Ũi, 1) ∈ Ũ . We define an equivalence relation

∼ on M = ∪i∈I Ũi/KUi : For x̃ ∈ Ũi, ỹ ∈ Ũj, x̃ ∼ ỹ if and only if there exist

(GW , W̃ ) → W ⊂ Ui ∩ Uj, ϕ1, ϕ2 ∈ ΦV π(W ), z̃ ∈ W̃ such that

x̃ ∈ ΦŨia1
({z̃}), ỹ ∈ ΦŨja2

({z̃}), for a1 = (W̃ , ϕ1), a2 = (W̃ , ϕ2) ∈ Ũ . (1.12)
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We can interpret (1.12) for x̃, z̃ by the following commutative diagram:

z̃ ∈ W̃

ΦŨia1

��

π̃ �� π̃(W̃ )

��

ϕ1

���
��

��
��

��
�

x̃ ∈ Ũi
π̃ �� π̃(Ũi) = Ṽ

Id �� Ṽ

(1.13)

Let M̃b = M/ ∼. Let U ′ = {(W̃ , ϕ)/KW : (W̃ , ϕ) ∈ Ũ}, then U ′ is a covering

of M̃b which satisfies the condition (1.1). We get the conditions i), ii), iii) of

Definition 1.1 from the claim. So U ′ defines an orbifold structure on M̃b.
Note that KUi is a normal subgroup of GUi and Gb = GUi/KUi , thus Gb

acts naturally on Ũi/KUi, so Gb acts on M̃b. Let π̃ : M̃b → Ṽ be induced by

π̃ : Ũi → Ṽ , then π̃ is an orbifold submersion, and π̃ is Gb -equivariant.

Now the procedure is standard. Note that the kernel of dπ̃ : TM̃b → T Ṽ

is an orbifold vector bundle. By choosing a horizontal subbundle THM̃b of TM̃b

(for example, by taking the orthogonal complement of Ker(dπ̃) with respect to a

metric on TM̃b), such that

TM̃b = Ker(dπ̃)⊕ THM̃b. (1.14)

As Ṽ is a manifold, we know that THM̃b is a usual vector bundle. Now the hori-

zontal lift of any ball B(p, r), with the center p and radius r, in Ṽ along the radius
direction gives a trivialization

π̃−1(B(p, r)) = B(p, r)×Xp. (1.15)

Note that for any point in V such that Gp = {1}, Xp = π−1({p}), thus as a real

orbifold, the fiber X has a canonical model.
The proof of Proposition 1.4 is completed. �

Let (X,V) be a compact connected Riemannian orbifold. For x, y ∈ X , put

d(x, y) = Inf
{∑

i

∫ ti
ti−1

| ∂∂t γ̃i(t)|dt
∣∣∣γ : [0, 1] → X, γ(0) = x, γ(1) = y, such that

there exist t0 = 0 < t1 < · · · < tk = 1, Ui ∈ U , γ([ti−1, ti]) ⊂ Ui,

γ̃i : [ti−1, ti] → Ũi C∞, that covers γ|[ti−1,ti].
}

Then (X, d) is a metric space.

1.2. Kähler fibrations

In the rest of this paper, we always work on complex orbifolds, especially, all
morphisms considered in Section 1.1 are holomorphic. For an orbifold complex
vector bundle, we denote the underlying real orbifold vector bundle by adding a
subscript R.

Definition 1.5. A Kähler form on a complex orbifold X is a real closed (1, 1)-form
ω on X such that ω induces a (orbifold) metric on TX .
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Let π : M → B be a proper holomorphic orbifold submersion of M onto B.
Let TM, TB be the holomorphic tangent bundles to M,B. From Proposition 1.4,
the holomorphic relative tangent bundle TX of the fibration π is well defined as
an orbifold vector bundle over M . Let JTX be the complex structure on the real
relative tangent bundle TRX .

Lemma 1.6. For π : M → B a proper holomorphic orbifold submersion, for any

b ∈ B, we can choose M̃b in Proposition 1.4 such that π is induced by a Gb-

equivariant holomorphic orbifold submersion π̃b : M̃b → Ṽb.

Proof. As all morphisms in the proof of Proposition 1.4 are holomorphic, we get
Lemma 1.6 from the proof of Proposition 1.4. �

Let hTX be a Hermitian metric on TX . Let THM be an orbifold vector
subbundle of TM , such that

TM = THM ⊕ TX. (1.16)

We now define the Kähler fibration as in [11, Definition 1.4].

Definition 1.7. The triple (π, hTX , THM) is said to define a Kähler fibration if
there exists a smooth real 2-form ω of complex type (1,1), which has the following
properties:

a) ω is closed.
b) TH

R M and TRX are orthogonal with respect to ω,

c) If X,Y ∈ TRX , then ω(X,Y ) =
〈
X, JTXY

〉
gTRX with gTRX the metric on

TRX induced by hTX .

Now we have an analogue of [11, Theorems 1.5 and 1.7].

Theorem 1.8. Let ω be a real smooth 2-form on M of complex type (1, 1), which
has the following two properties:

a) ω is closed.
b) The bilinear map X,Y ∈ TRX → ω(JTXX,Y ) defines a Hermitian product

hTX on TX.

For x ∈ M , set

TH
x M = {Y ∈ TxM : for any X ∈ TxX,ω(X,Y ) = 0}.

Then THM is an orbifold subbundle of TM such that TM = THM ⊕ TX. Also
(π, hTX , THM) is a Kähler fibration, and ω is an associated (1, 1)-form.

A smooth real (1, 1)-form ω′ on M is associated with the Kähler fibration
(π, hTX , THM) if and only if there is a real smooth closed (1, 1)-form η on B such
that

ω′ − ω = π∗η.

Proof. The proof is as same as in [11, Theorems 1.5 and 1.7]. �



Orbifold Submersion and Analytic Torsions 151

1.3. The Bismut superconnection of a Kähler fibration

In this part, we will define the Bismut superconnection by proceeding as in [13,
§1], [2, §2].

Let π : M → B be a proper holomorphic orbifold submersion of M onto B
with fibre X . Let ωM be a real closed (1,1) form on M taken as in Theorem 1.8.
Let ξ be a complex orbifold vector bundle on M . Let hξ be a Hermitian metric on
ξ. Let ∇TX ,∇ξ be the holomorphic Hermitian connections on (TX, hTX), (ξ, hξ).

We will temporarily assume that B is a complex manifold. Then π is a fibra-
tion of M on B which is modelled on orbifold X : There is an open covering U of
B such that if U ∈ U , π−1(U) is diffeomorphic to U ×X .

Definition 1.9. For 0 ≤ k ≤ dimX , b ∈ B, let Ek
b be the vector space of C∞

sections of (Λk(T ∗(0,1)X)⊗ ξ)|Xb
over Xb. Set

Eb = ⊕dimX
k=0 Ek

b , E+
b = ⊕k evenE

k
b , E−

b = ⊕k oddE
k
b . (1.17)

As in [3, §1f)], [11, §1d)], we can regard the Eb’s as the fibers of a smooth
Z-graded infinite-dimensional vector bundle over the base B. Smooth sections of
E over B will be identified with smooth sections of Λ(T ∗(0,1)X)⊗ ξ over M .

Let dvX be the Riemannian volume form on X associated with hTX . Let
〈 〉Λ(T∗(0,1)X)⊗ξ be the Hermitian product induced by hTX , hξ on Λ(T ∗(0,1)X)⊗ξ.

The Hermitian product 〈 〉 on E is defined by: If s, s′ ∈ E, set

〈s, s′〉 =
( 1

2π

)dimX
∫
X

〈s, s′〉Λ(T∗(0,1)X)⊗ξ dvX . (1.18)

For b ∈ B, let ∂
Xb

be the Dolbeault operator acting on Eb, and let ∂
Xb∗

be
its formal adjoint with respect to the Hermitian product (1.18). Set

DX = ∂
Xb

+ ∂
Xb∗

. (1.19)

If U ∈ TRB, let UH be the lift of U in TH
R M , so that π∗U

H = U .

Definition 1.10. If U ∈ TRB, if s is a smooth section of E over B, set

∇E
U s = ∇Λ(T∗(0,1)X)⊗ξ

UH s. (1.20)

Let c(TRX) be the Clifford algebra of (TRX,hTX). The bundle Λ(T ∗(0,1)X)⊗ξ
is a c(TRX)-Clifford module. In fact, if U ∈ TX , let U ′ ∈ T ∗(0,1)X correspond to
U by the metric hTX . If U, V ∈ TX , set

c(U) =
√
2U ′∧, c(V ) = −

√
2iV . (1.21)

Let PTX be the projection TM � THM ⊕ TX → TX .
If U, V are smooth vector fields on B, set

T (UH , V H) = −PTX [UH , V H ]. (1.22)

Then T is a tensor. By [11, Theorem 1.7], we know that as a 2-form, T is of
complex type (1,1).
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Let f1, . . . , f2m be a base of TRB, and let f1, . . . , f2m be the dual base of
T ∗
RB.

Definition 1.11. Set

c(T ) =
1

2

∑
1≤α,β≤2m

fαfβc
(
T (fH

α , fH
β )
)
. (1.23)

Then c(T ) is a section of (Λ2(T ∗
RB)⊗̂End(Λ(T ∗(0,1)X)⊗ ξ))odd.

Definition 1.12. For u > 0, let Bu be the Bismut superconnection constructed in
[3, §3], [11, §2a)],

Bu =
√
uDX +∇E − c(T )

2
√
2u

. (1.24)

Let NV be the number operator defining the Z-grading on Λ(T ∗(0,1)X) ⊗ ξ
and on E. NV acts by multiplication by k on Λk(T ∗(0,1)X)⊗ ξ. If U, V ∈ TRB, set

ωHH(U, V ) = ωM (UH , V H). (1.25)

Definition 1.13. For u > 0, set

Nu = NV +
iωHH

u
. (1.26)

In general, B is not a complex manifold. By Proposition 1.4, we verify easily
that the above objects go down to B (Ex, E is an orbifold bundle over B), so we

can define the Bismut superconnection Bu (u > 0) over B as locally over Ṽb.

2. Family index theorem

In this section, we describe basic properties of the operator ∂
X

on a complex
orbifold, and we extend Kawasaki’s theorem to a relative situation.

This section is organized as follows. In Section 2.1, we give the Hodge de-

composition for ∂
X

operator over a complex orbifold. In Section 2.2, we state the
family version of Kawasaki’s theorem.

We use the notation of Section 1.

2.1. ∂-operator on a complex orbifold

Let X be a compact complex orbifold of complex dimension l. Let ξ be a holomor-
phic orbifold vector bundle on X .

Let OX be the sheaf over X of local GU -invariant holomorphic functions over

Ũ , for U ∈ U . Then by [19], (X,OX) is an analytic space. The local Gξ
U -invariant

holomorphic sections of ξ̃ → Ũ define also a coherent analytic sheaf OX(ξ) overX .
Let Dk(ξ) be the sheaf of C∞ sections of Λk(T ∗(0,1)X)⊗ ξ over X . Then we

have the operator ∂
X

: Dk(ξ) → Dk+1(ξ) and an exact sequence of OX -sheaves

0 → OX(ξ) → D1(ξ)
∂
X

→ · · · ∂
X

→ Dl(ξ) → 0. (2.1)
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Put Ωk(X, ξ) = Γ(X,Dk(ξ)), Ω•(X, ξ) = ⊕kΩ
k(X, ξ), then we have (Ω•(X, ξ), ∂

X
)

the Dolbeault complex of C∞ sections of Λ(T ∗(0,1)X)⊗ ξ over X :

0 → Ω0(X, ξ)
∂
X

→ · · · ∂
X

→ Ωl(X, ξ) → 0. (2.2)

The sheaves Dk(ξ) are fine [27], so their higher cohomology groups vanish.
So

H•(Ω•(X, ξ), ∂
X
) � H•(X,OX(ξ)). (2.3)

In the sequel, we also note H•(X,OX(ξ)) by H•(X, ξ).

Let hTX , hξ be Hermitian metrics on TX, ξ. Then DX in (1.19) induced by
hTX , hξ is an elliptic operator and

DX,2 = ∂
X
∂
X∗

+ ∂
X∗

∂
X

(2.4)

preserves the Z-grading on Ω•(X, ξ).

The following proposition is [34, Proposition 2.2].

Proposition 2.1 (The Hodge Decomposition Theorem). There is a L2-orthogonal
direct sum decomposition of the ξ-value (0, k)-forms

Ωk(X, ξ) = Ker(DX)⊕ Im(∂
X
)⊕ Im(∂

X∗
). (2.5)

From (2.3), (2.5), there is a canonical identification

Ker(DX) � H•(X, ξ). (2.6)

Definition 2.2. Let PX be the vector space of smooth forms on X , which are sums
of forms of type (k, k). Let PX,0 be the vector space of the forms α ∈ PX such
that there exist smooth forms β, γ on X for which α = ∂β + ∂γ.

We define PX∪ΣX , PX∪ΣX,0 in the same way.

2.2. Family index theorem

We use the notation of Section 1.3.

Let M be a complex orbifold. Let ΣM be the strata of M defined by (1.3).
Let B be a complex manifold. Let π : M → B be a proper orbifold holomorphic
submersion of M onto B with compact fibre X . Then π′ : M ∪ ΣM → B is also
an orbifold submersion with compact fibre X ∪ ΣX . Let mi be the multiplicity
of each connected component Mi (mi = 1, if Mi = M) of M ∪ ΣM . Let ξ be an
orbifold vector bundle on M . Let ξpr be the maximal proper orbifold subbundle
of ξ.

We assume that π is a Kähler fibration with respect to a real closed (1, 1)-form
ωM on M . Let DX

+ , DX
− be the restrictions of DX to E+, E−.

Let Bu (u > 0) be the Bismut superconnection on E constructed in Section
1.3 which is attached to the (1,1) form ωM on M and to the metric hξ on ξ.
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If A is a (q, q) matrix, set

Td(A) = det
( A

1− e−A

)
, Td′(A) =

∂

∂u
Td(A+ u)|u=0,

ch(A) = Tr[exp(A)].
(2.7)

The genera associated with Td and ch are called the Todd genus and the Chern
character.

Let U be a cover of (M,V) which defines the submersion π as in Definition

1.3. Recall that for U ∈ U , we denote V(U) = ((GU , Ũ) → U). By [5, (2.20)], [33,

(1.15)], [34, (1.6), (1.7)], the forms TdΣ(TX, hTX), chΣ(ξ, hξ) over M ∪ ΣM are

defined by: on Ũg/ZGU (g) (g ∈ GU ), as Tdg(T̃X, hTX) and

chg(ξ̃pr, h
ξ) = Tr

[
g exp(

i

2π
Rξ̃pr)

]
, (2.8)

where Rξ̃pr is the curvature of the holomorphic Hermitian connection on (ξ̃pr, hξ).

Then TdΣ(TX, hTX), chΣ(ξ, hξ) are closed on M ∪ ΣM , and their cohomology
classes don’t depend on the metrics hTX , hξ.

Let Φ be the homomorphism of Λeven(T ∗
RB) into itself: α → (2iπ)− degα/2α.

The following result extends [11, Theorem 2.2].

Theorem 2.3. For any u > 0, the differential forms on B, Trs[exp(−B2
u)] are

elements of PB. They are closed and they are in the same cohomology class, which
does not depend on u > 0. Also uniformly on compact sets in B,

lim
u→0

ΦTrs[exp(−B2
u)] =

∑
i

1

mi

∫
Mi/B

TdΣ(TX, hTX) chΣ(ξ, hξ), (2.9)

and the differential form in the right-hand side of (2.9) is also in the same coho-
mology class as ΦTrs[exp(−B2

u)].
If B is compact, then the index bundle as an element in the K-group K(B)

is well defined:

Ind(DX
+ ) = Ker(DX

+ )−Ker(DX
− ) ∈ K(B). (2.10)

The differential forms considered above represent in cohomology ch(Ker(DX
+ ) −

Ker(DX
− )).

Proof. Let Pu(x, y, b) (x, y ∈ π−1(b), b ∈ B) be the kernel of the heat operator
exp(−B2

u) with respect to the Riemannian volume form dvX(y) on (TX, hTX). By
the method of [1, Theorem 9.50], we know Pu(x, y, b) defines a smooth family of
smoothing operators along the fibers X .

Proceeding as in [11, Theorem 2.2], Trs[exp(−B2
u)] ∈ PB. They are closed

and they are in the same cohomology class.
In [34, §6.6], we observe that the finite propagation speed for hyperbolic equa-

tions [20, §7.8], [35, Appendix D.2] holds for orbifolds. By (1.24), and using finite
propagation speed as in [6, §11b)], [7], one shows that the problem of calculating
the limit of Trs[exp(−B2

u)] as u → 0 is local on Xb(b ∈ B).
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By Definition 1.3 and the discussion between (1.2)–(1.4), for each x ∈ M ,

we can choose a chart τ : (Gx, Ũx) → Ux, such that τ−1(x) is a point x̃ and

π̃ : Ũx → π(Ux) is a Gx-equivariant submersion. For ε > 0, let B(x̃, ε) ⊂ Ũx be
the ball with the center x̃ and radius ε. If ε is small enough, there exist xi ∈
π−1(b)(i ∈ I = {1, . . . , k}), such that {(Gxi , B(x̃i,

ε
2 )) → B(x̃i,

ε
2 )/Gxi}i∈I is

a cover of π−1(b). Let {ρxi} be a partition of unity subordinate to this cover.

Then we can replace X by (T̃X)xi/Gxi = Cl/Gxi (l = dimX), with 0 ∈ (T̃X)xi

representing xi.

Note that if QU has a C k-kernel Q̃U (ỹ1, ỹ2) over Ũ × Ũ , then for y1, y2 ∈ U ,

QU (y1, y2) =
1

|Kξ
U |

∑
g∈Gξ

U

(g, 1)Q̃U (g
−1ỹ1, ỹ2), (2.11)

is the kernel of the operator

QU : C∞(U, ξ|U ) → C∞(U, ξ|U ),

with τ(ỹi) = yi(i = 1, 2).

Let ′∇Λ(T∗
R B)⊗Λ(T∗(0,1)X) be the connection on Λ(T ∗

RB) ⊗ Λ(T ∗(0,1)X) along
the fibre X given as in [6, Definition 11.7].

For u > 0, let ψu : Λ(T ∗
RB) → Λ(T ∗

RB) be the map

α ∈ Λ(T ∗
RB) → u−deg α

2 α ∈ Λ(T ∗
RB).

Taken y ∈ Cl, set Y = y + y. We identify

(Λ(T ∗
RB)⊗ Λ(T ∗(0,1)X))Y , ξY with (Λ(T ∗

RB)⊗ Λ(T ∗(0,1)X))0, ξ0

by parallel transport along the curve t ∈ [0, 1] → tY with respect to the connection

ψu
′∇Λ(T∗

R B)⊗Λ(T∗(0,1)X)
ψ−1
u , ∇ξ.

Let dvTxi
X(y) be the Riemannian volume form on ((T̃X)xi , h

TX
xi

) � R2l. For

y ∈ Cl, |y| < ε/2, set

dvX(y) = k(y)dvTxi
X(y). (2.12)

Let P̃u(x, y, b)(x, y ∈ (T̃X)xi) be the kernel of exp(−B2
u) associated to dvTxi

X(y).

Then by (2.11), and using finite propagation speed as in [6, §11b)], we get

lim
u→0

∫
M/B

ρxiΦTrs[Pu(y, y, b)]dvX(y)

= lim
u→0

∫
Ũxi

/Vxi

ρxi

1

|Gxi |
∑

g∈Gxi

ΦTrs[gP̃u(g
−1y, y, b)]k(y)dvTxi

X(y).
(2.13)
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By [3, Theorems 4.11–4.15] and [33, Proof of Theorem 2.12], (1.4), one finds that

lim
u→0

∫
Ũxi

/Vxi

1

|Gxi |
∑

g∈Gxi

ρxiΦTrs

[
g exp(−B2

u)(g
−1y, y, b)

]
k(y)dvTxi

X(y)

=
1

|Gxi |
∑

g∈Gxi

∫
Ũg

xi
/Vxi

ρxi Tdg(TX, gTX) chg(ξ, h
ξ) (2.14)

=
∑
j

1

mj

∫
Xj

ρxi Td
Σ(TX, gTX) chΣ(ξ, hξ).

By (2.13), (2.14), we get (2.9).
Using the same argument of [3, Theorem 3.4] (also. [1, Chap. 9]), we get the

last part of Theorem 2.3. �

3. Quillen metrics and curvature theorem

In this section, we construct the Quillen metrics on the inverse of the determinant
of the cohomology of a holomorphic orbifold vector bundle, and establish the
curvature formula. We extend the results of [12] to complex orbifolds.

This section is organized as follows. In Section 3.1, by [12], we construct the
Quillen metrics. In Section 3.2, we recall our anomaly formulas. In Section 3.3, we
establish the curvature formula.

In this section, we use the notation of Section 1.1. We remark that all the
morphisms considered in Section 1.1 are holomorphic in the rest of the paper.

3.1. Quillen metrics

Let X be a compact complex orbifold of complex dimension l. Let ξ be a holo-
morphic orbifold vector bundle on X . Let hTX , hξ be smooth Hermitian metrics
on TX, ξ. Let hH(X,ξ) be the corresponding metric on H•(X, ξ) induced by the
restriction of the L2-metric (1.18) to Ker(DX) via the canonical isomorphism (2.6).

Let λ(ξ) be the inverse of the determinant of the cohomology of ξ on X .

detH•(X, ξ) = ⊗dimX
i=0 (detHi(X, ξ))(−1)i , λ(ξ) = (detH•(X, ξ))−1. (3.1)

Let | |λ(ξ) be the metric on λ(ξ) induced by hH(X,ξ). The metric | |λ(ξ) will be
called the L2-metric on λ(ξ).

Let P be the orthogonal projection operator from Ω•(X, ξ) on Ker(DX) with
respect to the Hermitian product (1.18). Set P⊥ = 1 − P . Let N be the number
operator defining the Z-grading of Ω•(X, ξ), i.e., N acts by multiplication by k on
Ωk(X, ξ). For s ∈ C,Re(s) > dimX , set

θξ(s) = −Trs[N(DX,2)−sP⊥]. (3.2)

Then

θξ(s) =
−1

Γ(s)

∫ +∞

0

ts−1 Trs

[
N exp(−tDX,2)P⊥

]
dt. (3.3)
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From the small time asymptotic expansion of the heat kernel (cf. [34, Proposition
2.1]), (3.3), θξ(s) extends to a meromorphic function of s ∈ C which is holomorphic
at s = 0.

Following [38], [12], now we define the Quillen metric on the line λ(ξ).

Definition 3.1. Let || ||λ(ξ) be the Quillen metric on the line λ(ξ),

|| ||λ(ξ) = | |λ(ξ) exp
(
− 1

2

∂θξ

∂s
(0)
)
. (3.4)

3.2. Anomaly formulas for Quillen metrics

Let h
′TX , h′ξ be another couple of metrics on TX, ξ. We denote with a ′ the objects

attached to h
′TX , h′ξ.

As in [10, §1f)], in [34, (1.8)], we constructed classes T̃d
Σ
(TX, hTX , h′TX)

and c̃h
Σ
(ξ, hξ, h′ξ) in PX∪ΣX/PX∪ΣX,0 such that

∂∂

2iπ
T̃d

Σ
(TX, hTX , h′TX) = TdΣ(TX, h′TX)− TdΣ(TX, hTX),

∂∂

2iπ
c̃h

Σ
(ξ, hξ, h′ξ) = chΣ(ξ, h′ξ)− chΣ(ξ, hξ).

(3.5)

Let mi be the multiplicity of each connected component Xi of X ∪ΣX .
The following result is [34, Theorem 0.1] which extends the anomaly formulas

of [12, Theorem 1.23], to orbifolds.

Theorem 3.2. Assume that the metrics hTX and h′TX are Kähler. Then

log

(
|| ||′2λ(ξ)
|| ||2λ(ξ)

)
=
∑
i

(
1

mi

∫
Xi

T̃d
Σ
(TX, hTX , h′TX) chΣ(ξ, hξ)

+
1

mi

∫
Xi

TdΣ(TX, h′TX)c̃h
Σ
(ξ, hξ, h′ξ)

)
.

(3.6)

3.3. The curvature of the determinant line bundle for a Kähler fibration

We now do the same assumption as in Section 1.3 and we use the same notations.
Let π : M → B be a proper holomorphic orbifold submersion of M onto B

with compact fibre X . Let ξ be a holomorphic orbifold vector bundle on M . Let
ωM be a real, closed (1,1) form on M taken as in Theorem 1.8. Let hTX be the
metric on TX induced by ωM . Let hξ be a Hermitian metric on ξ.

We will temporarily assume that B is a complex manifold. Let λ be the C∞

determinant line bundle on B constructed as in [12, §1b)]. By proceeding as in [12,
§1c)], we can define a holomorphic structure on the line bundle λ.

We explain the construction in detail here. Let ∇E′′
be the anti-holomorphic

part of the connection ∇E in (1.20) on the infinite-dimensional vector bundle E
on B. For a > 0, set

Ua = {y ∈ B : a ∈ Spec(D2
y)}, (3.7)
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where Spec(D2
y) is the spectrum of the operator D2

y. Then on Ua, the sum of the

eigenspaces of the operator D2
y acting on Ej

y of eigenvalues < a, Ka,j
y forms a

smooth finite-dimensional vector bundle. On Ua, λ coincides with the line bun-
dle λa

λa = ⊗dimX
j=0 (detKb,j)(−1)j+1

, (3.8)

and for 0 < a < c, over Ua ∩ U c, we identify λa and λc by

s ∈ λa → s⊗ T (∂
(a,c)

) ∈ λc, (3.9)

with ∂
(a,c)

the restriction of ∂
X

to Kc,j/Ka,j and the torsion T (∂
(a,c)

) for the

complex (Kc,j/Ka,j, ∂
(a,c)

) is defined in [10, Definition 1.1]. Let P a be the orthog-
onal projection operator from E onto Ka. By [12, Theorem 1.3], the holomorphic
structure on λa is defined by

∂
λa

= Trs[P
a∇E′′

P a] (3.10)

and the identification λa and λc in (3.9) is holomorphic.
The sheafOM is coherent as explained in Section 2.1. By [35, Theorem 5.4.16],

(M,OM ) is a normal complex space and OM (ξ) is a OM -coherent analytic sheaf,
thus by a theorem of Grauert [25], for all i ≥ 0, the OB-module Riπ∗ξ is coherent.
If i > dimM , then Riπ∗ξ = 0. The functor R•π∗ maps the derived category of
OM -module to the derived category of OB-modules and sends coherent sheaves to
complexes with coherent cohomology. As B is a complex manifold, for any y ∈ B,
the local ring OB,y is regular, hence all coherent analytic sheaves on B is perfect
and more generally any complex with bounded coherent cohomology is perfect.
Thus as in [12, Theorem 3.4], we can associate a (graded) invertible holomorphic
sheaf det(R•π∗ξ) on B, and the associated Knudsen–Mumford determinant line
bundle is

λKM = (det(R•π∗ξ))
−1. (3.11)

In particular, if Riπ∗ξ is locally free for all i, we get

λKM (ξ) = ⊗i≥0(det(R
iπ∗ξ))

(−1)i+1

. (3.12)

Let O∞
B be the sheaf of C∞ functions on B. Let H j

∂
(ξ) be the cohomology

sheaves of the relative Dolbeault complex (D•
X(ξ), ∂

X
) in (2.1) as O∞

B -modules.
Let D•

M be the sheaf of Dolbeault complexes on M , then we can use the partition
of unity argument for D•

M , thus D•
M is fine, from the argument of [12, p. 342],

Rjπ∗ξ = H j(π∗(D•
M (ξ)). (3.13)

The natural map T ∗M → T ∗X induces a map of complexes D•
M (ξ) → D•

X(ξ),
thus a canonical map on cohomology sheaves

�j : (R
jπ∗ξ)⊗OB O∞

B → H j

∂
(ξ). (3.14)
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Again as B is a manifold, the algebraic argument in the proof of [12, Theorem
3.5] holds, thus we get the analogue of [12, Theorem 3.5]:

Theorem 3.3. For all j ≥ 0, the map �j is an isomorphism.

Under the assumption of the Kähler fibration, as in [11, Theorem 2.8], we
have

∂
M

= ∇E′′
+ ∂

X
. (3.15)

From the arguments of the proof of [12, Corollary 3.9, Theorem 3.14], by Theorem
3.3 and (3.15), we get the analogue of [12, Theorem 3.14]:

Theorem 3.4. The smooth isomorphism λKM and λ via (3.14) is an isomorphism
of holomorphic line bundles.

If B is not a complex manifold, then for each b ∈ B, we consider over Ṽb

as in Lemma 1.6. By proceeding as in the proof of Proposition 1.4, we construct

ξ̃ a holomorphic orbifold vector bundle on M̃b induced by ξ. Then the above

construction gives a Gb-equivariant holomorphic line bundle λ̃ on Ṽb and natural

compatibilities for different local charts (Gb, Ṽb) in Lemma 1.6. Thus we get the
determinant line bundle λ as a holomorphic orbifold line bundle on B.

From the algebraic side, the Knudsen–Mumford line bundle λ̃KM on Ṽb is
also well defined and Gb-action lifts naturally on it. Thus we get the Knudsen–
Mumford line bundle λKM as a holomorphic orbifold line bundle overB. Moreover,

the isomorphism �j in (3.14) over Ṽb is Gb-equivariant via the argument from [12,
§3]. Thus we get

Theorem 3.5. The smooth isomorphism λKM and λ via (3.14) is an isomorphism
of holomorphic orbifold line bundles.

For α ∈ Λ(T ∗
RB), α(j) denotes the component of α in Λj(T ∗

RB).
Let mj be the multiplicity of the component Xj of X ∪ ΣX in Proposition

1.4. The following result extends the curvature theorem [10, Theorem 0.3], [12,
Theorem 1.27] to orbifolds.

Theorem 3.6. The Quillen metric ‖ ‖λ on λ is a smooth metric on B. Let ∇λ

be the holomorphic Hermitian connection on the Hermitian orbifold line bundle
(λ, ‖ ‖λ), then

(∇λ)2 = 2iπ

[∑
j

1

mj

∫
Xj

TdΣ(TX, gTX) chΣ(ξ, hξ)

](2)
. (3.16)

Proof. Note that for b ∈ B, the Quillen metric ‖ ‖λ̃ on the Gb-equivariant holo-

morphic line bundle λ̃(ξ) over Ṽb, is smooth and Gb-invariant. Thus ‖ ‖λ on the
orbifold line bundle λ(ξ) is smooth over B.

We still need to compute the curvature of (λ̃, || ||λ̃) on Ṽb, for b ∈ B.
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As the argument of [12, Theorem 1.8] is purely functional analysis, by [8,

Theorem 1.18] and [9, Theorem 1.19], we know (∇λ)2 over Ṽb is the constant term
in the asymptotic of

Trs[exp(−B2
u)]

(2) as u → 0. (3.17)

Now by combining with Theorem 2.3 for the fibration π̃b : M̃b → Ṽb, we get
(3.16). �

4. Analytic torsion forms and anomaly formulas

In this section, we construct the analytic torsion forms associated with an orbifold
submersion, and we explain the anomaly formulas. This extends the results of [11],
[13] to the orbifold case.

This section is organized as follows. In Section 4.1, we describe the trans-
gression formulas of the superconnection forms, which depend on u ∈]0,+∞[. In
Section 4.2, proceeding as in [3], [11], [1], we obtain the results on the asymptotics
of these forms as u → 0 and u → +∞. In Section 4.3, we construct the analytic
torsion forms, which extend [13]. In Section 4.4, we give the anomaly formulas of
the analytic torsion forms, which extend [13] to the orbifold case.

We use here the same notation as in Sections 1, 2.1.

4.1. Superconnection forms and double transgression formulas

Let π : M → B be a proper holomorphic orbifold submersion of M onto B with
compact fibre X . Let n = dimM . Let ξ be a holomorphic orbifold vector bundle
on M .

By Lemma 1.6, for each b ∈ B, there exists a neighbourhood (Gb, Ṽb) → Vb,

an orbifold M̃b, such that π is induced by a Gb-equivariant orbifold submersion

π̃b : M̃b → Ṽb with compact fibre X . By proceeding as in the proof of Proposition

1.4, we construct ξ̃ a holomorphic orbifold vector bundle on M̃b induced by ξ.

The direct image R•π∗ξ is well defined as a OB-sheaf. Let Dj
M (ξ) be the

sheaf of C∞ sections of Λj(T ∗(0,1)M)⊗ ξ over M . We have an exact sequence of
OM -sheaves:

0 → OM (ξ) → D1
M (ξ)

∂
M

→ · · · ∂
M

→ Dn
M (ξ) → 0. (4.1)

The sheaves Dj
M (ξ) are fine, as we can apply the partition of unity argument for

D•
M (ξ), so (D•

M (ξ), ∂
M
) is a π∗-acyclic resolution of OM (ξ). So the direct image

R•π∗ξ is defined by the presheaf, cf. (3.13):

V → H•(Γ(π−1(V ),D•
M (ξ)), ∂

M
) .

But for b ∈ B, on Vb, the presheaf V → H•(Γ(π−1(V ),D•
M (ξ)), ∂

M
) is exactly the

Gb-invariant sections of R
•π̃b∗ξ̃ over Ṽb.
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If on each Ṽb, we define a Gb-equivariant coherent sheaf R•π̃b∗ξ̃, then by
construction, we verify that this defines a proper coherent sheaf on B.

By the above discussion, the direct image R•π∗ξ is an orbifold OB-coherent

sheaf: over Ṽb, it is defined by R•π̃b∗ξ̃.
We make the basic assumption that for 0 ≤ k ≤ dimX , b ∈ B, the sheaves

Rkπ̃b∗ξ̃ is locally free. Then R•π∗ξ is a proper orbifold vector bundle over B. For

p ∈ Ṽb, let H
•(Xp, ξ̃|Xp) = ⊕dimX

k=0 Hk(Xp, ξ̃|Xp) be the cohomology of the sheaf of

holomorphic sections of ξ̃ restricted to Xp. Then the H•(Xp, ξ̃|Xp) are the fibres

of a Gb-equivariant holomorphic Z-graded vector bundle H•(Xp, ξ̃|Xp) on Ṽb, and

H•(Xp, ξ̃|Xp) = R•π̃b∗ξ̃. So the H•(Xp, ξ̃|Xp) defined an orbifold vector bundle
H•(X, ξ|X).

Let ωM be a real closed (1,1) form on M such that ωM induces a Kähler
metric on TX (cf. Theorem 1.8). Let hξ be a Hermitian metric on ξ.

We verify easily that the objects on M (for example: ωM , ξ, hξ) lift on M̃b.
We denote with a ˜ the objects we considered in Section 1.1 which are attached

to π̃b : M̃b → Ṽb.
For p ∈ Ṽb, set

Kp =
{
f ∈ Ẽp : ∂

Xp
f = 0, ∂

Xp∗
f = 0

}
. (4.2)

By the Hodge theory (2.6),

Kp � H•(Xp, ξ̃|Xp). (4.3)

The identification (4.3) induces an identification of the corresponding smooth vec-

tor bundles on Ṽb. Also K inherits a Gb-invariant Hermitian product from the

L2-Hermitian product on Ẽ. Let hH(X,ξ|X ) be the corresponding smooth metric
on H•(X, ξ|X).

Recall that Ẽ is a Gb-equivariant bundle over Ṽb and the contribution of ξ is
only from its maximal proper orbifold subbundle ξpr of ξ.

Let Bu be the Bismut superconnection on E constructed in Section 1.3.

Let P̃u(x, y, p) (x, y ∈ π̃−1(p), p ∈ Ṽb) be the kernel associated to the operator

exp(−B2
u) with respect to dvX(y)/(2π)dimX , then we know P̃u(x, y, p) defines a

smooth family of smoothing operators.
We define TrΣs [exp(−B2

u)], Tr
Σ
s [Nu exp(−B2

u)] as forms over B ∪ ΣB by: If

a connected component Bi of B ∪ ΣB, is locally defined by
(
(ZGb

(h), Ṽ h
b ) →

Ṽ h
b /ZGb

(h)
)
(h ∈ Gb, Ṽ

h
b is the fixed point of h over Ṽb), then over Ṽ h

b /ZGb
(h),

TrΣs [exp(−B2
u)] = Trs[h exp(−B2

u)],

TrΣs [Nu exp(−B2
u)] = Trs[hNu exp(−B2

u)].
(4.4)

As in [11, Theorems 2.2 and 2.9], the forms

ΦTrΣs [exp(−B2
u)] and ΦTrΣs [Nu exp(−B2

u)]
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lie in PB∪ΣB. By Theorem 2.3, we know that the forms ΦTrΣs [exp(−B2
u)] are

closed and that their cohomology class is constant and equal to chΣ(H•(X, ξ|X)).

Theorem 4.1. For u > 0, the following identity holds

∂

∂u
ΦTrΣs [exp(−B2

u)] = − 1

u

∂∂

2iπ
ΦTrΣs [Nu exp(−B2

u)]. (4.5)

Proof. In (4.4), the action h commutes with Bu, Nu. Now, by proceeding as in
[11, Theorem 2.9], we get (4.5). �

If (αu)u>0 is a family of smooth forms over B ∪ΣB, we write that as u → 0
(resp. u → +∞), αu = O(uk), if for any compact subset K ⊂ B ∪ ΣB, and any
j ∈ N, there is C > 0 such that the sup of αu and its derivative of order ≤ j on K
are dominated by Cuk.

4.2. The asymptotics of the superconnection forms

Clearly, for b ∈ B, in Proposition 1.4, we can choose the ramified covering (GUi , Ũi)

of π−1(Vb) as the type (Gx, Ũx) such that Ũx is a neighbourhood of 0 ∈ Cn(n =
dimM) and such that Gx acts linearly on Cn. Now, we fixe a choice of

(GUi , Ũi) = (Gxi , Ũxi)i∈I(I = {1, . . . , k}), (Gb, Ṽb) → Vb. (4.6)

Let π̃ : (GUi , Ũi) → (Gb, Ṽb) be the GUi -equivariant holomorphic submersion of

Ũi onto Ṽb, and π−1(Vb) = ∪i∈IUi. The map π̃ induces naturally a morphism πi :
GUi → Gb. Let Kxi = KUi = Ker{πi : GUi → Gb}. Then for h ∈ Gb, g ∈ π−1

i (h),

π̃ : Ũg
i → Ṽ h

b is also a submersion. Let ρi be a partition of unity of π−1(V1)
subordinate to {Ui}i∈I , for b ∈ V1 ⊂ Vb compact.

Let β = infi∈I{injectivity radius of xi on Ũxi}. Take α ∈]0, β/4].

Let f be a smooth even function defined on R with values in [0, 1], such that

f(t) =

{
1 for |t| ≤ α/2
0 for |t| ≥ α.

(4.7)

Set

g(t) = 1− f(t). (4.8)

Definition 4.2. For u ∈]0, 1], a ∈ C, set

Fu(a) =

∫ +∞

−∞
exp(ita

√
2) exp

(
−t2

2

)
f(ut)

dt√
2π

, (4.9)

Gu(a) =

∫ +∞

−∞
exp(ita

√
2) exp

(
−t2

2

)
g(ut)

dt√
2π

.

Clearly

Fu(a) +Gu(a) = exp(−a2). (4.10)
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The functions Fu(a), Gu(a) are even holomorphic functions. So there exist

holomorphic functions F̃u(a), G̃u(a) such that

Fu(a) = F̃u(a
2), Gu(a) = G̃u(a

2). (4.11)

Let μ be a form on M ∪ ΣM , we define
∫
X∪ΣX μ as a form over B ∪ ΣB:

locally over Ṽ h
b /ZGb

(h) ⊂ B ∪ ΣB, we denote∫
X∪ΣX

μ =
∑
i∈I

1

|KUi |
∑

g∈τ−1
Ui

(h)

∫
Ũg

i /Ṽ
h

ρiμ. (4.12)

Put

C−1 =

∫
X∪ΣX

ωM

2π
TdΣ(TX, hTX) chΣ(ξ, hξ),

C0 =

∫
X∪ΣX

(
− (Td′)Σ(TX, hTX) + dimX TdΣ(TX, hTX)

)
chΣ(ξ, hξ).

(4.13)

Set

chΣ(H•(X, ξ|X), hH(X,ξ|X )) =
dimX∑
k=0

(−1)k chΣ(Hk(X, ξ|X), hH(X,ξ|X )),

ch′Σ(H•(X, ξ|X), hH(X,ξ|X )) =
dimX∑
k=0

(−1)kk chΣ(Hk(X, ξ|X), hH(X,ξ|X )).

(4.14)

Theorem 4.3. As u → 0

ΦTrΣs [exp(−B2
u)] =

∫
X∪ΣX

TdΣ(TX, hTX) chΣ(ξ, hξ) +O(u). (4.15)

There are forms C′
j ∈ PB∪ΣB(j ≥ −1) such that for k ∈ N, as u → 0

ΦTrΣs [Nu exp(−B2
u)] =

k∑
j=−1

C′
ju

j +O(uk+1). (4.16)

Also
C′

−1 = C−1,

C′
0 = C0 in PB∪ΣB/PB∪ΣB,0.

(4.17)

Proof. Recall that in the construction of the orbifold M̃b, we use the local coordi-

nate system (KUi , Ũi) → Ũi/KUi .
By (2.8) and the definition of smooth sections for an orbifold vector bundle,

only the maximal proper orbifold subbundle ξpr of ξ makes contributions in various
steps, thus we will assume simply that ξ is a proper orbifold vector bundle on M .

Following (4.4), we will calculate the following limit as u → 0,

Ii(h, u) =

∫
X

ρi(p, x)ΦTrs[hP̃u(x, x, p)]dvX . (4.18)
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Lemma 4.4. There exist c > 0, C > 0 such that for u ∈]0, 1]∣∣∣Trs[ρihG̃u(B
2
u)]
∣∣∣ ≤ c exp

(−C

u2

)
. (4.19)

Proof. By proceeding as in the proof of [2, Proposition 8.3], we have (4.19). �

Let F̃u(B
2
u)(x1, x2)((x1, x2) ∈ Xp×Xp) be the smooth kernel associated with

F̃u(B
2
u) with respect to dvX(x2)/(2π)

dimX . Using (4.5), (4.9), and finite propa-

gation speed [20, §7.8], [35, Appendix D. 2], it is clear that F̃u(B
2
u)(x, x

′) = 0 if

d(x, x′) > α, and F̃u(B
2
u)(x, x

′) depends only on the restriction of B2
u to BX(x, α).

We replace X by (T̃X)xi/Kxi = Cl/Kxi (l = dimX), with 0 ∈ (T̃X)xi

representing xi, and that the extended fibration over Cl coincides with the given
fibration over B(0, 2α) ⊂ Cl.

Let ΔTX be the standard Laplacian on ((T̃X)xi , h
TX
xi

). Let ρ(Y ) be a C∞

function over Cl which is equal 1 if |Y | ≤ α, equal 0 if |Y | ≥ 2α. Let

L1
u = (1− ρ2(Y ))

(
−1

2
uΔTX

)
+ ρ2(Y )B2

u. (4.20)

Let F̃u(L
1
u)(x, x

′)(x, x′ ∈ Cl) be the smooth kernel of F̃u(L
1
u) with respect to

dvTxi
X(x′)/(2π)dimX . For y ∈ Cl, |y| < 2α, as in (2.12), set

dvX(y) = k(y)dvTxi
X(y). (4.21)

Then, for |y| < 2α, y ∈ (T̃X)gxi
, we get

dvXg (y) = k(y)dvTxi
Xg (y). (4.22)

By (2.11) and the above discussion, if α is enough small, for

(x, x′) ∈ supp(ρi)× supp(ρi),

we get

F̃u(B
2
u)(x, x

′) = k(x′)
∑

g∈Kxi

(g, 1)F̃u(L
1
u)(g

−1x̃, x̃′). (4.23)

Note that Kxi acts on ξ̃ as we explained above (4.18) that ξ is proper.
By (4.18), (4.19), (4.23), we get

lim
u→0

Ii(h, u) = lim
u→0

∫
X

ρi(p, x)ΦTrs[hF̃u(B
2
u)(x, x)]dvX/(2π)dimX (4.24)

= lim
u→0

∫
Cl

1

|Kxi|
∑

g∈Kxi

ρi(p, x)ΦTrs[h(gF̃u(L
1
u))(x̃, x̃)]k(x̃)dvTxi

X/(2π)dimX

= lim
u→0

∫
Cl

1

|Kxi|
∑

g∈τ−1
Ui

(h)

ρi(p, x)ΦTrs[gF̃u(L
1
u)(g

−1x̃, x̃)]k(x̃)dvTxi
X/(2π)dimX .
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We observe that for any k ∈ N, c > 0, there is C > 0, C′ > 0 such that for
u ∈ ]0, 1],

sup
|Im(a)|≤c

|a|k
∣∣∣F̃u(a

2)− exp(−a2)
∣∣∣ ≤ C ′ exp(

−C

u2
). (4.25)

For each g ∈ τ−1
Ui

(h), by using (4.22), (4.25), and by proceeding as in [33, (2.42)–
(2.51)], we get

lim
u→0

∫
Cl

ρi(p, x̃)ΦTrs[gF̃u(L
1
u)(g

−1x̃, x̃)]k(x̃)dvTxi
X/(2π)l

= lim
u→0

∫
(T̃X)gxi

∫
z∈ÑXg/X

ρi(p, (x̃, z̃))ΦTrs[gF̃u(L
1
u)(g

−1(x̃, z̃), (x̃, z̃))]

k(x̃, z̃)dvTxi
Xg (x̃)dvNXg/X ,xi(z̃)/(2π)

l

=

∫
(T̃X)gxi

ρi(p, x̃)Tdg(T̃X, hTX) chg(ξ̃, h
ξ). (4.26)

By (4.12), (4.18), (4.19), (4.24), (4.26), we get (4.15).
By combining the techniques of proof of [11, Theorems 2.2, 2.3, 2.9 and 2.16]

and the proof of (4.15), we get (4.16) and (4.17). �

Theorem 4.5. As u → +∞

ΦTrΣs [exp(−B2
u)] = chΣ(H•(X, ξ|X), hH(X,ξ|X )) +O

(
1√
u

)
,

ΦTrΣs [Nu exp(−B2
u)] = ch′Σ(H•(X, ξ|X), hH(X,ξ|X )) +O

(
1√
u

)
.

(4.27)

Proof. Equation (4.27) was stated in [13, Theorem 3.4], if M,B are complex mani-
folds. By proceeding as in [1, Theorem 9.23], we get also (4.27) in our situation. �

4.3. Analytic torsion forms

For s ∈ C,Re(s) > 1, set

ζ1(s) = − 1

Γ(s)

∫ 1

0

us−1
(
ΦTrΣs [Nu exp(−B2

u)]− ch′Σ(H•(X, ξ|X), hH(X,ξ|X ))
)
du.

Using (4.16), we see that ζ1(s) extends to a holomorphic function of s ∈ C near
s = 0.

For s ∈ C,Re(s) < 1
2 , set

ζ2(s) = − 1

Γ(s)

∫ +∞

1

us−1
(
ΦTrΣs [Nu exp(−B2

u)]−ch′Σ(H•(X, ξ|X), hH(X,ξ|X ))
)
du.

Then ζ2(s) is a holomorphic function of s.

Definition 4.6. Set

T (ωM , hξ) =
∂

∂s
(ζ1 + ζ2)(0). (4.28)
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Then T (ωM , hξ) is a smooth form on B ∪ΣB. Using (4.16), (4.27), we get

T (ωM , hξ) = −
∫ 1

0

(
ΦTrΣs [Nu exp(−B2

u)]−
C ′

−1

u
− C′

0

)du
u

−
∫ +∞

1

(
ΦTrΣs [Nu exp(−B2

u)]− ch′Σ(H•(X, ξ|X), hH(X,ξ|X ))
)du
u

+ C′
−1 + Γ′(1)

(
C′

0 − ch′Σ(H•(X, ξ|X), hH(X,ξ|X ))
)
. (4.29)

Theorem 4.7. The form T (ωM , hξ) lies in PB∪ΣB. Moreover

∂∂

2iπ
T (ωM , hξ) = chΣ

(
H•(X, ξ|X), hH(X,ξ|X )

)
−
∫
X∪ΣX

TdΣ(TX, hTX) chΣ(ξ, hξ).

(4.30)

Proof. By Theorems 4.1, 4.3, 4.5, we get (4.30). �

4.4. Anomaly formulas for the analytic torsion forms

Let now (ω′, h′ξ) be another couple of objects similar to (ω, hξ). We denote with
a ′ the objects associated to (ω′, h′ξ).

Theorem 4.8. The following identity holds in PB∪ΣB/PB∪ΣB,0,

T (ω′, h′ξ)− T (ω, hξ) = c̃h
Σ
(
H•(X, ξ|X), hH(X,ξ|X ), h′H(X,ξ|X )

)
(4.31)

−
∫
X∪ΣX

[
T̃d

Σ
(TX, hTX , h′TX) chΣ(ξ, hξ) + TdΣ(TX, h′TX)c̃h

Σ
(ξ, hξ, h′ξ)

]
.

In particular, the class of T (ω, hξ) ∈ PB∪ΣB/PB∪ΣB,0 depends only on (hTX , hξ).

Proof. By (4.4), and by combining the proof of [33, Theorem 2.13 ], and Theorem
4.3, we have (4.31). �

5. The Quillen norm in the submersion case

Let π : M → B be a holomorphic orbifold submersion of M onto B with compact
fibre X . Let ξ be a holomorphic orbifold vector bundle on M . In this section, we
will calculate the Quillen norm of the canonical section of λM (ξ) ⊗ λ−1(R•π∗ξ).
This extends the result of [2, Theorem 3.1] to the orbifold case.

This section is organized as follows. In Section 5.1, we state a formula for the
Quillen norm of the canonical section σ. In Section 5.2, we introduce a 1-form on
R∗

+×R∗
+ as in [2, §3a)]. In Section 5.3, we state eight intermediate results which we

need for the proof of Theorem 5.1, whose proofs are delayed to Sections 5.5–5.8.
In Section 5.4, we prove Theorem 5.1. In Section 5.5, we prove Theorems 5.7–5.11.
In Section 5.6, we prove Theorem 5.12. In Section 5.7, we prove Theorem 5.13. In
Section 5.8, we prove Theorem 5.14.

We use the notation of Sections 1, 4.
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5.1. A formula for the Quillen norm of the canonical section σ

Let M,B be compact complex orbifolds. Let π : M → B be a holomorphic orbifold
submersion of M onto B with compact fiber X . Let ξ be a holomorphic orbifold
vector bundle on M .

We assume that the sheaves Rkπ∗ξ(0 ≤ k ≤ dimX) are orbifold vector
bundles on B. Set

λM (ξ) = ⊗j(detH
j(M, ξ))(−1)j+1

,

λ(R•π∗ξ) = ⊗j,k(detH
j(B,Rkπ∗ξ))

(−1)j+k+1

.
(5.1)

By [28], the line λM (ξ)⊗ λ−1(R•π∗ξ) has a canonical nonzero section σ.
Let hTM , hTB be Kähler metrics on TM and TB. Let hTX be the metric

induced by hTM on TX . Let hξ be a Hermitian metric on ξ.
On M , we have the exact sequence of holomorphic Hermitian proper orbifold

vector bundles (cf. Definition 1.2)

0 → TX → TM → π∗TB → 0. (5.2)

By a construction of [10, §1f)], there is a uniquely defined class of forms

T̃d
Σ
(TM, TB, hTM , hTB) ∈ PM∪ΣM/PM∪ΣM,0,

such that

∂∂

2iπ
T̃d

Σ
(TM, TB, hTM , hTB)

= TdΣ(TM, hTM)− π∗(TdΣ(TB, hTB))TdΣ(TX, hTX).

(5.3)

Let ωM be the Kähler form of hTM . Let || ||λM (ξ)⊗λ−1(R•π∗ξ) be the Quillen

metric on the line λM (ξ) ⊗ λ−1(R•π∗ξ) attached to the metrics hTM , hξ, hTB,
hH(X,ξ|X ) on TM , ξ, TB, R•π∗ξ.

Recall that the integral
∫
B∪ΣB is defined in (4.12).

Now we state the main result of this section, which extends [2, Theorem 3.1].

Theorem 5.1. The following identity holds,

log
(
||σ||2λM (ξ)⊗λ−1(R•π∗ξ)

)
= −

∫
B∪ΣB

TdΣ(TB, hTB)T (ωM , hξ) (5.4)

+

∫
M∪ΣM

T̃d
Σ
(TM, TB, hTM , hTB) chΣ(ξ, hξ).

Proof. The remainder of this section is devoted to the proof of Theorem 5.1. �

Remark 5.2. By Theorem 4.8, to prove Theorem 5.1 for any Kähler metrics hTM ,
hTB, we only need to establish (5.4) for one given metrics hTM , hTB. So by

replacing hTM by hTM + π∗hTB, we may and we will assume that h̃TM is a
Kähler metric on TM and

hTM = h̃TM + π∗hTB. (5.5)
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5.2. A fundamental closed 1-form

Let NV , NH be the number operators of Λ(T ∗(0,1)X), Λ(T ∗(0,1)B). As in [2, §4],
the operators NV and NH act naturally on Λ(T ∗(0,1)M). Of course, N = NV +NH

defines the total grading of Λ(T ∗(0,1)M)⊗ ξ and Ω•(M, ξ).

Definition 5.3. For T > 0, let hTM
T be the Kähler metric on TM

hTM
T =

1

T 2
h̃TM + π∗hTB. (5.6)

Let 〈 〉T be the Hermitian product (1.18) on Ω•(M, ξ) attached to the met-

rics hTM
T , hξ. Let DM

T be the corresponding operator constructed in (1.19) acting
on Ω•(M, ξ). Let ∗T be the Hodge operator with respect to the metric hTM

T . Then
∗T acts on Λ(T ∗

RM)⊗ ξ.

Theorem 5.4. Let αu,T be the 1-form on R∗
+ × R∗

+

αu,T =
2du

u
Trs

[
N exp(−u2DM,2

T )
]
+ dT Trs

[
∗−1
T

∂∗T
∂T

exp(−u2DM,2
T )

]
. (5.7)

Then αu,T is closed.

Proof. The proof of Theorem 5.4 is identical to the proof of [2, Theorem 4.3 and
(4.30)]. �

Take ε, A, T, 0 < ε ≤ 1 ≤ A < +∞, 1 ≤ T0 < +∞. Let Γ = Γε,A,T0 be the
oriented contour in R∗

+ × R∗
+

1

2

3

A

4

1 T00

u

T

The contour Γ is made of the four oriented pieces Γ1, . . . ,Γ4 indicated above.
For 1 ≤ k ≤ 4, set

I0k =

∫
Γk

α. (5.8)



Orbifold Submersion and Analytic Torsions 169

Theorem 5.5. The following identity holds,

4∑
k=1

I0k = 0. (5.9)

Proof. This follows from Theorem 5.4. �

5.3. Eight intermediate results

Let ∂
B∗

be the formal adjoint of the operator ∂
B

acting on Ω•(B,R•π∗ξ), with
respect to the metrics hTB, hH(X,ξ|X ). Set

DB = ∂
B
+ ∂

B∗
, F = Ker(DB). (5.10)

By the Hodge theory,

H•(B,R•π∗ξ) � F. (5.11)

Let Q be the orthogonal projection from Ω•(B,R•π∗ξ) on F with respect to the
Hermitian product (1.18) attached to the metrics hTB, hH(X,ξ|X ). Set Q⊥ = 1−Q.

Let a ∈]0, 1] be such that the operator DB,2 has no eigenvalues in ]0, 2a].

Definition 5.6. For T > 0, set

ET = Ker(DM,2
T ). (5.12)

Let PT be the orthogonal projection operator from Ω•(M, ξ) on ET with respect
to 〈 〉T .

Let E
[0,a]
T (resp. E

]0,a]
T ) be the direct sum of the eigenspaces of DM,2

T asso-

ciated with eigenvalues λ ∈ [0, a] (resp. λ ∈]0, a]). Let D
M,2,[0,a]
T (resp. D

M,2,]0,a]
T )

be the restriction of DM,2
T to E

[0,a]
T (resp. E

]0,a]
T ). Let P

[0,a]
T (resp. P

]0,a]
T ) be the

orthogonal projection operator from Ω•(M, ξ) on E
[0,a]
T (resp. E

]0,a]
T ) with respect

to 〈 〉T . Set P ]a,+∞[ = 1− P
[0,a]
T . Set

χ(ξ) =
∑
k

(−1)k dimHk(M, ξ), χ(Rjπ∗ξ) =
∑
k

(−1)k dimHk(B,Rjπ∗ξ).

We now state eight intermediate results contained in Theorems 5.7–5.14
which play an essential role in the proof of Theorem 5.1. The proof of Theorems
5.7–5.14 are deferred to Sections 5.5–5.8.

Theorem 5.7. For any u > 0,

lim
T→+∞

Trs

[
N exp(−u2DM,2

T )
]
= Trs

[
N exp(−u2DB,2)

]
. (5.13)

For any u > 0, there exists C > 0 such that for T ≥ 1,∣∣∣Trs[NV exp(−u2DM,2
T )]−

dimX∑
j=0

(−1)jχ(Rjπ∗ξ)
∣∣∣ ≤ C

T
. (5.14)
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For any ε > 0, there exists C > 0 such that for u ≥ ε, T ≥ 1,∣∣∣Tr[exp(−u2DM,2
T )]

∣∣∣ ≤ C. (5.15)

Theorem 5.8. For any u > 0,

lim
T→+∞

Trs

[
N exp(−u2DM,2

T )P ]a,+∞[
]
= Trs

[
N exp(−u2DB,2)Q⊥

]
. (5.16)

There exist c > 0, C > 0 such that for u ≥ 1, T ≥ 1,∣∣∣Tr[N exp(−uDM,2
T )P ]a,+∞[]

∣∣∣ ≤ c exp(−Cu). (5.17)

Theorem 5.9. The following identity holds,

lim
T→+∞

Tr
[
D

M,2,[0,a]
T

]
= 0. (5.18)

For T ≥ 1 large enough, for 0 ≤ k ≤ dimM ,

dimE
[0,a],k
T =

k∑
j=0

dimHj(B,Rk−jπ∗ξ). (5.19)

Let (Er , dr) (r ≥ 2) be the spectral sequence of the Dolbeault complex

(Ω•(M, ξ), ∂
M
) filtered as in [2, §1a)]. Then as in [2, §4], for r ≥ 2, Er is equipped

with a metric hEr associated to hTM , hTB, hξ. For r ≥ 2, let r| |λM (ξ) be the

corresponding metric on λM (ξ) � (detEr)
−1

For r ≥ 1, let N|Er
, NH|Er

, NV |Er
be the restrictions of N,NH , NV to Er.

Theorem 5.10. The following identity holds,

lim
T→+∞

{
Trs[N log(D

M,2,]0,a]
T )] + 2

∑
r≥2

(r − 1)
(
Trs[N|Er

]− Trs[N|Er+1
]
)
log(T )

}
= log

(
∞| |λM (ξ)

2| |λM (ξ)

)2
. (5.20)

For T ≥ 1, let | |λM (ξ),T be the L2 metric on the line λM (ξ) associated to

the metrics hTM
T , hξ on TM, ξ.

Theorem 5.11. The following identity holds,

lim
T→+∞

{
log
( | |λM (ξ),T

| |λM (ξ)

)2
+ 2
(
− dimXχ(ξ) + Trs[NV |E∞ ]

)
log(T )

}
= log

(
∞| |λM (ξ)

| |λM (ξ)

)2
. (5.21)

For u > 0, let Bu be the Bismut superconnection on Ω•(X, ξ|X) constructed

in Section 1.3 which is attached to hTM , hξ on TM, ξ. Let Ñu be the operator

defined in Section 1.3 associated with the metric h̃TM .
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Theorem 5.12. For any T ≥ 1,

lim
ε→0

Trs

[
∗−1
T/ε

∂

∂T
(∗T/ε) exp(−ε2DM,2

T/ε )
]

=
2

T

∫
B∪ΣB

TdΣ(TB, hTB)ΦTrΣs

[
ÑT 2 exp(−B2

T 2)
]
− 2

T
dimXχ(ξ).

(5.22)

Let ωM , ω̃M , ωB be the Kähler forms associated with hTM , h̃TM , hTB. Let
∇TM

T be the holomorphic Hermitian connection on (TM, hTM
T ), and let RTM

T be
its curvature.

Theorem 5.13. There exists C > 0 such that for ε ∈]0, 1], ε ≤ T ≤ 1,∣∣∣Trs [ ∗−1
T/ε

∂

∂T
(∗T/ε) exp

(
− ε2DM,2

T/ε

)]
(5.23)

− 2

T 3

∫
M∪ΣM

ω̃M

2π
TdΣ(TM) chΣ(ξ)

+

∫
M∪ΣM

∂

∂b
TdΣ

(−RTM
T/ε

2iπ
− b(hTM

T/ε )
−1 ∂

∂T
(hTM

T/ε )
)
b=0

chΣ(ξ, hξ)
∣∣∣ ≤ C.

Theorem 5.14. There exist δ ∈]0, 1], C > 0 such that for ε ∈]0, 1], T ≥ 1,∣∣∣Trs [ ∗−1
T/ε

∂

∂T
(∗T/ε) exp(−ε2DM,2

T/ε )
]

− 2

T

( dimX∑
j=0

(−1)jjχ(Rjπ∗ξ)− dimXχ(ξ)
)∣∣∣ ≤ C

T 1+δ
.

(5.24)

Besides, at a formal level, Theorems 5.7–5.14 can be obtained formally from
[2, Theorems 4.8–4.15]. This will permit us to transfer formally the discussion in
[2, §4] to our situation.

5.4. A proof of Theorem 5.1

By Theorem 5.5, Theorems 5.7–5.14 and proceeding as in [2, §4c), d)], we get (5.4).

5.5. A proof of Theorems 5.7–5.11

The proof of Theorems 5.7–5.11 is essentially the same as the proof of [2, Theorems
4.8–4.12] given in [2, §5, §6], where the corresponding results were established when
M,B are manifolds. Now we use the notation of [2, §5].

By Proposition 1.4, for each b ∈ B, there exists a small neighbourhood

(Gb, Ṽb) → Vb, an orbifold M̃b, such that π is induced by a Gb-equivariant orbifold

submersion π̃b : M̃b → Ṽb with compact fiber X .

Then Ker(DX
T ) is a Gb-equivariant vector bundle on Ṽb. This defines an orb-

ifold Hermitian vector bundle Ker(DX
T ) on B.

For T ∈ [1,+∞], let E1,T be the vector space of the smooth sections on B of
Ker(DX

T ). As in [2, (5.26)], we have

E1,T � E1. (5.25)

The proof of Theorems 5.7–5.11 then proceeds as in [2, §5, §6] by using (3.15).
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5.6. A proof of Theorem 5.12

Now we use the notation of [33, §7].
By Proposition 1.4, for each b ∈ B, there exists a small neighbourhood

(Gb, Ṽb) → Vb (Ṽb is a neighbouhood of 0 ∈ Cm and Gb acts linearly on Cm),

an orbifold M̃b, such that π is induced by a Gb-equivariant orbifold submersion

π̃b : M̃b → Ṽb with compact fibre X .

Let (Gbi , Ṽbi)i∈I be a cover of B such that (Gbi ,
1
2 Ṽbi)i∈I also is a cover of B.

Let β = infi∈I{injectivity radius of bi on Ṽbi}. Let α ∈]0, β/8].
If b ∈ B, let BB(b, r) be the open ball of center b and radius r in B.

Proposition 5.15. For δ > 0, there exist c > 0, C > 0 such that for 0 < ε ≤ δ,
T ≥ 1, ∣∣∣Trs [ ∗−1

T

∂

∂T
(∗T )G ε

T
(
ε

T
DM

T )
]∣∣∣ ≤ c exp

(
− CT 2

ε2

)
. (5.26)

Proof. The proof of (5.26) is essentially the same as the proof of [2, Proposition
8.3]. �

For T ≥ 1 fixed, we use (5.26) with ε = T and T replace by T/ε, we find∣∣∣Trs [ ∗−1
T/ε

∂

∂T
(∗T/ε)Gε(εD

M
T/ε)

]∣∣∣ ≤ c exp
(
− C

ε2

)
. (5.27)

Set

A′
ε,T =

(T
ε

)NV

εDM
T/ε

(T
ε

)−NV

. (5.28)

Let Fε(εD
M
T/ε)(x, x

′), Fε(A
′
ε,T )(x, x

′)(x, x′ ∈ M) be the smooth kernel asso-

ciated with Fε(εD
M
T/ε), Fε(A

′
ε,T ) with respect to the volume form dvM (x′)

(2π)dimM . Using

(2.11), (4.9) and finite propagation speed [20, §7.8], [35, Appendix D. 2], it is clear
that for ε ∈]0, 1], T ≥ 1, x, x′ ∈ M , if dB(π(x), π(x′)) ≥ α, then

Fε(εD
M
T/ε)(x, x

′) = 0

and moreover, given x ∈ M , Fε(εD
M
T/ε)(x, ·) only depends on the restriction of

DM
T/ε to π−1(BB(π(x), α)).

Let ρi be a partition of unity subordinate to the cover (Gbi ,
1
2 Ṽbi)i∈I of B.

Then by (5.28), we get as in [2, (7.8)]

Trs

[
∗−1
T/ε

∂

∂T
(∗T/ε)Fε(εD

M
T/ε)

]
= Trs

[
∗−1
T/ε

∂

∂T
(∗T/ε)Fε(A

′
ε,T )
]
. (5.29)

We replace M̃bi by (T̃B)bi ×Xbi = Cm×Xbi and trivialize the vector bundles
as indicated in [33, §7b)].

As in [2, §9b)], for α > 0 small enough, there is also a smooth Z-graded vector

bundle K ⊂ Ωbi over (T̃B)bi � R2m which coincides with Ker(DX) on B(0, 4α),
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with Ker(DX
bi
) over (T̃B)bi\B(0, 6α) and such that if K⊥ is the orthogonal bundle

to K in Ωbi ,

K⊥ ∩Ker(DX
bi ) = {0}. (5.30)

Let Pb be the orthogonal projection operator from Ωbi on Kb. Set P
⊥
b = 1− Pb.

Let ΔTB be the standard Laplacian on the vector space (T̃B)bi with respect

to the metric hTB
bi

. Let dvTbi
B be the Riemannian volume form on ((T̃B)bi , h

TB
bi

).

Let ϕ : R → [0, 1] be a C∞ function which is equal 1 if |t| ≤ 2α, equal 0 if
|t| ≥ 4α. Let L1

ε,T be the operator on Cm ×Xb0

L1
ε,T = ϕ2(|Y |)A′2

ε,T + (1− ϕ2(|Y |))
(−ε2ΔTB

2
+ T 2P⊥

Y DX,2
bi

P⊥
Y

)
. (5.31)

Let F̃ε(L
1
ε,T )
(
(Y, x), (Y ′, x′)

)
((Y, x), (Y ′, x′) ∈ (T̃B)bi ×Xb0) be the smooth

kernels associated with F̃ε(L
1
ε,T ) with respect to

dvTbi
B(Y ′)dvXbi

(x′)

(2π)dim M .

For (Y, x) ∈ (T̃B)bi ×Xbi , |Y | < β/4, set

dvM (Y, x) = k(Y, x)dvTbi
BdvXbi

. (5.32)

Using finite propagation speed and (2.11), we see that if (Y, x) ∈ (T̃B)bi×Xbi ,
|Y | < α, then

Fε(A
′
ε,T )
(
(Y, x), (Y, x)

)
=
∑

h∈Gbi

k(Y, x)hF̃ε(L
1
ε,T )
(
h−1(Y, x), (Y, x)

)
. (5.33)

By (5.33), and proceeding as in [33, §7], we have Theorem 5.12.

5.7. A proof of Theorem 5.13

As in [2, §8] or [33, §8], the following theorem implies Theorem 5.13.

Theorem 5.16. There exists C > 0 such that for 0 < u ≤ 1, T ≥ 1,∣∣∣Trs [ ∗−1
T

∂∗T
∂T

exp(− u2

T 2
DM,2

T )
]
− 2

u2

∫
M∪ΣM

ω̃M

2πT
TdΣ(TM) chΣ(ξ) (5.34)

+

∫
M∪ΣM

∂

∂b
TdΣ

(−RTM
T

2iπ
− b(hTM

T )−1 ∂

∂T
(hTM

T )
)
b=0

chΣ(ξ, hξ)
∣∣∣ ≤ Cu2

T
.

Proof. By (5.28)

A′
1/T,1 = TNV

1

T
DM

T T−NV . (5.35)

Therefore

Trs

[
∗−1
T

∂∗T
∂T

exp(− u2

T 2
DM,2

T )
]
= Trs

[
∗−1
T

∂∗T
∂T

exp(−u2A′2
1/T,1)

]
. (5.36)

By (3.15), we can replace M by (Cm × Xbi)/Kbi , and trivialize the vector
bundles as indicated in [33, §7b)]. Then we will prove (5.34) in this situation.
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Let Pu,T (x,x
′) be the smooth kernel associated with the operator

exp(−u2A′2
1/T,1) with respect to dvM (x′)

(2π)dim M . Let

P 1
ε,T,u((Y, x), (Y

′, x′)) ((Y, x), (Y ′, x′) ∈ (T̃B)bi ×Xbi)

be the smooth kernel associated with the operator exp(−u2L1
ε,T ) with respect to

dvTbi
B(Y ′)×dvXbi

(x′)

(2π)dimM . By Proposition 5.15, as u → 0, uniformly on T ≥ 1, the

asymptotics of the following three terms is the same∫
M

ρiTrs

[
∗−1
T

∂∗T
∂T

Fu/T (uA
′
1/T,1)(x, x

′)
]
dvM/(2π)dimM ,∫

M

ρiTrs

[
∗−1
T

∂∗T
∂T

Pu,T (x, x
′)
]
dvM/(2π)dimM ,∫

(T̃B)bi×Xbi

ρi
∑

h∈Gbi

1

|Gbi |
Trs

[
h ∗−1

T

∂∗T
∂T

P 1
1/T,1,u(h

−1(Y, x), (Y, x))
]

k(Y, x)dvTbi
B(Y )× dvXbi

(x)/(2π)dimM .

(5.37)

By [33, §8], (5.36), (5.37), we get Theorem 5.16. �

5.8. A proof of Theorem 5.14

Proposition 5.17. There exists C > 0, such that for 0 < ε ≤ 1, T ≥ 1∣∣∣Trs [ ∗−1
T/ε

∂

∂T
(∗T/ε)Gε(εD

M
T/ε)

]
− 2

T

( dimX∑
j=0

(−1)jjχ(Rjπ∗ξ)− dimXχ(ξ)
)
Gε(0)

∣∣∣ ≤ C

T 2
.

(5.38)

Proof. By an analogue of the McKean–Singer formula [1, Theorem 3.50], we find
that

Trs[NV Gε(εD
B)] =

dimX∑
j=0

(−1)jjχ(Rjπ∗ξ)Gε(0). (5.39)

Using (5.39) and proceeding as in [2, Proposition 9.1], we have (5.38). �

By (4.10) and (5.38), to establish Theorem 5.14, we only need to establish
the following result,

Theorem 5.18. If α > 0 is small enough, there exist δ > 0, C > 0, such that for
0 < ε ≤ 1, T ≥ 1∣∣∣Trs [ ∗−1

T/ε

∂

∂T
(∗T/ε)Fε(εD

M
T/ε)

]
− 2

T

( dimX∑
j=0

(−1)jjχ(Rjπ∗ξ)− dimXχ(ξ)
)
Fε(0)

∣∣∣ ≤ C

T 1+δ
.

(5.40)
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Proof. Using (5.28), we deduce that

Trs

[
∗−1
T/ε

∂

∂T
(∗T/ε)Fε(εD

M
T/ε)

]
= Trs

[
∗−1
T/ε

∂

∂T
(∗T/ε)F̃ε(A

′2
ε,T )
]
. (5.41)

Let F̃ε(A
′2
ε,T )(x, x

′)(x, x′ ∈ M) be the smooth kernel associated with F̃ε(A
′2
ε,T ) with

respect to dvM (x′)/(2π)dimM . Using finite propagation speed, it is clear that if

x ∈ M , F̃ε(A
′2
ε,T )(x, ·) only depends on the restriction of A′

ε,T to π−1(BB(π(x), α)).

We use the same trivialization and notation as in Section 5.6. If (Y, x) ∈
(T̃B)bi ×Xbi , |Y | < α, then

ρi(Y, x)F̃ε(A
′2
ε,T )((Y, x), (Y, x))

= ρi
∑

h∈Gbi

k(Y, x)hF̃ε(L
1
ε,T )(h

−1(Y, x), (Y, x)). (5.42)

By [33, §9], (5.41), (5.42), we get Theorem 5.18. �

The proof of Theorem 5.14 is completed. �
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[10] J.-M. Bismut, H. Gillet, and C. Soulé, Analytic torsion and holomorphic determinant
bundles. I. Bott–Chern forms and analytic torsion, Comm. Math. Phys. 115 (1988),
no. 1, 49–78.
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Analytic Torsion, Regulators and
Arithmetic Hyperbolic Manifolds

Jean Raimbault

Abstract. This paper is a survey of some topics pertaining to the regulators
associated to the homology of Riemannian manifolds. These were originally
introduced by Ray–Singer in order to give a definition of Reidemeister torsion
for a closed Riemannian manifold. This torsion was conjectured to be equal
to the analytic torsion defined by purely analytic means, which was proven
shortly afterwards by Cheeger and Müller. We will give a short account of
this theorem before turning to our main theme of interest which concerns
arithmetic groups and locally symmetric spaces.

In recent work of Bergeron–Venkatesh and others regulators have ap-
peared as an obstruction in the study of torsion in the cohomology of arith-
metic groups. In this context regulators also have an arithmetic significance,
and this was explored further by Calegari–Venkatesh and Bergeron–Şengün–
Venkatesh. Finally, since many interesting arithmetic locally symmetric spaces
are not compact it is natural to attempt to extend the definition of regula-
tors, and the Cheeger–Müller theorem, to them. We will survey the work of
Calegari–Venkatesh, Pfaff and Pfaff together with the author on this topic.

Mathematics Subject Classification (2010). 11F75, 22E40, 58J52, 57M50.

Keywords. Arithmetic group, hyperbolic manifold, analytic torsion, Reide-
meister torsion, homology.

Introduction

This survey paper aims at giving an introduction to the interaction between Rie-
mannian and spectral geometry on one side and number theory on the other, from
the point of view of analytic torsion and the Cheeger–Müller Theorem. The former
is a spectral invariant and the latter relates it to a topological invariant, the Reide-
meister torsion. Regulators are one of the elements in the relation. The connection
to number theory arises when applying this theory to the locally symmetric spaces
associated to arithmetic lattices in semisimple Lie groups. The simplest examples

c© The Author(s), under exclusive license to Springer Nature Switzerland AG 2021
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where this gives interesting results is when the Lie group is SL2(C), and the as-
sociated manifolds are then hyperbolic 3-manifolds. The points I want to discuss
are more precisely the following:

• Bounding the growth of regulators in sequences of congruence covers of an
arithmetic manifold is a step in the program of understanding asymptotic
growth of homology in these covers laid in [8];

• Regulators themselves seem to have interesting arithmetic properties;
• Analytic torsion and the Cheeger–Müller Theorem only make sense for closed
Riemannian manifolds. It is desirable and possible to extend some parts of
the theory to manifolds associated to nonuniform arithmetic lattices such
as the Bianchi groups SL2(RD), where RD is a ring of imaginary quadratic
integers.

I will concentrate on the first and third points, after giving a short survey of
analytic and Reidemeister torsion and hyperbolic manifolds including arithmetic
constructions. I will briefly discuss the growth of torsion homology in congruence
covers (including some new numerical data); a more complete survey on this topic
is given in [6]. The contents of the paper are as follows:

• Section 1 is a short introduction to Reidemeister and analytic torsion, and
the Cheeger–Müller Theorem relating the two. This is rather old material,
from [15] and [32] essentially. This section is mainly here to provide context
for the rest of the survey.

• Section 2 concerns hyperbolic 3-manifolds. This section contains a very short
introduction to their geometry and topology and then reviews the relations
between regulators and geometric invariants, following [7] and [11].

• Arithmetic lattices in SL2(C) are introduced in Section 3 and a few results
about their regulators and cohomology are explained there. The contents of
this section are mainly taken from [8], [14] and [7].

• The last section (Section 4) is concerned with the extension to the noncom-
pact case of the results mentioned above, and how to adapt some parts of the
previous section to this setting. The contents are mainly from [14] and [37].

As noted above the study of arithmetic groups involves both number theory and
differential geometry. I tried to separate as much as possible those results that
involve only the latter (and so would be valid in the more general context of locally
symmetric spaces) from those which make essential use of the number-theoretical
origin of the spaces we consider (and might be false in a more general context).

This survey grew out of a talk I gave about [37] and [39] at the conference
“Regulators IV”, the contents of which intersected mainly with the last section.

Acknowledgments
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asking me to write a survey on this topic. I am grateful to Nathan Dunfield, Michael
Lipnowski and Aurel Page for valuable comments on and corrections to a prelimi-
nary version of this survey and to Nicolas Bergeron for explanations on base-change
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its presentation and remove some imprecisions.

1. Reidemeister torsion and the Cheeger–Müller equality

1.1. Reidemeister torsions of CW-complexes

We will only give a short review of the general theory of Reidemeister torsion,
which we will not use much in the sequel. For a complete survey see the book
by V. Turaev [46], and some parts in what follows are essentially lifted from [8,
Section 2].

If X is a finite CW-complex and K a commutative ring we let C∗(X ;K),
be its chain complex, the differential of which we denote by d∗. Suppose that K
is a field and C∗(X ;K) is acyclic1. Choose graded bases c∗, z∗, b∗ for the spaces
C∗, ker(d∗) and Im(d∗) respectively. Then the Reidemeister torsion of X is defined
as follows:

τ(X ;K) =
∏
i

det ci (di+1(bi+1)⊕ zi)
(−1)i

(1.1)

where ⊕ denotes concatenation of bases. An elementary verification shows that it
does not depend on the various choices, and it is also possible to prove that it is
a homeomorphism invariant. If C∗(X ;K) is not acyclic then one needs to add a
choice of bases h∗ for the homology and define the torsion as

τ(X ;K) =
∏
i

det ci

(
di+1(bi+1)⊕ zi ⊕ h̃i

)(−1)i

(1.2)

where h̃∗ is a graded lift of the base h∗ of H∗(X ;K) to C∗(X ;K). The torsion thus
defined does depend on the choice of h∗. When K has characteristic 0 the most
natural choice is to take bases coming from the integral structure: since the base
change matrices have determinant ±1 the torsion thus obtained depends on the
choice only up to sign. A simple computation shows that in this case we have up
to sign:

τ(X ;Q) =
∏
i

|Hi(X ;Z)tors|(−1)i (1.3)

where Ators denotes the torsion subgroup of an abelian group A. In general we
must add for each i the factor corresponding to the determinant of the chosen
base in a Z-base.

When K is R or C another natural choice for the bases h∗ is as follows. There
is a natural choice of a basis for C∗ given by the cells in each degree. This gives
each Ci(X ;K) the structure of a Euclidean or Hermitian space, and then we can
identify Hi(X ;K) with a subspace of Ci(X ;K), namely the orthogonal of Im(di+1)
in ker(di). Then we may take for hi any orthonormal basis of this subspace and

1Of course if X is a triangulation of a manifold then C∗(X;K) is never acyclic but taking
coefficients in a local system may remedy this issue.
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the resulting torsion does not depend on this choice up to sign. It can be computed
via the formula

τ =

dim(X)∏
i=0

det ′(di)
(−1)i (1.4)

where det ′(f)2 is the product of all nonzero “singular values” of f , which are the
eigenvalues of the associated self-adjoint map f∗f . The relation with the torsion
in 1.3 is easily worked out to be (see [8, (2.2.4)]):

dim(X)∏
i=0

det ′(di)
(−1)i =

∏
i

(
|Hi(X ;Z)tors|

Ri(X)

)(−1)i

(1.5)

where the combinatorial regulator Ri(X) is the covolume of the lattice

Hi(X ;Z)free = Hi(X ;Z)/Hi(X ;Z)tors

in the Euclidean subspace of Hi(X ;K) that it spans.

1.2. Reidemeister torsions of Riemannian manifolds

We saw above (cf. 1.4) how to relate the homological torsion of a CW-complex
to the “geometry” of its cellular complex via determinants and regulators. The
definition given for the latter depended on identifying the free part of the homology
to a lattice in a Euclidean space. In this section we will take a CW-complex coming
from a triangulation of a smooth manifold and relate its homological torsion to
a quantity defined using a Riemannian metric on the manifold. For this purpose
D. Ray and I. Singer defined the Reidemeister torsion of a Riemannian manifold:
see [40, Definitions 1.1 and 3.6] and also [15, Section 1]. We will define it ex-nihilo
in terms of regulators.

Let M be a compact Riemannian manifold with no boundary and of dimen-
sion dim(M) = d. We fix a smooth triangulation X of M . For 0 ≤ k ≤ d let
H k(M) be the space of harmonic forms on M . By the Hodge-de Rham Theorem
the linear map

Φk : H k(M) → Hk(X ;R)

given by

Φk(ω)(c) =

∫
c

ω

(here c is a k-cycle of X , so in particular it is a smooth k-submanifold away from
a codimension 1 subset and the integral makes sense) is an isomorphism. On the
space H k(M) there is the L2-inner product 〈·, ·〉L2 defined by integrating the
pointwise inner product induced by the Riemannian metric2. The kth regulator
of M is then defined to be the covolume of Hk(X ;Z)free with respect to the
inner product (Φk)∗ 〈·, ·〉L2 on Hk(X ;R). We will denote it by Rk(M); note that
in general it depends on the choice of the Riemannian metric (but not on the

2Equivalently 〈u, v〉 = ∫
M u∧ ∗v where ∗ is the Hodge star operator asocietd to the Riemannian

metric.
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triangulation) but this will not matter for us. Using the explicit form of Φk we see
that if c1, . . . , cbk is a Z-basis of Hk(X ;Z)free and ω1, . . . , ωbk is an orthonormal
basis of H k(M) then we have

Rk(M) = det

(∫
ci

ωj

)
1≤i,j≤bk

. (1.6)

The Reidemeister torsion of M is then defined to be:

τ(M) =

d∏
i=0

(
|Hk(X ;Z)tors|

Rk(M)

)(−1)k

. (1.7)

Note that through (1.5) this can be seen as the particular case of (1.2) where one
takes integral bases for the Ck(X ;R) and L2-orthonormal bases for the Hk(X ;R).

1.3. Analytic torsion and the Cheeger–Müller Theorem

Now instead of determinants of the differentials of the complex C∗(X ;R) we will
consider “determinants” of the de Rham differentials. As the spaces Ωk(M) are not
finite dimensional, and the differentials are not continuous these are not defined as
usual. Rather, Ray–Singer used the spectral theory of the Hodge–Laplace operators
to define the so-called regularised determinants. We will now describe this without
paying attention to the underlying functional analysis.

We will denote by L2Ωk(M) the Hilbert space of square-integrable k-forms.
The Hodge–Laplace operator Δk on Ωk(M) is defined by:

Δk = d∗kdk + dk+1d
∗
k+1

where d∗k is the formal adjoint of dk. The operator Δk is unbounded but it has
a unique essentially self-adjoint extension in L2Ωk(M). The spectral theorem in
Riemannian geometry states that its spectrum is a discrete subset of [0,+∞[. All
this means that there exists an Hilbert basis (ωi)1≤i of L2Ωk(M) and a nonde-
creasing sequence sequence (λi)1≤i such that λi goes to infinity and Δkωi = λiωi.
Moreover Weyl’s law states that

|{i : |λi| ≤ λ}| ∼λ→+∞ C(d)

(
d

k

)
vol(M)λd/2. (1.8)

This means that the series

ζk(s) =
∑
λi>0

λ−s
i

converges in the half-plane Re(s) > d/2. Its sum actually extends to a meromorphic
function on C, which is often called the Minakshisundaram–Pleijel zeta function
when k = 0. It is regular at s = 0 and we define the regularised determinant of
Δk by the following formula:

det ′(Δk) = exp(ζ′k(0)) (1.9)

(note that formally, the value on the right equals the (nonconvergent) product∏
i≥bk+1 λi).
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The analytic torsion of M is defined, in analogy with (1.4), by:

T (M) =

d∏
k=0

(det ′(Δk))
k(−1)k

. (1.10)

The main motivation for this definition, as well as its use for us, resides in the
following result which was conjectured by Ray–Singer and proven shortly after-
wards by J. Cheeger and W. Müller independently of each other in [15] and [31]
respectively.

Theorem 1.1 (Cheeger, Müller). Let M be a closed Riemannian manifold. Then

τ(M) = T (M).

1.4. Local systems

The work of Ray–Singer as well as that of Cheeger and Müller was done in the
slightly more general case where one considers cohomology and differential forms
with coefficients in a flat orthogonal vector bundle. For later applications we will
need an even larger setting, where the generalisation of the Cheeger–Müller The-
orem 1.1 was worked out (independently) by J.-M. Bismut–W. Zhang [9] and
W. Müller [32].

Let M,X be as above and let ρ be a representation of π1(M) on a finite-
dimensional real vector space V , such that ρ(π1(M)) ⊂ SL(V ). Then we can
associate to ρ a flat unimodular vector bundle F on M , obtained by quotienting

M̃×V by the left-action γ·(x, v) = (γ·x, ρ(γ)·v). There is also an associated cochain

complex of finite-dimensional real vector spaces C∗(X ;V ) = C∗(X̃ ;R)⊗R[π1(M)]V ,
with cohomologyH∗(X ;V ). To proceed further one needs a metric on F : in general
there is no canonical choice so we will assume that an arbitrary choice has been
made. With this metric comes an identification of each Hk(X ;V ) with a space
H k(M ;F ) of harmonic forms on M . It also allows to choose a prefered class
of bases of each Ck(X ;V ) and with these choices we can define a Reidemeister
torsion τ(M ;F ) as in (1.2). On the analytic side the spectral theory is similar
to that described above and the analytic torsion T (M ;F ) is defined in the same
manner. The result of Müller and Bismut–Zhang is then stated as follows.

Theorem 1.2 (Bismut–Zhang, Müller). Let M be a closed Riemannian manifold
and F a flat unimodular bundle over M . Then τ(M ;F ) = T (M ;F ).

To end this section we will describe a particular case in which the Reide-
meister torsion can be expressed with a formula similar to (1.7). Suppose that V
contains a lattice L such that ρ(π1(M))(L) = L. Then the integral cochain com-
plex C∗(X ;L) and its homology H∗(X ;L) are well defined. Thus it is possible to
take integral bases to compute the Reidemeister torsion τ(M ;F ), and to define the
regulators Rk(M ;L) as the covolume of Hk(X ;L)free with respect to the L2-inner
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product. Then we have the formula:

τ(M ;F ) =

d∏
k=0

(
|Hk(X ;L)tors|
Rk(M ;L)

)(−1)k

. (1.11)

2. Regulators of hyperbolic 3-manifolds

2.1. Hyperbolic manifolds

A hyperbolic manifold is a complete Riemannian manifold all of whose sectional
curvatures are equal to −1. Riemann’s Theorem states that this determines a
unique local isometry class, so that there is a unique such manifold which is sim-
ply connected. It is referred to as the d-dimensional hyperbolic space and usually
denoted by Hd. The d-dimensional hyperbolic space admits an algebraic descrip-
tion as the symmetric space associated to the Lie group SO(d, 1), in other words it
is isometric to SO(d, 1)/O(d) with the (suitably normalised) left-SO(d, 1)-invariant
Riemannian metric. In the sequel we will mostly restrict ourselves to d = 3. In
this dimension there is a local isomorphism SO(3, 1) ∼= SL2(C) and we will use the
latter group since it is easier to deal with algebraically.

2.1.1. Thick-thin decomposition. Recall that the injectivity radius injx(M) of a
Riemannian manifold M at a point x is the maximal radius of a ball (in the Rie-
mannian distance) around x which is embedded. For negatively curved manifolds,
an alternative description is that injx(M) equals half the minimal length of a closed
curve passing through x which is nontrivial in π1(M). For a closed manifold the
global injectivity radius inj(M) is defined to be the minimum of injx(M) over all
x ∈ M . We have inj(M) > 0.

The most basic tool to describe the global structure of finite-volume hyper-
bolic manifolds is the Margulis lemma. We will use one of its corollary, namely the
thick-thin decomposition of hyperbolic manifolds which we will describe in what
follows. For an ε > 0 the ε-thin part of M is the subset

M≤ε = {x ∈ M : injx(M) ≤ ε}
and the ε-thick part M>εis its complement in M . There exists a constant μ (de-
pending on d) called the Margulis constant, such that for all d-dimensional hyper-
bolic manifolds M of finite volume and ε ≤ μ the ε-thin part of M is diffeomorphic
to a finite union of cusps and tubes. Cusps are the noncompact components, and
each is diffeomorphic to N × [0,+∞[ where N is a closed (d− 1)-dimensional flat
manifold, for example N = Td−1, the flat torus (this is the only possibility in
dimension d = 3). Tubes are compact, and each of them is obtained as a tubular
neighbourhood of a closed geodesic, in particular it is diffeomorphic to Bd−1 × S1.
It then follows from the van Kampen Theorem that for d ≥ 3 the fundamental
group of M is generated by that of its subset M≥ε. If d ≥ 4 the manifolds M and
M≥ε have the same fundamental group.
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2.1.2. Triangulations of hyperbolic manifolds. Suppose that M is a closed Rie-
mannian manifold such that inj(M) ≥ ε > 0. Let x1, . . . , xm ∈ M such that
the open balls B(xi, ε/6) cover M , and the distances d(xi, xj) for i = j are
all at least ε/12. We can look at the pattern of intersections between the balls
B(xi, ε/4) to define a simplicial complex X , namely X has (xi) as its 0-skelethon
and vertices xi0 , . . . , xik define a k-simplex of X if and only if the intersection
B(xi0 , ε/4)∩· · ·∩B(xik , ε/4) is nonempty (this complex is usually called the nerve
of the covering by the B(xi, ε/4)). For ε small enough (depending only on the local
geometry of the manifold) this simplicial complex will be homotopy equivalent to
M (but not necessarily homeomorphic to it: it can happen that it is not a mani-
fold). Moreover it has at most C(k, ε) simplices in degree k, and every simplex is
adjacent to at most d(ε) other simplices. In particular bk(M) ≤ C(k, ε).

In the case where M is an hyperbolic manifold and ε is the Margulis constant,
and inj(M) < ε it is still possible to construct a triangulation from the thick
part M≥ε which is homotopy equivalent to it (see [12]). Since in dimension 3 the
fundamental group of M is a quotient of that of M≥ε, and in higher dimension the
two manifolds are homotopy equivalent, we see that there exists a constant C(d)
such that for every d-dimensional hyperbolic manifold we have:

bk(M) ≤ C(d) · vol(M). (2.1)

Less obviously (see for example [42]) the homotopy equivalence of M≥ε with such
a simplicial complex also implies that

log |Hk(M≥ε;Z)tors| ≤ C(d) · vol(M). (2.2)

If M has tubes in its thin part then M and M≥ε are not necessarily homotopy
equivalent. However (2.2) still implies that log |Hk(M ;Z)tors| ≤ C(d) · vol(M) for
k = d − 2, using a long exact sequence to relate H∗(M≥ε;Z) to H∗(M ;Z). In
general there is no reason for this bound to hold for k = d − 2: for example in
dimension 3 Dehn surgeries on a given manifold can have arbitrarily large torsion
in their first homology group while keeping the volume bounded. We do not know
whether there is such a uniform bound for Hd−2(M ;Z) for d ≥ 4.

2.1.3. Reflection groups. Classical constructions of low-dimensional hyperbolic
manifolds proceed by using a Coxeter polyhedron and Poincaré’s Theorem. For
example there exists a compact tetrahedron T2 (we take the notation from [29,
Figure 13.1]) in H3 with Coxeter symbol

a b c d

Let ΓT2 be the subgroup of Isom(H3) generated by reflections on the faces of
T2 (we’ll denote the reflection in a face by the same letter). Then ΓT2 is a cocompact
discrete subgroup in Isom(H3). It has an index-2 subgroup Γ+

T2
of orientation-

preserving isometries. The latter is generated by α = ab, β = ac and γ = ad and
has the presentation

Γ+
T2

= 〈α, β, γ|α5, β2, γ3, (βα)3, (γα)2, (βγ)4〉.
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It is possible to compute an explicit matrix representation of Γ+
T2

to PSL2(C). More
generally formulae for the representations of 3-dimensional hyperbolic tetrahedral
groups are given in [24].

Since Γ+
T2

is not torsion-free the quotient Γ+
T2
\H3 is not a manifold. There are

two ways to find a finite-index subgroup in Γ+
T2

which is torsion-free. We will see
the algebraic one later, here we describe a beautiful geometric construction due (in
greater generality) to A. Vesnin. The subgroup of ΓT2 fixing the vertex x0 = a∩b∩c
is isomorphic to S5. Thus we get a morphism π : ΓT2 → S5 by sending the generator
d to the identity. The polyhedron in H3 corresponding to the subgroup ker(π)
is a right-angled dodecahedron D with center x0 and the group ΓD = ker(π) is
generated by the reflections in the sides ofD. These sides correspond to the vertices
of an icosahedron. Choose a colouring of the icosahedral graph with 4 colours and
define a morphism ρ : ΓD → (Z/2Z)3 by sending a generator to (1, 0, 0), (0, 1, 0),
(0, 0, 1) or (1, 1, 1) according to its color. Then Γ = ker(ρ) is a torsion-free group
and the manifold Γ\H3 is obtained by gluing eight copies of D along their faces
according to a certain pattern. Its volume is about .03588× 120× 8 ∼= 34.4448.

For later use we note that doubling T2 along the face d yields another Coxeter
tetrahedron T4, whose Coxeter symbol is

a b
dcd

c

A presentation for its reflection group is

Γ+
T4

=
〈
α, β, γ|α5, β2, γ2, (βα)3, (γα)3, (βγ)2

〉
. (2.3)

Moreover, the following matrices3 generate a discret cocompact subgroup of
PSL2(C) isomorphic to Γ+

T4
:

α̃ =
1

2

(
a2 −e
e a2

)
, β̃ =

1

5

(
0

((
a2 + 2

)
i− 2a2 + 1

)
e((

a2 + 2
)
i+ 2a2 − 1

)
e 0

)
,

γ̃ =
1

5

(
5
(
−a3 + a

)
i

((
a2 − 3

)
i− 2a2 + 1

)
e((

a2 − 3
)
i+ 2a2 − 1

)
e 5

(
a3 − a

)
i

)
.

(2.4)

Here a is an imaginary root of X4 −X2 − 1 and e =
√
4− a4, so the coefficients

belong to an algebraic number field of degree 16.

Finally, we will also refer to the tetrahedron T8 which occurs in [44]. Its
Coxeter symbol is

3They are different from those in [24], we simply solved the trace equations given by the presen-
tation (2.3) to find them.
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and a presentation for its reflection group is

Γ+
T8

=
〈
α, β, γ|α3, β2, γ5, (γβ)3, (αγ−1)2, (αβ)4

〉
.

2.2. Regulators and geometry

Note that by Poincaré duality, for a closed Riemannian 3-manifold M it follows
from formula (1.6) that:

R2(M) = R1(M)−1.

So to prove upper and lower bound for either R1 and R2 it suffices to prove upper
bounds for both. We will describe how to do so in both cases, following [7]: in degree
1 the result is good enough for applications, but degree 2 is more complicated.

2.2.1. Bounding R1. In degree 1 it is rather easy to estimate regulators. The
following is a slightly modified version of [7, Proposition 3.1].

Proposition 2.1 (Bergeron–Şengün–Venkatesh). There exists a constant C > 0
such that for every closed hyperbolic 3-manifold M we have

log(R1(M)) ≤ Cb1(M) log(vol(M)). (2.5)

To get geometric estimates for the regulators here and later one needs to
be able to estimate the integral of a harmonic form on a submanifold. In full
generality this follows from the Sobolev inequalities, but for hyperbolic manifolds
Brock and Dunfield prove the following more precise result (see the proof of [11,
Theorem 4.1]).

Theorem 2.2 (Brock–Dunfield). There exists a constant C1 > 0 such that if M is
an hyperbolic manifold and α a harmonic form on M then we have the following
bound for the pointwise norms |αx|:

∀x ∈ M : |αx| ≤
C1√

injx(M)
‖α‖L2 .

Now we can explain the proof of Proposition 2.1. Let μ be the Margulis
constant for H3 and M≥μ the μ-thick part ofM . Then as we saw it follows from the
thick-thin decomposition that π1(M) is generated by π1(M≥μ). On the other hand,
there exists an absolute constant C2 such that one can find a family of closed curves
γ1, . . . , γm which are contained in the thick part M≥μ and generate π1(M≥μ),
such that each has length at most C2 · diam(M≥μ). We note that diam(M≥μ) ≤
C0 vol(M) where C0 is the volume of a ball of radius μ in H2. It follows, using
Theorem 2.2, that for ω a harmonic 1-form on M we have for i = 1, . . . ,m the
estimate: ∣∣∣∣∫

γi

ω

∣∣∣∣ ≤ C3 vol(M)‖ω‖L2. (2.6)

where C3 is absolute (we can take C3 = C0C1C2/
√
μ). Now there is a subfamily,

say γ1, . . . , γb, such that the singular homology classes [γ1], . . . , [γb] generate a
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subgroup of finite index in H1(M ;Z)free. If ω1, . . . , ωb is an orthonormal basis of
H1(M ;R) for the L2 norm we get

R1(M) ≤ det

(∫
γi

ωj

)
1≤i,j≤b

≤
b∏

i=1

√√√√ b∑
j=1

∣∣∣∣∫
γi

ωj

∣∣∣∣2 ≤ (
√
b)b(C3 vol(M))b

so that (assuming b > 0, as otherwise R1(M) = 1):

logR1(M) � b log(b) + b log vol(M).

The conclusion of Proposition 2.1 follows since we have b = b1(M) � vol(M).

2.2.2. Cycle complexity and R2. Let S be a 2-cycle inM . The Poincaré dual of the
class [S] ∈ H2(M ;Z) is by definition the unique harmonic 1-form ωS ∈ H1(M ;R)
which satisfies

∀ω ∈ H2(M ;R) :

∫
S

ω =

∫
M

ωS ∧ ω.

It follows immediately (by the Cauchy–Schwarz inequality) that∣∣∣∣∫
S

ω

∣∣∣∣ ≤ ‖ωS‖L2 · ‖ω‖L2.

So, to estimate the regulator R2 in a manner similar to the case of R1 we need
bounds on the L2-norm ‖ωS‖L2. Getting these bounds is much more intricate than
for 1-cycles: in fact there is no equivalent to (2.5) in degree 2. Brock–Dunfield [11,
Theorem 1.8] construct a sequence Mn of closed hyperbolic 3-manifolds where
R2(Mn) ≥ cvol(Mn) for some explicit c > 1. However, restricting to specific classes
of hyperbolic manifolds (namely arithmetic congruence ones) there is a hope that
regulators can be estimated by the volume. We will explain below (see 3.2) some
results in this direction due to Bergeron–Şengün–Venkatesh.

In this section we will explain the first step in their argument. For this we need
the notion of cycle complexity introduced by them. Let X be a triangulation of M .
If c ∈ C2(X ;Z) then we can represent the homology class [c] by a singular homology
class [S] where S is a smooth embedded surface (not necessarily connected). Then
a natural notion of complexity for [c] would be the Euler characteristic of S.
Note that in a closed negatively-curved manifold any embedded sphere or torus
represents the null class in singular homology. The result is then a relation between
the cycle complexity and the L2-norm. The following sharpened version of [7,
Proposition 4.1] was proven by Brock–Dunfield [11, Theorem 1.3].

Theorem 2.3 (Bergeron–Şengün–Venkatesh, Brock–Dunfield). There exists a con-
stant C with the following property. If M is a closed hyperbolic 3-manifold and S
is a smooth surface embedded in M then

‖ωS‖L2 ≤ C√
inj(M)

|χ(S)|.
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The proof given by Bergeron–Şengün–Venkatesh uses the relation between
cycle complexity and the Gromov–Thurston norm (Brock and Dunfield use a more
direct differential-geometric argument). This is a result due to D. Gabai, which
states that [S] can be represented by a singular chain

∑
i tiσi where σi are triangles

and
∑

i |ti| = −χ(S). One can then replace each σi by a totally geodesic triangle
without changing the homology class of the cycle. Since hyperbolic triangles have
area at most π it follows by applying Theorem 2.2 that

‖ωS‖2L2 =

∫
S

ωS ≤ C1‖ωS‖L2π
∑
k

|tk| = C|χ(S)| · ‖ωS‖L2

which proves the inequality (note that this uses only the “easy” inequality in
Gabai’s result, as was pointed out to me by N. Dunfield).

2.2.3. Remarks.

1. There is also a lower bound for cycle complexity in terms of the L2-norm:
Brock–Dunfield prove that ‖ωS‖ ≥ π vol(M)−1/2|χ(S)| is S has maximal
Euler characteristic in its singular homology class, and Bergeron–Şengün–
Venkatesh prove a weaker version of this. The proof is more complicated.

2. Brock–Dunfield also give examples showing that it is not possible to remove
the dependency on the injectivity radius in Theorem 2.3 (nor that on the
volume in the other inequality).

2.3. Small eigenvalues

We end this section by discussing a recent work of M. Lipnowski and M. Stern [26],
which is not immediately related to regulators but has a similar flavour and which
we will have the occasion of mentioning again later in this survey. They study the
problem of giving a bound for the lowest eigenvalue λ1(M) of the Laplace operator
on 1-forms on a manifold M depending only on its geometry. They work only in
the setting where M is a finite cover of a compact orbifold M0. The result they
obtain is a bound of the form

λ1(M)−
1
2 ≤ C(M) ·

(
1 + sup

γ

sArea(γ)

�(γ)

)
.

Here C(M) is a constant which (in the setting above) is bounded by a polynomial
in the volume of M . The stable area sArea(γ) is the more interesting part of
the bound: the supremum is taken over all closed geodesics γ which are null-
homologous, and for such the stable area is the infimum of a bounding surface:

sArea(γ) = inf
m>0

inf
∂S=m[γ]

(
vol(S)

m

)
.

The problem of bounding sArea(γ) is to some extent similar to that of bounding
the regulator: instead of low-complexity 1-cycles one looks for low-complexity 2-
chains bounding a given curve.
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3. Regulators and homology of compact arithmetic manifolds

3.1. Arithmetic manifolds

In this section we will recall the construction of the closed hyperbolic arithmetic
3-manifolds: an arithmetic manifold is Γ\H3 where Γ ⊂ SL2(C) is a torsion-free
arithmetic lattice. We now have to explain what arithmetic lattices are: we will
first describe a subclass of these, the congruence lattices, which are the main point
of focus in this survey. Such a lattice is described by the following data:

1. A number field k which has exactly one complex place;
2. A quaternion algebra A over k which ramifies at all real places of k;
3. There is then a simply connected algebraic k-group G given by the kernel

of the reduced norm of A. To finish the description we need a compact-open
subgroup Kf in G(Af ) (where Af are the finite adèles of k).

The congruence lattice associated to these items is the group G(k)∩Kf which we
will denote by ΓK . It is naturally a subgroup in G(C) ∼= SL2(C) if we consider k
as a subfield of C. It is always discrete in SL2(C) and it is cocompact there if and
only if A is a division algebra, which is equivalent to it not being isomorphic to the
matrix algebra M2(k). The condition that ΓK be torsion-free does not translate
nicely in terms of the data above, but a sufficient condition for this is that Kv be
a normal pro-p subgroup at some finite place dividing a prime p > 2 and at which
A is not ramified.

Now an arithmetic lattice is a subgroup of SL2(C) which is commensurable
to a congruence lattice, that is Γ ≤ SL2(C) is an arithmetic lattice if and only if
there exists a congruence lattice Γ′ (as constructed above) such that Γ ∩ Γ′ is of
finite index in both Γ and Γ′. Non-congruence arithmetic lattices exist in SL2(C)
and we give an explicit example below – they are in fact rather more aboundant
than congruence ones – but in this text we will mostly not consider them.

The description above is not very useful to do explicit computations. Rather
than using the adélic setting we can describe some arithmetic manifolds in the
commensurability class defined by A using orders. An order O in A is a finitely
generated subring which generates A as a k-vector space. The group O1 of norm
one elements in O then fits in the family described above. To see this note that
if v is a finite place and Rv the ring of v-adic integers then Ov = O ⊗ Rv is a
compact-open subset of A⊗ kv, and the closure of O1 in there is a compact-open
subgroup in G(kv). Let Kf be the product of these over all finite places, then it is
clear that O1 = G(k) ∩Kf . If K

′
f is contained in a group Kf constructed in this

way we say that ΓK′ is derived from a quaternion algebra.

There are criteria to see whether a group generated by given matrices in
PSL2(C) is arithmetic or not (assuming one known it is of finite covolume). The
simplest test is to look at its invariant trace field, which is the field generated by
the traces of its elements in the adjoint representation. This is always a number
field, and if the lattice is arithmetic then this field equals the field k used in the
definition above. Moreover, it is then derived from a quaternion algebra if and only
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if its trace field (the field generated by the traces of its preimage in SL2(C)) equals
the invariant trace field. This is a necessary but not sufficient condition for a lattice
in PSL2(C) to be arithmetic; it is also possible to recover the quaternion algebra
A in a similar manner, which gives a complete characterisation. We will work out
the example of Γ+

T4
below, for a more complete description of the contents of this

paragraph we refer to [29, 3.5, 3.6, 8.3]. We also note that these methods do noy
say anything about whether a group is congruence or not, once it is known that it
is arithmetic; for the latter problem one needs a more group-theoretical approach
and we will not discuss this here.

3.1.1. Properties of congruence manifolds. There are multiple reasons to focus on
congruence manifolds instead of all hyperbolic manifolds of finite volume, or even
arithmetic ones. One such reason, which we will not discuss here, is their particular
significance to number theory (a point developed in [8] and [14] to cite only works
directly relevant to the present survey).

There is also the vague question asked by William Thurston in his influential
paper [45], to “find topological and geometrical properties of quotient spaces of
arithmetic subgroups of PSL2(C)” (see loc. cit., Question 19 on page 380), which
seems to have particular resonance in the context of congruence manifolds. As a
sample of such properties of congruence manifolds (which are not shared by the
larger class of all arithmetic manifolds) let us give the following examples:

• Their Cheeger constants (or first eigenvalue of the Laplace operator Δ0) are
uniformly bounded away from zero (see [16]).

• For any R > 0 the volume of their R-thin part is a (uniform) o(vol) (this is
known as Benjamini–Schramm convergence, see [19]).

• As a consequence of either of the properties above there are only finitely
many of them with a given Heegard genus (see [23] for the former and [4] for
the latter).

3.1.2. Hecke operators. Arithmetic manifolds also have a distinguished family of
operators acting on differential forms, the Hecke operators. We will give a short
description since they occur in the arguments of [7]. By strong approximation, there
is a natural bijection between the manifold ΓK\H3 and the quotient G(k)\G(A)/K
whereK = K∞Kf ,K∞ = SU(2). For each finite place v of k the space G(kv)/Kv is
a finite union of trees (one for each coset ofKv in a maximal subgroup) and as such
has an averaging operator δv which commutes with the left-G(kv)-action. Thus
these operators act on C0(G(k)\G(A)/K), and they actually extend to bounded
operators on L2(G(k)\G(A)/K). The action of δv on L2(M) is denoted by Tv.
Similar constructions can be made for differential forms.

It is immediate that the Hecke operators Tv commute with each other and
with the Laplacians. From this it follows that each eigenspace ker(Δk − λi) has a
decomposition into summands which are eigenspaces for all Tv simultaneously. This
applies in particular to the spaces H k(M) = ker(Δk). In general it is not possible
to exactly compute eigenspaces of Δk (for example there is no exactly knownMaass
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cusp form for SL2(Z)) but the cohomology can be computed from a triangulation
X of M , which can be obtained for example from a fundamental domain, see [34].
With further refinements it is also possible to compute the action of the Hecke
operators on H∗(X ;Z), see [21]. (We note that the explicit computations use a
combinatorial definition for Hecke operators on cohomology, which is obviously
equivalent to the analytic definition given just above but does not generalise to
other automorphic forms.)

3.1.3. Examples. The simplest example for k as above is to take an imaginary
quadratic field, for example Q(

√
−1). Then any quaternion algebra A satisfies

condition (2) above. In the next section we will discuss the algebraically simplest
example, when A = M2(k) is split. However, for the compact case many examples
do not come from quadratic fields.

For example, the cocompact lattice Γ+
T2

from 2.1.3 turns out to be arithmetic.

In fact its index 2 subgroup Γ+
T4

is derived from a maximal order in the quaternion
algebra A over the quartic field

k = Q(a), a4 − a2 − 1 = 0

ramified only at real places. This is recorded in [29, 13.1], we will shortly explain
how to prove it. (Before getting to the computation let us remark that the com-
mensurable subgroup Γ+

T2
is of necessity arithmetic, but because of the maximality

of Γ+
T4

it cannot be derived from a quaternion algebra. The Vesnin construction
gives an example of a non-congruence subgroup.)

We start by computing the traces of all possible products of tuples of pairwise
distinct generators of Γ+

T4
: according to the presentation (2.4) all generators save

α and all products of pair of generators have trace 0 or ±1, and the remaining
traces are:

tr(α̃) = a2, tr(α̃β̃γ̃) = −a.

It then follows by [29, Lemma 3.5.2] that the invariant trace field is the field k
generated by tr(αβγ) and also that all traces of elements of Γ+

T4
are integral. We

see immediately that k has exactly one complex place and two real ones. Now let
A be the quaternion algebra generated (as a subalgebra of M2(C)) by Γ+

T4
. Since

〈a, b, c〉 generate a group isomorphic to S5 it is not possible for A to split at a
real place (otherwise we would get an embedding of S5 into GL2(R)), so it must
ramify at all real places. We can finally put all this together and apply Theorem
8.3.2, loc. cit to conclude that Γ+

T4 is arithmetic, and in fact contained with finite
index in the unit group of an order in a quaternion algebra. It remains to see that
Γ+
T4

is the unit group of a maximal order, which can be done by computing the
volume vol(T4) and comparing it to the covolume of a maximal order given by the
volume formula Theorem 11.1.3, loc. cit. We note that we did not check the finite
ramification of A, but using a scheme similar to that in section 4.7 of loc. cit. it
is possible to get a Hilbert symbol for A and check by hand that it splits at all
of them.
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There also exists nonarithmetic lattices in SL2(C) (in fact “most” of them
are nonarithmetic). An example is the relection group Γ+

T8
introduced in 2.1.3:

indeed, its (invariant) trace field is of degree 8 with two complex places (see [29,
13.1]) and thus cannot be the trace field of an arithmetic manifold.

Finally we describe some congruence subgroups of Γ+
T4
. Let p be a rational

prime and v a place of k dividing p. By weak approximation we have a dense
embedding of Γ+

T4
in PSL2(Rv). Let fv be the residue field of Rv, then we get a

surjective map Γ+
T4

→ PSL2(fv). The kernel Γ(pv) of this map is a congruence
subgroup (“principal congruence subgroup of level pv”), as is the preimage Γ0(pv)
of the subgroup of upper triangular matrices (“Hecke congruence subgroup of level
pv”). The former is torsion-free if p > 2 but the latter is not.

Let us be more explicit for some primes. Assume that p is a rational prime
such that the polynomial X4 − X2 − 1 has a root a in Fp. Suppose in addition
that 4 − a4 and −1 are quadratic residues modulo p (the latter actually implies
that X4 − X2 − 1 splits in Fp). Then the matrices in (2.4) make sense in Fp

and “reduction modulo p” (for p one of the prime ideals of k above p) defines a
map Γ+

T4
→ PSL2(Fp). Then the subgroup Γ0(p) is equal to those matrices whose

reduction modulo p is upper triangular.

Note that in general, for there to be a surjective map Γ+
T4

→ PSL2(Fp) is

equivalent to X4−X2−1 having a root in Fp (but not necessarily being split). To
define the “reduction modulo p” map is in general not obvious using the matrices
given in (2.4). However it is easy to solve the equations corresponding to the
relations in (2.3) to define a morphism Γ+

T4
→ PSL2(Fp). It is then automatically

conjugated to a “reduction modulo p” morphism.4

3.2. Regulators of closed arithmetic manifolds: estimation by the volume

The following theorem is a slight modification of [7, Theorem 6.1] (in the statement
we conflate between a closed submanifold and the cohomology class it represents).

Theorem 3.1 (Bergeron–Şengün–Venkatesh). Let M be a congruence arithmetic
manifold defined over an imaginary quadratic field k. Let Hbc

2 (M ;Q) be the sub-
space of H2(M ;Q) spanned by closed imbedded totally geodesic surfaces in M .
Then there exist such surfaces S1, . . . , Sb which span Hbc

2 (M ;Q) and such that

∀1 ≤ i ≤ b : |χ(Si)| ≤ vol(M)C

where the constant C depends only on the field k.

The proof of this is rather involved and we will not describe it but we will
introduce its main ingredients.

4This is because A5 = 〈α, β〉 admits only two representations in PSL2(Fp), which are conjugated

to each other, and there are then exactly two nontrivial choices for the remaining generator γ
which are equivalent.
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3.2.1. Totally geodesic surfaces in arithmetic manifolds. Let k,A and K describe
an arithmetic manifold or orbifold as explained above. Then the orbifold MK =
ΓK\H3 contains totally geodesic 2-dimensional suborbifolds if and only if:

• k is a quadratic extension of a totally real field l;
• A = B ⊗l k where B is a quaternion algebra over l which splits at exactly
one real place.

Note that there are infinitely many choices for the quaternion algebra B (indeed,
we can always add ramification at a finite place which is inert in k/l). However
there is a “minimal” choice for B, which ramifies exactly at the places of l which
lie below pairs of conjugated places of k. In the sequel we will always assume that
B is chosen thus.

As in [7] we will now only consider the case where l = Q, so that B is an
anisotropic quaternion algebra over Q which splits over the reals. Let H be the unit
group of B. It is a Q-subgroup of (the Weil restriction to Q of) G. With respect
to R-points this gives an embedding SL2(R) → SL2(C), which in turn induces a
totally geodesic embedding H2 ⊂ H3. In addition, for any g ∈ G(k), the subgroup
Λg,K = gH(k)g−1 ∩K is a cocompact lattice in gH(R)g−1 and the image Sg,K of
the imbedding Λg,K\H2 → ΓK\H3 is a totally geodesic surface in M .

Note that since we fixed B not all totally geodesic surfaces are obtained by
the construction above, as there are infinitely many commensurability classes of
totally geodesic surfaces in M [29, Theorem 9.5.6]. But at the cohomological level
only we will see below that everything is obtained from the single algebra B (that
is, every class in Hbc

2 (MK ;Q) has a representative of the form Sg,K for some g.

3.2.2. Base change. We will now explain brielfy the analytic construction of the co-
homology classes dual to totally geodesic surfaces. It uses the base-change construc-
tion of R. Langlands. The latter associates (in our special case) an automorphic
representation of SL2/k to an automorphic representation of SL2/l. To use it in
the case of a cocompact lattice one needs to use in addition the Jacquet–Langlands
correspondence which is a bijection between automorphic representations of an
anisotropic group G as above and SL2/l. We may sum up these constructions via
the diagram:

A (SL2(Al))
base change−−−−−−−→ A (SL2(Ak))

Jacquet–Langlands

;⏐⏐ ;⏐⏐Jacquet–Langlands

A (H(Al)) A (G(Ak))

where A denotes the space of automorphic forms on a group. The Jacquet–
Langlands maps are not bijections (see 3.5.2 below for more information on its
image) but the one on the right is when restricted to the image by base-change
of A (H(Al)) and we get a map A (H(Al)) → A (G(Ak)) which completes the dia-
gram above. We will call it the base change map associated to B ⊂ A. It respects
Laplace eigenvalues and it is Hecke-equivariant, and it follows in particular that
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they define a Hecke-invariant subspace H2
bc(M ;C). We note that this subspace is

defined over Q. The following lemma is a less precise version of [7, Proposition 6.9]

Lemma 3.2. The spaces H2
bc(M ;C) and Hbc

2 (M ;C) are dual to each other.

This proves the claim above: the image of the base change map between
A (H(Al)) and A (G(Ak)) depends on the choice of B but the image of the map
for our “minimal” choice above contains all the others, hence by the lemma any
totally geodesic surface is cobordant to a class Sg,K .

Now the volume of such a surface has an upper bound in terms of the reduced
discriminant of B and the volume of K and the denominator dg of g by the volume
formula. Since disc(B)2 = disc(A) we see that log disc(B) � log vol(M) and we
get a rough estimate:

χ(Sg,K) = 2π vol(Sg,K) ≤ (dg vol(M))C (3.1)

for some absolute C.

3.2.3. The Hecke operators Tv act on H2(M ;Q) and by duality on H2(M ;Q) as
well. As we said above this action preserves H2

bc(M ;Q) and by the lemma its dual
action preserves the subspace spanned by the Sg,K . In fact it follows from the
combinatorial definition of the Hecke operators acting on cohomology that TvSg,K

is a linear combination of Sgi,K where dgi ≤ Cdgqv. What Bergeron–Şengün–
Venkatesh prove, which implies the statement of Theorem 3.1 in view of (3.1), is
the following:

There exists v1, . . . , vl and g1, . . . , gl such that dgi , qvi ≤ vol(M)C and
the classes TviSgi,K span Hbc

2 (M ;Q).

We will not discuss the proof of this result and instead refer the reader to [7,
Section 6.10] where a detailed outline is provided.

3.3. Growth of torsion homology

We saw in (2.2) that for M a closed hyperbolic manifold the torsion subgroup of
H1(M ;Z) has its size bounded above by Cvol(M) for some C depending only on the
injectivity radius of M . It was recently proven by M. Fra̧czyk [19] that the bound
|H1(M ;Z)tors| ≤ Cvol(M) holds with a uniform C for the class of all congruence
hyperbolic manifolds (conditionally on a positive answer to Lehmer’s question
the injectivity radius of all arithmetic manifolds is bounded away from zero but
Fra̧czyk’s proof holds unconditionally). A much simpler observation is that if we
restrict attention to the finite covers of a given manifold then the injectivity radius
is bounded below and so the bound applies with an absolute C. A natural question
in either context is whether it is sharp. A recent preprint of Y. Liu [27, Theorem
1.2] together with known results (for example [8, Theorem 7.3]) imply that the
exponential aspect is. However the covers produced are not congruence and the
constant C is not specified independently of M . Closer to our center of interest
Bergeron and Venkatesh made the following more precise conjecture.
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Conjecture 3.3. Let Γ be an arithmetic lattice in SL2(C) and Γn a sequence of
pairwise distinct congruence subgroups of Γ. Then

lim
n→+∞

(
|H1(Γn;Z)tors|

1
vol(Γn\H3)

)
= e

1
6π .

As a corollary of Theorem 3.1, the Cheeger–Müller Theorem 1.1, and the
“limit multiplicity for analytic torsion” from [8] we get the following theorem (see
[7, Theorem 1.2], note that the assumption the the cohomology is purely base
change implies the hypothesis on the Betti numbers there).

Theorem 3.4 (Bergeron–Şengün–Venkatesh). Let Mn be a sequence of closed con-
gruence arithmetic hyperbolic manifolds. Assume that the Mn have “few small
eigenvalues” (this is an asymptotic condition precised in (i) of [7, Theorem 1.2])
and that the characteristic zero cohomology of each Mn consists only of totally
geodesic classes. Then Conjecture 3.3 holds for Mn.

Unfortunately there is no known example of a sequence satifying the “few
small eigenvalues conditions” (the results of Lipnowski–Stern [26] mentioned in 2.3
are still far from providing even a sufficiently good lower bound on the first nonzero
eigenvalue). F. Calegari and N. Dunfield [13] construct examples of sequences Mn

with b1 = 0 (so the condition on cohomology is vacuously true) but there is no
example known of an infinite sequence of congruence subgroups, where there are
nontrivial classes in the second homology but they all are totally geodesic.

Regarding the upper limit in Conjecture 3.3, a much more general result due
to T. Lê holds.

Theorem 3.5 (Lê). Let M be a closed hyperbolic 3-manifold and Mn a sequence of
finite covers which converges in the Benjamini–Schramm sense to H3. Then

lim sup
n→+∞

log |H1(Mn;Z)tors|
vol(Mn)

≤ 1

6π
.

We note that the proof of this last theorem is mostly topological; see [28] for
a survey of its setting.

3.3.1. Numerical computations. The first computational evidence for Conjecture
3.3 was given by Şengün in [43]. He computed the abelianisation of Γ0(p) for Γ
a Bianchi group and a set of prime ideals p with norm close to 20000 (note that
Γ0(p) is not torsion-free) and found the size to be in accordance with Bergeron
and Venkatesh’s prediction. For cocompact lattices N. Dunfield made computa-
tions for Γ0(n) where n is prime or a prime power and Γ is an arithmetic orbifold
coming from a simple topological construction. The results of these computations
are recorded in [10] and they also support the conjecture. An interesting phenom-
enon in this numerical data is that prime levels exhibit a much faster convergence
towards the 1/6π growth rate.

There are also computations for congruence covers of nonarithmetic mani-
folds, by Şengün [44] (for example for the tetrahedral group ΓT8) and Dunfield
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[10]. In both cases the data seems to indicate that when b1(Mn) > 0 the size
|H1(Mn;Z)tors|1/ vol(Mn) can be much smaller than e1/6π.

We also performed some new computations for subgroups Γ0(p) in Γ+
T4
. Note

that the tetrahedral group Γ+
T4

is not commensurable to the examples in Şengün’s
computations, but it is commensurable to the fundamental group of the orbifold
T (2, 5) appearing in Dunfield’s computations in [13] and [10].

We performed the calculations using GAP [20], the raw data is available
at [38]. The range of computation was 1000 < |p| < 26000. We only recorded
data from subgroups Γ0(p) for ideals p of degree 1, since in any case very few
ideals of degree 2 and none of degree 4 have norm in this range. Figure 1 is a
graphic representation of the ratios of log |H1(Mp;Z)tors| by vol(Mp)/(6π) where
p is a rational prime which totally splits in the trace field k and Mp is one of the
congruence covers Γ0(p)\H3 for p a prime factor of p. Blue dots correspond to
subgroups with b1 = 0, and red ones to the others.

Figure 1. Torsion ratio for Γ0(p), 1000 < |p| < 26000

3.4. Homology with coefficients

3.4.1. Strongly acyclic local systems. Conjecture 3.3 can be formulated in greater
generality: instead of looking only at the homology group H1(Γn;Z) one can study
the groups H1(Γn;L) where L is an arithmetic Γ-module, meaning it is of the
type discussed before (1.11): there exists a finite-dimensional representation ρ :
SL2(C) → SL(V ) such that L is a lattice in V preserved by ρ(Γ). The lattice Γ being
arithmetic means that such modules do exist (their description depends on the
algebraic group G – we will give specific ones below). Perhaps counter-intuitively,
a huge simplification can occur in this more general setting: as proven in [8], certain
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ρ are strongly acyclic, meaning that the Hodge–Laplace operators on the spaces of
square-integrable forms with coefficients in the flat bundle F associated to ρ have
a uniform – not depending on the base manifold – spectral gap.5 In particular
there are no regulator terms in (1.11) and thus Theorem 1.2 establishes a direct
relation between the order of H1 and the analytic torsion. Using the uniformity
of the spectral gap (an extremal case of the “few small eigenvalues” condition
mentioned above) it is relatively easy to establish the asymptotic behaviour of the
analytic torsion (see [8, Section 4]), leading to the following result.

Theorem 3.6 (Bergeron–Venkatesh). Let Γ be a uniform congruence arithmetic
lattice in SL2(C). Let ρ be a real linear representation of G = PSL2(C) on a vector
space V which has no irreducible component fixed by the Cartan involution of G.
Suppose that L is a lattice in V which is preserved by ρ(Γ). Then there is a constant
cρ > 0 (effectively computable from the decomposition of ρ into irreducible factors)
such that for any sequence Mn of torsion-free congruence subgroups of M we have

lim
n→+∞

log |H1(Γn;L)|
[Γ : Γn]

= cρ vol(Γ\H3).

An example of such a representation is obtained by the following construction
(see [8, Section 8.2]). Let A be a quaternion algebra (satisfying the conditions in
3.1) and O and order in A. Let Γ be the group of norm 1 elements in O and L the
sub-Z-module of elements of trace 0 in O. Then L is a Γ-stable lattice in A⊗Q R
on which G acts by conjugation. As a representation of SL2(C) it is isomorphic to
3[k:Q]−2 copies of the adjoint representation and hence satisfies the conditions of
the theorem. The constant cρ in this case has been computed in [8] to be equal to
13/6π.

3.4.2. Remarks.

1. It is possible to prove a similar statement for a sequence of pairwise noncom-
mensurable arithmetic lattices, using the Benjamini–Schramm convergence
of arithmetic lattices proven in [19] and elementary arguments. Note that in
this case the lattices L are not fixed, and if the degree of the field of definition
goes to infinity then their rank has to go to infinity.

2. Bergeron–Venkatesh prove a result which is valid for all arithmetic locally
symmetric spaces. In its general form it does not state that torsion homology
in a certain degree witnesses exponential growth but only that in some cases
(depending only on the ambient Lie group) at least one does (its parity is the
only thing that is determined). They conjecture a precise statement for the
general case. Some numerical data for case beyond SL2(C) is collected in [3].

5Note that this is never the case for trivial coefficients: in addition to the 0 eigenvalue on functions,

even when there is a uniform spectral gap on functions the spectral gap on 1-forms always tends
to 0 in a sequence of manifolds with volume going to infiinity.
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3.4.3. Changing coefficients. Another type of result on torsion growth, which has
the same scheme of proof as outlined above, consists in fixing the lattice Γ and
changing the coefficients modules. We will only quote the following result from [30].

Theorem 3.7 (Marshall–Müller). Let Γ be a uniform torsion-free congruence arith-
metic lattice in SL2(C), defined over an imaginary quadratic field. Let L2 ⊂ sl2(C)
a lattice preserved by Ad(Γ) and L2m = Symm L2. Then

lim
m→+∞

logH1(Γ;L2m)

m2
=

2vol(Γ\H3)

π
.

3.5. Rationality properties of regulators of closed arithmetic manifolds

We will say a few short words about some results concerning the fine arithmetic
properties of regulators of arithmetic manifolds proven in [14] and [5].

3.5.1. Regulators and L-values. Let M be an arithmetic congruence manifold de-
fined by a compact subgroup K as in 3.1 above. In [14, Theorem 5.2.3] Calegari
and Venkatesh rationally relate R1(M) to a product of (essentially) L-values asso-
ciated to the cohomological representations occuring in the space of K-invariant
automorphic forms. The precise statement of their result needs too much notation
for us to quote here. While interesting from a number-theoretical point of view
this result is useless if we want to estimate the size of R2: to do this we would need
to “pin down R2(M) integrally rather than rationally” to paraphrase [14]. We will
see below (cf. 4.3) how to do this in a similar but simpler context; in general we
are not aware of any results on this for closed manifolds. There are some hints of
this (from a number-theoretical point of view) in [14, 5.2.5].

3.5.2. Spectrally related manifolds. Suppose that Γ is a cocompact lattice in
PSL2(C) and there is a surjection π : Γ → Q where Q is a finite group which
contain two subgroups H1, H2 which are not conjugated by an element of Aut(Q)
but such that C[Q/Hi] are isomorphic as Q-spaces (H1 and H2 are then said to
be almost conjugated). There are numerous examples of such Γ and Q. Assuming
further that Γi := π−1(Hi) are torsion-free it was discovered by T. Sunada that
the manifolds Mi = Γi\H3 are isospectral to each other (together they are called
a Sunada pair). By the Cheeger–Müller Theorem 1.1 and (1.7) it follows that

R1(M1) · R2(M2)

R2(M1) · R1(M2)
∈ Q×. (3.2)

A. Bartel and A. Page give in [5, Theorem 1.7] a more precise description of the
quotient. It relies only on the representation theory of the finite group Q, and so
in particular it is independent of the Cheeger–Müller Theorem.

The other well-known construction of isospectral hyperbolic 3-manifolds is
by M. F. Vignéras, who uses nonconjugated maximal orders in a quaternion alge-
bra. A different but somewhat similar construction is that of Jacquet–Langlands
pairs. These are not isospectral but the spectra are still related. The construction
proceeds as follows: take two quaternion algebras A1, A2 and let Γi be the lattice
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associated to a maximal order in Ai. Let S1, S2 be the sets of finite places where
A1, A2 respectively ramify, and assume S1 = S2. Let S ⊃ S1 ∪ 22 and let Γ0,i(Ni)
be the Hecke subgroups of level Ni in each Mi = Γi, where Ni =

∏
v∈S\Si

pv.

Jacquet and Langlands proved that there exists a relation between the spaces of
automorphic forms on Γi\PSL2(C) and in [14] this is exploited to relate regula-
tors on M1 and M2. The relation is more complicated than for Sunada pairs and
they only prove partial results. The statements are similar in form to (3.2) but
unfortunately they are too involved to be explained here.

In the same work Calegari and Venkatesh also give statements relating the
sizes of torsion homology groups of such manifolds, for example in the Introduction
to loc. cit., Theorems A, A† and B (whose description unfortunately lies outside
our scope here).

4. Regulators of finite-volume arithmetic manifolds

4.1. Non-compact hyperbolic manifolds

In this preliminary subsection we will detail a bit more the structure of noncompact
hyperbolic manifolds of finite volume, and the arithmetic examples of such.

4.1.1. Cusps and height functions. For a noncompact manifold of finite volume
the injectivity radius is always 0 (as the manifold must scrunch at infinity to have
finite volume). Another metric invariant in this case is the systole sys(M), which by
definition is the smallest length of a closed geodesic on M (in the case where M is
closed it equals twice the injectivity radius). In this section we will work under the
assumption (which holds for all noncompact arithmetic hyperbolic manifolds) that
sys(M) > ε > 0 for a fixed ε > 0. Thus, according to the thick-thin decomposition,
the ε-thin part M≤ε consists only of cusps. The metric description of a cusp is as
follows: let T be a 2-dimensional torus with holomorphic coordinate z and flat
Riemannian metric |dz|2. Then the warped product

CT = T × [1,+∞[,
|dz|2 + dy2

y2

is locally hyperbolic and of finite volume. For ε smaller than the Margulis con-
stant of H3 the thin part of M is then made of a finite disjoint union of cusps
CT1 , . . . , CTh

. We see that this decomposition specifies a height function on M ,
which in a cusp CTi is given by the y-coordinate and which we take to equal 1
on the ε-thick part. We note that this function is well defined independently of
the choice of ε (or more generally of a parametrisation of each cusp) only up to
multiplication by a constant in each cusp but this will not affect the objects we
will define later in a way that we need to worry about.

In the sequel we will also use the Borel–Serre compactification M of a mani-
fold M . This is the disjoint union M ∪ ∂M where

∂M = T1 " · · · " Th
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and the topology in CTi ∪ Ti is defined by (yn, xn) → x if yn → +∞ and xn → x.
It is a smooth manifold with boundary, diffeomorphic to the level sets of a height
function, and the inclusion M ⊂ M is a homotopy equivalence.

4.1.2. Reflection group examples. It is much easier to come with examples of
noncompact manifolds than compact ones. For example if Tr is a regular ideal
tetrahedron in H3 then its dihedral angles are equal to π/3 and hence the reflection
group ΓTr is a nonuniform lattice in PSL2(C). It is also possible to glue the faces
of Tr to obtain a nonorientable manifold (the Gieseking manifold), which is the
noncompact hyperbolic manifold of smallest volume [1]. Its orientation cover is the
figure eight-knot complement. These examples are commensurable to each other
and arithmetic (more on this below). Another arithmetic example (which is not
commensurable to the previous ones) is the reflection group of the regular ideal
octahedron.

There are also nonarithmetic reflection examples. A list is given in [29], the
simplest example there is U1 whose Coxeter symbol is:

4.1.3. Arithmetic examples. As for the geometric constructions, the arithmetic
construction of lattices in SL2(C) is much simpler. By general theory an arithmetic
lattice is non-cocompact if and only if its algebraic group is not anisotropic. In
the construction given in 3.1 above this amounts to the quaternion algebra A not
being a division algebra, which in turn means that A is isomorphic to the matrix
algebra M2(k) for some imaginary quadratic field k. If R is the ring of integers of
k then M2(R) is an order in A and the associated group of units is SL2(R). These
groups are called Bianchi groups, and as a consequence of this paragraph every
nonuniform arithmetic lattice in SL2(C) is commensurable (up to conjugation) to
one of these. As we mentioned above the figure-eight complement is arithmetic; the
image of its holonomy map is in fact contained in PSL2(Z[e2iπ/3]) as a subgroup
of finite index6.

We also note that it is much easier to describe congruence subgroups for the
Bianchi groups than for uniform lattices. For example if Γ = SL2(R) and n is an
ideal in R the Hecke congruence subgroup of level n is simply

Γ0(n) =

{(
a b
c d

)
∈ SL2(R) : c ∈ n

}
.

4.2. Definitions of the regulators

In this section we will use H∗(M ;K) (where K = R or C) to denote de Rham co-
homology, which is when needed identified with the cohomology of a triangulation
of M . We will denote the class of a differential form ω in de Rham cohomology by
[ω]. When A is a subgring of C we write H∗(M ;A) to denote the A-submodule of
those de Rham classes whose integral against integral cycles (i.e., submanifolds)
lie in A.

6This is actually how its hyperbolic structure was first discovered by R. Riley, see [41].
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If Γ is a discrete, torsion-free subgroup of PSL2(C) then there is a well-
defined maximal essentially self adjoint extension of the Hodge–Laplace operators
from smooth compactly supported forms to square-integrable ones. On the other
hand ifM is the hyperbolic manifold Γ\H3 it is not true thatHk(M ;R) ∼= H k(M)
when M is noncompact. For related reasons it is not possible to define the analytic
torsion using the same definition as in the compact case. In the case where M is of
finite volume it is possible to extend both Hodge theory and the Cheeger–Müller
Theorem using the theory of Eisenstein series, which gives an explicit description
of the orthogonal complement to the subspace where the Laplacian has a discrete
spectrum.

4.2.1. Eisenstein cohomology. Let M = Γ\H3 be a non-compact hyperbolic man-
ifold of finite volume. We will first describe the cohomology group H1(M ;R) by
analytic means. The first important fact is that the “cuspidal” and “L2” coho-
mologies coincide in our setting.

Lemma 4.1. Let H1
cusp(M ;R) be the kernel of the restriction map i∗1 : H1(M ;R) →

H1(∂M,R) and H 1
L2(M) = ker(Δ1). Then the Hodge–de Rham map H 1

L2(M) →
H1

cusp(M ;R) is an isomorphism.

This gives an isomorphism

H1(M ;R) ∼= H 1
L2(M)⊕ Im(i∗1).

Duality and the long exact sequence imply that the image has dimension half that
ofH1(∂M ;R), which is equal to the number h of cusps ofM . To proceed further we
need to give a description of the second summand by de Rham classes associated
to automorphic forms on M . The theory of Eisenstein cohomology developed in
[22], of which we will give a very short account here, does this.

To introduce Eisenstein classes we need to extend scalars from R to C. The
cohomologyH1(∂M,C) has a Hodge decomposition: if T1, . . . , Th are the boundary
components of M then each of them has a holomorphic coordinate zi. The forms
dzi and dzi are both harmonic and the cohomology is then decomposed as

H1(∂M ;C) = H1,0(∂M ;C)⊕H0,1(∂M ;C)

where

H1,0(∂M ;C) =
h⊕

i=1

C[dzi] and H0,1(∂M ;C) =
h⊕

i=1

C[dzi].

There is then a distinguished injective map

E1 : H1,0(∂M ;C) → H1(M ;C)

such that H1(M ;C) = H 1
L2(M)⊕ Im(E1). To define it formally Eisenstein series

are needed, which we won’t introduce. We will assume that everything is defined
using the normalisations from [14, Chapter 6]. If ω ∈ H1,0(∂M ;C) the Eisenstein
series E(0, ω) is a smooth harmonic 1-form on M which is not square-integrable.
It is closed and the class E1([ω]) is defined by E1([ω]) = [E(0, ω)]. We will not
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care about the exact definition of Eisenstein series but we will record the following
analytic properties: for a differential form f on M let fP denote the constant term.
This is defined as the collection of zeroth Fourier coefficient for restriction of f to
the cross-sections of the cusps; in general it depends on the height at which the
cross section is taken but for the forms E(0, ω) it does not.

Lemma 4.2. There is a linear isomorphism Φ(0) (“intertwining operator”) from
H1,0(∂M ;C) to H0,1(∂M ;C) such that

E(0, ω)P = ω +Φ(0)(ω). (4.1)

It follows in particular from the lemma that Im(E1)∩H1
cusp(M ;R) = 0, hence

we get an actual decomposition

H1(M ;C) = Im(E1)⊕H 1
L2(M).

In degree 2 the construction of Eisenstein classes is slightly different. As above
we define H 2

L2(M) = ker(Δ2) and H2
cusp(M ;R) = ker(i∗2). The same proof as that

of Lemma 4.1 yields that H 2
L2(M) ∼= H2

cusp(M ;R). Then we look at the long exact

sequence of M,∂M to see that dim(Im(i∗2)) = h− 1, and let

Z = Im(i∗2) =

{∑
i

[aidzi ∧ dzi] :
∑
i

ai = 0

}
.

The Eisenstein map is a map E2 : Z → H2(M ;C) such that

H2(M ;C) = Im(E2)⊕H2
cusp(M ;C).

We define it following [14, 6.3.1]: if η ∈ H2(∂M ;C) we take its Poincaré dual
f = ∗η which is just a collection (a1, . . . , ah). Eisenstein series for the constant
function have a pole at s = 1 but if

∑
i ai = 0 we may still construct the Eisenstein

series E(1, f). It is then a harmonic function (not square-integrable) and thus the
2-form ∗dE(1, f) is closed. Finally, we put E2([η]) = [∗dE(1, f)].

4.2.2. Reidemeister torsion. According to the above paragraph we can define a
Hermitian inner product on H1(M ;C) by putting:

〈[f1], [f2]〉 = 〈f1, f2〉L2 if f1, f2 ∈ H 1
L2(M);

〈[f ], E1([ω])〉 = 0 if f ∈ H 1
L2(M), ω ∈ H1(∂M ;C);

〈E1([ω1]), E
1([ω2])〉 = 〈ω1, ω2〉 if ω1, ω2 ∈ H1(∂M ;C).

and similarly for H2(M ;C). We can then define the regulators Ri(M) for i = 1, 2
using the formula (1.6) (0- and 3-cohomology groups are represented by square-
integrable function, see [14]), and the Reidemeister torsion by the formula (1.7). It
is also possible to define an analytic torsion TR(M) using the Selberg trace formula
(see [14], [33]).

There should be a “Cheeger–Müller” relation between τ(M) and TR(M),
possibly with additional terms coming from the cusps. A proof for this is almost
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given in the course of proving Theorem 6.8.3 in [14], which however misses a crucial
ingredient (see the remarks there after the statement of the theorem).

4.3. Estimating regulators

Frow now on we will assume M to be a congruence manifold commensurable to
the Bianchi orbifold PSL2(R)\H3 with R the ring if integers in the imaginary
quadratic field k. For these manifolds the intertwining operator Φ(0) is quite well
understood and we will explain how to use this to separate the terms coming from
cusp forms and from Eisenstein series in the regulators defined in the previous
subsection.

4.3.1. Rationality questions. Let l be a subfield of C and V a C-vector space which
contains a spanning l-subspace Vl of the same dimension. In this situation we say
that a subspace W ⊂ V is defined over l if Wl := W ∩ Vl spans W . A linear map
Θ between two subspaces W,W ′ is said to be defined over l if Θ(Wl) ⊂ W ′

l .
The subspace H1

cusp(M ;C) is obviously defined over Q (with respect to

H1(M ;Q)), hence also over any subfield of C. With this Q-structure however,
the subspaces H1,0(∂M ;C) and H0,1(∂M ;C) are not defined over Q (in fact not
over R). This can be seen as follows: let T be a component of ∂M and c1, c2 be
a basis for the homology H1(T ;Z). Then we can find (by appropriately scaling)
an holomorphic form ω on T such that

∫
c1
ω = 1; as H1(T ;Z) is a lattice in C

commensurable to R we get that
∫
c2
ω must be a number in k \Q. This also shows

that H1,0(∂M ;C) is defined over k; and the same proof holds for H0,1(∂M ;C).
We then have the following rationality result.

Proposition 4.3. The map Φ(0) is defined over k.

This is proven for example in [22, Corollary 4.2.1]7. This result implies that
the subspace Im(E1) spanned by Eisenstein series is defined over k as well, as it
is the graph of a map defined over k. In what follows we will denote H1

Eis(M ; k),
etc. the subspaces Im(E1) ∩H1(M ; k), etc.

4.3.2. Cohomology spaces have a natural Z-structure, hence a naturalA-structure
for any subring A ⊂ Z. If V is an Hermitian vector space with a l-structure and L
an A-lattice in V (that is a spanning free A-submodule of rank equal to dim(V ))
then we define the covolume of L in V as the [l : Q]th root of the absolute value of
the absolute norm8 of the determinant of any linear map sending an orthonormal
basis of Vl to a R-basis of L (this is independant of the choices made as two
such matrices differ by a matrix whose determinant is a unit of R, hence of norm
1). With this definition the covolume of a lattice is stable under extension of
scalars. In particular, the regulator R1(M) is equal to the covolume of H1(M ;R)
in H1(M ;C).

7The statement in loc. cit. is slightly different in form, essentially because Harder defines the
Q-structure on cohomology by taking restriction of scalars from the k-structure we use.
8Recall that for an algebraic number a ∈ Q this is defined as

∏
aσ∈Gal(Q/Q) a

σ ∈ Q.
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Over k we have the decomposition

H1(M ; k) = H1
cusp(M ; k)⊕H1

Eis(M ; k).

Note that this decomposition is in general not true over R, that is H1
cusp(M ;R)⊕

H1
Eis(M ;R) is a finite index subgroup in H1(M ;R) but they are not equal up

to modding out torsion subgroups. It follows that we cannot estimate directly
R1(M) by estimating factors coming from cuspidal and Eisenstein homology. In
the rest of this subsection we will mainly explain how one should deal with this
problem. Estimating the Eisenstein factor is easy as we will mention below. The
cuspidal factor in degree 1 can be dealt with as in the compact case, and in degree
2 it is likely to be much harder to estimate, we present a partial result due to
Bergeron–Şengün–Venkatesh about this in the last subsection (Subsection 4.3.6).

4.3.3. Denominators and estimates. Let us now define formally the different parts
of the regulator that we will be dealing with.

• The “cuspidal regulator”Rcusp,1 is defined to be the covolume ofH1
cusp(M ;Z)

in H 1
L2(M ;R);

• The “Eisenstein regulator” REis,1 is the covolume of H1(∂M ;R) ∩ im(i∗1) in

its C-span in H 1(∂M ;C).

It is easy to see that logREis,1(M) � log vol(M) (see [39, Lemma 6.4]). To relate
the product Rcusp,1(M)REis,1(M) to R1(M) we need to introduce the denominator
aE1 of the map E1: by definition this is the smallest integer a ≥ 1 such that

∀[ω] ∈ H1,0(∂M ;R) : aE1([ω]) ∈ H1(M ;R).

It is then easy to see that

aE1 ·H1(M ;R) ⊂ H1
cusp(M ;R)⊕H1

Eis(M ;R)

up to torsion, and this implies that

R1(M) ≤ a
b1(M)
E1 ·Rcusp,1(M) · REis,1(M). (4.2)

4.3.4. Arithmetic structure of the intertwining map. In view of (4.2), to estimate
the regulator it is necessary to estimate the denominator aE1 of E1. In order to
do this we need first to do it “on the boundary”: we let aΦ be the smallest integer
such that aΦΦ(0)([ω]) ∈ H0,1(∂M ;R) for all [ω] ∈ H0,1(∂M ;R).

To compute the denominator aΦ via intertwining integrals we need a finer
decomposition of the Eisenstein cohomology. For this we interpret the boundary as

∂M ∼= P(k)\G(A)/K

where P is the parabolic k-subgroup of upper triangular matrices, and ∼= signifies
homotopy retraction. The group A×/k× acts on the right-hand side (by multi-
plication by diagonal matrices). Thus we have a decomposition of H1(∂M ;Q)
according to Hecke characters, we will denote by H1(∂M ;Q)χ eigenspace with

eigencharacter χ. Note that H1(∂M ;Q)χ is contained in the (0, 1) or (1, 0) part
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of the cohomology according to whether χ∞ = z2/|z|2 or z2/|z|2. The following
result follows for example from the proof of [37, (5.17)].

Proposition 4.4. If χ is a Hecke character with infinite part z2/|z|2 and ω ∈
H1(∂M ;Z)χ we have the expression:

Φ(0)(ω) =
M

N
· L(χ, 0)
L(χ, 1)

ω (4.3)

where ω ∈ H1(∂M ;Z)χ and M,N are integers with N polynomially bounded in
the level of Γ.

4.3.5. Modular symbols. The expression (4.3) deals with aΦ, in other words it es-
timates the integrality of classes E1([ω]) against chains in the image of H1(∂M ;Z)
inside H1(M ;Z). We will say a few words about the next steps necessary to esti-
mate aE1 .

For this we need to estimate integrality of E1([ω]) against lifts of chains
in H1(M,∂M ;Z). The latter are represented by modular symbols, which are bi-
infinite geodesics between two (not necessarily distinct) cusps. We will present a
simplified version of the exposition from [14]. For α, β ∈ P1(k) let cα,β be the
image in M of the geodesic line from α to β in H3. By the exponential decay of
cuspidal forms it is possible to integrate any element of H 1

L2(M) against cα,β; it is
also true that the harmonic forms E1(ω) are integrable against the cα,β, because
their constant term is orthogonal to the geodesics going to a cusp. Since the cα,β
generate H1(M,∂M ;Z) we see that the class [E1(ω)] is integral if and only if∫
cα,β

E1(ω) ∈ Z for all α, β (see also [14, 6.7.5]). These integrals are computed in

[14, 6.7.6] where an expression similar to (4.3) is obtained:∫
cα,β

E(0, ω) =
M

N

∑
ζ

L(1/2, χζ)L(1/2, χζ)

L(1, χ2)
(4.4)

(the sum runs over all Hecke characters obtained from characters of the class group
of k).

4.3.6. Degree 2. In degree 2 it is actually much simpler to separate the cuspidal
and Eisenstein part in the regulator. This is done in [14, 6.3.3], we will shortly
explain the argument. Let i2∗ be the inclusion map H2(∂M ;Z) → H2(M ;Z), then
as H2(M ; ∂M) is torsion-free we have

H2(M ;Z) = H2,cusp(M ;Z)⊕ Im(i2∗).

In addition, if f ∈ H 2
L2(M) then f is a cuspidal form and as such

∫
c
f = 0 for any

cycle c ∈ Im(i∗2). Thus the matrix of periods appearing in (1.6) is block-diagonal
and it follows that

R2(M) = R2,cusp(M) ·R2,Eis(M). (4.5)
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In addition the Eisenstein regulator is immediately computable: per [14] its value is

R2,Eis(M) =

(∏h
i=1 vol(Ti)∑h
i=1 vol(Ti)

)−1/2

.

As in the closed case the cuspidal part remains hard to evaluate because
we do not know whether it is possible to generate H2,cusp with cycles of low
complexity (polynomial in the volume). A partial result is given in [7, Theorem
7.2], which we will only informally describe. The authors prove that for the orbifold
M = Γ0(n) (where Γ is a Bianchi group and n an ideal in its trace ring), if
dim(H1

cusp(M ;C)) = 1, and under additional assumptions related to the number-

theoretical side of the Langlands programme, then H1
cusp(M ;Z) can be generated

by a harmonic form of L2-norm at most vol(M)C (for some C which a priori
depends on the base field). Of course the dual cycle must have small area, hence
small complexity.

4.4. Nontrivial coefficients

As above let k,R be an imaginary quadratic field and its ring of integers. If Γ is
a subgroup of the Bianchi group SL2(R) there are natural Γ-modules which fit in
the setup of 1.49. These are the symmetric powers Symm(R2), which are lattices in
the space Symm(C2) on which SL2(C) acts. For each m there are Eisenstein series
with coefficients in the associated fiber bundle Fm and there are also Eisenstein
maps

Ei : Hi(∂M ;Fm) → Hi(M ;Fm)

for i = 1, 2 which are defined respectively by [ω] �→ [E(m,ω)] and [∗f ] �→ [∗dE(m+
1, f)]. The major difference with respect to trivial coefficients is that for m ≥ 1 the
cuspidal homology vanishes, hence H i(M ;Fm) = im(Ei). Thus the only difficulty
in estimating regulators lies in the denominator aE1 of E1. Moreover there is
an equality due to J. Pfaff [36] (see also [2]) between the Reidemeister torsion
τEis(M ;Fm) (as defined above) and a suitably defined analytic torsion TR(M ;Fm)
which states that

τEis(M ;Fm) = TR(M ;Fm) +B (4.6)

where B depends only on the conformal structure of the boundary ∂M and the
choices made to define both the Reidemeister and analytic torsions.

4.5. Application to homology growth

It is possible to generalise in part Theorem 3.6 to the case of congruence subgroups
of the Bianchi groups. The upper limit in the following theorem is proven to hold
in [39] (we note that the main result of [25] includes finite volume manifolds, and
the proof is actually simpler in this case). The lower bound is due to J. Pfaff and
given in [35].

9There exists congruence lattices commensurable to SL2(R) which are not contained in SL2(k),
for which not all of these modules are defined.
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Theorem 4.5. Let Γ be a torsion-free nonuniform lattice in PSL2(C) and Γn a
sequence of congruence subgroups. Fix notation as in the statement of Theorem
3.6. Assume in addition that the sequence Γn is “cusp-uniform”10. Then(

cρ −
12

π

)
vol(Γ\H3) ≤ lim inf

n→+∞

log |H1(Γn;L)tors|
[Γ : Γn]

and

lim sup
n→+∞

log |H1(Γn;L)tors|
[Γ : Γn]

≤ cρ vol(Γ\H3).

The proof uses an argument similar to that of Theorem 3.6; the hypothesis on
the cusps (which can be slightly weakened) is used to control the additional terms
in the trace formula. The reason why we do not get an equality as in Theorem 3.6
is because we lack a good upper bound for the norm of the algebraic part of the
L-values appearing in (4.3) and (4.4). The lower bound obtained by Pfaff is based
on a trick using duality and the long exact sequence to show that the growth of
R1 must be compensated by an equivalent growth of the torsion in H1, and which
avoids directly dealing with intertwining operators.

We won’t give more detail about this argument here, rather we will explain
the proof of the following theorem from [37] which uses similar arguments but also
an estimate for aΦ. The result itself is a partial generalisation of Marshall and
Müller’s theorem 3.7. We note that we give here a slighty less precise statement
that the one in loc. cit.; R is as above a ring of quadratic integers.

Theorem 4.6. There exists C > 0 such that for Γ is a principal congruence subgroup
of large enough level in the Bianchi group SL2(R) and L(m) = Symm(R2

D) then
we have

1

C
vol(Γ\H3) ≤ lim inf

m→+∞

log |H1(Γ;L(m))tors|
m2

and

lim sup
m→+∞

log |H1(Γ;L(m))tors|
m2

≤ C vol(Γ\H3).

The interesting part is the proof of the lower bound; the upper bound follows
from the generic arguments explained before 2.2. The first step towards proving it
is to obtain upper and lower bounds for the growth of the Reidemeister torsions
τEis(M ;Fm) appearing in Theorem [36]. This follows from earlier work of Müller
and Pfaff together with (4.6), using a trick comparing growth between two different
Γs at once (this explains the indeterminacy of the constant 1/C in the lower
bound). Then, instead of estimating the regulator directly we use the following
lemma [37, Lemma 4.1].

Lemma 4.7. We have:

R1(M ;L(m)) ≤ |H1(Γ;L(m))tors| · aΦ ·REis,1(M ;L(M)). (4.7)

10This means that the subgroups Γn ∩ P for P a parabolic subgroup stay within a compact
subset of the moduli space of lattices in C.



210 J. Raimbault

Here L(m) is the local system on M coming from the Γ-module Lm: while the
Reidemeister torsion itself does not, the regulators depend on an integral structure
on H∗(M ;Fm). The proof is elementary. Assuming that we know that log(aΦ) =
o(m2) (and R2(M ;L(m)) = o(m2) which is simpler to prove) the lemma then
basically gives

lim inf
m→+∞

log |H1(Γ;L(m))tors|
m2

≥ 1

2
lim inf

log τEis(M ;L(m))

m2

which finishes the proof. To estimate the denominator aΦ we use the formula
(4.3) and two papers of R. Damerell [17, 18]. The first one almost states that
there exists Ω ∈ C× such that L(χ,m)/Ω and L(χ,m + 1)/Ω are both algebraic
numbers. We need to refine that statement to get that in addition the absolute
norm of both is bounded above by (m!)c for some c depending only on k, which
is done by examining carefully Damerell’s argument. The second paper proves
that L(χ,m)/Ω, L(χ,m + 1)/Ω ∈ 1/cZ where c ∈ Z depends only on Γ. These
two theorems together immediately imply that log(aΦ) = O(m log(m)), which
concludes the proof.
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ETH Zürich. Birkhäuser Verlag, Basel, 2001. Notes taken by Felix Schlenk.

Jean Raimbault
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Abstract. We prove that the Adams–Riemann–Roch theorem in degree one
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1. Introduction

The aim of this text is to provide a proof of the following theorem.

Let B be a scheme.

Let Sline,B be the category whose objects are pairs (S,M), where S is a locally
Noetherian B-scheme and where M is a line bundle (i.e., a locally free sheaf of
rank one) on S. An arrow (S′,M ′) → (S,M) in Sline,B is a morphism of B-schemes
φ : S′ → S, together with an isomorphism φ∗(M) ∼= M ′.

Let Srel,line,B be the category, whose objects are pairs (Y → S,L), where Y →
S is a smooth and locally projective morphism of B-schemes with geometrically
connected fibres and constant relative dimension, S is a locally Noetherian B-
scheme and L is a line bundle on Y . An arrow (Y ′ → S′, L′) → (Y → S,L) in
Srel,line,B is a Cartesian diagram of B-schemes

Y ′ ρ ��

��

Y

��
S′ �� S

together with an isomorphism ρ∗(L) ∼= L′.

If (Y → S,L) is an object of Srel,line,B, we shall write dim(Y/S) for the
dimension of some (and hence any) geometric fibre of the morphism Y → S.

c© The Author(s), under exclusive license to Springer Nature Switzerland AG 2021
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Recall that to say that Y → S is locally projective means that every point
in S has an open neighbourhood U , such that there is a factorisation of π|U into a
closed U -immersion YU → PN

U followed by projection to U , for some N ≥ 0 which
depends on U .

We let Srel,line,cf,B be the full subcategory of Srel,line,B, which consists of those
pairs

(π : Y → S,L),

where L is cohomologically flat over S. Recall that to say that L is cohomologically
flat over S means that Riπ∗(L) is a locally free sheaf for all i ≥ 0.

If π : Y → S is a proper and flat morphism of locally Noetherian schemes
and F is a vector bundle (i.e., a coherent locally free sheaf) on Y , we shall write
λ(F ) := det(R•π∗(F )). Here det(·) is the Knudsen–Mumford determinant of a
perfect complex (note that R•π∗(F ) is a perfect complex by the semicontinuity

theorem because π is proper and flat). We shall denote by Symk(F ) the kth sym-
metric power of F and we shall write F∨ := Hom(F,OX) for the dual of F . If
M is a line bundle on Y and k ∈ Z, we define M⊗k := ⊗k

i=1M if k ≥ 0 and

M⊗k := ⊗−k
i=1M

∨ if k < 0. As is costumary, we shall write ΩY/S = Ωπ for the
sheaf of differentials of π.

Note that the rule, which associates the line bundle

λ(L)⊗22 dim(Y/S)+2

with the object (Y → S,L) of Srel,line,B, naturally defines a functor from Srel,line,B

to Sline,B. We shall denote this functor LRR.
Similarly, the rule, which associates the line bundle

2 dim(Y/S)⊗
j=0

λ(L⊗2 ⊗ Symj(ΩY/S))
⊗(−1)j

∑2 dim(Y/S)−j
i=0 (2 dim(Y/S)+1

i )

with the object (Y → S,L) of Srel,line,B, naturally defines a functor from Srel,line,B

to Sline,B. We shall denote this functor RRR.

Theorem 1.1. Suppose that B = SpecZ[ 12 ]. Then the restrictions of the functors
LRR and RRR to Srel,line,cf,B are isomorphic.

In other words, it is possible to associate with any locally projective and
smooth morphism of locally Noetherian Z[ 12 ]-schemes Y → S and any line bundle
L on Y , which is cohomologically flat over S, an isomorphism

λ(L)⊗22 dim(Y/S)+2 ∼=
2 dim(Y/S)⊗

j=0

λ(L⊗2⊗Symj(ΩY/S))
⊗(−1)j

∑2 dim(Y/S)−j
i=0 (2 dim(Y/S)+1

i )

(1)
compatibly with base change to any locally Noetherian scheme.

Remark 1.2. (1) We conjecture that the assumption that L is cohomologically
flat over S is unnecessary. In other words, we conjecture that the functors LRR
and RRR are isomorphic if B = SpecZ[ 12 ] (and not only their restrictions to
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Srel,line,cf,B). Proving this boils down to a problem in the linear algebra of perfect
complexes. See Remark 7.4 below for details.

(2) Note if S is a scheme of characteristic 0 then the trivial line bundle OY

is cohomologically flat over S by a theorem of Deligne (see [4, Th. 5.5]).
(3) It is actually plausible that LRR and RRR are isomorphic if B = SpecZ

(this would generalize conjecture (1) above in this remark). This is suggested by
Proposition 1.3 below and Deligne’s theorem [3, Th. 9.9 (3)]. See the discussion
after Proposition 1.3.

(4) Our construction of the isomorphism I between the restrictions of the
functors LRR and RRR to Srel,line,cf,B depends on a slew of arbitrary combinatorial
choices. These choices are all contained in the proof of Lemma 4.1 below. One
might conjecture that, up to sign, the isomorphism I does not depend on these
choices but proving this seems to be a formidable task. Presumably it is possible
to show that there is only one isomorphism I, up to sign, provided it satisfies some
axiomatic conditions. It would be very interesting to determine such conditions.

For example, suppose that dim(Y/S) = 1. We then get an isomorphism

λ(L)⊗16 ∼= λ(L⊗2)⊗7 ⊗ λ(L⊗2 ⊗ ΩY/S)
⊗(−4) ⊗ λ(L⊗2 ⊗ Ω⊗2

Y/S) . (2)

In particular, writing λk := λ(Ω⊗k
Y/S) for any k ≥ 0, (2) gives

λ⊗16
k

∼= λ⊗7
2k ⊗ λ

⊗(−4)
2k+1 ⊗ λ2k+2.

By the Grothendieck duality, there is a canonical isomorphism λ0
∼= λ1. Thus,

setting k = 0 we obtain an isomorphism

λ⊗13
1

∼= λ2. (3)

In [26] Mumford also constructs such an isomorphism and also proves that it
is invariant under base change (and he does not need the assumption that 2 is
invertible on S). Our isomorphism presumably coincides with his up to a universal
constant of the form ±2k (k ∈ Z) but we did not verify this.

Suppose that π : Y → S is an elliptic scheme (i.e., an abelian scheme of

relative dimension 1) over S. We then have a canonical isomorphism Ω⊗k
Y/S

∼=
π∗(π∗(Ω

⊗k
Y/S)) for any k ∈ Z. Furthermore, we have

R1π∗(OY/S) ∼= π∗(ΩY/S)
∨

by Grothendieck duality. Using the projection formula, we can thus compute

λk = det((OS − R1π∗(OY/S))⊗ π∗(ΩY/S)
⊗k)

= det(π∗(ΩY/S)
⊗k − π∗(ΩY/S)

⊗(k−1)) ∼= π∗(ΩY/S)

for all k ≥ 0. In particular, we have an isomorphism (π∗(ΩY/S))
⊗12 ∼= OS . Again,

possibly up to multiplication by a term of the form ±2k (k ∈ Z), this is presumably
the classical discriminant modular form (but we did not verify this). This suggests
that the isomorphism in Theorem 1.1 is in some sense optimal.
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When Y is an elliptic scheme over S and L is a non-trivial torsion line bun-
dle, whose order is prime to the characteristic of all the residue fields of S, then
R•π∗(L) = 0. In that case, both sides of (1) are canonically isomorphic to the
trivial line bundle. Thus the isomorphism (1) provides an element of Γ(S,O∗

S), in
other words an elliptic unit. It seems likely that one can construct all the Siegel
units in this way but to prove this, one will probably have to wait for a metric
version of Theorem 1.1. See below for a discussion.

Returning to the general situation, recall that if S is of characteristic 0, the
trivial sheafOY is cohomologically flat over S by a result of Deligne. Let us suppose
that S is of characteristic 0 and dim(Y/S) = 2. We then get the isomorphism

λ(OY )
⊗64 ∼= λ(OY )

⊗31 ⊗ λ(ΩY/S)
⊗(−26) ⊗ λ(Sym2(ΩY/S))

⊗16

⊗ λ(Sym3(ΩY/S))
⊗(−6) ⊗ λ(Sym4(ΩY/S))

from Theorem 1.1. This is equivalent to

λ(OY )
⊗33 ⊗ λ(ΩY/S)

⊗26 ⊗ λ(Sym3(ΩY/S))
⊗6

∼= λ(Sym2(ΩY/S))
⊗16 ⊗ λ(Sym4(ΩY/S)).

and there are similar identities in any relative dimension.

Here is our method of proof. We first give a proof of the geometric fixed
formula for an involution, which avoids any reference to K-theory and uses only
the geometric properties of quotients. This is Theorem 6.1, which is of independent
interest. The idea to use quotients to prove the fixed point formula is due to
Thomason (see [30]) and most probably many earlier authors but our proof relies
on the crucial fact that when the fixed point scheme is a Cartier divisor then the
quotient morphism is flat. This seems to be a well-known fact (J. Oesterlé kindly
explained the proof to me many years ago) but we could find no proof of it in
the literature in the required generality and we provide one in Proposition 2.5 (1).
Our proof of the geometric fixed point formula is sufficiently explicit to provide
isomorphisms at every step (rather than equalities in the Picard group) but ends
with an error term, which turns out to be a line bundle arising from a higher-
dimensional version of the Deligne pairing. This pairing was studied by Ducrot
in [7] and we use his results to show that this line bundle is canonically trivial,
compatibly with any base change to a locally Noetherian scheme. We then apply
this formula to the space Y ×S Y with the involution swapping the factors. Nori
(see [27]) was apparently the first one to notice that the fixed point formula applied
to this situation recovers the Adams–Riemann–Roch for the Adams operation ψ2

and using our method we thus recover a refinement of this formula (in degree one).
This is formula (1).

In [10] Eriksson gives a proof of a functorial refinement of the Adams–
Riemann–Roch formula (see also [9] for an announcement), which can also be
used to prove a weaker version of Theorem 1.1. It is weaker in the sense that
the provided isomorphism, although invariant under base change, will include a
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2∞-torsion line bundle, which is undetermined and also because the resulting lin-
ear combination in the symmetric powers of ΩY/S will a priori depend on the
dimension of the total space.

Similarly, using Franke’s work in [11], it is possible to prove a weak version
of Theorem 1.1, where an undetermined (not necessarily 2∞) torsion line bundle
will be included (but on the other hand the linear combination in the symmetric
powers of ΩY/S should be the same as ours and should thus not depend on the
dimension of the total space).

One interesting aspect of our result is thus that it removes this indeterminacy.
However, the main interest of the present text is the method of proof, which is
elementary (whereas Franke’s and Eriksson’s approaches require a vast categorical
apparatus and use higher K-theory, resp. the homotopy theory of schemes). Our
isomorphism is constructed very explicitly, making it in principle possible to com-
pute its norm, when both sides are endowed with metrics (e.g., Quillen metrics).
We hope to return to this question in a later article.

Note that other constructions of the higher-dimensional Deligne pairing were
given in [31] and [8] but they cannot be used in our context, because they are not
described in terms of determinants of cohomology and therefore cannot easily be
compared with our error term. In [1], a canonical isomorphism between Ducrot’s
pairing and Zhang’s pairing is announced (in a restricted setting), which could
be used to bypass the use of Ducrot’s pairing in certain situations. However, the
details of the proof of Theorem 1 of [1] have not appeared yet (thank you to one
of the referees for pointing this out). In [5] Ducrot’s pairing is also considered.

Finally, note that in the situation where dim(Y/S) = 1, Deligne also con-
structed an isomorphism similar to (1) (see [3]). Deligne’s work was in fact the
initial motivation for the work of Franke and Eriksson. Under the assumptions of
Theorem 1.1 and when dim(Y/S) = 1, Deligne’s theorem [3, Th. 9.9 (3)] provides
in particular an isomorphism

λ(L)⊗18 ∼= λ(OY )
18 ⊗ λ(L⊗2 ⊗ Ω∨

Y/S)
⊗6 ⊗ λ(L⊗ Ω∨

Y/S)
⊗(−6), (4)

which is invariant under any base change to a locally Noetherian scheme (note that
Deligne’s theorem is expressed in terms of the Deligne pairing; Deligne’s pairing can
be expressed using the determinant of cohomology – see Section 4 below – and (4) is
the expression one obtains when using only the determinant of cohomology). This
can be seen as a variant of the isomorphism (1) when dim(Y/S) = 1 and Deligne
shows that it holds even if 2 is not invertible on S and L is not cohomologically
flat over S.

Using Theorem 1.1 for dim(Y/S) = 1, we prove

Proposition 1.3. Under the assumptions of Theorem 1.1 and when dim(Y/S) = 1,
there is an isomorphism(

λ(L)⊗18
)⊗8 ∼=

(
λ(OY )

18 ⊗ λ(L⊗2 ⊗ Ω∨
Y/S)

⊗6 ⊗ λ(L⊗ Ω∨
Y/S)

⊗(−6)
)⊗8

(5)

which is invariant under any base change to a locally Noetherian scheme.
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In other words, we give a new proof of Deligne’s theorem, up to a torsion line
bundle of order 8 (and under the running assumption that 2 is invertible on S and
that L is cohomologically flat over S). The proof of Proposition 1.3 actually also
shows that one can deduce Theorem 1.1 for dim(Y/S) = 1 from Deligne’s theorem,
up to a torsion line bundle of order 9. Thus, when dim(Y/S) = 1 and under the
running assumption that 2 is invertible on S and that L is cohomologically flat
over S, Theorem 1.1 and Deligne’s theorem are equivalent up to torsion.

The structure of the article is as follows. In Section 2 we recall various facts
about quotients of schemes by finite groups and we prove various supplementary
properties of these in the situation where the group is isomorphic to a diagonalis-
able group scheme, whose order is prime and invertible in the base scheme and the
fixed point scheme is a Cartier divisor. In Section 4 we recall the part of Ducrot’s
work that is relevant to this text. In Section 6, we give a proof of a local refinement
of the fixed formula for an involution, in the situation where the fixed scheme is
regularly immersed. In Section 7, we apply this formula to the fibre product of
a relative scheme by itself and we prove Theorem 1.1. In the final Section 8 we
give the proof of Proposition 1.3. Note that the core of the proof of Theorem 1.1
amounts to a detailed analysis of the geometry of the blow-up along the diagonal
of the relative fibre product of X with itself. This is intriguing, since this par-
ticular space was believed to be relevant to a possible solution of the standard
conjectures in the early days of scheme theory. It would be interesting to relate
our construction to statements about algebraic cycles.

Notation.We shall say that a morphism h : Z → T of schemes is strongly projective
if there is a factorisation of h into a closed T -immersion Z → PN

T followed by
projection to T , for some N ≥ 0. The notion of a locally projective morphism is
defined at the beginning of the introduction. If Z is a locally Noetherian scheme,
we write Coh(Z) for the category of coherent sheaves on Z. If F is an OZ -module

on a scheme Z and l ≥ 0, we shall write F⊗l :=
⊗l

k=1 F . If Z is a scheme, we

write D(Z) (resp. Db(Z)) for the derived category of complexes of OZ-modules
(resp. the derived category of bounded complexes of OZ-modules) on Z.

Acknowledgments. We are grateful to Jean-Michel Bismut and Vincent Maillot for
interesting discussions around this article. Warm thanks to the referees, whose very
detailed reading (to say the least!) led to many improvements. This text would be
much less clear without their input.

2. The geometry of quotients by finite groups

Let G be a finite group.

A scheme T together with a group homomorphism G → Aut(T ) will be
called a G-equivariant scheme, or an equivariant scheme for short (if there is no
ambiguity). A G-equivariant morphism of G-equivariant schemes is a morphism
commuting with the action of G on source and target. We shall say that the action
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of G on the G-equivariant scheme T is trivial if the image of G → Aut(T ) is the
identity morphism.

A G-equivariant sheaf (or equivariant sheaf for short) F on a G-equivar-
iant scheme is a quasi-coherent sheaf F together with a morphism of sheaves
αg = αF,g : F → g∗(F ) for every g ∈ G, such that g∗(αh) ◦ αg = αg◦h for any
g, h ∈ G and αIdG

= IdF .
Suppose that T is a G-equivariant scheme with trivial action and that F is

a G-equivariant sheaf on T . The G-equivariant structure on F then amounts to a
homomorphism of groups G → Aut(F ). We then write FG for the quasi-coherent
sheaf on T such that

FG(U) = F (U)G

for every open set U ⊆ T . Here F (U)G is the subgroup of elements of F (U), which
are fixed under the action of G.

Suppose that φ : T → Z is a morphism of schemes, where T is locally
Noetherian. Assume also that T carries G-equivariant structure and that φ◦g = φ
for all g ∈ G. Let F be a G-equivariant sheaf. Then the sheaf φ∗(F ) is also quasi-
coherent. Furthermore, if Z is viewed as aG-equivariant scheme carrying the trivial
G-equivariant structure, then φ∗(F ) carries the G-equivariant structure given for
any g ∈ G by the composition of arrows

φ∗(F )
∼−→φ∗(g∗(F ))

∼−→φ∗(F )

arising from the equivariant structure on F and the identity φ ◦ g = φ.
Suppose that φ : T → Z is a morphism of schemes, that T carries a G-

equivariant structure and that φ ◦ g = φ for all g ∈ G. View Z as a G-equivariant
scheme endowed with the trivial G-equivariant structure. Let F be a G-equivariant
sheaf on Z. Then the quasi-coherent sheaf φ∗(F ) carries a natural G-equivariant
structure, given for any g ∈ G by the composition of arrows

φ∗(F )
φ∗(g∗)

∼−→ φ∗(F )
∼−→ g−1,∗(φ∗(F )) = g∗(φ

∗(F ))

where the first arrow comes by functoriality from the arrow g∗(F ) → g∗(F ), the
second arrow from the identity φ◦g = φ and the third arrow from the identification
of functors g−1,∗ = g∗.

If x ∈ X , then we define Gd(x) to be the stabiliser in G of x viewed as a
subset of X . This group is called the decomposition group of x. The group Gd(x)
naturally acts on the residue field κ(x) of x. The kernel of the homomorphism
Gd(x) → Aut(κ(x)) is called the inertia group Gi(x) of x.

Suppose that X is a G-equivariant scheme. A (categorical) quotient X/G of
X byG (if it exists) is a G-equivariant schemeX/G together with an G-equivariant
morphism q : X → X/G, with the following properties:

– X/G carries the trivial action;
– if X ′ is a scheme with a trivial G-action and q′ : X → X ′ is a morphism then

there is a unique morphism h : X/G → X ′, such that h ◦ q = q′.

These properties clearly determine X/G up to unique isomorphism.



220 D. Rössler

We recall the following

Proposition 2.1. Let X be a G-equivariant scheme. Suppose that the orbit of every
point in X is contained in an affine open subscheme. Then the quotient X/G of
X by G exists and

(1) The canonical morphism q : X → X/G is integral and surjective.
(2) The natural morphism of sheaves OX/G → q∗(OX) factors through (q∗(OX))G

and induces an isomorphism OX/G → (q∗(OX))G.
(3) The underlying set of X/G is the quotient of the set X by the action of G

and the topology of X/G is the quotient topology.
(4) if Z → X/G is a flat morphism then the natural one (Z ×X/G X)/G → Z is

an isomorphism.
(5) Consider the X/G-morphism φ : G ×X → X ×X/G X given in set-theoretic

notation by the formula (g, x) �→ (g(x), x). Suppose that φ is an isomorphism.
Then

– q is étale;
– if M is a G-equivariant locally free sheaf of finite rank on X then the

natural morphism q∗(q∗M)G → M is an isomorphism.
(6) If Gi(x) = 0 then OX,x is étale over OX/G,q(x).

Proof. See [15, Chap. V, 1 and 2]. �

Corollary 2.2. Suppose that there is a morphism of finite type f : X → S, where S
is a locally Noetherian scheme. Assume that the action of G on X factors through
AutS(X) and that the orbit of every point in X is contained in an affine open
subscheme. Then the quotient X/G of X by G exists. Moreover, the morphism
q : X → X/G is finite.

Corollary 2.2 follows from the fact that under the listed assumptions, the
quotient morphism is integral and of finite type and hence finite.

Suppose thatX is aG-equivariant scheme. Suppose given a morphismX → S
and assume that the action of G on X factors through AutS(X). We say that X is
a G-equivariant S-scheme. The fixed scheme XG (if it exists) is a closed subscheme
of X , which represents the functor on S-schemes

T �→ X(T )G.

Note the following link with decomposition and inertia groups: if x ∈ X and

Gd(x) = Gi(x) = G

then x ∈ XG. This simply follows from the fact that the morphism Specκ(x) → X
then lies in X(Specκ(x))G.

Proposition 2.3. Suppose that X is separated over S. Then XG exists.

Proof. For each g ∈ G, let Γg be the graph of g in X ×S X . Let Δ = ΓIdX
∼= X be

the diagonal of X over S. From the separatedness assumption, each Γg is a closed
subscheme of X ×S X . The closed subscheme XG = ∩g∈GΓg is naturally a closed
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subscheme of Δ and can thus be viewed as a closed subscheme of X . It follows
from the definitions that XG is the fixed scheme of G. �

If XG exists, we shall write NXG/X for the conormal sheaf of XG in X . Recall

that if I is the ideal sheaf of XG in X , we have by definition NXG/X = I/I2. The

sheaf I/I2 has a natural structure of OXG -module. The conormal sheaf NXG/X is
thus a quasi-coherent sheaf on XG and it carries a natural action of G.

Suppose now that G is a finite cyclic group of order n. Let us write G̃ for
the group scheme over SpecZ corresponding to G. Note that we then have a

canonical identification G̃(SpecZ) ∼= G. Suppose now that G̃S
∼= μn,S , where

μn = SpecZ[t]/(1 − tn) is the diagonalisable group scheme associated with the

cyclic group Z/nZ. Note that there exists an isomorphism G̃S
∼= μn,S is iff n is

invertible in S and the polynomial xn−1 splits into linear factors in Γ(S,OS). We
fix an isomorphism GS

∼= μn,S .
Note the following two facts.
Suppose in this paragraph only that X = SpecR is affine. Then the action

of G on X is given by a ring grading R ∼= ⊕k∈Z/nZRk, such that the morphism
X → S factors through SpecR0. Furthermore, the ideal of XG is then R · R�=0,
where

R�=0 := ⊕k∈Z/nZ, k �=0Rk.

See [30, proof of Prop. 3.1] (this is also a good exercise for the reader).
Suppose that the action of G on X is trivial. Let F be a G-equivariant sheaf

on X . The G-equivariant structure on F is then given by a Z/nZ-grading of OX -
modules

F ∼= ⊕k∈Z/nZFk.

Let g ∈ G. By the above, the element g gives an element of G̃(SpecZ) and hence
after base change an element z ∈ G(S). Applying the isomorphism GS

∼= μn,S we
obtain an element z ∈ μn(S). The action of g on F is then by construction given
by the formula

g((f0, f1, . . . , fn−1)) = (1 · f0, z · f1, . . . , zn−1 · fn−1),

where fk is a local section of Fk. In particular, we have F0 = FG.
We record the following

Lemma 2.4. Let X be an G-equivariant S-scheme. Suppose that the orbit of every
point in X is contained in an affine open subscheme. Assume that G is a finite
cyclic group of order n and that GS

∼= μn,S. If Z → X/G is a morphism then the
natural morphism (Z ×X/G X)/G → Z is an isomorphism.

In other words, when GS
∼= μn,S , the quotient construction commutes with

any base change on X/G (not only flat base changes as in Proposition 2.1 (4)).

Proof. By Proposition 2.1 (4), we may assume that Z and X are affine, say
Z = SpecB and X = SpecA. In this case, we have to prove that the morphism of
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A0-modules

B → (B ⊗A0 A)0

given by the formula b �→ b⊗ 1 is an isomorphism. We have

B ⊗A0 A = B ⊗A0

⊕
k∈Z/nZ

Ak =
⊕

k∈Z/nZ

B ⊗A0 Ak

so that (B ⊗A0 A)0 = B ⊗A0 A0 = B, proving the assertion. �

The next proposition collects the main results of this section.

Proposition 2.5. Suppose that X is a G-equivariant S-scheme such that S is lo-
cally noetherian and the morphism X → S is separated and of finite type. Assume
that the orbit of every point in X is contained in an affine open subscheme. Fi-
nally, suppose that G is a finite cyclic group of order n and that GS

∼= μn,S. Let
ι : XG → X be the fixed point scheme of X. Then:

(1) Suppose that n is prime and that XG is a (possibly empty) Cartier divisor.
Then q is flat.

(2) Suppose that XG is a Cartier divisor. Then (NXG/X)0 = 0.
(3) The morphism q ◦ ι : XG → X/G is a closed immersion and we have the set-

theoretic equality q−1(q(XG)) = XG. Thus we have a natural isomorphism
(X/G)\q(XG) ∼= (X\XG)/G.

(4) Let U = X\XG (so that U/G = (X/G)\q(XG) by (3)). Consider the U/G-
morphism

φ : G× U → U ×U/G U

given in set-theoretic notation by the formula (g, u) �→ (g(u), u). If n is prime
then φ is an isomorphism.

(5) Let M be a G-equivariant locally free sheaf of finite rank on X. Suppose that
ι∗M carries the trivial action, that q is flat and that n is prime. Then the
natural morphism q∗(q∗M)0 → M is an isomorphism.

(6) If X → S is smooth and XG → S is flat then XG → S is smooth.
(7) If X → S is smooth, XG is a Cartier divisor in X and XG → S is flat then

X/G → S is also smooth.

Remark 2.6. A variant (for algebraic varieties) of (5) is proven in [6, Th. 2.3].
See also [20, Lemma 4.8] and [21, Proposition (3.3.4.i)], where most of the above
proposition is proven in the restricted context of algebraic varieties.

Proof. We begin with (1). We may suppose that X = Spec(R) is affine. Then
X/G = Spec(R0) by Proposition 2.1 (2). To show that R is flat over R0, it is
sufficient to show that for all p ∈ Spec(R), the ring Rp is flat over the ring R0,p∩R0 .
If p ⊇ R ·R�=0, then p ∈ XG by the previous discussion. Thus Gi(x) = G and thus
Gi(x) = 0 since n is prime; thus Rp is flat over the ring R0,p∩R0 by Proposition
2.1 (6). Thus we may assume that p ⊇ R · R�=0. The prime ideal p is then graded
by construction (if r ∈ p, write r = r0 + · · ·+ rn−1, where the ri are homogenous
for the grading; by assumption r1, . . . , rn−1 ∈ p; thus r0 ∈ p as well). The ring
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Rp is thus naturally a Z/nZ-graded local ring. Now notice that we have a natural
identification

R0,p∩R0 = (Rp)0

(use the fact that R\p ⊆ R0). Also by construction the ideal generated by the
image of the ideal R ·R�=0 in Rp is Rp ·Rp, �=0. Thus the assumption that R · R�=0

is a Cartier divisor implies that there exists t ∈ Rp, which is not a zero divisor,
such that (t) = Rp ·Rp, �=0.

Thus we may assume without restriction of generality that R is a local ring
and that R · R�=0 is generated by an element t, which is not a zero divisor.

We claim that t can be taken to be homogeneous of degree = 0 (mod n). To
verify the claim, let

R · R�=0 = (a1, . . . , ak)

where the ai ∈ R�=0 are homogeneous and of degree = 0 (mod n) (recall that R is
Noetherian). We take k minimal. We may assume that k > 1, otherwise there is
nothing to prove. Then for some family of xi = 0, we have

x1a1 + · · ·+ xkak = t .

Let b1 ∈ R be such that a1 = t ·b1. If b1 is a unit then R ·R�=0 = (a1) contradicting
the assumption that k > 1. Thus b1 is not a unit and thus 1− x1b1 is a unit since
R is local. We compute

t =
x2

1− x1b1
a2 + · · ·+ xk

1− x1b1
ak

contradicting minimality again. Thus k = 1 and the claim is verified.
So we may suppose that (t) = R · R�=0 where t is homogenous of degree

= 0 (mod n).
I am grateful to one of the referees for suggesting the argument below.

Sub-lemma 2.7. For any i ∈ Z/nZ, we have ti · R0 = Ri deg(t).

Proof of the sublemma. The proof is by induction on i, where i is viewed as an
element of the ordered set {0, . . . , n − 1}. The identity of course holds if i = 0.
We suppose that tj · R0 = Rj deg(t) for all j < i. Note first that we certainly have

ti ·R0 ⊆ Ri·deg(t). To conclude the proof, we need to show that Ri·deg(t) ⊆ ti ·R0.
To show this, let e ∈ Ri·deg(t). By assumption e can be written in the form e = t ·r,
with r ∈ R. For k ∈ {0, . . . , n− 1}, let rk be the homogenous component of degree
k of r. We have

e = t · r = t · r0 + · · ·+ t · rn−1

so that t · r(i−1)·deg(t) = t · r = e. By induction, we have r(i−1)·deg(t) ∈ ti−1R0 so

that e ∈ t · (ti−1R0) = ti · R0, as required. �
Now since n is prime and deg(t) = 0 (mod n), every element of Z/nZ is a

multiple of deg(t). We can thus conclude from the sub-lemma that R is a direct
sum of copies of R0 so in particular R is flat over R0.

To prove (2), localising at points of XG, we may still assume that X =
Spec(R), where R is a local ring and R · R�=0 is generated by a single element t,
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which is not a zero divisor. In the proof of (1), it was shown that we may suppose
that t is homogenous of degree = 0. The sheafNXG/X corresponds to the R-module

(t)/(t2) and thus (NXG/X)0 = 0, since t is of degree = 0 (mod n).

Proof of (3). We may suppose that X = SpecR is affine. The first statement
now corresponds to the statement that R0 → R/(R·R �=0) is surjective. This follows
from the definitions. The fact that q−1(q(XG)) = XG follows from Proposition 2.1
(3). The third assertion follows from Proposition 2.1 (4).

Proof of (4). Note that for all x ∈ X\XG, we have Gi(x) = G and thus
Gi(x) = 0, since n is prime. By Proposition 2.1 (6) this implies that q is étale, in
particular flat. Hence the morphism U → U/G is finite and flat.

We first compute its degree. For this, let u0 ∈ U/G and let H be the spectrum
of the strict henselisation of OU/G,u0

. Then H ∼= (U ×U/G H)/G by Proposition
2.1 (4) and the fact that H is flat over OU/G,u0

(see [12, I, 1, 1.20] for this). We
only have to compute the degree of U×U/GH over H . Now note that U×U/GH is
a disjoint union

∐
i∈I Hi of copies of H , since H is strictly henselian and U ×U/G

H → H is étale. Furthermore, the group G permutes the Hi and also the closed
points of the Hi. Hence the degree is the cardinality of the orbit of a closed point
P ∈ Hi0 (i0 arbitrary). Since Gi(P ) = Gd(P ), we must have Gd(P ) = 0, since n is
prime and (U ×U/G H)G is empty. Hence the orbit of P has n elements and thus
the degree of U → U/G is n.

Now consider the morphism φ : G × U → U ×U/G U . Let T be a connected
scheme. The map G(T ) × U(T ) → U(T ) ×(U/G)(T ) U(T ) is injective. To see this
note that otherwise there is e ∈ U(T ) and g ∈ G(T ) such that g = 0 and g(e) = e;
since G(T ) is of prime order this means that e ∈ U(T )G and thus e ∈ UG(T ),
which is not possible, since UG is empty. Since T was arbitrary, the morphism φ is
a monomorphism of schemes. Since it is also proper (because G×U and U×U/GU
are proper over U/G), it is a closed immersion (see [14, IV.3, 8.11.5] for this).
Since both G × U and U ×U/G U are flat and finite of the same rank over U by
the previous paragraph, this implies that φ is an isomorphism.

Proof of (5). Consider the natural morphism

α : q∗(q∗M)0 → M .

The restriction αX\XG
is an isomorphism by (4) and Proposition 2.1 (5). Now

both sides are locally free of finite rank by (1). Thus, by Nakayama’s lemma, it is
sufficient to show that ακ(x) is surjective for x ∈ XG. In particular, it is sufficient
to show that the restriction ι∗(α) of α to XG is an isomorphism. Now note that
since q is an affine morphism, the natural adjunction morphism α : q∗(q∗M) → M
is a surjection and thus we have a surjection

ι∗(q∗(q∗M)) → ι∗(M)

restricting α. Hence we have a surjection

ι∗(q∗((q∗M)0)) → ι∗(M)0
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and since ι∗(M)0 = ι∗(M) by assumption we get a surjection

ι∗(q∗((q∗M)0)) → ι∗(M)

which must be an isomorphism, since both sides are locally free of the same rank.
Proof of (6). We need to check that the geometric fibres X/G → S are

regular. So let Spec k → S be a geometric point. By assumption, Xk is regular and
by [30, Prop. 3.1], (Xk)G = (XG)k is then also regular.

Proof of (7). Since q is faithfully flat, we see that X/G → S is also flat. To see
that X/G → S is smooth, we need to check that the geometric fibres X/G → S
are regular. Now since XG is flat over S and a Cartier divisor, we see that for any
base change T → S, (XT )G → T is also flat and a Cartier divisor. Furthermore,
by Lemma 2.4, for any base change T → S, we have (X/G)T ∼= (XT )/G. So let
Spec k → S be a geometric point. By assumption Xk is regular and since (Xk)G
is a Cartier divisor, we see that (Xk)/G = (X/G)k is regular, since qk is faithfully
flat by (1) and Proposition 2.1 (1). �

3. Free algebras

This section is mainly here to fix some notation that will be needed in Section 4.
Let I be a finite set. We shall write 〈I〉 for the free monoid generated by the set I.
See for instance [24, Chap. I] for this. Recall that the set 〈I〉 consists of all the
finite words written in the alphabet I. A finite word is a map {1, . . . , n} → I,
where n is a positive integer. The integer n is called the length of the word. If

w1 : {1, . . . , n1} → I

and
w2 : {1, . . . , n2} → I

are two finite words, their concatenation w1w2 is by definition the map

w1w2 : {1, . . . , n1 + n2} → I,

such that w1w2(k) = w1(k) if k ≤ n1 and w1w2(k) = w2(k − n1) if k > n1. The
monoid structure of 〈I〉 is given by the concatenation of finite words. We shall write
Z〈I〉 for the free Z-module with basis the elements of 〈I〉. If I = {X1, . . . , Xn}
then we shall use the shorthand

Z{X1, . . . , Xn} := Z〈{X1, . . . , Xn}〉 .
The set Z〈I〉 has the structure of a unital ring, where the addition is given by the
addition on Z〈I〉 provided by its structure of Z-module and the multiplication · is
given by the formula( ∑

w∈〈I〉
nw · w

)
·
( ∑

v∈〈I〉
mv · v

)
:=
∑
h∈〈I〉

⎛⎝ ∑
w,v∈〈I〉, wv=h

nw ·mv

⎞⎠ · h.

Note that there is an equivalence relation ∼ro on 〈I〉, defined as follows. If w1

and w2 are two finite words as above, then w1∼ro w2 iff n1 = n2 and there is a
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bijection σ : {1, . . . , n1} → {1, . . . , n1} such that w1 = w2 ◦ σ. We shall write [w]ro
for the equivalence class of a finite word w in 〈I〉.

We shall write Z[I] for the polynomial ring over the set I (i.e., the polynomial
ring with coefficients in Z where each element of I is a variable). This is by defi-
nition the free Z-module with basis the free commutative monoid generated by I.

Note that there is an obvious surjective map of rings

Z〈I〉 → Z[I] .

Lemma 3.1. An element
∑

w∈〈I〉 nw · w is in the kernel of Z〈I〉 → Z[I] iff for all

v ∈ 〈I〉, we have ∑
w∈[v]ro

nw = 0 .

Proof. Left to the reader. �
Abusing language, we shall say that Z〈I〉 is the ring of non-commutative poly-

nomials with variables I and with coefficients in Z. In particular Z{X1, . . . , Xn}
is the ring of non-commutative polynomials in the variables X1, . . . , Xn and coef-
ficients in Z.

If P ∈ Z〈I〉, then for each w ∈ 〈I〉, the integer Pw is defined by the equality

P =
∑

w∈〈I〉
Pw · w .

4. The determinant of cohomology and Ducrot’s
generalisation of the Deligne pairing

Let f : X → S be a flat and strongly projective morphism. Suppose that S is
locally Noetherian. Let I be a finite set. Let {Fi}i∈I be a collection of vector
bundles on X indexed by I. If w = i1i2 . . . ik is a non-empty word in the alphabet
I, then we shall write

λ(w) := λ

( k⊗
t=1

Fit

)
where λ(Fit) := det(R•f∗(Fit)) is the determinant of cohomology of the vector
bundle Fit , relatively to f (see beginning of the introduction). If w is the empty
word then by convention λ(w) := λ(OX).

If we are given a non-commutative polynomial P = P ((Fi)i∈I) with variables
in I and integral coefficients (see Section 3), we shall write

λ(P ) :=
⊗
w∈〈I〉

λ(w)⊗Pw .

Note that with this definition, if P and Q are two non-commutative polynomials
with variables in I and integral coefficients, then in view of the distributivity of
the tensor product, there is a canonical isomorphism

λ(P +Q) ∼= λ(P )⊗ λ(Q).
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Abusing language, we shall mostly write non-commutative polynomials
P = P ((Fi)i∈I) with variables in I using the Fi as variable symbols instead of
the elements of the index set I. Also we shall mostly use the tensor product sym-
bol ⊗ instead of the symbol ·. So, e.g., if I = {X1, X2} we would write

F1 ⊗ F2 + F2 ⊗ F2

instead of X1 ·X2 +X2 ·X2.

Lemma 4.1. Let {Fi}i∈I be a finite collection of vector bundles on X. Let
P = P ((Fi)i∈I) ∈ Z〈I〉 be a non-commutative polynomial with integral coeffi-
cients in the Fi and suppose that P lies in the kernel of the natural map of rings
Z〈I〉 → Z[I]. Then there is an isomorphism λ(P ) ∼= OS, which can be chosen
compatibly with any base change to a locally Noetherian scheme.

Proof. Let us write O for the set of equivalence classes of the relation ∼ro in 〈I〉
(see Section 3 for the definition). Choose a representative w′(o) ∈ o (arbitrary but
fixed) for each o ∈ O. Furthermore, for each o ∈ O and each w ∈ o, choose an
automorphism σw of {1, . . . , length(w′(o))} such that w′(o) = σw ◦ w. Finally,
choose an isomorphism αo : o ∼= {1, . . . ,#o} for each o ∈ O.

According to Lemma 3.1, if we write

P =
∑
o∈O

∑
w∈o

Pw · w

then
∑

w∈o Pw = 0 for each o ∈ O. On the other hand, by the definition of λ(P )
and the distributivity of the tensor product, we have a canonical isomorphism

λ(P ) ∼=
⊗
o∈O

⊗
w∈o

λ(w)Pw

and by the commutativity of the tensor product, there is a canonical isomorphism

λ(w) ∼= λ(w′(o))

for each w ∈ o, which depends of the choice of the automorphism σw. Hence there
is a canonical isomorphism

λ(P ) ∼=
⊗
o∈O

λ(w′(o))
∑

w∈o Pw ,

which depends on the isomorphism αo. The conclusion follows. Note that this
isomorphism depends a priori on the choices of the representatives w′(o) ∈ o and
of the automorphisms σw and αo. One might conjecture that different choices of
representatives and automorphisms will lead to the same isomorphism λ(P ) ∼= OS ,
up to sign (but this is irrelevant to the conclusion of the lemma, which contains
no unicity statement). �

Let L1, . . . , Ld+1 be line bundles on X . Suppose that X is of constant relative
dimension d over S. We shall write

IX/S(L1, . . . , Ld+1) := λ((OX − L1)⊗ (OX − L2)⊗ · · · ⊗ (OX − Ld+1))
⊗(−1)d
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where the expression defining IX/S(L1, . . . , Ld+1) is to be read with the above
notational conventions in mind. In particular, the expression

(OX − L1)⊗ (OX − L2)⊗ · · · ⊗ (OX − Ld+1)

should be understood as a non-commutative polynomial in the line bundles

OX , L1, . . . , Ld+1 and λ((OX − L1)⊗ (OX − L2)⊗ · · · ⊗ (OX − Ld+1))

is to be computed according to the conventions described above.

So for example, if d = 1,

IX/S(L1, L2)
∨ = λ((OX − L1)⊗ (OX − L2))

= λ(OX ⊗OX −OX ⊗ L2 − L1 ⊗OX + L1 ⊗ L2)

= λ(OX ⊗OX)⊗ λ(OX ⊗ L2)
∨ ⊗ λ(L1 ⊗OX)∨ ⊗ λ(L1 ⊗ L2)

∼= λ(OX)⊗ λ(L2)
∨ ⊗ λ(L1)

∨ ⊗ λ(L1 ⊗ L2). (6)

Ducrot showed in [7, 5] that the line bundle IX/S(L1, . . . , Ld+1) is multiadditive
in the line bundles L1, . . . , Ld+1. In particular, he shows that if Q is a line bundle
on X , then there is a canonical isomorphism

IX/S(L1 ⊗Q, . . . , Ld+1) ∼= IX/S(L1, . . . , Ld+1)⊗ IX/S(Q, . . . , Ld+1) . (7)

The canonical isomorphism (7) is compatible with any base change to a locally
Noetherian scheme. See [7, Th. 4.2 (BC)].

We may thus compute

λ((OX −Q)⊗ (OX − L1)⊗ (OX − L2)⊗ · · · ⊗ (OX − Ld+1))

(1)∼= λ((OX − L1)⊗ (OX − L2)⊗ · · · ⊗ (OX − Ld+1))

⊗ λ((Q −Q⊗ L1)⊗ (OX − L2)⊗ (OX − L3)⊗ · · · ⊗ (OX − Ld+1))
∨

(2)∼= λ((OX − L1)⊗ (OX − L2)⊗ · · · ⊗ (OX − Ld+1))

⊗ λ(
(
OX − L1 ⊗Q− (OX −Q)

)
⊗ (OX − L2)⊗ (OX − L3)⊗ · · ·

· · · ⊗ (OX − Ld+1))
∨

(3)∼= IX/S(L1, . . . , Ld+1)
⊗(−1)d

⊗ IX/S(L1 ⊗Q,L2, . . . , Ld+1)
⊗(−1)d+1 ⊗ IX/S(Q,L2, . . . , Ld+1)

⊗(−1)d

(4)∼= IX/S(L1, L2, . . . , Ld+1)
⊗(−1)d ⊗ IX/S(L1, L2, . . . , Ld+1)

⊗(−1)d+1

⊗ IX/S(Q,L2, . . . , Ld+1)
⊗(−1)d+1 ⊗ IX/S(Q,L2, . . . , Ld+1)

⊗(−1)d
(5)∼= OX

and this trivialisation is invariant under any base change to a locally Noetherian
scheme. The isomorphisms (1), (2), (3) are formal consequences of Lemma 4.1 and
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of the polynomial equalities

(1− y)(1 − x1) · · · (1− xd+1)

= (1− x1) · · · (1− xd+1)− (y − yx1)(1− x2) · · · (1− xd+1)

= (1− x1) · · · (1− xd+1)− ((1− x1y)− (1 − y))(1− x2) · · · (1− xd+1)

= (1− x1) · · · (1− xd+1)− (1− x1y)(1− x2) · · ·
· · · (1− xd+1) + (1− y)(1− x2) · · · (1− xd+1)

(in the same order). The isomorphism (4) comes from the multiadditivity of the
symbol IX/S described above. Isomorphism (5) is just a cancellation.

The following theorem summarises the discussion and it is one of the main
consequences of the theory developed in [7].

Theorem 4.2. Suppose that X → S is flat, strongly projective and of relative di-
mension d. Suppose that S is locally Noetherian. Let L1, . . . , Ld+2 be line bundles
on X. Then the line bundle

λ((OX − L1)⊗ (OX − L2)⊗ · · · ⊗ (OX − Ld+2))

is canonically trivial and the trivialisation is invariant under base change to any
locally Noetherian scheme.

See also [2, Th. A.21, Appendix], where it is verified that some Noether-
ian assumptions in Theorem 4.2 can be removed (we do not exploit this because
Noetherian assumptions are needed elsewhere in this text).

Corollary 4.3. Let F := n1M1+ · · ·+nkMk, where Mi is a line bundle on X (resp.
ni ∈ Z) for all i ∈ {1, . . . , k}. Let L1, . . . , Ld+1 be line bundles on X. Suppose that∑

i ni = 0. Then the line bundle

λ(F ⊗ (OX − L1)⊗ (OX − L2)⊗ · · · ⊗ (OX − Ld+1))

is canonically trivial and the trivialisation is invariant under base change to any
Noetherian scheme.

Proof of Corollary 4.3. By Theorem 4.2, there is a canonical isomorphism

λ((niMi)⊗ (OX − L1)⊗ (OX − L2)⊗ · · · ⊗ (OX − Ld+1))

∼= λ((OX − L1)⊗ (OX − L2)⊗ · · · ⊗ (OX − Ld+1))
⊗ni

for any ni. The corollary follows from this. �

5. Equivariant derived functors

We first recall the definition of a perfect complex. Let Z be a locally Noether-
ian scheme. We shall as usual write Db(Z) for the derived category of bounded
complexes of OZ -modules. A complex J• of OZ-modules is said to be of finite
tor-dimension if there are integers a < b such that for all OZ-modules M , we have
Tork(J•,M) = 0 if k < a or k > b. A bounded complex J• is said to be perfect if
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– the homology sheaves Hk(J•) are coherent for all k ∈ Z;
– there is a covering (Ui) of Z by open subschemes, such that J•|Ui is of finite

tor-dimension.

In view of this definition, we see that the property of being perfect depends
only on the image of J• in the category Db(Z).

Let G be a finite group. If Z is a G-equivariant locally Noetherian scheme,
we let Coheq(Z) be the category of coherent G-equivariant sheaves on Z. Recall
also that Coh(Z) refers to the category of coherent sheaves on Z. Note that the
category Coheq(Z) has a natural structure of abelian category. We shall write
Db(Coheq(Z)) for the derived category of bounded complexes in Coheq(Z). Note
that there is a natural forgetful functor from Db(Coheq(Z)) to Db(Coh(Z)) and
thus also to Db(Z) via the forgetful functor Db(Coh(Z)) → Db(Z).

Lemma 5.1. Suppose that f : X → Y is a strongly projective morphism of G-
equivariant Noetherian schemes. Let J• be a bounded complex of G-equivariant
coherent sheaves on X. Then there is a bounded complex H• of G-equivariant f -
acyclic coherent sheaves on X and a G-equivariant quasi-isomorphism J• → H•.

Recall that if F is a quasi-coherent sheaf on X , one says that F is f -acyclic
if Rkf∗(F ) = 0 when k > 0.

Proof. When the action of G on X and Y is trivial, this is standard. The proof in
the equivariant situation is completely similar and we skip it. �

In view of Lemma 5.1 and [18, Th. I.5.1], in the situation of Lemma 5.1 the
functor f eq

∗ has a right derived functor

R•f eq
∗ : Db(Coheq(X)) → Db(Coheq(S)).

The functor R•f eq
∗ is compatible with the usual right derived functor

R•f∗ : Db(Coh(X)) → Db(Coh(Y ))

via the forgetful functors Db(Coheq(X)) → Db(Coh(X)) and Db(Coheq(Y )) →
Db(Y ). If f : X → Y and h : X → Y are strongly projective morphism of G-
equivariant Noetherian schemes then we have a natural isomorphism of functors
R•(h◦f)eq∗ ∼= R•heq

∗ ◦R•f eq
∗ . This follows from [18, Prop. 5.4 and following remark].

We leave the details to the reader. The point is that for any bounded complex of
G-equivariant coherent sheaves J• on X , there is a bounded complex H• of G-
equivariant coherent sheaves on X , which is both f− and h ◦ f -acyclic, and a
G-equivariant quasi-isomorphism J• → H•.

If F is a G-equivariant locally free sheaf on a G-equivariant locally Noetherian
scheme Z, we have a functor F ⊗ (·) : Db(Coheq(Z)) → Db(Coheq(Z)) (resp. a
functor (·) ⊗ F : Db(Coheq(Z)) → Db(Coheq(Z)). This functor simply sends a
complex J• ∈ Db(Coh(Z)) on the complex J• ⊗ F (resp. the complex F ⊗ J•).
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We have a projection formula:

Proposition 5.2. Suppose that f : X → Y is a strongly projective morphism of
G-equivariant Noetherian schemes. Let F be a G-equivariant locally free sheaf on
Y . Then there is a natural isomorphism of functors

Rf eq
∗ (f∗(F )⊗ (·)) ∼= Rf eq

∗ (·)⊗ F .

Proof. Left to the reader. Apply the usual projection formula to the definition of
Rf eq

∗ (·). �
Recall that a morphism h : T → S of locally Noetherian schemes is called

lci (local complete intersection), if locally on S, there is a factorisation of h into
a regular closed immersion T → T1 followed by a smooth morphism T1 → S. We
recall the

Proposition 5.3. If a morphism h : T → S of Noetherian schemes is lci and
strongly projective and F • is an object of Db(Coh(T )), which is a perfect complex
then R•f∗(F

•) is also a perfect complex.

Proof. See [17, Cor. 4.8.1, Exp. III]. �
Suppose now that Z is a locally Noetherian scheme, that
G = Z/2Z and that 2 is invertible on Z. Suppose also that the scheme Z

is endowed with a trivial G-equivariant structure. If F is an equivariant coherent
sheaf on Z, we shall write

F+ := F0 and F− := F1.

The functors
(·)− = (·)1 : Coheq(Z) → Coh(Z)

and
(·)+ = (·)0 : Coheq(Z) → Coh(Z)

are exact functors and so they uniquely extend to functors from Db(Coheq(Z)) to
Db(Coh(Z)), which are their right and left derived functors simultaneously. We
shall also call these extensions (·)+ and (·)−.

If F • is an object in Db(Coheq(Z)) then we have by construction a canonical
direct sum decomposition F • ∼= (F •)+ ⊕ (F •)− in Db(Coh(Z)). In particular, if
the image of F • in Db(Coh(Z)) is a perfect complex, so are (F •)+ and (F •)−. We
shall say that an object F • of Db(Coheq(Z)) is a perfect complex if its image in
Db(Coh(Z)) (or Db(Z)) is a perfect complex. If F • is an object of Db(Coheq(Z)),
which is a perfect complex, we can thus write

deteq(F •) := det((F •)+)⊗ det((F •)−)
∨.

If
F • → H• → J• → F •[1]

is a triangle of perfect complexes in Db(Coheq(Z)), we then have a canonical
isomorphism

deteq(F •)⊗ deteq(J•) ∼= deteq(H•)
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by the standard properties of determinants (see [22]) and the fact that the functors

(·)± : Db(Coheq(Z)) → Db(Coh(Z))

respect triangulations (because they are derived functors).

Let f : X → Y be a locally projective and lci morphism of G-equivariant
locally Noetherian schemes, where the G-action on Y is trivial. Suppose that
G = Z/2Z and that 2 is invertible on Y (and thus on X). Let F • be an ob-
ject of Db(Coheq(X)), which is a perfect complex. Let U ⊆ Y be an open subset,
such that f |U : f−1(U) → U is strongly projective. By Corollary 5.3 and the above
discussion, we may define

λeq(F •|f−1(U)) := det
(
(R•(f eq|U )∗(F •|f−1(U)))+

)
⊗ det

(
(R•(f eq|U )∗(F •|f−1(U)))−

)∨
which is a line bundle on U . Since this line bundle is defined locally on Y , by
varying U , we obtain a line bundle on all of Y , which we denote by λeq(F •). If the
equivariant structure on X and F is trivial, then we of course have a canonical
identification

λeq(F •) ∼= λ(F •).

Note that if

F • → H• → J• → F •[1]

is a triangle of perfect complexes in Db(Coheq(X)), then we have canonically

λeq(F •)⊗ λeq(J•) ∼= λeq(H•) (8)

(because R•f eq
∗ (·) respects triangles, locally in Y ).

Let I be a finite set. Let {Fi}i∈I be a collection of equivariant vector bun-
dles on X indexed by I. For any non-commutative polynomial P = ((Fi)i∈I) with
integral coefficients and variables in I, we may now define λeq(P ) in a manner en-
tirely similar to the non-equivariant case (see beginning of Section 4). The evident
equivariant analog of Lemma 4.1 then also holds.

Finally, we shall write {−1} for the trivial sheaf OX , endowed with the
G-equivariant structure such that for any g ∈ G the isomorphism

αg,{−1} : {−1} → g∗({−1})

composed with the canonical non-equivariant identification g∗({−1}) ∼= {−1} is
given by multiplication by (−1)g. If F is a G-equivariant sheaf on X , we shall
write F{−1} for F ⊗ {−1}. Note that if F is an equivariant coherent locally free
sheaf on X and l ∈ Z, we have canonical isomorphisms

λeq((F{−1})⊗l) ∼= λeq(F⊗l)⊗(−1)l ∼= λeq((−F )⊗l). (9)
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6. Local refinement of the fixed point formula
for an involution

Let S be a locally Noetherian scheme and let f : X → S be a separated morphism
of finite type. Suppose that 2 is invertible in S. Let G = Z/2, so that we have a
canonical isomorphism GS

∼= μ2S . Suppose that we have a G-equivariant structure
on X over S. Suppose finally that the orbit of every point in X is contained in
an open affine subscheme. Let ι : XG ↪→ X be the fixed scheme of X and let
q : X → X/G be the quotient morphism. These morphisms exist by Proposition
2.3 and Theorem 2.1. Note that if q is flat then it is faithfully flat (since it is
surjective) and thus if q and f are flat the natural morphism X/G → S is also flat.
Similarly, if f is locally projective then so is the natural morphism X/G → S.

In this section, we shall prove a version of the relative geometric fixed point
formula for the G-action of G on X , which avoids K-theory entirely, replacing all
the equalities in a Grothendieck group or a Picard group by explicit isomorphisms.
This is the following Theorem.

Theorem 6.1. Suppose in addition that f is smooth, locally projective and that
f has constant relative dimension d. Suppose also that the morphism XG → S
is flat. Then XG → S is smooth and thus XG is regularly immersed in X. Let
N = NXG/X be the conormal bundle of ι : XG ↪→ X, endowed with its canonical
G-equivariant structure. Let M be a G-equivariant line bundle on X. We have a
canonical isomorphism

λeq(M)⊗2d+1 ∼=
d⊗

j=0

λeq(ι∗(M)⊗ Symj(N))⊗
∑d−j

i=0 (
d+1
i )

which is compatible with any base change h : S′ → S such that S′ is locally
Noetherian.

For the proof, we shall need the following

Lemma 6.2. Let Z → T be a morphism of locally Noetherian schemes. Let
C ↪→ Z be a regular closed immersion. Suppose that C and Z are flat over T .
Let h : T ′ → T be a morphism of schemes, where T ′ is locally Noetherian. Then

(a) the natural morphism BlCT ′ (ZT ′) → BlC(Z)T ′ is an isomorphism;

(b) BlC(Z) is flat over T .

Proof. Let I be the sheaf of ideals of C in Z. By definition, we have

BlC(Z) := Proj

(⊕
i≥0

Ii
)

so that

BlC(Z)T ′ := Proj

(⊕
i≥0

h∗
Z(I

i)

)
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where hZ : ZT ′ → Z is the base change of h to Z and h∗
Z(I

i) is the pull-back to
ZT ′ of Ii as a coherent sheaf on Z. On the other hand, we have again by definition

BlCT ′ (ZT ′) := Proj

(⊕
i≥0

h−1
Z (I)i

)
= Proj

(⊕
i≥0

h−1
Z (Ii)

)
where h−1

Z (Ii) is the ideal sheaf on ZT ′ , which is the image of h∗
Z(I

i) in OZT ′ .

The surjection of sheaves h∗
Z(I

i) → h−1
Z (Ii) provide a natural ZT ′-morphism from

BlCT ′ (ZT ′) to BlC(Z)T ′ , which is the natural map mentioned in the lemma. To
prove (a), we need to show that this morphism is an isomorphism. For this, it
is sufficient to show that the surjection h∗

Z(I
i) → h−1

Z (Ii) is an isomorphism for
all i ≥ 0. We will show that the closed subscheme of Z defined by Ii is flat over
T , from which this immediately follows. Now note that because C is regularly
immersed in Z we have Ik/Ik+1 ∼= Symk(NC/Z) for all k ≥ 0. Here NC/Z is the
conormal sheaf of C in Z. See, e.g., [13, IV, par. 2, Cor. 2.4] for this. Since NC/Z

is locally free over C and C is flat over T , we see that Ik/Ik+1 is flat over T for
all k ≥ 0. Since OZ/I

i has a natural filtration, whose quotients are of the form
Ik/Ik+1, we conclude that OZ/I

i is also flat over T . In other words, the closed
subscheme of Z defined by Ii is flat over T . This concludes the proof of (a). For
(b), note that since Z is flat over T and OZ/I

i is flat over T (see the proof of (a)),
the sheaf Ii is also flat over T (for all i ≥ 0). Thus the graded OZ-algebra

⊕
i≥0 I

i

is flat over T , which implies that BlC(Z) is flat over T . �

Proof. (of Theorem 6.1). First note that since the advertised isomorphism of line
bundles is local on S, we may assume that S is affine. In particular, we may assume
that f is a strongly projective morphism.

We start with an identity in Z[t]. Define

Pk(t) := 2k + 2k−1(2− t) + 2k−2(2− t)2 + · · ·+ (2 − t)k ∈ Z[t].

Setting q := 1− t
2 , we have

tPk(t) = 2(1− q)2k(1 + q + · · ·+ qk) = −2k+1(qk+1 − 1)

= 2k+1 − (2q)k+1 = 2k+1 − (2− t)k+1.

(I am grateful to one of the referees for providing a simplification of earlier calcu-
lations.)

Now suppose first that XG is a Cartier divisor. Let L := O(−XG).

We have an exact sequence

0 → L⊗M → M → ι∗(ι
∗(M)) → 0 . (10)

The existence of this sequence, unspectacular as it may seem, is the linchpin
of the proof.

Note that by the adjunction formula (or by definition, according to taste) we
have a canonical equivariant isomorphism ι∗(L) ∼= N . Note also that by Proposi-
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tion 2.5 (2), G acts by −1 on N . Let J := q∗(L{−1})0. Proposition 2.5 (5) implies
that this is a line bundle on X/G such that q∗(J) = L{−1}.

Now we compute

λeq(ι∗(M)⊗ Pk(OXG −N)))

(b)∼=λeq(ι∗(M)⊗ Pk(OXG − ι∗(L)))
(c)∼= λeq(M ⊗ (OX − L)⊗ Pk(OX − L))

(d)∼=λeq(M ⊗ (O⊕2k+1

X − (O⊕2
X − (OX − L))⊗(k+1)))

(e)∼=λeq(M ⊗ (O⊕2k+1

X − (O⊕2
X − (OX + L{−1}))⊗(k+1)))

(f)∼=λeq(M ⊗ (O⊕2k+1

X − (OX − L{−1})⊗(k+1)))

(g)∼=λeq(M)⊗2k+1 ⊗ λeq(M ⊗ (OX − L{−1})⊗(k+1))∨

(h)∼=λeq(M)⊗2k+1

⊗ λeq(q∗(M)⊗ (OX/G − J)⊗(k+1))∨

(i)∼=λeq(M)⊗2k+1 ⊗ λ((q∗(M)+ − q∗(M)−)⊗ (OX/G − J)⊗(k+1))∨

(j)∼=λeq(M)⊗2k+1

⊗ λ(((OX/G − q∗(M)−)− (OX/G − q∗(M)+))

⊗ (OX/G − J)⊗(k+1))∨

(k)∼=λeq(M)⊗2k+1

⊗ λ((OX/G − q∗(M)−)⊗ (OX/G − J)⊗(k+1))∨

⊗λ((OX/G − q∗(M)+)⊗ (OX/G − J)⊗(k+1)) .

Equality (b) is justified by the adjunction formula. Equality (c) follows from the
existence of the exact sequence (10) and the compatibility of λeq(·) with triangles.
Equality (d) follows from the equality t · Pk(t) = 2k+1 − (2 − t)k+1 and the equi-
variant analogue of Lemma 4.1. Equality (e) follows from (9). Equality (f) is a
simple cancellation and so is equality (g). Equality (h) follows from the projection
formula 5.2, the compatibility of equivariant derived functors with compositions of
morphisms (see before Proposition 5.2) and the fact that we have q∗(J) ∼= L{−1}.
Equality (i) follows from the definition of λeq(·). Equality (j) is a simple cancella-
tion and so is equality (k).

Now if we let k = d, we obtain by Theorem 4.2 canonical trivialisations

λeq((OX/G − q∗(M)−)⊗ (OX/G − J)⊗(k+1))

∼= λ((OX/G − q∗(M)−)⊗ (OX/G − J)⊗(k+1)) ∼= OS

and

λeq((OX/G − q∗(M)+)⊗ (OX/G − J)⊗(k+1))

∼= λ((OX/G − q∗(M)+)⊗ (OX/G − J)⊗(k+1)) ∼= OS
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and thus a canonical isomorphism

λeq(ι∗(M)⊗ Pd(OXG −N)) ∼= λeq(M)⊗2d+1

. (11)

Note that all the isomorphisms (b),. . . , (k) are compatible with any base
change to a locally Noetherian scheme. This follows from that fact that X → S
and XG → S are flat, from Lemma 2.4 and from Theorem 4.2.

We repeat the calculation for M = OX and d = 1 (i.e., when X → S
is a fibration in curves) to make the calculation completely explicit in a simple
situation. In the case d = 1, we may choose k = d = 1 (see above). We then have
Pk(t) = P1(t) = 4− t. We shall write F := q∗(OX)−. We compute

λeq(OXG)
⊗3 ⊗ λeq(N)

α∼= λeq(OX)⊗3 ⊗ λeq(L)⊗(−3) ⊗ λeq(L)⊗ λeq(L⊗2)⊗(−1)

β∼= λeq(OX)⊗3 ⊗ λeq(L{−1})⊗2 ⊗ λeq(L{−1}⊗2)⊗(−1)

γ∼= λeq(OX)⊗3 ⊗ λ(J)⊗2 ⊗ λ(J ⊗ F )⊗(−2) ⊗ λ(J⊗2)⊗(−1) ⊗ λ(J⊗2 ⊗ F )

δ∼= λeq(OX)⊗4 ⊗ λ(OX/G)
⊗(−1) ⊗ λ(F )⊗ λ(J)⊗2 ⊗ λ(J ⊗ F )⊗(−2)

⊗ λ(J⊗2)⊗(−1) ⊗ λ(J2 ⊗ F )
ε∼= λeq(OX)⊗4 ⊗ λ((1 − F )⊗ (1− J)⊗ (1− J))⊗(−1)

ζ∼= λeq(OX)⊗4.

The isomorphism α comes from the adjunction formula, the exact sequence
(10) and the identity (8). The isomorphism β is a consequence of the identities
(9). The isomorphisms γ and δ come from the equivariant projection formula
(Proposition 5.2) and the fact that equivariant derived functors are compatible
with compositions of morphisms (see before Proposition 5.2). Isomorphism ε is
just a reshuffling of terms, taking into account the commutativity of the tensor
product. Isomorphism ζ comes from Theorem 4.2.

We now go back to the general situation. If XG is not a Cartier divisor let X̃

be the blow-up of X alongXG and let b : X̃ → X be the canonical morphism. Note
that since S is affine, the scheme X carries an ample line bundle. In particular the

morphism b is strongly projective. Also, the scheme X̃ is flat over S by Lemma
6.2 (b) and it has geometrically regular fibres over S by Lemma 6.2 (a) and the

fact that XG → S is smooth. Thus X̃ is smooth over S and this implies that b

is lci. The scheme X̃ is canonically G-equivariant since the sheaf of ideals of XG

is equivariant. The exceptional divisor E of X̃ is isomorphic to the projectivised
bundle P(N). Since G acts by multiplication by −1 on N , we see that the action

of G is trivial on E. Hence E = X̃G and X̃G is a Cartier divisor, which is clearly
smooth over S.
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Let μ : X̃G ↪→ X̃ and p : X̃G → XG be the canonical morphisms. From
equality (11), we obtain

λeq(M)⊗2d+1 (p)∼= λeq(b∗(M))⊗2d+1

(o)∼= λeq(μ∗(b∗(M))⊗ Pd(OX̃G
−NX̃G/X̃))

(l)∼= λeq(ι∗(M)

⊗ R•peq∗

(
O⊕2d

X̃G
+ 2d−1(O⊕2

X̃G
− (OX̃G

−NX̃G/X))

+ 2d−2(O⊕2

X̃G
− (OX̃G

−NX̃G/X̃))⊗2 + · · ·+ (O⊕2

X̃G
− (OX̃G

−NX̃G/X̃))⊗d
)

(m)∼= λeq(ι∗(M)

⊗ R•peq∗

(
O⊕2d

X̃G
+ 2d−1(OX̃G

+NX̃G/X̃)

+ 2d−2(OX̃G
+NX̃G/X̃)⊗2 + · · ·+ (OX̃G

+NX̃G/X̃)⊗d
)

(n)∼= λeq(ι∗(M)⊗ R•peq∗

( d∑
i=0

i∑
j=0

2d−i

(
i

j

)
(NX̃G/X̃)⊗j

)
.

For equality (l), use the projection formula (Proposition 5.2) and the fact that the
functors Rf eq

∗ · Rbeq∗ and R(f ◦ b)eq∗ are naturally isomorphic (see discussion after
Lemma 5.1). Equality (m) is a simple cancellation. Equality (n) follows from the
equivariant analogue of Lemma 4.1 and from the polynomial identity

Pd(1− t) =
d∑

i=0

i∑
j=0

2d−i

(
i

j

)
tj ,

which itself follows from the binomial formula. Equality (o) follows from (11).
Equality (p) follows from the projection formula and the fact that R•b∗(OX̃) = OX

(see [13, VI, 4, proof of Prop. 4.1] for lack of a better reference).

Now since X̃G = P(N) we have

R•p∗(N
⊗j

X̃G/X̃
) ∼= Symj(N)

(see [19, Lemma 3.1]) and we obtain

λeq(M)⊗2d+1 ∼= λeq
(
ι∗(M)⊗

d∑
i=0

i∑
j=0

2d−i

(
i

j

)
Symj(N)

)
.

Now note that we have the formal equality

d∑
i=0

i∑
j=0

2d−i

(
i

j

)
Symj(N) =

d∑
j=0

[ d−j∑
i=0

2d−j−i

(
i+ j

j

)]
Symj(N).

To simplify this expression, we shall make use of the following combinatorial
lemma, that was kindly communicated to us by E. Gomezllata Marmolejo.
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Lemma 6.3 (E. Gomezllata Marmolejo). For 0 ≤ j ≤ d, we have

d−j∑
i=0

2d−j−i

(
i+ j

j

)
=

d−j∑
i=0

(
d+ 1

i

)
.

Proof of Lemma 6.3. The equality clearly holds if d = j. We prove it by induction
on d, starting at d = j:

d−j∑
i=0

(
d+ 1

i

)
=

(
d

0

)
+

d−j∑
i=1

[(
d

i

)
+

(
d

i− 1

)]
= 2

[
d−j−1∑
i=0

(
d

i

)]
+

(
d

d− j

)

= 2

⎡⎣(d−1)−j∑
i=0

(
(d− 1) + 1

i

)⎤⎦+

(
d

j

)
= 2

⎡⎣(d−1)−j∑
i=0

2(d−1)−j−i

(
i+ j

j

)⎤⎦+

(
d

j

)

=

d−j∑
i=0

2d−j−i

(
i+ j

j

)
. (12)

The first and third equality in (12) follow from standard properties of binomial
coefficients, the second and last one are just simplifications and the fourth one
relies on the inductive hypothesis. �

Using Lemma 6.3, we finally get the advertised canonical isomorphism

λeq(M)⊗2d+1 ∼= λeq
(
ι∗(M)⊗

d∑
j=0

[ d−j∑
i=0

(
d+ 1

i

)]
Symj(N)

)
∼=

d⊗
j=0

λeq(ι∗(M)⊗ Symj(N))⊗
∑d−j

i=0 (
d+1
i ).

Note again that this isomorphism is invariant under any base change to a locally
Noetherian scheme by Lemma 6.2 and by the fact that it is invariant under any
base change to a locally Noetherian scheme when XG is a Cartier divisor. �

7. Local refinement of the Adams–Riemann–Roch formula

We shall now prove Theorem 1.1. We recall the terminology. We let π : Y → S
be a smooth and locally projective morphism of locally Noetherian schemes. We
suppose that the fibres of π are geometrically connected and that π has constant
relative dimension d > 0. We suppose that 2 is invertible on S. We want to prove
that there is a canonical isomorphism

λ(L)⊗22d+2 ∼=
2d⊗
j=0

λ(L⊗2 ⊗ Symj(ΩY/S))
⊗(−1)j

∑2d−j
i=0 (2d+1

i )

(this is (1) in Theorem 1.1) which is invariant under any base change to a locally
Noetherian scheme.
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We shall write
X := Y ×S Y

and we shall write π1 : X → Y and π2 : X → Y for the two projections. The
group scheme G = Z/2Z acts on X by swapping the coordinates, with fixed point
scheme the relative diagonal Δ. The diagonal Δ is then regularly immersed.

Note that we used the fact that the fibres of π are smooth and geometrically
connected here. If π is only supposed to be smooth, the diagonal Δ might not
be regularly immersed. This can be seen on the example of a finite and étale
morphism. In that case, the immersion of the diagonal is open and closed and thus
Δ is not a Cartier divisor.

Let L be a line bundle on Y and suppose that L is cohomologically flat over S
(see the beginning of the introduction for the definition of cohomological flatness).
The line bundle M = π∗

1(L) ⊗ π∗
2(L) is naturally G-equivariant and M |Δ ∼= L⊗2

carries the trivial action. Furthermore NΔ/X
∼= ΩY/S by definition.

Proposition 7.1. We have a canonical isomorphism

λeq(M) ∼= λ(L)⊗2

where λeq(M) is computed using the above equivariant structure on M. This iso-
morphism is invariant under any base change to a locally Noetherian scheme.

Lemma 7.2. Let W be a vector bundle on a locally Noetherian scheme T . Suppose
that 2 is invertible on T . Endow W⊗W with the G-action which swaps the factors.
There is a canonical isomorphism

deteq(W ⊗W ) := det((W ⊗W )+)⊗ det((W ⊗W )−)
∨ ∼= det(W )⊗2 (13)

which is compatible with any base change to a locally Noetherian scheme.

Proof. (of Lemma 7.2) Note that we have by definition

Sym2(W ) := (W ⊗W )+

and
Λ2(W ) := (W ⊗W )−.

The identity (13) can be proven “by pure thought”. We sketch the argument,
leaving some of the details to the reader. Let r := rk(W ). Recall that there is an
additive and exact functor A from the additive category of the GLr-comodules
(i.e., representations of the group scheme GLr), which are finitely generated and
free Z-modules, to the additive category of vector bundles over T . This functor can
be described as follows. Choose an open covering (Ui) of S, such that W |Ui

∼= O⊕r
Ui

for all indices i. This leads to transition functions τij : Ui ∩ Uj → GLr(Ui ∩ Uj).
Now let h ≥ 0 and choose a GLr-comodule structure on Zh. This corresponds to
a homomorphism of group schemes ρ : GLr → GLh. We then define the vector
bundle A(W ) as the vector bundle described by the transition functions ρ(τij). See
[17, Exp. VI, after Th. 3.3] for more details on this. The functor A is compatible
by construction with all the usual tensor constructions (tensor powers, exterior
powers, etc.) and the construction of A is naturally compatible with any base



240 D. Rössler

change of W . Let now V be the standard representation of GLr (so that V = Zr

as a Z-module). Consider the two GLr-comodules det(Λ2(V )) and det(V ). These
are both one-dimensional GLr-representations. Since the one-dimensional GLr-
comodules are all of the form (det(V ))⊗n for some n ∈ Z (see, e.g., [29, par.
3.8] for this), we see that there exists a uniquely determined integer m and an
isomorphism of comodules

det(Λ2(V )) ∼= det(V )⊗m.

We fix one such isomorphism (it is actually fixed up to sign, since det(W ) is a
one-dimensional Z-module). In view of the definition of the functor A(·), we see
that this isomorphism induces an isomorphism of vector bundles

det(Λ2(W )) ∼= det(W )⊗m.

To compute m, it is sufficient to find a locally Noetherian scheme Z and a vector
bundle J of rank r on Z, such that det(Λ2(J)) is isomorphic to at most one tensor
power of det(J). The scheme P1 has this property, since Pic(P1)) = Z, provided
det(J) ∼= OP1 . So supposing that Z = P1 and J = O(1)⊕r, we compute

det(Λ2(J)) ∼= det

⎛⎝ ⊕
1≤i<j≤r

O(1)⊗O(1)

⎞⎠ ∼= O

⎛⎝2
∑

1≤i<j≤r

1

⎞⎠ = O
(
2

(
r

2

))
.

We can repeat this reasoning for Sym2(·) in place of Λ2(·) and we obtain

det(Sym2(J)) = O(2

(
r + 1

r − 1

)
).

We conclude that for any T and W , we have

det(Λ2(W )) ∼= det(W )⊗
(r−1)!
(r−2)! ∼= det(W )⊗(r−1)

and

det(Sym2(W )) ∼= det(W )⊗
(r+1)!
r(r−1)! ∼= det(W )⊗(r+1)

and the lemma follows from these two equations. �

Lemma 7.3. Let W be a vector bundle on a locally Noetherian scheme T . Suppose
that 2 is invertible on T . Let G be the action of G on W ⊕ W , which swaps the
summands. Then there is a canonical isomorphism

deteq(W ⊕W ) := det((W ⊕W )+)⊗ det((W ⊕W )−)
∨ ∼= OT , (14)

which is compatible with any base change to a locally Noetherian scheme.

Proof of Lemma 7.3. Note that the diagonal morphism of sheaves W → W ⊕W
identifies (W ⊕W )+ with W . Similarly, the antidiagonal morphism W → W ⊕W
(given by the formula w �→ (w,−w)) identifies (W ⊕ W )− with W . The lemma
follows from this. �
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Proof of Proposition 7.1. Let f : X → S be the canonical morphism. By the
Künneth formula (see [14, III, par. 6, Th. 6.7.3]), we have a canonical isomorphism

Rif∗(M) ∼=
⊕
t

Rtπ∗(L)⊗ Ri−tπ∗(L). (15)

Note that we used the fact that L is cohomologically flat here. The vector bundle⊕
t

Rtπ∗(L)⊗ Ri−tπ∗(L)

carries a natural G-action by permutation, namely the action such that the non-
trivial element of G sends

⊕
t wt ⊗wi−t to

⊕
t(−1)t(i−t)wi−t ⊗ wt. By the Koszul

rule of signs, the isomorphism (15) becomes G-equivariant with this choice of G-
action on the righthand side. Let sgn : G → {0, 1} be the non-trivial character of
G. Let us first suppose that i is odd. We compute

deteq(Rif∗(M))

∼=
⊗

0≤t≤�i/2�
deteq(Rtπ∗(L)⊗ Ri−tπ∗(L)⊕ Ri−tπ∗(L)⊗ Rtπ∗(L)). (16)

In the right-hand side of the isomorphism (16), the terms

Rtπ∗(L)⊗ Ri−tπ∗(L)⊕ Ri−tπ∗(L)⊗ Rtπ∗(L)

carry a G-equivariant structure of the form considered in Lemma 7.3. We thus see
that we have a canonical isomorphism

deteq(Rif∗(M)) ∼= OS .

Now suppose that i is even. We then have

deteq(Rif∗(M)) ∼= deteq(Ri/2π∗(L)⊗ Ri/2π∗(L))

⊗
⊗

0≤t<i/2

deteq(Rtπ∗(L)⊗ Ri−tπ∗(L)⊕ Ri−tπ∗(L)⊗ Rtπ∗(L)).

Here the summands Rtπ∗(L) ⊗ Ri−tπ∗(L) ⊕ Ri−tπ∗(L) ⊗ Rtπ∗(L) carry a G-
equivariant structure of the type considered in Lemma 7.3 multiplied by sgnt and
the summand Ri/2π∗(L)⊗ Ri/2π∗(L) carries the equivariant structure considered
in Lemma 7.2 multiplied by sgni/2. As before, we conclude that

deteq(Rif∗(M)) ∼= deteq(Ri/2π∗(L)⊗ Ri/2π∗(L)).

On the other hand, by Lemma 7.2, we have

deteq(Ri/2π∗(L)⊗ Ri/2π∗(L)) ∼= det(Ri/2π∗(L))
⊗2(−1)i/2 .

Summarising, we have

deteq(Rif∗(M)) ∼= det(Ri/2π∗(L))
⊗2(−1)i/2

if i is even and

deteq(Rif∗(M)) ∼= OS
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if i is odd. We conclude that we have

λeq(M) =
⊗
i≥0

deteq(Rif∗(M))⊗(−1)i ∼=
⊗

i≥0, i even

deteq(Rif∗(M))

∼=
⊗
j≥0

det(Rjπ∗(L))
⊗2(−1)j = λ(L)⊗2

which is what we wanted to prove. �
Remark 7.4. Lemma 7.1 is the only place in the proof of Theorem 1.1 where we use
the assumption that L is cohomologically flat over S. We conjecture that Lemma
7.1 holds without that assumption. If this is true then Theorem 1.1 holds without
the assumption that L is cohomologically flat over S. If one tries to prove Lemma
7.1 without the assumption of cohomological flatness, one is faced with a difficult
problem in the linear algebra of perfect complexes that to date we have not been
able to solve. See also [28] about this.

Finally, combining Proposition 7.1 and Theorem 6.1 we get an isomorphism

λ(L)⊗22d+2 ∼=
2d⊗
j=0

λ(L⊗2 ⊗ Symj(ΩY/S))
⊗(−1)j

∑2d−j
i=0 (2d+1

i ). (17)

and this completes the proof of Theorem 1.1.

8. Proof of Proposition 1.3

We work with the assumptions and terminology of Theorem 1.1 and we suppose
that d = 1. Consider the formal linear combinations of line bundles

MT(L) := 7L⊗2 − 4ΩY/S ⊗ L⊗2 + L⊗2 ⊗ Ω⊗2
Y/S

and

DT(L) := 18 + 6L⊗2 ⊗ Ω∨
Y/S − 6L⊗ Ω∨

Y/S .

Theorem 1.1 for dim(Y/S) = 1 says that we have a canonical isomorphism

λ(MT(L)) ∼= λ(L)⊗16.

Similarly, Deligne’s theorem (4) implies that there is a canonical isomorphism

λ(DT(L)) ∼= λ(L)⊗18.

We shall prove that the line bundle λ
(
9MT(L) − 8DT(L)

)
is canonically

trivial, even without the assumption that L is cohomologically flat over S. Assum-
ing Theorem 1.1 for dim(Y/S) = 1, this will prove that λ(8DT(L)) is canonically
trivial, which is the conclusion of Proposition 1.3 (note that 9 · 16 = 8 · 18 = 144).

Now since L is arbitrary, it is sufficient to prove that

λ
(
9MT(L ⊗ ΩY/S)− 8DT(L⊗ ΩY/S)

)
is canonically trivial.
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We first compute

9MT(L⊗ ΩY/S)− 8DT(L ⊗ ΩY/S)

= (9Ω⊗4
Y/S − 36Ω⊗3

Y/S + 63Ω⊗2
Y/S − 48ΩY/S)⊗ L⊗2 + 48L− 144.

Let

P (x, y) := (9y4 − 36y3 + 63y2 − 48y)x2 + 48x− 144 ∈ Z[x, y].

We compute

P (x, y) = P (1 − (1− x), 1− (1 − y))

= (9(1 − y)4 + 9(1− y)2 − 6(1− y)− 12)(1− x)2

+ (−18(1− y)4 − 18(1− y)2 + 12(1− y)− 24)(1− x)

+ (9(1− y)4 + 9(1− y)2 − 6(1− y)− 108)

= −12(1− x)2 + (12(1− y)− 24)(1− x) + (9(1− y)2 − 6(1− y)− 108)

mod ((1− y)3, (1− y)(1− x)2, (1− y)2(1 − x), (1− x)3)

(where ((1 − y)3, (1 − y)(1 − x)2, (1 − y)2(1 − x), (1 − x)3) refers to the ideal of
Z[x, y] generated by (1− y)3, (1− y)(1 − x)2, (1 − y)2(1− x) and (1− x)3).

We deduce from this identity, Lemma 4.1 and Corollary 4.3 that we have a
canonical isomorphism

λ
(
9MT(L⊗ ΩY/S)− 8DT(L⊗ ΩY/S)

)
∼= λ
(
− 12(1− L)2 + (12(1− ΩY/S)− 24)(1− L)

+ (9(1− ΩY/S)
2 − 6(1− ΩY/S)− 108)

)
∼= λ
(
− 12L⊗2 + (12ΩY/S + 36)⊗ L+ (9Ω⊗2

Y/S − 24ΩY/S − 129)
)
.

Note that by Grothendieck duality, we have a canonical isomorphism

λ(ΩY/S ⊗ L) ∼= λ(L∨).

We deduce that we have

λ
(
9MT(L⊗ ΩY/S)− 8DT(L ⊗ ΩY/S)

)
∼= λ
(
− 12L⊗2 + 12L∨ + 36L+ 9Ω⊗2

Y/S − 24ΩY/S − 129
)
.

(18)

Now by Corollary 4.3, we have a canonical trivialisation

λ(L∨ ⊗ (1− L)⊗3) ∼= OS

or in other words a canonical isomorphism

λ(L∨) ∼= λ(L⊗2 − 3L+ 3).
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Merging this with (18), we obtain a canonical isomorphism

λ
(
9MT(L)− 8DT(L)

)
∼= λ(9Ω⊗2

Y/S − 117)

∼= (λ(Ω⊗2
Y/S)⊗ λ(OX)⊗−13)⊗9.

(19)

To conclude, notice that by (3), we have canonically

λ(Ω⊗2
Y/S)

∼= λ(OX)⊗13.
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Introduction

The purpose of this survey is to review some recent progress of the Fried conjecture,
which affirms an equality between the analytic torsion and the value at zero of the
Ruelle dynamical zeta function.

In the first two sections of the paper, we describe the Ray–Singer analytic
torsion of a flat vector bundle and the Ruelle zeta function of a dynamical flow.
The next three sections are devoted to the study on the Fried conjecture for certain
flows, including the suspension flow, the Morse–Smale flow, the geodesic flow, and
the Anosov flow.

The paper is written in an informal way. We only sketch the proofs, and refer
to the original papers when necessary.

We now describe in more details the content of this paper, and give the proper
historical perspective to the results described in the paper.

0.1. The combinatorial and analytic torsions

Let Z be a smooth closed manifold. Let F be a complex unitarily flat vector bundle
on Z, which amounts to specifying a unitary finite-dimensional representation ρ
of the fundamental group π1(Z). Denote by H ·(Z, F ) the cohomology of the sheaf
of locally constant sections of F . Assume that F is acyclic, i.e., H ·(Z, F ) = 0.

The Reidemeister combinatorial torsion [Re35, Fr35, dR50] is a positive real
number defined with the help of a triangulation on Z. However, it does not depend
on the triangulation and becomes a topological invariant. It is the first invariant
that can distinguish closed manifolds such as lens spaces which are homotopy
equivalent but not homeomorphic.
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The analytic torsion was introduced by Ray and Singer [RS71] as an analytic
counterpart of the Reidemeister torsion. In order to define the analytic torsion one
has to choose a Riemannian metric on Z and a Hermitian metric on F . The analytic
torsion is a certain weighted alternating product of regularized determinants of the
Hodge Laplacians acting on the space of differential forms with values in F .

The celebrated Cheeger–Müller Theorem [C79, M78] tells us that the Ray–
Singer analytic torsion coincides with the Reidemeister combinatorial torsion.
Bismut–Zhang [BZ92] and Müller [M93] simultaneously considered generalizations
of this result. Müller [M93] extended this result to the case where F is unimodular,
i.e., | det ρ(γ)| = 1 for all γ ∈ π1(Z). Bismut and Zhang [BZ92, Theorem 0.2] gen-
eralised the original Cheeger–Müller Theorem to arbitrary flat vector bundles with
arbitrary Hermitian metrics. There are also various extensions to the equivariant
case by Lott–Rothenberg [LoRo91], Lück [Lü93], and Bismut–Zhang [BZ94], to
the family case by Bismut–Goette [BG01] under the assumption of the existence
of the fibrewise Morse function, and to manifolds with boundaries by Brüning–Ma
[BrMa13].

0.2. Dynamical zeta function

The grandmother of all zeta functions is the Riemann zeta function defined for
Re (s) > 1 by

ζ(s) =
∞∑

n=1

1

ns
. (0.1)

Riemann showed that ζ(s) extends meromorphically to C with a single pole at
s = 1 and that there is a functional equation relating ζ(s) and ζ(1− s). The Euler
product formula asserts that for Re (s) > 1,

ζ(s) =
∏

p:prime

(
1− p−s

)−1
. (0.2)

It tells us that ζ(s) encodes the distribution of the prime numbers. Some statistical
properties, like the prime number theorem, can be deduced from the information
on the poles and zeros of ζ(s).

After Riemann’s work, several zeta functions with similar properties have
been introduced. In particular, Weil [W49] constructed a zeta function using the
Frobenius map T defined on an algebraic variety Z over a finite field. It counts the
closed orbits of the discrete dynamical system (Z, T ). To a smooth closed manifold
with a diffeomorphism, similar zeta function was also introduced by Artin and
Mazur [ArMaz65].

To a flat vector bundle on the underlying manifold, we can associate a weight
to the dynamical systems. In [Ru76a], Ruelle introduced his zeta function for a
weighted dynamical system of a diffeomorphism or a flow.

For the geodesic flow on the unit tangent bundle of a Riemann surface of
genus� 2, an application of the Selberg trace formula [Sel56] shows that the Ruelle
dynamical zeta function has a meromorphic extension to C. Similar methods can
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be generalized to hyperbolic manifolds by Fried [F86a], to the locally symmetric
space of rank 1 by Bunke and Olbrich [BuO95], to the locally symmetric space of
higher ranks by Moscovich–Stanton [MoSt91], Shen [Sh18], and Shen–Yu [ShY17].

Independent of the above Selberg theory, which is based on the spectral the-
ory of the Laplacian, a thermodynamical formalism, which is based on the spectral
theory of the transfer operator, is used to study the Anosov flow (or more generally
Axiom A flow1) by Ruelle [Ru76b]. He showed that if the flow itself and the stable
and unstable foliations are all analytic, then his zeta function has a meromorphic
extension to C. Fried [F86c] generalized Ruelle’s result by requiring only the flow
and the stable foliation to be analytic. An important extension of the above results
was given by Rugh [Rug96], for three-dimensional manifolds, and then by Fried
[F95], in arbitrary dimensions, but still assuming the analyticity of the flow. The
extension of such results to the C∞ setting was only given very recently by Giuli-
etti, Liverani, and Pollicott [GiLiPo13] and by Dyatlov and Zworski [DyZ16] (See
also [FaT17, DyGu16, DyGu18, BWSh20] for related works). This recent progress
on the dynamical zeta function is based on the introduction of the anisotropic
space. We refer the reader to the book of Baladi [Ba18] for an introduction of
these techniques.

0.3. The Fried conjecture

It was Milnor [Mi68a] who observed a remarkable similarity between the Reide-
meiter torsion and the Weil zeta function. A precise and quantitative descrip-
tion of their relation was obtained by Fried [F86a, F86b] for the geodesic flow
on the unit tangent bundle of a hyperbolic manifold. He showed that the ana-
lytic/combinatorial torsion of an acyclic unitarily flat vector bundle on a unit
tangent bundle of a closed oriented hyperbolic manifold is equal to the value at
zero of the Ruelle dynamical zeta function2 associated to the geodesic flow. He
conjectured later [F87, F95] that similar results hold true for more general flows.

Four kinds of flows will be examined in this survey. As a warm up, we will
begin with two simple flows: the suspension flow and Morse–Smale flow. As we will
see, the Fried conjecture for the suspension flow is just the Lefschetz fixed point
formula, and the Fried conjecture for the Morse–Smale flow is a consequence of
the Cheeger–Müller/Bismut–Zhang theorem (see [F87, Theorem 3.1] and [ShY18,
Theorem 0.2]). Next, we will consider the geodesic flow on the unit tangent bundle
of the locally symmetric spaces. In this case, the Fried conjecture can be deduced
formally via the V -invariant of Bismut–Goette [BG04]. Following previous contri-
butions by Moscovici–Stanton [MoSt91], a rigorous proof is given by the author
[Sh18] using Bismut’s orbital integral formula [B11]. In [ShY17], Shen and Yu
made a further generalization to closed locally symmetric orbifolds. Finally, we
will study the Anosov flow. If the underlying manifold has dimension 3, it was
known by Sánchez-Morgado [SM93, SM96a] that the Fried conjecture holds true

1In this case, the meromorphic extension problem is called the Smale conjecture [Sm67].
2Here the Ruelle dynamical zeta function should be twisted by the holonomy of the flat vector
bundle.
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if the flow is transitive and analytic, and if the flat vector bundle satisfies certain
holonomy conditions. Using a variation formula, Dang, Guillarmou, Rivière, and
Shen [DaGuRiSh20] removed the analyticity assumption in Sánchez-Morgado’s
result. For general Anosov flow, e.g., the geodesic flow on the unit tangent bun-
dle of a negatively curved manifold, the Fried conjecture is still open. The only
known result is that under certain spectral condition on the transfer operator, in
[DaGuRiSh20], the authors have shown that the value at zero of the Ruelle dy-
namical zeta function does not depend on a small perturbation of the Anosov flow.

Due to the limitation of the length of this survey, there are several inter-
esting topics which have not been included. For example, the Fried conjecture
for hyperbolic manifolds with cusps [Pa09] or for non-unitarily flat vector bun-
dles [Wo08, M12, M20, Sh20a, Sh20b, Sp20], the relation between the dynamical
zeta function with the eta invariant [Mil78, MoSt89, B19] and with the holomor-
phic torsion [F88, MoSt18]. We refer the reader to the cited references for more
information.

0.4. Organization of the paper

This paper is organized as follows. In Section 1, we give the main properties of the
Ray–Singer analytic torsion.

In Section 2, we introduce the dynamical zeta function and state the Fried
conjecture.

In Sections 3–6, we discuss the Fried conjecture for the suspension flow, the
Morse–Smale flow, the geodesic flow, and the Anosov flow.

Throughout the paper, we use the supersymmetric convention. For a matrix
A acting on a Z-graded space E·, the supertrace of A is defined by

TrE
·

s [A] = TrE
·
[(−1)NA], (0.3)

where N is the number operator on E· which sends e ∈ Eq to qe ∈ Eq. We use
the notation

R+ = [0,∞), R∗
+ = (0,∞), N = {0, 1, 2, . . .}, N∗ = {1, 2, 3, . . .}. (0.4)

For a finite set A, we denote by |A| the cardinality of A. By a closed orbit we mean
a non-trivial closed orbit, i.e., its period is positive.

1. The Ray–Singer analytic torsion

The purpose of this section is to recall the definition of the Ray–Singer analytic
torsion [RS71] of a Hermitian flat vector bundle on a closed Riemannian manifold.

This section is organized as follows. In Section 1.1, we introduce the flat
vector bundle.

In Section 1.2, we recall the definition of the Ray–Singer analytic torsion.
In Section 1.3, we consider a fibration M → Z of closed Riemannian mani-

folds. We give a formula relating the analytic torsions of a Hermitian flat vector
bundle on M and of its direct image on Z, which is equipped with an L2 Hermitian
metric.
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1.1. The flat vector bundle

Let Z be a smooth closed manifold. Let F be a complex flat vector bundle on Z
with flat connection ∇F . Equivalently, F can be obtained via a finite-dimensional
complex representation3 ρ : π1(Z) → GLr(C) of the fundamental group π1(Z) of
Z. The flat vector bundle F is called unitarily flat if ρ is unitary.

Let
(
Ω·(Z, F ), dZ

)
be the de Rham complex of smooth sections of Λ·(T ∗Z)⊗R

F on Z. Let H ·(Z, F ) be the cohomology of the above complex. We say that F is
acyclic if H ·(Z, F ) = 0. The Euler characteristic number of F is then given by

χ(Z, F ) =

dimZ∑
q=0

(−1)q dimHq(Z, F ). (1.1)

When F is the real trivial line bundle R, we use the notation (Ω·(Z), dZ), H ·(Z)
and χ(Z).

Example 1.1. Take Z = S1 = R/Z. Set α ∈ C. Let F be the trivial complex line
bundle C equipped with the connection ∇F = d + αdt. The holonomy ρ is then
given by ρ : n ∈ Z → enα ∈ C∗. It is easy to see that H ·(Z, F ) = 0 if and only if
α /∈ 2iπZ, and that F is unitarily flat if and only if α ∈ iR.

Example 1.2. Let 0 → F0 → F1 → F2 → 0 be an exact sequence of flat vector
bundles on Z. Using the associated long exact sequence

· · · → Hp(Z, F0) → Hp(Z, F1) → Hp(Z, F2) → · · · , (1.2)

we see that if two of Fi are acyclic, then the third one is also acyclic.

1.2. Hodge Laplacian and analytic torsion

Let gTZ be a Riemannian metric on TZ, and let gF be a Hermitian metric on F .
For s1, s2 ∈ Ω·(Z, F ), put

〈s1, s2〉Ω·(Z,F ) =

∫
z∈Z

〈s1(z), s2(z)〉Λ·(T∗Z)⊗RFdvZ , (1.3)

where 〈·, ·〉Λ·(T∗Z)⊗RF is the metric on Λ·(T ∗Z) ⊗R F induced by gTZ , gF , and

dvZ is the Riemannian volume of (Z, gTZ). Then, 〈·, ·〉Ω·(Z,F ) defines an L2-metric
on Ω·(Z, F ).

Let dZ,∗ be the formal adjoint of dZ with respect to 〈 , 〉Ω·(Z,F ). Put

�Z = dZdZ,∗ + dZ,∗dZ . (1.4)

Then, �Z acts on Ω·(Z, F ) and preserves its degree. It is a formally self-adjoint
non-negative second-order elliptic differential operator. Since Z is compact, �Z

has a unique self-adjoint extension, which we still denote by �Z .

3We use the convention that F = π1(Z)\(X×Cr), where π1(Z) acts on the left on the universal
covering X of Z by the deck transformation, and acts on the left on Cr by ρ.
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Take 0 � q � dimZ. Let �Z
q be the restriction of �Z on Ωq(Z, F ). By the

Hodge theory, we have a canonical isomorphism of vector spaces,

ker�Z
q � Hq(Z, F ). (1.5)

Denote by
(
�Z

q

)−1
the inverse of �Z

q acting on the orthogonal space of ker�Z
q in

Ωq(Z, F ).

Definition 1.3. For s ∈ C such that Re (s) > dimZ/2, set

θq(s) = Tr
[(
�Z

q

)−s
]
. (1.6)

By [Se67] or [BeGeVe04, Proposition 9.35], θq(s) has a meromorphic extension
toC which is holomorphic at s = 0. The regularized determinant of�Z

q is a positive
number defined by exp(−θ′q(0)). We write

det
(
�Z

q

)
= exp

(
−θ′q(0)

)
. (1.7)

Definition 1.4. The Ray–Singer analytic torsion [RS71] of F is defined by

TF (Z) =
dimZ∏
q=1

det
(
�Z

q

)(−1)qq/2
= exp

(
1

2

dimZ∑
q=1

(−1)q−1q θ′q(0)

)
∈ R∗

+. (1.8)

Let o(TZ) be the orientation line bundle of Z. Let F
∗
be the antidual bundle

of F . The following proposition is a consequence of the Poincaré duality.

Proposition 1.5. The following identity holds,

TF (Z) =
(
TF

∗⊗o(TZ)(Z)
)(−1)dim Z−1

. (1.9)

In particular, if Z has even dimension and is orientable, and if F is unitarily flat,
then

TF (Z) = 1. (1.10)

The next theorem is a special case of the anomaly formula of Bismut–Zhang
[BZ92, Theorem 4.7], which generalizes a result of Ray–Singer [RS71, Theorem
2.1]. Its proof is based on the local index techniques, and consists in calculating
the constant term in the asymptotic expansion of Tr[A exp(−t�Z)] as t → 0, where
A is a certain smooth section of End(Λ·(T ∗Z)⊗R F ).

Theorem 1.6. Assume H ·(Z, F ) = 0. The following statements hold.

• If Z has odd dimension, then TF (Z) is independent of gTZ , gF .
• If F is unimodular (i.e., | det ρ(γ)| = 1 for any γ ∈ π1(X)), then TF (Z)

is independent of gTZ and the unimodular metric gF (i.e., gF indues a flat
metric on the determinant line bundle detF = ΛmaxF ).
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In either of the above situations, the analytic torsion becomes a topologi-
cal invariant. The celebrated Cheeger–Müller/Bismut–Zhang Theorem [C79, M78,
M93, BZ92] compares the Ray–Singer analytic torsion with the Reidemeister com-
binatorial torsion [Re35, Fr35, dR50]. We refer the reader to the above references
for more details.

Example 1.7. We use the notation in Example 1.1. We equip TZ with the standard
metric (dt)2 and equip F with the trivial metric. Then,

dZ = dt
∂

∂t
+ αdt. dZ,∗ = −i ∂

∂t

∂

∂t
+ αi ∂

∂t
, �Z = −

(
∂

∂t
− α

)(
∂

∂t
+ α

)
.

(1.11)

Using the Fourier transform, we get the spectrum

Sp�Z
0 = Sp�Z

1 =
{∣∣α+ 2ikπ

∣∣2 : k ∈ Z
}
, (1.12)

and

TF (Z) =

{ ∣∣2 sinh (α2 )∣∣−1
, α /∈ 2iπZ,

1 , α ∈ 2iπZ.
(1.13)

We also have [BZ92, Theorem 0.3].

Theorem 1.8. We use the notation in Example 1.2. Assume that two of Fi are
acyclic. If Z has odd dimension, or if gF0 , gF1 , and gF2 induce a flat metric on
detF0 ⊗ (detF1)

−1 ⊗ detF2, then

TF1(Z) = TF0(Z)TF2(Z). (1.14)

Here, for a line bundle L, the notion L−1 denotes the dual bundle of L.

1.3. A formula for fibrations

Let π : M → Z be a fibration of closed manifolds with closed fibre Y . Let TY ⊂
TM be the relative tangent bundle on M of the fibre Y . Let F be a flat vector
bundle on M .

Let gTM , gTY , gTZ be the Riemannian metrics on TM, TY, TZ. Let gF be
a Hermitian metric on F . Let TF (M) be the Ray–Singer analytic torsion with
respect to gTM and gF .

Moreover, the restriction F |Y of F to the fibre Y is still a flat vector bundle.
So we can consider the fibrewise Ray–Singer analytic torsion TF |Y (Y ) with respect

to gTY and gF |Y . It is a smooth function on Z.
Also, for 0 � q � dimY , the fibrewise cohomology Hq(Y, F |Y ) of Y forms a

flat vector bundle on Z (see [BLo95, Section III.f]). Using the Hodge theory (1.5),
the L2 metric on Ωq(Y, F |Y ) induces a Hermitian metric gH

q(Y,F |Y ) on Hq(Y, F |Y ).
Let THq(Y,F |Y )(Z) be the Ray–Singer analytic torsion with respect to gTZ and

gH
p(Y,F |Y ).

The following theorem is a special case of a very general result of Ma [Ma02,
Theorem 0.1 and (0.6)], which is a generalization of Dai–Melrose [DMe12] and
Lück–Schick–Thielmann [LüScTh98, Theorem 0.2].
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Theorem 1.9. Assume H ·(M,F ) = 0 and H ·(Z,H ·(Y, F |Y )) = 0. If M has odd
dimension or if F is unimodular, then

TF (M) = exp

(∫
Z

e
(
TZ,∇TZ

)
logTF |Y (Y )

) dimY∏
q=0

(
THq(Y,F |Y )(Z)

)(−1)q

, (1.15)

where e
(
TZ,∇TZ

)
∈ ΩdimZ(Z, o(TZ)) is the Euler characteristic form on Z with

respect to the Levi-Civita connection ∇TZ . In addition, if Z has odd dimension,
then

TF (M) =
dimY∏
q=0

(
THq(Y,F |Y )(Z)

)(−1)q

. (1.16)

2. The Fried conjecture

It was known dating back to Poincaré, Hopf, Lefschetz, etc., that certain topolog-
ical invariants, like Euler characteristic number, can be expressed with the help
of some dynamical objects, like the fixed point set. Fried considered a similar
problem relating the Ray–Singer analytic torsion with the closed orbits of certain
dynamical systems, which he called the Lefschetz formula for flows.

More precisely, given a diffeomorphism of a manifold, the Lefschetz fixed
point formula asserts that the Lefschetz number can be written as a sum of the
Lefschetz indices of each fixed point of the diffeomorphism. Formally, the Lefschetz
index is a way to count cohomologically the cardinality of the fixed point set.

For a dynamical flow, Fried uses the Fuller index [Fu67] to count cohomolog-
ically the cardinality of the set of closed orbits of the flow. However, due to the
infinite numbers of closed orbits, the Fuller index of the set of all closed orbits is
not well defined and should be regularized. For this Fried relies on the meromor-
phic extension and the regularity at 0 of the Ruelle dynamical zeta function. The
purpose of this section is to formulate the above as a general conjecture, known
as the Fried conjecture.

This section is organized as follows. In Section 2.1, we consider a diffeomor-
phism on a manifold. We recall the Lefschetz fixed point formula.

In Section 2.2, we consider a flow on a manifold. We introduce the Fuller
index.

In Section 2.3, we construct the Ruelle dynamical zeta function, and state
the Fried conjecture.

2.1. Lefschetz index

Let Z be a closed manifold. Let T ∈ Diffeo(Z) be a diffeomorphism of Z. The pull
back T ∗ defines a morphism of the complex (Ω·(Z), d). It induces a morphism on
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the cohomology H ·(Z). The Lefschetz number of T is defined by

LT = TrH
·(Z)

s [T ∗] =
dimZ∑
q=0

(−1)q Tr
[
T ∗|Hq(Z)

]
. (2.1)

Clearly, if T is the identity map, then the Lefschetz number LT is equal to the
Euler characteristic number χ(Z).

Let

ZT = {z ∈ Z : Tz = z} (2.2)

be the set of the fixed points of T . Recall that a fixed point z ∈ ZT is called non-
degenerate if det(1−DzT )|TzZ = 0. For such a fixed point z ∈ ZT , the Lefschetz
index of T at z is defined by

indL(T, z) = sgn
(
det(1−DzT )|TzZ

)
. (2.3)

If T has only non-degenerate fixed points, then ZT is finite, and the Lefschetz
fixed point theorem [BeGeVe04, Corollary 6.7] states that

LT =
∑
z∈ZT

indL(T, z). (2.4)

More generally, if ZT is not finite, we need the following assumption.

Assumption 2.1. We assume that

(1) the fixed point set ZT is a disjoint union of finitely many closed connected
submanifolds Zi ⊂ Z, so that

ZT =
∐
i∈I

Zi; (2.5)

(2) for z ∈ ZT , the eigenspace of DzT : TzZ → TzZ associated to the eigenvalue
1 coincides with its characteristic space, and is equal to TzZ

T .

Let NZi/Z = (TZ|Zi)/TZi be the normal bundle of Zi in Z. Our assumption
(2) is equivalent to

det(1−DzT )|NZi/Z,z
= 0, for all i ∈ I, z ∈ Zi. (2.6)

Note that for each i ∈ I, the sign of the above determinant does not depend on
z ∈ Zi.

Definition 2.2. The Lefschetz index of the diffeomorphism T at Zi is defined by

indL(T, Zi) = sgn
(
det(1−DzT )|NZi/Z,z

)
· χ(Zi) ∈ Z, (2.7)

where z ∈ Zi.
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Under Assumption 2.1, we have the Lefschetz fixed point theorem4

LT =
∑
i∈I

indL(T, Zi). (2.8)

Formally, Lefschetz index indL(T, Zi) counts cohomologically the cardinality of
Zi. Equation (2.8) says that the Lefschetz number can be obtained by counting
cohomologically the cardinality of the fixed point set ZT .

2.2. Fuller index

Let M be a closed manifold. Let V ∈ C∞(M,TM) be a smooth vector field on
M , and let (φt)t∈R be the flow generated by V .

Definition 2.3. We define the periodic set

℘(φ·) = {(x, t) ∈ M ×R∗
+ : φt(x) = x}, (2.9)

and the length spectrum

�(φ·) = {t ∈ R∗
+ : there is x ∈ M such that φt(x) = x}. (2.10)

A point (x, t) ∈ ℘(φ·) corresponds to a closed orbit {φs(x)}0�s�t starting
from x of period t. And �(φ·) represents all the possible periods. Clearly, if � ∈ �(φ·),
then k� ∈ �(φ·) for all k ∈ N∗.

Since our ultimate object “closed orbit” disregards the starting points, we
will consider certain quotient space of ℘(φ·). Define an R-action on ℘(φ·) by

s · (x, t) = (φtsx, t), for s ∈ R, (x, t) ∈ ℘(φ·). (2.11)

By (2.11), the group S1 = R/Z acts on ℘(φ·). Set

℘(φ·) = ℘(φ·)/S
1. (2.12)

We identify ℘(φ·) with the space of closed orbits of the flow φ·.
To count cohomologically the points in the ℘(φ·), as in Section 2.1, we need

an analogue of Assumption 2.1 for flows.

Assumption 2.4. We assume that

(1) the length spectrum �(φ·) ⊂ (0,∞) is discrete;
(2) for any � ∈ �(φ·), the diffeomorphism φ� ∈ Diffeo(M) satisfies Assumption

2.1.

Recall that Mφ� ⊂ M is the fixed point set of φ� in M . By (1) of Assumption
2.4, we can write

℘(φ·) =
∐

�∈�(φ·)

Mφ� × {�}. (2.13)

4When T is an isometry of Z, a proof can be found in [BeGeVe04, Section 6.4]. For general T , the

Lefschetz fixed point formula can be proved by adapting the argument given in [BZ92, Theorem
4.20].
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To avoid the problem of disconnectedness of Mφ� , we write instead

℘(φ·) =
∐
i∈I

Mi × {�i}, (2.14)

whereMi is a connected component ofMφ�i . Note that not all the �i are necessarily
distinct. Moreover, (1) of Assumption 2.4 implies that the S1-action on ℘(φ·) is
locally free. Thus, Mi/S1 is a closed connected orbifold. By (2.12), we have

℘(φ·) =
∐
i∈I

Mi/S
1 × {�i}. (2.15)

Denote by χorb(Mi/S
1) ∈ Q the orbifold Euler characteristic number [Sa57] of

Mi/S1. Set

mi =
∣∣ker (S1 → Diffeo(Mi)

)∣∣ ∈ N∗ (2.16)

to be the generic multiplicity of the closed orbits in Mi/S1 × {�i}.
By (2) of Assumption 2.4, as in Section 2.1, the sign

sgn
(
det(1−Dφ�i)|NMi/M

)
∈ {±1} (2.17)

is well defined for all i ∈ I.

Definition 2.5. The Fuller index of the flow φ· at Mi × {�i} is defined by

indF (φ·,Mi) = sgn
(
det(1−Dφ�i)|NMi/M

)
· χorb(Mi/S1)

mi
∈ Q. (2.18)

Remark 2.6. The pair (Mi, S1) defines a non-effective orbifold. Its “non-effective”

Euler characteristic number is given by χorb(Mi/S
1)

mi
. In this way, the Fuller index

indF (φ·,Mi) is a strict analogue of the Lefschetz index (2.7).

More generally, let F be a flat vector bundle on M with holonomy ρ. Since
Mi is connected, for any x ∈ Mi, the closed orbit {φt(x)}0�t��i lies in the same
freely homotopy class of the loops on M . Up to conjugation, the holomony5 ρi of
F associated to the closed orbit {φt(x)}0�t��i does not depend on the choice of
x ∈ Mi. We can define the twisted Fuller index by

indF (φ·,Mi, F ) = indF (φ·,Mi)Tr [ρi] . (2.19)

2.3. The Ruelle dynamical zeta function

We assume that the flow satisfies Assumption 2.4. As an analogue of (2.4), Fried
raised the question: for what kind of flows the infinite sum∑

i∈I

indF (φ·,Mi, F ) (2.20)

5The morphism ρi can be obtained by the parallel transport with respect to the flat connection
along the closed orbit {φt(x)}0�t��i from t = �i to t = 0.
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can be regularized, and is equal to some topological invariant. More precisely, Fried
conjectured that if F is unitarily flat and acyclic, then the regularized sum (2.20)
is equal to log TF (M).

To regularize the sum (2.20), Fried used the Ruelle dynamical zeta function
[Ru76b, F87].

Definition 2.7. For σ ∈ C, we define formally

Rφ,ρ(σ) = exp

(∑
i∈I

indF (φ·,Mi, F )e−�iσ

)
. (2.21)

We call Rφ,ρ is well defined if the following properties hold.

1. There is σ0 > 0 such that for σ ∈ C with Re (σ) > σ0, the sum on the
right-hand side of (2.21) converges to a holomorphic function;

2. The holomorphic function Rφ,ρ(σ), defined for Re (σ) > σ0, has a meromor-
phic extension to σ ∈ C.

Remark 2.8. The above definition of the Ruelle dynamical zeta function is the
reciprocal of the one introduced by Fried [F87, Section 5].

The Fried conjecture now can be formulated as follows.

Conjecture 2.9. For a wide class of flows on a closed manifold M , if F is a
unitarily flat vector bundle on M and H ·(M,F ) = 0, then the Ruelle dynamical
zeta function Rφ,ρ(σ) is well defined, and is regular at σ = 0 such that

|Rφ,ρ(0)| = TF (M). (2.22)

Example 2.10. Consider the rotation flow φ· on S1, i.e.,

φt(x) = x+ t mod Z, for t ∈ R, x ∈ R/Z. (2.23)

For the flat vector bundle defined in Example 1.1, the Ruelle dynamical zeta
function is given by

Rφ,ρ(σ) = (1 − e−σ+α)−1. (2.24)

If F is acyclic and unitarily flat (i.e., α ∈ iR and α /∈ 2iπZ), by (1.13) and (2.24),
we have

|Rφ,ρ(0)| = TF

(
S1
)
. (2.25)

Example 2.11. Consider now the geodesic flow of S1. That is a flow φ̃ defined

on S1 × {±1}. On S1 × {1}, φ̃ is just the rotation flow considered in Example

2.10, and on the other copy S1 × {−1}, φ̃ is the inverse of the rotation flow. Let
π : S1 × {±1} → S1 be the natural projection.

Recall that F is defined in Example 1.1. Let π∗F be the pull back of the flat
vector bundle on S1 × {±1}. The Ruelle dynamical zeta function is then given by

Rφ̃,ρ(σ) = (1− e−σ+α)−1(1− e−σ−α)−1. (2.26)
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If α ∈ C and α /∈ 2iπZ, we have

|Rφ̃,ρ(0)| = Tπ∗F
(
S1 × {±1}

)
. (2.27)

Example 2.10 shows that the Fried conjecture fails for non-unitarily flat vector
bundles, while Example 2.11 shows that for some special flow the Fried conjecture
holds even for certain non-unitarily flat vector bundles.

However, even for unitarily flat vector bundles, we can not expect that the
Fried conjecture holds for general flows. In fact, a fixed point or a closed orbit is a
limit set of dimensions 0 or 1. Wilson [Wi66, Corollary 2] has constructed a smooth
flow on any closed manifold M with vanishing Euler characteristic number, whose
only limit sets are a finite collection of torus of dimension dimM−2. In particular,
if dimM � 4 with χ(M) = 0, there exists a flow without fixed points or closed
orbits. If dimM = 3, Schweitzer [Sch74, Theorem A] has constructed a C1-flow
without fixed points or closed orbits.

In the following sections, we will discuss several different classes of flows
where the Fried conjecture has or might have a positive solution. This includes the
suspension flow, the Morse–Smale flow, the geodesic flow, and the Anosov flow.

3. Suspension flow of a diffeomorphism

In this section, we consider the suspension flow of a diffeomorphism. We show
that in this case the Fried conjecture is a consequence of the Lefschetz fixed point
formula (2.8).

This section is organized as follows. In Section 3.1, we introduce the suspen-
sion flow.

In Section 3.2, we describe the flat vector bundle on a suspension, and eval-
uate its analytic torsion.

In Section 3.3, we give an explicit formula for the Ruelle dynamical zeta
function associated to the suspension flow. Then, we show the Fried conjecture.

3.1. The definition of the suspension flow

Let Y be a connected closed manifold. Let T ∈ Diffeo(Y ) be a diffeomorphism of
Y . Let M be the suspension of T . Then M = R ×Z Y is the quotient space of
R× Y by the Z-action given by

n · (t, y) = (t− n, T ny), for n ∈ Z, (t, y) ∈ R× Y. (3.1)

Clearly, M → R/Z is a fibration with fibre Y .

The suspension flow φ· on M is defined by

φs([t, y]) = [t+ s, y], for s ∈ R, [t, y] ∈ R ×Z Y. (3.2)
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3.2. The flat vector bundle on the suspension

Let E be a flat vector bundle on Y . Assume that the diffeomorphism T lifts to E.
This means that there is a bundle morphism TE of E such that the diagram

E

��

TE �� E

��
Y

T �� Y

(3.3)

commutes. Let

F = R×Z E (3.4)

be the suspension of E with respect to TE . Then F is a flat vector bundle on M .

Proposition 3.1. All the flat vector bundles on M can be obtained in this way.

Proof. Using the long exact sequence of the homotopy groups associated to the
fibration M → R/Z, we get an exact sequence of groups

1 → π1(Y ) → π1(M) → Z → 1. (3.5)

The diffeomorphism T defines an isomorphism T∗ : π1(Y ) → π1(Y ) of groups such
that π1(M) is the semidirect product of π1(Y ) and Z with respect to T∗.

Any r-dimensional representation of π1(M) can be constructed by an r-dim-
ensional representation ρ of π1(Y ) and an element A ∈ GLr(C) such that

Aρ(γ) = ρ(T∗γ)A, for all γ ∈ π1(Y ). (3.6)

It is easy to check that ρ and A induce our E and TE . �

As in Section 2.1, the pull back T ∗
E defines a morphism on H ·(Y,E). Let

H ·
T (Y,E) be a flat vector bundle on R/Z defined by the holonomy

ρ : n ∈ Z → (T ∗
E)

n
. (3.7)

This is just the direct image H ·(Y, F |Y ) of F described in Section 1.3.

Proposition 3.2. The flat vector bundle F on M is acyclic if and only if 1 is not
an eigenvalue of T ∗

E on H ·(Y,E).

Proof. Let (Ep,q
r , dr)r�0 be the Leray spectral sequence [BoTu82, p. 169] associated

to the fibration M → R/Z. By [BoTu82, Theorem 14.18], (Ep,q
r , dr)r�0 converges

to H ·(M,F ), and

Ep,q
2 = Hp

(
R/Z, Hq

T (Y,E)
)
. (3.8)

By (3.8), for r � 2, p = 0, 1, we have Ep,q
r = 0. Since dr sends Ep,q

r to
Ep+r,q−r+1

r , we see that d2 = d3 = · · · = 0. So the spectral sequence degenerates
at r = 2. It implies

dimHp(M,F ) = dimH0
(
R/Z, Hp

T (Y,E)
)
+ dimH1

(
R/Z, Hp−1

T (Y,E)
)
. (3.9)
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By (3.9), H ·(M,F ) = 0 if and only if H ·(R/Z, H ·
T (Y,E)

)
= 0. By Example 1.1,

we see that our proposition holds true if T ∗
E is diagonalizable. Thanks to Example

1.2, we can deduce our proposition in full generality. �

If A is a matrix acting on a Z-graded space E· which preserves the degree,
then write

dets(A)|E· =
∏
q∈Z

(
det(A)|Eq

)(−1)q

. (3.10)

Proposition 3.3. Assume H ·(M,F ) = 0. If M has odd dimension or if F is uni-
modular, then

TF (M) =
∣∣∣dets (T ∗

E) |H·(Y,E)

∣∣∣1/2∣∣∣dets (1− T ∗
E) |H·(Y,E)

∣∣∣−1

. (3.11)

Proof. By Theorem 1.9, we have

TF (M) =

dimY∏
q=0

(
THq

T (Y,E)

(
R/Z

))(−1)q

. (3.12)

Now (3.11) is a consequence of (1.13), (1.14), and (3.12). �

3.3. The Ruelle dynamical zeta function of the suspension flow

Note that if for all n ∈ N∗, the diffeomorphism T n satisfies Assumption 2.1, then
the suspension flow φ· associated to T satisfies Assumption 2.4.

Theorem 3.4. Assume that for all n ∈ N∗, the diffeomorphism T n ∈ Diffeo(Y )
satisfies Assumption 2.1. The Ruelle dynamical zeta function is given by

Rφ,ρ(σ) =
(
dets

(
1− T ∗

Ee
−σ
)
|H·(Y,E)

)−1

. (3.13)

If H ·(M,F ) = 0, then Rφ,ρ is regular at σ = 0, so that

Rφ,ρ(0) =
(
dets (1− T ∗

E) |H·(Y,E)

)−1

. (3.14)

Proof. For the suspension flow, we have �(φ·) ⊂ N∗. The periodic set is given by

℘(φ·) =
∞∐
n=1

Mφn × {n}. (3.15)

Let π : R× Y → M be the natural projection. We have

Mφn = π
(
[0, 1]× Y Tn

)
. (3.16)

We claim that Fuller index (twisted by F ) of φ· at M
φn is given by

indF (φ·,M
φn , F ) =

1

n
TrH

·(Y,E)
s [(T ∗

E)
n] . (3.17)

Let us show (3.17) in the case where Y Tn

is discrete. The proof for the general
case is similar, and we omit the details. For p ∈ N∗ and p|n, let Y Tn

p ⊂ Y Tn

be
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the subset of Y Tn

formed by the points of Y Tn

whose prime period is p. Take
y ∈ Y Tn

p . By (2.18), the contribution of the closed orbit {[t, y]}0�t�n to the Fuller
index (twisted by F ) is given by

sgn
(
det
(
1−DT n

y

)
|TyY

)
n/p

Tr [τy,n] , (3.18)

where τy,n is the parallel transport of F with respect to the flat connection along
the curve {[t, y]}0�t�n from t = n to t = 0. We have

Tr [τy,n] = TrEy
[
T−n
E

]
. (3.19)

Since y, T y, . . . , T p−1y are all in Y Tn

p and correspond to the same closed orbit, we
have

indF (φ·,M
φn , F ) =

∑
p|n

1

p

∑
y∈Y Tn

p

sgn
(
det
(
1−DT n

y

)
|TyY

)
n/p

TrEy
[
T−n
E

]
=

1

n

∑
y∈Y Tn

sgn
(
det
(
1−DT n

y

)
|TyY

)
TrEy

[
T−n
E

]
. (3.20)

By a twisted version of (2.4) (see [BeGeVe04, Theorem 6.6]) and (3.20), we get
(3.17).

By (3.17), using

log(1− z) = −
∞∑
n=1

zn

n
, (3.21)

we get (3.13). The rest of our proposition is a consequence of Proposition 3.2 and
(3.13). �

Corollary 3.5. Suppose that for all n ∈ N∗ the diffeomorphism T n ∈ Diffeo(Y )
satisfies Assumption 2.1. Assume that H ·(M,F ) = 0 and that F is unimodular.
Then, we have

|Rφ,ρ(0)| = TF (M). (3.22)

Proof. By (3.11) and (3.14), it is enough to show∣∣∣dets(T ∗
E)|H·(Y,E)

∣∣∣ = 1. (3.23)

Recall that H ·
T (Y,E) is a flat vector bundle on R/Z. Equation (3.23) is equivalent

to say that the line bundle ⊗dimY
q=0 (detHq

T (Y,E))
(−1)q

is unitarily flat.

Remark that (see [BLo95, Section I.g]) if (W,∇W ) is a flat vector bundle on
a manifold S, for any Hermitian metric gW on W , the 1-form 1

2 Tr
[
gW,−1∇W gW

]
is closed. Moreover, its class in H1(S) does not depend on the choice of gW , and
is called the first odd Chern class codd1 (W ) of W . Clearly, det(W ) is unitarily flat
if and only if codd1 (W ) = 0.
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By above, it is equivalent to show the first odd Chern class of the fibrewise
cohomology vanishes,

dimY∑
q=0

(−1)qcodd1 (Hq
T (Y,E)) = 0. (3.24)

Since F is unimodular, (3.24) is a consequence of [BLo95, Theorem 0.1]. �

4. Morse–Smale flow

The Morse–Smale flow is the simplest structurally stable dynamical system which
has only two types of recurrent behaviors: closed orbits and fixed points. In this
section, we study the Fried conjecture for the Morse–Smale flow. We show that the
Fried conjecture in this case is a consequence of Cheeger–Müller/Bismut–Zhang
theorem. The result in this section is originally due to Fried [F87, Section 3] and
is extended by Shen–Yu [ShY18].

This section is organized as follows. In Section 4.1, we introduce the Morse–
Smale flow.

In Section 4.2, we give an explicit formula for the Ruelle dynamical zeta
function, and show the Fried conjecture.

4.1. The definition of Morse–Smale flow

Let M be a closed manifold with a smooth vector field V ∈ C∞(M,TM). Let
(φt)t∈R be the flow on M generated by V .

Definition 4.1. The nonwandering set of φ· is defined by{
x ∈ M : ∀ open neighborhood U of x, ∀T > 0, we have U ∩

⋃
t�T

φt(U) = ∅
}
.

(4.1)

Definition 4.2. A fixed point x ∈ M of the flow φ· is called hyperbolic if there is
a φt-invariant splitting

TxM = Eu
x ⊕ Es

x, (4.2)

and there exist C > 0, θ > 0 and a Riemannian metric on M such that for v ∈ Eu
x ,

v′ ∈ Es
x, and t > 0, we have

|φ−t,∗v| � Ce−θ|t| |v| , |φt,∗v
′| � Ce−θ|t| |v′| . (4.3)

The index ind(x) ∈ N of x is defined by

ind(x) = dimEu
x . (4.4)

The unstable and stable manifolds of x are defined by

Wu
x =

{
y ∈ M : lim

t→−∞
dM (φt(y), x) = 0

}
,

W s
x =

{
y ∈ M : lim

t→+∞
dM (φt(y), x) = 0

}
,

(4.5)

where dM is the Riemannian distance on M .
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Definition 4.3. A closed orbit γ of the flow φ· is called hyperbolic, if there is a
φt-invariant continuous splitting

TM |γ = RV ⊕ Eu
γ ⊕ Es

γ (4.6)

of vector bundles over γ such that (4.3) holds. The index ind(γ) ∈ N of γ is
defined by

ind(γ) = dimEu
γ . (4.7)

The unstable and stable manifolds of γ are defined by

Wu
γ =

⋃
x∈γ

{
y ∈ M : lim

t→−∞
dM (φt(y), φt(x)) = 0

}
,

W s
γ =

⋃
x∈γ

{
y ∈ M : lim

t→+∞
dM (φt(y), φt(x)) = 0

}
.

(4.8)

Denote by A the set of fixed points and by B the set of prime closed orbits.

Definition 4.4. A vector field V or a flow φ· is called Morse–Smale (see [PalMe82,
Definition, p.118]) if

• the sets A and B are finite and contain only hyperbolic elements;
• the nonwandering set of φ· is equal to A ∪

⋃
γ∈B γ;

• the stable manifold of any element in A
∐

B intersects transversally with the
unstable manifolds of any element in A

∐
B.

In the rest of this section, we assume that V is a Morse–Smale vector field.

4.2. The Ruelle dynamical zeta function of the Morse–Smale flow

For γ ∈ B, denote by �γ ∈ R∗
+ its period. A closed orbit γ ∈ B is called untwist if

Eu
γ is orientable along γ, and is called twist otherwise. Put

Δ(γ) =

{
1, if γ is untwist,
−1, if γ is twist.

(4.9)

Recall that F is a flat vector bundle onM with holonomy ρ. For γ ∈ B, denote
by ρ(γ) the holonomy along γ, which is also the parallel transport with respect to
the flat connection along γ−1 (cf. footnote 3). Clearly, ρ(γ) is well defined up to a
conjugation.

Proposition 4.5. The Ruelle dynamical zeta function is given by

Rφ,ρ(σ) =
∏
γ∈B

det
(
1−Δ(γ)ρ(γ)e−σ�γ

)(−1)1+ind(γ)

. (4.10)

Proof. Without loss of generality, we assume that there is only one prime closed
orbit γ. For x ∈ γ, k ∈ N∗, let us calculate the sign of det(1−Dφk�γ )|TxM/RV (x).
By (4.6), we have

det(1−Dφk�γ )|TxM/RV (x) = det
(
1− (Dφ�γ )

k
)
|Es

γ,x
det
(
1− (Dφ�γ )

k
)
|Eu

γ,x
.

(4.11)
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Note that the non-real eigenvalues α and α of (Dφ�γ )
k come in pair. Note also

that by property of Es, all the absolute value of the real eigenvalues of (Dφ�γ )
k

on Es
γ,x is bounded by 1. So the sign of (4.11) comes from the positive eigenvalues

of Dφ�γ |Eu
γ,x

. More precisely, we have

sgn
(
det
(
1− (Dφ�γ )

k
)
|TxM/RV (x)

)
= sgndet

(
−
(
Dφ�γ

)k |Eu
γ,x

)
= (−1)ind(γ)Δ(γ)k.

(4.12)

Equation (4.10) is a consequence of (2.21), (3.21), and (4.12). �

The following theorem is due to Fried [F87, Theorem 3.1] if F is unitarily
flat, and can be extended to unimodular vector bundle [ShY18, Proposition 2.12].

Theorem 4.6. Assume that F is a unimodular flat vector bundle, and that φ· does
not have fixed points. If for all γ ∈ B, Δ(γ) is not an eigenvalue of ρ(γ), then we
have H ·(M,F ) = 0, and Rφ,ρ is regular at σ = 0, so that

|Rφ,ρ(0)| =
∏
γ∈B

∣∣det(1−Δ(γ)ρ(γ)
)∣∣(−1)1+ind(γ)

= TF (M). (4.13)

Proof. Following [Fra82, Definition 9.10], let

∅ = M0 ⊂ M1 ⊂ · · · ⊂ MN = M (4.14)

be a Smale filtration on M associated to the flow φ·. Note that each Mp ⊂ M
is a submanifold with boundary, and can be constructed by the sublevel set of a
smooth Lyapunov function. Also, we have

• on each ∂Mp, V points toward the inside of Mp;
• there is only one prime closed orbit γ in Mp+1\Mp and

γ =
⋂
t∈R

φt

(
Mp+1\Mp

)
. (4.15)

Note that Mp+1 can be obtained from Mp by attaching a round ind(γ)-handle,

Mp+1 = Mp ∪S1×Sind(γ)×Dm−ind(γ)−1 S1 × Dind(γ) × Dm−ind(γ)−1, (4.16)

where m = dimM . By [Fra82, Theorem 9.11] (see also [SM96b, Section 2]),

Hq
(
Mp+1,Mp, F

)
= Hq−ind(γ)

(
γ, o(Eu

γ )⊗R F |γ
)
, (4.17)

where o(Eu
γ ) is the orientation line bundle of Eu

γ along the closed orbit γ.

By Examples 1.1 and 1.2, we see that Δ(γ) is not an eigenvalue of ρ(γ) if
and only if

H · (Mp+1,Mp, F
)
= 0. (4.18)

Using the long exact sequence

· · · → Hq(Mp,Mp−1, F ) → Hq(Mp, F ) → Hq(Mp−1, F ) → · · · , (4.19)
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we see that

H ·(M,F ) = H ·(MN , F ) � H · (MN−1, F
)
� · · · � H · (M0, F

)
= 0. (4.20)

The first equality of (4.13) is a trivial consequence of (4.10). Let us show the
second equality of (4.13).

We claim that

TF (M) =
∏
γ∈B

(
To(Eu

γ )⊗RF |γ (γ)
)(−1)ind(γ)

. (4.21)

Indeed, if F is unitary, using (4.16), (4.19), the Cheeger–Müller theorem [C79,
M78], we can deduce (4.21) from the excision property of the Reidemeister torsion.
If F is only unimodular, using Bismut–Zhang’s theorem [BZ92, Theorem 0.2] and
a property of Milnor torsion, (4.21) still holds true (see [ShY18, Proposition 2.13]).

By (1.13), (1.14), and (4.21), we get the second equality of (4.13). �

It is natural to ask if a similar result holds when the Morse–Smale flow has
both fixed points and closed orbits. However, Sánchez-Morgado [SM96b] has shown
that the heteroclinic orbits have a non-trivial contribution in the torsion invariant,
and in this way he constructed a counterexample to the Fried conjecture on Seifert
manifolds.

In [ShY18], Shen and Yu constructed a Milnor metric, which indeed contains
the heteroclinic contributions, and obtained a proof for a modified version of the
Fried conjecture for generally Morse–Smale flow with or without fixed points and
for arbitrary flat vector bundle with arbitrary Hermitian metric. The formulation
and the proof are based on [BZ92], using the determinant line of the cohomology.
We refer the reader to [ShY18] for more details.

Let us mention that there is another interpretation of the Ruelle dynamical
zeta function provided by Dang–Rivière [DaRi20c]. See also [DaRi19, DaRi20a,
DaRi20b, DaRi21] for related works.

5. Geodesic flow

In this section, we discuss the Fried conjecture in the most interesting case the
geodesic flow on the unit tangent bundle of a non-positively curved Riemannian
manifold of dimension � 3. (The case of surface will be treated in Section 6.4.)
In this case, the Fried conjecture can be proved formally via Bismut–Goette’s V -
invariant [BG04]. However, this argument remains non-rigorous due to the involved
infinite-dimensional loop space. For locally symmetric spaces, we give the rigorous
argument [F86a, MoSt91, Sh18] which is based on the Selberg trace formula and
the Bismut orbital integral formula [B11].

This section is organized as follows. In Section 5.1, we study the flat vector
bundle defined on the unit tangent bundle.

In Section 5.2, we study the geodesic flow on the unit tangent bundle of a
non-positively curved Riemannian manifold.
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In Section 5.3, we sketch the formal proof of the Fried conjecture via Bismut–
Goette’s V -invariant.

In Section 5.4, we introduce the reductive group, symmetric space, and the
locally symmetric space. We state the main Theorem 5.9 of this section.

Sections 5.5–5.8 are devoted to sketching the proof of Theorem 5.9.

In Section 5.5, we recall the Selberg trace formula and the Bismut orbital
integral formula, which are our main analytic tools.

In Section 5.6, we give a new proof of Moscovici–Stanton’s vanishing theorem
[MoSt91], which is due to Bismut [B11].

In Section 5.7, we sketch the proof of the Fried conjecture for the real reduc-
tive group of R-rank one, which is originally due to Fried [F86a].

In Section 5.8, we sketch the proof of the Fried conjecture for general reductive
groups [Sh18].

5.1. Flat vector bundle on the unit tangent bundle

Let (Z, gTZ) be a compact Riemannian manifold of dimension m. Let

M = SZ = {(x, v) ∈ TZ : |v| = 1} (5.1)

be the unit tangent bundle. Then π : M → Z is a fibration of sphere Sm−1.

Proposition 5.1. Assume dimZ � 3. Then all the flat vector bundles on M are the
pull back of a flat vector bundle F on Z. Moreover, F is unitary (resp. unimodular)
if and only if π∗F is unitary (resp. unimodular).

Proof. Consider the long exact sequence of homotopy groups

· · · → π1(S
m−1) → π1(M) → π1(Z) → π0(S

m−1) → · · · (5.2)

associated to the fibration M → Z. Since m � 3, π1(Sm−1) = π0(Sm−1) = 1. By
(5.2), we have the isomorphism of the groups

π1(M) � π1(Z), (5.3)

from which we deduce our proposition. �

Proposition 5.2. Assume that Z is orientable and that dimZ � 3. Then π∗F is
acyclic on M if and only if F is acyclic on Z. In additional, if dimZ is odd, then6

Tπ∗F (M) = TF (Z)2. (5.4)

Proof. Let

· · · → Hp−m(Z, F ) → Hp(Z, F ) → Hp(M,π∗F ) → Hp−m+1(Z, F )

→ Hp+1(Z, F ) → · · ·
(5.5)

6Since both of M and Z have odd dimensions, by Theorem 1.6, we do not need to specify the
metric data to define the analytic torsion.
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be the Gysin exact sequence [BoTu82, Proposition 14.33] associated to the fibration
M → Z of orientable (m−1)-spheres. Comparing the degrees in (5.5), for 0 � p �
m− 2 and m+ 1 � q � 2m− 1, we have

Hp(M,π∗F ) = Hp(Z, F ), Hq(M,π∗F ) = Hq−m+1(Z, F ). (5.6)

By (5.6), using m � 3, we get the first statement of our proposition. By (1.16), we
get (5.4). �
Remark 5.3. Assume that dimZ � 3 is odd. If we do not assume that Z is
orientable, a detailed analysis on the Leray spectral sequence tells us that π∗F is
acyclic on M if and only if F and o(TZ)⊗R F are acyclic on Z. In this case, we
have

Tπ∗F (M) = TF (Z) · To(TZ)⊗RF (Z). (5.7)

Let us consider the geodesic flow on a negatively curved orientable surface
(Z, gTZ) of genus g � 2, which will be used in Section 6.4. The long exact sequence
of the homotopy groups (5.2) is simply

1 → Z → π1(M) → π1(Z) → 1. (5.8)

Let a0 ∈ π1(M) be a generator of Z ⊂ π1(M). Let F be a flat vector bundle of
rank r on M with holonomy ρ. Then ρ(a0) ∈ GLr(C).

Corollary 5.4. Let us assume that Z is a negatively curved orientable surface. Then
H ·(M,F ) = 0 if and only if 1 is not an eigenvalue of ρ(a0). In this case, we have

TF (M) =
∣∣∣ det (ρ(a0))∣∣∣(1−g)

·
∣∣∣det (1− ρ(a0))

∣∣∣2(g−1)

. (5.9)

Proof. We use the Leray spectral sequence associated to the fibration M → Z
as in the proof of Propositions 3.2. By [BoTu82, Theorem 14.18], (Ep,q

r , dr)r�0

converges to H ·(M,F ), and

Ep,q
2 = Hp

(
Z,Hq(Y, F |Y )

)
. (5.10)

Since the fibre Y is a circle, for r � 2 and q = 0 or 1, we see that Ep,q
r = 0.

Since dr sends Ep,q
r to Ep+r,q−r+1

r . We get d3 = d4 = · · · = 0, and d2 vanishes
except

d2 : E0,1
2 → E2,0

2 . (5.11)

Indeed, by [BoTu82, p. 178], up to a sign, d2|E0,1
2

is the multiplication by the Euler

characteristic class of Z, which is an isomorphism since g � 2. So the spectral
sequence degenerates at r = 3 such that

H0(M,F ) = H0(Z,H0(Y, F |Y )), H1(M,F ) = H1(Z,H0(Y, F |Y )),
H2(M,F ) = H0(Z,H1(Y, F |Y )), H3(M,F ) = H2(Z,H1(Y, F |Y )).

(5.12)

Since Y is a circle and since Z is orientable, we have an isomorphism of vector
bundles on Z,

H1(Y, F |Y ) � H0(Y, F |Y ). (5.13)
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By (5.12) and (5.13), we see that F is acyclic on M if and only if H0(Y, F |Y ) is
acyclic on Z. By the Gauss–Bonnet theorem,

χ(Z,H0(Y, F |Y )) = 2 rk[H0(Y, F |Y )](1 − g), (5.14)

where rk[H0(Y, F |Y )] denotes the rank of the vector bundle H0(Y, F |Y ). By (5.14),
we see that H0(Y, F |Y ) is acyclic on Z if and only if H0(Y, F |Y ) = 0. The latter
means exactly that 1 is not an eigenvalue of ρ(a0). By (1.13), (1.14), and (1.15),
we get (5.9). �
Remark 5.5. Equation (5.9) is obtained in [F86b] by a purely topological method
under the assumption that F is unitarily flat.

5.2. Geodesic flow of the non-positively curved manifolds

Let (Z, gTZ) be a Riemannian manifold with non-positive sectional curvature.
Let (φt)t∈R be the geodesic flow on the unit tangent bundle M = SZ. Let V ∈
C∞(M,TM) be the generator of φ·.

Let LZ = C∞(S1, Z) be the free loop space of Z. It is equipped with a
canonical S1-action given by

s · x· = x·+s, for s ∈ S1, x· ∈ LZ. (5.15)

Denote by Γ the fundamental group of Z. Let [Γ] be the set of conjugacy classes
of Γ. We identify [Γ] with the set of freely homotopy classes of loops on Z. For
[γ] ∈ [Γ], let (LZ)[γ] ⊂ LZ be the subset of LZ formed by all the loops on Z with
the freely homotopy class [γ]. Write

LZ =
∐

[γ]∈[Γ]

(LZ)[γ]. (5.16)

Let E be the S1-invariant energy functional on LZ defined by

E : x· ∈ LZ → 1

2

∫ 1

0

|ẋs|2ds. (5.17)

Then E is a convex function whose critical points are closed geodesics. Let B[γ]

be the critical points set of E in (LZ)[γ]. Since (Z, g
TZ) has non-positive sectional

curvature,

B[1] � Z. (5.18)

Let us give a more explicit description of B[γ]. Take an element γ in [γ].
Up to evident isomorphisms, our objects constructed below do not depend on the
choice of γ in [γ]. Let X be the universal cover of Z. Let gTX be the induced
Riemannian metric on X by gTZ . Let dX(·, ·) be the Riemannian distance on
X . Since Z and also X have non-positive sectional curvature, the displacement
function x ∈ X → dX(x, γx) is convex. Let �[γ] ∈ R+ be the minimal value7 of
the displacement function on X and let X(γ) ⊂ X be its minimal set. Since Z
is compact and since the displacement function is convex, X(γ) is a non-empty

7As the notation indicates, �[γ] does not depend on the choice of γ ∈ [γ].
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convex set (see [BaGrSch85, Section 6], [Ma17, Proposition 3.9]). Let Γ(γ) be the
centralizer of γ in Γ. Then Γ(γ) acts on X(γ). We have the identification

x· ∈ B[γ] � [x̃0] ∈ Γ(γ)\X(γ), (5.19)

where x̃· is the lifting of x· in X . By the convexity of X(γ), we see that B[γ]

is connected. Recall that M = SZ. We can also identify B[γ] with a connected

component of M
φ�[γ] by

x· ∈ B[γ] → (x0, ẋ0/�[γ]) ∈ M
φ�[γ] . (5.20)

Since M
φ�[γ] is compact, we see that B[γ] is compact. By (5.20), equations (2.14)

and (2.15) become

℘(φ·) =
∐

[γ]∈[Γ]−{1}
B[γ] × {�[γ]}, ℘(φ·) =

∐
[γ]∈[Γ]−{1}

B[γ]/S
1 × {�[γ]}. (5.21)

Proposition 5.6. Assume that (Z, gTZ) has non-positive sectional curvature. The
following statements hold.

(1) Condition (1) of Assumption 2.4 holds.
(2) Condition (2) of Assumption 2.4 holds if Z is a negatively curved manifold

or if Z is a locally symmetric space.

Proof. For Condition (1), it is enough to show that for r � 0 the set

{[γ] ∈ [Γ] : �[γ] � r} (5.22)

is finite. Fix a point x ∈ X in the universal cover X . Fix a fundamental domain
FZ ⊂ X of Z in X . There is z0 ∈ FZ and γ1 ∈ Γ such that

�[γ] = dX(γ1z0, γγ1z0). (5.23)

By (5.23) and by the triangular inequality, we have

dX(γ1x, γγ1x) � �[γ] + 2 max
z∈FZ

d(x, z). (5.24)

Using (5.24), we get

|{[γ] ∈ [Γ] : �[γ] � r}| � |{γ ∈ Γ : dX(x, γx) � r + 2 max
z∈FZ

d(x, z)}|. (5.25)

It is known by [Mi68b, Remark p.1, Lemma 2] that the set on the right-hand side
of (5.25) is finite8.

The statement (2) is clear if Z is a negatively curved manifold. When Z is
a locally symmetric space, the statement (2) is a consequence of [B11, (3.3.17),
(3.5.10)]. �

5.3. The V -invariant and a formal proof of the Fried conjecture

Let us give a formal proof of (2.22) using the V -invariant of Bismut–Goette [BG04].

8Indeed, it is smaller than CeCr for certain C > 0.
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5.3.1. The V -invariant. Let S be a closed manifold equipped with an action of
a compact Lie group L, with Lie algebra l. If a ∈ l, let aS be the corresponding
vector field on S. Bismut–Goette [BG04] introduced the V -invariant Va(S) ∈ R.

Let f be an aS-invariant Morse–Bott function on S. Let Bf ⊂ S be the
critical submanifold. Since aS |Bf

∈ TBf , Va(Bf ) is also well defined. By [BG04,
Theorem 4.10], Va(S) and Va(Bf ) are related by a simple formula.

5.3.2. A formal proof of the Fried conjecture. Let us argue formally as in [Sh18,
Section 1E]. Let a be the generator of the Lie algebra of S1 such that exp(a) = 1.

As explained in [B05, Equation (0.3)], if F is a unitarily flat vector bundle
on Z such that H ·(Z, F ) = 0, at least formally, we have

logTF (Z) = −
∑

[γ]∈[Γ]

Tr[ρ(γ)]Va

(
(LZ)[γ]

)
. (5.26)

Let (Z, gTZ) be an odd-dimensional oriented Riemannian manifold with non-
positive sectional curvature. Assume that the energy functional is Morse–Bott9.
Applying [BG04, Theorem 4.10] to the infinite-dimensional manifold (LZ)[γ] with

the S1-invariant Morse–Bott functional E, we have the formal identity

Va

(
(LZ)[γ]

)
= Va

(
B[γ]

)
. (5.27)

Since B[1] � Z is formed by the trivial geodesics, by the definition of the V -
invariant,

Va(B[1]) = 0. (5.28)

By [BG04, Proposition 4.26], if [γ] ∈ [Γ]− {1}, then

Va(B[γ]) = −
χorb(B[γ]/S

1)

2m[γ]
. (5.29)

By Proposition 5.2 and by (5.26)–(5.29), we get a formal identity

log Tπ∗F (M) = 2 logTF (Z) =
∑

[γ]∈[Γ]−{1}
Tr[ρ(γ)]

χorb(B[γ]/S
1)

m[γ]
, (5.30)

which is formally just (2.22)10.

5.4. Reductive group, globally and locally symmetric space

We give a rigorous argument in the case of locally symmetric space of reductive
type. Let us recall some preliminaries that are needed.

9Since this part is completely formal, we will not give the precise definition of the Morse–Bott
function on the loop space LZ. Here we can understand it by the fact that the energy functional
is convex and its critical points form a smooth manifold.
10We need also to show that the sign that appeared in the Fuller index is positive when
χorb(B[γ]/S

1) �= 0. Indeed, it follows from the fact that Z has an odd dimension and is orientable,

and the fact that χorb(B[γ]/S
1) = 0 if dimB[γ] is even. We omit the details. For negatively curved

manifolds, a proof can be found in [GiLiPo13, Appendix B].
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5.4.1. Reductive group. Let G be a linear connected real reductive group [K86,
p. 3], and let θ ∈ Aut(G) be the Cartan involution. This means that G is a closed
connected group of real matrices that is stable under transpose, and θ is the
composition of transpose and inverse of matrices. Let K be the maximal compact
subgroup of G which is the fixed point set of θ.

Let g be the Lie algebra of G, and let k ⊂ g be the Lie algebra of K. The
Cartan involution θ acts naturally as a Lie algebra automorphism of g. Then k is
the eigenspace of θ associated with the eigenvalue 1. Let p be the eigenspace with
the eigenvalue −1, so that

g = p⊕ k. (5.31)

We have

[k, k] ⊂ k, [p, p] ⊂ k, [k, p] ⊂ p. (5.32)

By [K86, Proposition 1.2], we have the diffeomorphism

(Y, k) ∈ p×K → eY k ∈ G. (5.33)

Let B be a real-valued non-degenerate bilinear symmetric form on g which is
invariant under the adjoint action Ad of G on g, and also under θ. Then (5.31) is
an orthogonal splitting of g with respect to B. We assume B to be positive on p,
and negative on k. The form 〈·, , ·〉 = −B(·, θ·) defines an Ad(K)-invariant scalar
product on g such that the splitting (5.31) is still orthogonal. We denote by | · |
the corresponding norm.

The real (resp. complex) rank ofG, denoted by rkR G (resp. rkC G), is defined
by the dimension of the maximal abelian subspace of p (resp. the Cartan subalgebra
of g). The fundamental rank of G is defined by

δ(G) = rkC G− rkC K ∈ N. (5.34)

Clearly, δ(g) ∈ N is also well defined. The following proposition is a consequence
of the classification theory of real simple Lie algebras (see [B11, Remark 7.9.2]).

Theorem 5.7. The only simple Lie algebras11 g with δ(g) = 1 are given by

sl3(R) or so(p, q) with pq > 1 odd. (5.35)

In Table 1, we list some reductive groups G, the maximal compact subgroups
K, the dimensions p, and the fundamental ranks δ(G).

5.4.2. Semisimple elements. If γ ∈ G, we denote by Z(γ) ⊂ G the centralizer of γ
in G, and by z(γ) ⊂ g its Lie algebra. If a ∈ g, let Z(a) ⊂ G be the stabilizer of a
in G, and let z(a) ⊂ g be its Lie algebra.

An element γ ∈ G is said to be semisimple if γ can be conjugate to eak−1

such that

a ∈ p, k ∈ K, Ad(k)a = a. (5.36)

11We have also δ(R) = 1. But the abelian Lie algebra R is not considered as simple Lie algebra.
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Table 1. Examples of reductive Lie group.

G R GL+
n (R) SLn(R) SO0(p, q)

K {0} SO(n) SO(n) SO(p)× SO(q)

dim p 1 n(1+n)
2

n(1+n)
2 − 1 pq

δ(G) 1 n−
[
n
2

]
n− 1−

[
n
2

] [
p+q
2

]
−
[
p
2

]
−
[
q
2

]
Let γ = eak−1 be such that (5.36) holds. By [B11, (3.3.4), (3.3.6)], we have

Z(γ) = Z(a) ∩ Z(k), z(γ) = z(a) ∩ z(k). (5.37)

Set

p(γ) = z(γ) ∩ p, k(γ) = z(γ) ∩ k, K(γ) = Z(γ) ∩K. (5.38)

From (5.37) and (5.38), we get

z(γ) = p(γ)⊕ k(γ). (5.39)

By [K02, Proposition 7.25], Z(γ) is a reductive subgroup (not necessarily
connected) of G with maximal compact subgroup K(γ), and with Cartan decom-
position (5.39).

5.4.3. The symmetric space. Set X = G/K to be the associated symmetric space.
Then

p : G → X = G/K (5.40)

is a K-principle bundle.
Let τ be a finite-dimensional orthogonal representation of K on the real

Euclidean space Eτ . Then Eτ = G×K Eτ is a real Euclidean vector bundle on X .
The space of smooth sections C∞(X, Eτ ) on X can be identified with the subspace
C∞(G,Eτ )

K of K-invariant smooth Eτ -valued functions on G.
By adjoint action, K acts isometrically on p. Using the above construction,

the tangent bundle of X is given by

TX = G×K p. (5.41)

The bilinear form B|p induces a G-invariant Riemannian metric gTX on X . It
is well known that (X, gTX) is a Riemannian manifold of non-positive sectional
curvature. For x, y ∈ X , we denote by dX(x, y) the Riemannian distance on X .

5.4.4. The locally symmetric space. Let Γ ⊂ G be a discrete torsion-free cocom-
pact subgroup of G. Take Z = Γ\X = Γ\G/K. Then Z is a connected closed
orientable Riemannian locally symmetric manifold with non-positive sectional cur-
vature. Since X is contractible, π1(Z) = Γ and X is the universal cover of Z.

By [Sel60, Lemmas 1], Γ contains the identity element and non-elliptic semi-
simple elements. Recall that Γ(γ) is the centralizer of γ in Γ defined before (5.19).
By [Sel60, Lemma 2], Γ(γ) is cocompact in Z(γ).
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The following proposition is [DuKV79, Proposition 5.15], relating the geo-
metric object considered in Section 5.2 and the group theoretic object considered
in this section.

Proposition 5.8. For [γ] ∈ [Γ]− {1}, we have the following identifications,

�[γ] = |a|, X(γ) � Z(γ)/K(γ), B[γ] � Γ(γ)\Z(γ)/K(γ). (5.42)

Let us state the main theorem of [Sh18, Theorem 1.1], which generalizes
[F86a, Theorem 3] in the case where rkR[G] = 1 and [MoSt91, Corollary 2.2] in
the case where δ(G) = 1.

Theorem 5.9. Assume that Z = Γ\G/K and dimZ � 3 is odd. Let F be a unitarily
flat vector bundle on Z. The following statements hold.

(1) The dynamical zeta function Rφ,ρ(σ) is well defined in the sense of Definition
2.7.

(2) There exist explicit constants Cρ ∈ R∗ and rρ ∈ Z (see (5.99)) such that,
when σ → 0,

Rφ,ρ(σ) = CρTF (Z)2σrρ +O
(
σrρ+1

)
. (5.43)

(3) If H ·(Z, F ) = 0, then

Cρ = 1, rρ = 0, (5.44)

so that

Rφ,ρ(0) = TF (Z)2 = Tπ∗(F )(M). (5.45)

We sketch the proof of Theorem 5.9 in Sections 5.5–5.8.

Remark 5.10. If we do not require Γ to be torsion free, then Z = Γ\G/K is an
orbifold. In [ShY17], we show that the above theorem still holds true.

Remark 5.11. Using Hirzebruch proportionality [H66, Theorem 22.3.1] and Bott’s
formula [Bo65, p. 175], we can show that if δ(G) � 2, then for all [γ] ∈ [Γ]− {1},

χ(B[γ]/S
1) = 0. (5.46)

So Rφ,ρ(σ) ≡ 1.

Remark 5.12. We do not need to study the case where Z = Γ\G/K with dimZ � 4
is even. Recall that δ(G) and dimZ have the same parity. If δ(G) � 2, by (1.10)
and Remark 5.11, we have Rφ,ρ(0) = TF (Z) = 1. If δ(G) = 0, there are no acyclic
flat vector bundles on Z. Indeed, as in (5.46), by Hirzebruch proportionality [H66,
Theorem 22.3.1] and Bott’s formula [Bo65, p. 175], we can deduce that

(−1)
1
2 dimZχ(Z) > 0. (5.47)

Using the Gauss–Bonnet–Chern Theorem, by (5.47), we see that

χ(Z, F ) = rk[F ]χ(Z) = 0, (5.48)

which implies H ·(Z, F ) = 0.
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Remark 5.13. By Remark 5.11, if dimZ is odd and δ(G) � 3, to show the Fried
conjecture, it is enough to show TF (Z) = 1, which is known as the Moscovici–
Stanton vanishing theorem (see Section 5.6).

5.5. The Selberg trace formula

In this section, we recall the Selberg trace formula. We introduce the Casimir op-
erator and its heat kernel, orbital integral, and an explicit orbital integral formula
[B11, Theorem 6.1.1] for the heat operator of the Casimir.

5.5.1. Casimir operator. Let U (g) be the enveloping algebra of g. We identify
U (g) with the algebra of left-invariant differential operators on G. Let Cg ∈ U (g)
be the Casimir element of (g, B). If {e1, . . . , edimp} is an orthonormal basis of p,
and if {f1, . . . , fdim k} is an orthonormal basis of k, then

Cg = −
dimp∑
i=1

e2i +

dim k∑
i=1

f2
i . (5.49)

It is well known that Cg is in the center of U (g).
We define Ck in the same way. Let τ be a finite-dimensional representation

of K on Eτ . We denote by Ck,Eτ ∈ End(Eτ ) the corresponding Casimir operator
acting on Eτ , so that

Ck,Eτ =

dim k∑
i=1

τ(fi)
2. (5.50)

Let Cg,X,τ be the Casimir element of G acting on C∞(X, Eτ ). Then Cg,X,τ is
a formally self-adjoint second-order elliptic differential operator which is bounded
from below. If Eτ = Λ·(p∗), then C∞(X, Eτ ) = Ω·(X). In this case, we write
Cg,X = Cg,X,τ . By [B11, Proposition 7.8.1], Cg,X coincides with the Hodge Lapla-
cian acting on Ω·(X).

We denote by p̂ : Γ\G → Z and π : X → Z the natural projections, so that
the diagram

G

p

��

�� Γ\G

p̂

��
X

π �� Z

(5.51)

commutes. Recall that the group Γ acts isometrically on the left on X . This action
lifts to all the homogeneous Euclidean vector bundles Eτ constructed in Subsection
5.4.3. It descends to a Euclidean vector bundle Fτ = Γ\Eτ on Z. Let F be the
unitarily flat vector bundle of rank r on Z. Let ρ : Γ → U(r) be the holonomy of
F . Let Cg,Z,τ,ρ be the Casimir element of G acting on C∞(Z,Fτ ⊗RF ). As before,
when Eτ = Λ·(p∗), we write Cg,Z,ρ = Cg,Z,τ,ρ. Then,

�Z = Cg,Z,ρ. (5.52)
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5.5.2. The heat kernel of Cg,X,τ . We fix a finite-dimensional real orthogonal rep-
resentation (τ, Eτ ) of K.

Let pX,τ
t (x, x′) be the smooth kernel of exp(−tCg,X,τ/2) with respect to the

Riemannian volume dvX on X . The Gaussian estimate on the heat kernel tells us
that for t > 0, there exist c > 0 and C > 0 such that for x, x′ ∈ X ,∣∣∣pX,τ

t (x, x′)
∣∣∣ � C exp

(
−c d2X(x, x′)

)
. (5.53)

Set

pX,τ
t (g) = pX,τ

t (p1, pg). (5.54)

It is a smooth End(Eτ )-valued function on G. For g ∈ G and k, k′ ∈ K, we have

pX,τ
t (kgk′) = τ(k)pX,τ

t (g)τ(k′). (5.55)

We can recover pX,τ
t (x, x′) by

pX,τ
t (x, x′) = pX,τ

t (g−1g′), (5.56)

where g, g′ ∈ G are such that pg = x, pg′ = x′.

In the sequel, we do not distinguish pX,τ
t (x, x′) and pX,τ

t (g). We refer to both
of them as the smooth kernel of exp(−tCg,X,τ/2).

5.5.3. The Selberg trace formula. We will write the trace of exp(−tCg,Z,τ,ρ/2)

with the help of the heat kernel pX,τ
t (g) on X . Let dvK be the Haar measure on

K such that the volume of K is equal to 1. By (5.33), dvK and B|p induce a Haar
measure dvG on G. Let dvZ(γ) be the Haar measure on Z(γ) constructed in the
same way. Let dvZ(γ)\G be the right invariant measure on Z(γ)\G such that

dvG = dvZ(γ)dvZ(γ)\G. (5.57)

It is known (see [B11, (3.4.36)]) that for s $ 1,∫
g∈Z(γ)\G

e−sdX(pγg,pg)dvZ(γ)\G < ∞. (5.58)

Definition 5.14. Let γ ∈ G be semisimple. We define the orbital integral of
exp(−tCg,X,τ/2) by

Tr[γ]
[
exp
(
−tCg,X,τ/2

)]
=

∫
g∈Z(γ)\G

TrEτ

[
pX,τ
t (g−1γg)

]
dvZ(γ)\G. (5.59)

By (5.53) and (5.58), we see that the integration in (5.59) is well defined.

Theorem 5.15. There exist c > 0, C > 0 such that for t > 0, we have∑
[γ]∈[Γ]−{1}

vol
(
B[γ]

) ∣∣∣Tr[γ] [exp (−tCg,X,τ/2
)]∣∣∣ � C exp

(
−c

t
+ Ct

)
. (5.60)
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For t > 0, the following identity holds,

Tr
[
exp
(
−tCg,Z,τ,ρ/2

)]
=
∑

[γ]∈[Γ]

vol
(
B[γ]

)
Tr[ρ(γ)] Tr[γ]

[
exp(−tCg,X,τ/2)

]
.

(5.61)

Proof. The estimate in (5.60) and the convergence of (5.61) are consequences of
the following fact: there exist c > 0, C > 0 such that for t > 0 and x ∈ X , we have∑

γ∈Γ−{1}

∣∣∣pX,τ
t (x, γx)

∣∣∣ � C exp
(
−c

t
+ Ct

)
. (5.62)

The proof of (5.62) can be found in [Sh18, Proposition 4.8] (see also [MaMari15,
Theorem 4]), where we use an estimate similar to the one in (5.25).

Let us prove (5.61). We disregard the convergence problem. Let pZ,τ,ρ
t (z, z′)

be the smooth kernel of exp(−tCg,Z,τ,ρ/2) with respect to the Riemannian volume
on Z. For x ∈ X and g ∈ G such that pg = x, we have

pZ,τ,ρ
t (πx, πx) =

∑
γ∈Γ

ρ(γ)pX,τ
t

(
g−1γg

)
. (5.63)

Recall that FZ ⊂ X is the fundamental domain of Z in X . Then, p−1(FZ) ⊂ G is
a fundamental domain of Γ\G in G. Since vol(K) = 1, by (5.63), we have

Tr
[
exp
(
−tCg,Z,τ,ρ/2

)]
=

∫
g∈p−1(FZ)

∑
γ∈Γ

Tr [ρ(γ)] Tr
[
pX,τ
t

(
g−1γg

)]
dvG. (5.64)

Take γ ∈ Γ. Recall that [γ] ∈ [Γ] is the conjugacy class of γ in Γ. We claim
that∫
g∈p−1(FZ)

∑
γ′∈[γ]

Tr
[
pX,τ
t

(
g−1γg

)]
dvG = vol(Γ(γ)\Z(γ))Tr[γ]

[
exp(−tCg,X,τ/2)

]
.

(5.65)

Indeed, since γ′ → (γ′)−1γγ′ induces an identification of Γ(γ)\Γ � [γ], we have∑
γ′∈[γ]

Tr
[
pX,τ
t

(
g−1γ′g

)]
=

∑
γ′∈Γ(γ)\Γ

Tr
[
pX,τ
t

(
g−1(γ′)−1γγ′g

)]
. (5.66)

By (5.66), and by changing variable, we have∫
g∈p−1(FZ)

∑
γ′∈[γ]

Tr
[
pX,τ
t

(
g−1γ′g

)]
dvG (5.67)

=

∫
⋃

γ′∈Γ(γ)\Γ γ′p−1(FZ)

Tr
[
pX,τ
t

(
g−1γg

)]
dvG =

∫
Γ(γ)\G

Tr
[
pX,τ
t

(
g−1γg

)]
dvΓ(γ)\G,

where in the last equality we use the fact that
⋃

γ′∈Γ(γ)\Γ γ
′p−1(FZ) is a funda-

mental domain of Γ(γ)\G in G. Using the fibration Γ(γ)\G → Z(γ)\G, and using

the fact that the integrand Tr
[
pX,τ
t

(
g−1γg

)]
is constant on the fibre, by (5.59)

and (5.67), we get (5.65).
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By Proposition 5.8, (5.64), and (5.65), using vol(K(γ)) = 1, we get (5.61). �
5.5.4. Bismut orbital integral formula. Let us recall an explicit orbital integral

formula for Tr[γ]
[
exp(−tCg,X,τ/2)

]
obtained by Bismut [B11, Theorem 6.1.1].

Let γ = eak−1 ∈ G be semisimple as in (5.36). Set

p0 = ker(ad(a)) ∩ p, k0 = ker(ad(a)) ∩ k, z0 = ker(ad(a)) ∩ z. (5.68)

Let p⊥0 ⊂ p, k⊥0 ⊂ k, z⊥0 ⊂ z be the orthogonal spaces of p0, k0, z0 with respect to B.
Let p⊥0 (γ) ⊂ p0, k

⊥
0 (γ) ⊂ k0, z

⊥
0 (γ) ⊂ z0 be the orthogonal spaces of p(γ), k(γ), z(γ)

with respect to B. Then

z⊥0 = p⊥0 ⊕ k⊥0 , z⊥0 (γ) = p⊥0 (γ)⊕ k⊥0 (γ). (5.69)

In particular, we have the orthogonal decompositions with respect to B,

p = p(γ)⊕ p⊥0 (γ)︸ ︷︷ ︸
p0

⊕p⊥0 , k = k(γ)⊕ k⊥0 (γ)︸ ︷︷ ︸
k0

⊕k⊥0 , g = z(γ)⊕ z⊥0 (γ)︸ ︷︷ ︸
z0

⊕z⊥0 . (5.70)

Let us introduce the J-function [B11, Section 5.5] of Bismut. In [B11, Section
5.5], it has been shown that the analytic function defined for Y ∈ k(γ) by

1

det
(
1−Ad(k−1)

)
|z⊥0 (γ)

det
(
1− exp(−i ad(Y ))Ad(k−1)

)
|k⊥0 (γ)

det
(
1− exp(−i ad(Y ))Ad(k−1)

)
|p⊥

0 (γ)

(5.71)

has a natural square root, which is still analytic in Y ∈ k(γ). For a Hermitian
matrix H , define

Â(H) = det1/2
(

H/2

sinh(H/2)

)
. (5.72)

The square root in (5.72) is the positive square root of a positive real number.

Definition 5.16. Let Jγ be the analytic function on k(γ) defined for Y ∈ k(γ) by

Jγ(Y ) =
1∣∣∣det (1−Ad(γ)

)
|z⊥0
∣∣∣1/2

Â
(
i ad(Y )|p(γ)

)
Â
(
i ad(Y )|k(γ)

)
[

1

det
(
1−Ad(k−1)

)
|z⊥0 (γ)

det
(
1− exp(−i ad(Y ))Ad(k−1)

)
|k⊥0 (γ)

det
(
1− exp(−i ad(Y ))Ad(k−1)

)
|p⊥

0 (γ)

]1/2
. (5.73)

Remark 5.17. There is Cγ > 0 such that for all Y ∈ k(γ), we have

|Jγ(Y )| � Cγe
Cγ |Y |. (5.74)

Recall that Ck,p and Ck,k are defined as in (5.50) associated with the adjoint
actions of K on p and k. Write

cg = −1

8
Trp[Ck,p]− 1

24
Trk
[
Ck,k
]
∈ R+. (5.75)

For Y ∈ k(γ), let dY be the Lebesgue measure on k(γ) induced by −B. The main
result of [B11, Theorem 6.1.1] is the following.
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Theorem 5.18. For t > 0, we have

Tr[γ]
[
exp
(
−tCg,X,τ/2

)]
=

1

(2πt)dim z(γ)/2
exp

(
−|a|2

2t
− cg

2
t

)
∫
Y ∈k(γ)

Jγ(Y )TrEτ
[
τ
(
k−1
)
exp(−iτ(Y ))

]
exp
(
−|Y |2/2t

)
dY. (5.76)

5.6. Moscovici–Stanton’s vanishing theorem

In this section, we show Theorem 5.9 in the case of δ(G) = 1. By Remark 5.13, it
is enough to show TF (Z) = 1.

Let t ⊂ k be a Cartan subalgebra of k. Set

b = {Y ∈ p : [Y, t] = 0}. (5.77)

Then h = b⊕ t is a fundamental Cartan subalgebra of g.

Let γ = eak−1 ∈ G be a semisimple element such that (5.36) holds. Let
t(γ) ⊂ k(γ) be a Cartan subalgebra of k(γ). Set

b(γ) = {Y ∈ p : [Y, t(γ)] = 0,Ad(k)Y = Y }. (5.78)

By (5.77) and (5.78), we have

dim b(γ) � dim b = δ(G). (5.79)

The following theorem is [B11, Theorem 7.9.1] (see also [Sh18, Theorem
4.12]).

Theorem 5.19. Let γ ∈ G be semisimple such that dim b(γ) � 2. For Y ∈ k(γ), we
have

TrΛ
·(p∗)

s

[
NΛ·(p∗) Ad(k−1) exp(−i ad(Y ))

]
= 0. (5.80)

In particular, for t > 0, we have

Tr[γ]s

[
NΛ·(T∗X) exp

(
−tCg,X/2

)]
= 0. (5.81)

Proof. Since the term on the left-hand side of (5.80) is Ad
(
K(γ)

)
-invariant, it is

enough to show (5.80) for Y ∈ t(γ). If Y ∈ t(γ), we have

TrΛ
·(p∗)

s

[
NΛ·(p∗) Ad(k−1) exp(−i ad(Y ))

]
=

∂

∂b

∣∣∣
b=0

det
(
1− eb Ad(k) exp(i ad(Y ))

)
|p.

(5.82)

Since dim b(γ) � 2, by (5.82), we get (5.80) for Y ∈ t(γ). By (5.76) and (5.80), we
get (5.81). �

In this way, Bismut [B11, Theorem 7.9.3] recovered [MoSt91, Corollary 2.2].
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Corollary 5.20. Let F be a unitarily flat vector bundle on Z. Assume that dimZ
is odd and δ(G) = 1. Then for any t > 0, we have

Trs

[
NΛ·(T∗Z) exp

(
−t�Z/2

)]
= 0. (5.83)

In particular,

TF (Z) = 1. (5.84)

Proof. Since dimZ and δ(G) have the same parity, and since dimZ is odd and
δ(G) = 1, we get δ(G) � 3. By (5.79), dim b(γ) � 3. Thus, (5.83) is a consequence
of (5.52), (5.61), and (5.81). �

5.7. The case G = SO0(p, 1) with p odd

In this section, we assume G = SO0(p, 1) with p odd. Then G is a semisimple Lie
group of R-rank 1, and X = G/K is hyperbolic space of dimension p. The result
of this section is due to Fried [F86a].

It is easy to show that up to a sign there exists α ∈ b∗ such that for a ∈ b,
ad(a) acting on g has three eigenvalues 0,±〈α, a〉. We have an orthogonal splitting
with respect to B,

g = b⊕m⊕ n⊕ n, (5.85)

where b⊕m (resp. n, resp. n) is the eigenspace of ad(a) for the eigenvalue 0 (resp.
〈α, a〉, resp. −〈α, a〉). Let M ⊂ G be the connected subgroup of G associated to
m. Then M is compact and isomorphic to SO(p− 1). Moreover, the action of M
on n is just the SO(p− 1)-action on Rp−1.

One feature of the group SO0(p, 1) with p odd is that any non-elliptic semisim-
ple element of γ can be conjugate to eak−1 such that a ∈ b, a = 0 and k ∈ M.
Moreover, the subspaces z0 and z⊥0 introduced in (5.68) and (5.69) do not depend
on the choice of non-elliptic semisimple element of γ, and is given by

z0 = b⊕m, z⊥0 = n⊕ n. (5.86)

Definition 5.21. For σ ∈ C, we define a formal Selberg zeta function associated to
a representation η of M and to a representation ρ of Γ by

Zη,ρ(σ) = exp

(
−

∑
[γ]∈[Γ]−{1}
γ∼eak−1

Tr[ρ(γ)]
TrEη

[
η(k−1)

]∣∣∣det (1−Ad(γ)
)
|z⊥0
∣∣∣1/2

e−σ�[γ]

m[γ]

)
. (5.87)

The formal Selberg zeta function is said to be well defined if the same conditions
as in Definition 2.7 hold.

For γ = eak−1 such that a ∈ b, a = 0 and k ∈ M, we have∣∣∣det(1−Ad(γ)
)
|z⊥0
∣∣∣1/2 =

dimn∑
j=0

(−1)j TrΛ
j(n∗) [Ad (k−1

)]
e(

1
2 dimn−j)|α||a|. (5.88)
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If we consider the Selberg zeta function associated to ηj = Λj(n∗), using (5.88)
and �[γ] = |a|, we have

Rφ,ρ(σ) =

dim n∏
j=0

Zηj ,ρ

(
σ +

(
j − dim n

2

)
|α|
)(−1)j−1

. (5.89)

To show the meromorphic extension of Rφ,ρ, it is enough to consider the mero-
morphic extension of Zηj ,ρ.

There are two remarkable properties of ηj . First, since ηj is just the represen-
tation of SO(p− 1) on Λj(Rp−1), the Casimir of m acts on ηj is a scalar. Second,
ηj has a lift as a virtual representation of K. More precisely, let RO(K),RO(M)
be the real representation rings of K and M. The restriction induces a morphism
of rings

ι : RO(K) → RO(M). (5.90)

Since K andM have the same complex rank, ι is an injection. The second property
is that ηj has a lift η̂j = η̂+j − η̂−j ∈ RO(K), where

η̂+j = Λj(p∗) + Λj−2(p∗) + · · · , η̂−j = Λj−1(p∗) + Λj−3(p∗) + · · · . (5.91)

For a virtual representation η̂ = η̂+ − η̂− ∈ RO(K), where η̂+, η̂− are two
representations of K, we use the notation

dets

(
σ + Cg,Z,η̂,ρ

)
=

det
(
σ + Cg,Z,η̂+,ρ

)
det
(
σ + Cg,Z,η̂−,ρ

) . (5.92)

Recall that cg ∈ R+ is defined in (5.75). We define cm ∈ R+ in the same way.

Proposition 5.22. Assume that η has a lift η̂ ∈ RO(K) and that the Casimir of m
on Eη is a scalar Cm,η ∈ R−. Then Zη,ρ(σ) is well defined such that

Zη,ρ(σ) = ePη(σ)dets

(
σ2 − cg + cm − Cm,η + Cg,Z,η̂,ρ

)
. (5.93)

where Pη(σ) is an odd polynomial of σ.

Proof. By a general theorem of elliptic operators [Vo87], we know that the right-
hand side of (5.93) has a meromorphic extension to C. So it is enough to show
(5.93) for σ ∈ R and σ $ 1. In this case, using the Mellin transform, we have

dets

(
σ2−cg+cm−Cm,η+Cg,Z,η̂,ρ

)
(5.94)

=exp

(
− ∂

∂s

∣∣∣
s=0

1

Γ(s)

∫ ∞

0

Trs

[
exp
(
−t
(
σ2−cg+cm−Cm,η+Cg,Z,η̂,ρ

))]
ts−1dt

)
.

We use the Selberg trace formula to evaluate the second line of (5.94). For
the group of R-rank 1, Bismut’s orbital integral formula has a very simple form
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[B11, Theorem 8.2.1]. For γ = eak−1 with a ∈ b, a = 0, and k ∈ M, we have

Tr[γ]
[
exp
(
−tCg,X,η̂/2

)]
(5.95)

=
1∣∣∣det (1−Ad(γ)) |z⊥0

∣∣∣1/2
1√
2πt

exp

(
−|a|2

2t
+

−cg + cm − Cm,η

2
t

)
Tr
[
η(k−1)

]
,

and if γ = 1, we have

Tr[γ]
[
exp
(
−tCg,X,η̂/2

)]
=

1√
t
Qη

(
1

t

)
exp

(
−cg + cm − Cm,η

2
t

)
. (5.96)

where Qη is some explicit polynomial. Using Theorem 5.15, (5.94)–(5.96), we de-
duce (5.93) for σ ∈ R and σ $ 1. �

Let us give an explicit formula for the constant appearing in Theorem 5.9.
For 0 � j � dim n, set

rj = dimkerCg,Z,η̂+
j ,ρ − dimkerCg,Z,η̂−

j ,ρ. (5.97)

By (5.52) and (5.91), we have

rj = bj(Z, F )− bj−1(Z, F ) + bj−2(Z, F )− · · · , (5.98)

where bj(Z, F ) = dimHj(Z, F ) is the Betti number. Clearly, rj = rdim n−j .

Definition 5.23. Set

Cρ =

dim n
2 −1∏
j=0

(
−4

(
dim n

2
− j

)2

|α|2
)(−1)j−1rj

, rρ = 2

dim n
2∑

j=0

(−1)j−1rj . (5.99)

Let us complete the proof of Theorem 5.9 in the case G = SO0(p, 1) with p
odd.

Proof of (5.43) and (5.44). Simple calculation shows that

cg − cm + Cm,ηj =
∣∣∣j − dim n

2

∣∣∣2|α|2. (5.100)

By (5.89), (5.93), and (5.100), using the fact that Pη is odd, we see that as σ → 0,

Rφ,ρ(σ) =
(
1 +O(σ)

) dimn∏
j=0

dets

(
σ2 + 2σ

(
j − dim n

2

)
|α|+ Cg,Z,η̂j ,ρ

)(−1)j−1

.

(5.101)

On the other hand, by (1.8), (5.52), and (5.91), we have

dim n∏
j=0

dets

(
σ + Cg,Z,η̂j ,ρ

)(−1)j−1

=
dimZ∏
q=1

det
(
σ +�Z

q

)(−1)qq
(5.102)

=
(
1 +O(σ)

)
σ
∑dim Z

q=1 (−1)qqbq(Z,F )TF (Z)2.

Comparing (5.101) and (5.102), by (5.98), we get (5.43).
By (5.98), if H ·(Z, F ) = 0, then (5.44) follows. �
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5.8. The reductive group G with δ(G) = 1

In this section, we assume that G is a real reductive group with δ(G) = 1. From
Table 1, we see three examples R, SL3(R), and SO0(p, q) with pq > 1 odd. The
result in this section is from [Sh18].

5.8.1. Meromorphic extension. We generalize the construction in Section 5.7 to
the case in this section. By [Sh18, Proposition 6.2], we can define m, n, n is the
same way. So the splitting (5.85) still holds true, and dim n is still even. However,
the group M is not necessarily compact. It is a reductive group with maximal
compact subgroup K ∩M and with Cartan decomposition

m = pm ⊕ km. (5.103)

One of difference with theR-rank 1 case is that a general non-elliptic semisim-
ple element can not always be conjugate to eak−1 with a ∈ b, a = 0, and
k ∈ M∩K. In [Sh18, Proposition 4.1], we observe that this happens if and only if

dim b(γ) = 1. (5.104)

For such an element γ, we still have (5.86). Moreover, if dim b(γ) � 2, as in Remark
5.13, we have

χorb(B[γ]/S
1) = 0. (5.105)

This gives the motivation to introduce the following Selberg zeta function.

Definition 5.24. For σ ∈ C, we define a formal Selberg zeta function associated to
a representation η of M and to a representation ρ of Γ by

Zη,ρ(σ) = exp

(
−

∑
[γ]∈[Γ]−{1}
γ∼eak−1

Tr[ρ(γ)]
TrEη

[
η(k−1)

]∣∣det (1−Ad(γ)
)
|z⊥0
∣∣1/2 χorb(B[γ]/S

1)

m[γ]
e−σ�[γ]

)
.

(5.106)

Thanks to (5.105), the semisimple element γ satisfying dim b(γ) � 2 does
not have a contribution to the Selberg zeta function. Take ηj = Λj(n∗) as before.
Equation (5.89) still holds true. So we can reduce our problem to showing the
meromorphic extension of Zηj ,ρ.

Note that in this case, the Casimir operator of m still acts as a constant on ηj .
For technical reasons, we note also that the compact dual of M acts on ηj ⊗R C.
Also, the lifting property still holds but in a more complicated form. Consider the
diagram

RO(M)

ιM
��

RO(K)
ιK �� RO(K ∩M),

(5.107)

where the maps are induced by restriction. In [Sh18, Theorem 6.11], we show that
ιM(ηj), Λ

j(p∗m) ∈ RO(K ∩M) have unique lifts in RO(K).
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Proposition 5.25. Suppose that (η, Eη) is a finite-dimensional real representation
of M such that

• the Casimir of m acting on Eη is a scalar Cm,η ∈ R−;
• the compact dual of M acts on Eη ⊗R C;
• the restriction ιM(η) to K ∩M has a lift in RO(K).

Then Zη,ρ(σ) is well defined such that

Zη,ρ(σ) = ePη(σ)dets

(
σ2 − cg + cm − Cm,η + Cg,Z,η̂,ρ

)
, (5.108)

where Pη(σ) is an odd polynomial of σ, and η̂ ∈ RO(K) is a virtual representation
of K such that

ιK (η̂) = Λ·(p∗m)⊗ ιM (η) ∈ RO(K ∩M). (5.109)

Proof. The proof of our proposition is similar to the one of Proposition 5.22, except
that the evaluation of the orbital integral is more complicated. Note that when
dim b(γ) � 2, we have

Tr[γ]
[
exp
(
−tCg,X,η̂/2

)]
= 0. (5.110)

This is a refinement of Theorem 5.19. �

Now a method similar to the one given in Section 5.7 shows (5.43) with the
constants Cρ and rρ defined by the same formula as in (5.99).

5.8.2. Regularity at σ = 0. The proof of (5.44) is much more difficult since we
do not have a relation between rj and bj(Z, F ) as in (5.98). We rely on some deep
results from the representation theory. Here we only sketch the main steps.

Let Ĝu be the unitary dual of G. For a unitary representation Vπ ∈ Ĝu,
denote by Vπ,K the associated Harish-Chandra (g,K)-module, which is formed by
K-finite elements. The center of the complexified enveloping algebra U (gC) acts
on Vπ,K as scalars, which is called the infinitesimal character and is denoted by
χπ. Clearly, for a ∈ C, we have

χπ(a) = a. (5.111)

We call χπ is trivial if χπ coincides with the infinitesimal character of the trivial
representation of G.

Recall that p̂ : Γ\G → Z is the natural projection. The group G acts unitarily
on the right on L2(Γ\G, p̂∗F ). By [GeGraPS69, p.23, Theorem], L2(Γ\G, p̂∗F )
decomposes into a discrete Hilbert direct sum with finite multiplicity of unitary
representations of G. We can write

L2 (Γ\G, p̂∗F ) =

Hil⊕
π∈Ĝu

nρ(π)Vπ , (5.112)

with nρ(π) < ∞.
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Recall that τ is a real finite-dimensional orthogonal representation of K on
the real Euclidean space Eτ , and that Cg,Z,τ,ρ is the Casimir element of G acting
on C∞(Z,Fτ ⊗C F ). By (5.112), we have

kerCg,Z,τ,ρ =
⊕

π∈Ĝu,χπ(Cg)=0

nρ(π)
(
Vπ,K ⊗R Eτ

)K
, (5.113)

By properties of elliptic operators, the sum on right-hand side of (5.113) is finite.
We will apply (5.113) in the case τ = Λj(p∗) and also τ = η̂j .

The case τ = Λj(p∗). By (5.52), (5.113), and by the Hodge theory (1.5), we
have

H ·(Z, F ) =
⊕

π∈Ĝu,χπ(Cg)=0

nρ(π)
(
Vπ,K ⊗R Λ·(p∗)

)K
. (5.114)

The Hodge theory for Lie algebras [BorW00, Proposition II.3.1] tells us that the
right-hand side of (5.114) has a cohomological interpretation,

H ·(Z, F ) =
⊕

π∈Ĝu,χπ(Cg)=0

nρ(π)H
·(g,K;Vπ,K), (5.115)

where H ·(g,K;Vπ,K) is the (g,K)-cohomology of the Harish-Chandra (g,K)-
module Vπ,K . By the following property of (g,K)-cohomology [VZu84, V84, SR99]

(see also [Sh18, Theorem 8.9]), for π ∈ Ĝu,

χπ is trivial ⇐⇒ H ·(g,K;Vπ,K) = 0, (5.116)

we see that the sum in (5.115) can be reduced to π ∈ Ĝu with trivial infinitesimal
character,

H ·(Z, F ) =
⊕

π∈Ĝu,χπ trivial

nρ(π)H
·(g,K;Vπ,K), (5.117)

and each summand does not vanish except for nρ(π) = 0.

The case τ = η̂j . By (5.113), we have

rj =
∑

π∈Ĝu,χπ(Cg)=0

nρ(π)
(
dim

(
Vπ,K ⊗R η̂+j

)K − dim
(
Vπ,K ⊗R η̂−j

)K)
. (5.118)

As (5.115), in [Sh18, Theorem 8.14, Corollary 8.15], we give a cohomology inter-
pretation of the right-hand side of (5.118),

rj =
1

χ(K/K ∩M)

∑
π∈Ĝu,χπ(Cg)=0

nρ(π)

×
dim pm∑
i=0

dim n∑
j=0

(−1)i+j dimHi
(
m,K ∩M;Hj(n, Vπ,K)⊗R Eη

)
, (5.119)
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where Hj(n, Vπ,K) is the n-homology of Vπ,K and is a (m,K ∩M)-module. More-
over, as (5.117), [Sh18, Proposition 8.17, Corollary 8.18] implies that the first sum

in (5.119) can be reduced to π ∈ Ĝu with trivial infinitesimal character, i.e.,

rj =
1

χ(K/K ∩M)

∑
π∈Ĝu,χπ trivial

nρ(π)

×
dim pm∑
i=0

dimn∑
j=0

(−1)i+j dimHi
(
m,K ∩M;Hj(n, Vπ,K)⊗R Eη

)
.

(5.120)

Equations (5.117) and (5.120) can be considered as an analogue of (5.98).
Now we prove (5.44).

The proof of (5.44). If H ·(Z, F ) = 0, by (5.117), we see that if χπ is trivial, then
nρ(π) = 0. By (5.120), we see that rj = 0 for all j. By (5.99), we complete the
proof of (5.44). �

6. Anosov flow

The purpose of this section is to study the Fried conjecture for the Anosov flow.
This section is organized as follows. In Section 6.1, we introduce the Anosov flow.

In Section 6.2, we explain the meromorphic extension of the Ruelle dynamical
zeta function [GiLiPo13, DyZ16].

In Section 6.3, we explain a proof that under certain resonance conditions
the value at zero of the Ruelle dynamical zeta function does not depend on a small
perturbation of the Anosov flow.

In Section 6.4, we study the Anosov flow on 3-manifolds.

6.1. Closed orbits of the Anosov flow

Let M be a closed manifold with a smooth vector field V ∈ C∞(M,TM). Let
(φt)t∈R be the flow on M generated by V .

Definition 6.1. A flow φ· is called Anosov if there is a φt-invariant continuous
splitting12

TM = RV ⊕ Eu ⊕ Es (6.1)

of C0-vector bundles on M and there exist C > 0, θ > 0 and a Riemannian metric
on M such that for v ∈ Eu

x , v
′ ∈ Es

x, and t > 0, we have

|φ−t,∗v| � Ce−θ|t| |v| , |φt,∗v
′| � Ce−θ|t| |v′| . (6.2)

12This requires that RV is a line bundle on M . It implies V (x) �= 0 for all x ∈ M , and so the
Euler characteristic number χ(M) vanishes.
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In this section, we assume φ· is Anosov. It is well known that the set of closed
orbits ℘(φ·) defined in (2.12) is discrete (see [Mar04] or [DyZ16, Appendix A]), so
that Assumption 2.4 holds. More precisely, for γ ∈ ℘(φ·), let �γ ∈ R∗

+,mγ ∈ N∗

be the period and the multiplicity of γ. Then (2.14) becomes

℘(φ·) =
∐

γ∈℘(φ·)

S1 × {�γ}. (6.3)

Moreover, by [Mar04, Theorem 1.1, p.78] or [DyZ16, Lemma 2.2] there is C > 0
such that for r � 0, we have

|{γ ∈ ℘(φ·) : �γ � r}| � CeCr. (6.4)

Thanks to (6.4), the Ruelle dynamical zeta function is well defined for σ ∈ C
with Re (σ) $ 1. Recall that for a prime closed orbit γ, Δ(γ) ∈ {±1} is defined in
(4.9). Proceeding as in the proof of Proposition 4.5, for σ ∈ C with Re (σ) $ 1,
we have

Rφ,ρ(σ) =

⎛⎝ ∏
γ:prime

det
(
1−Δ(γ)ρ(γ)e−σ�γ

)⎞⎠(−1)rk[E
u]+1

, (6.5)

where rk [Eu] denotes the rank of the C0-vector bundle Eu. We note the similarity
between (0.2) and (6.5).

Example 6.2. If (Z, gTZ) is a negatively curved manifold, then the geodesic flow
on the unit tangent bundle M = SZ is Anosov [A67]. By (6.5), for σ ∈ C with
Re (σ) $ 1,

Rφ,ρ(σ) =

⎛⎝ ∏
γ:prime

det
(
1−Δ(γ)ρ(γ)e−σ�γ

)⎞⎠(−1)dimZ

. (6.6)

In addition, if Z is orientable, for all prime closed orbits γ, we have Δ(γ) = 1 (see
[GiLiPo13, Lemma B.1]).

6.2. The meromorphic extension

The proofs of the meromorphic extension of the Ruelle dynamical zeta function
for the Anosov flow given in [GiLiPo13] and [DyZ16]13 are based on a spectral
interpretation of Rφ,ρ.

Let us begin with establishing a relation between Rφ,ρ and the Lie derivation
LV along V acting on Ω·(M,F ). For t > 0, write

etLV : u ∈ Ω·(M,F ) → φ∗
tu ∈ Ω·(M,F ). (6.7)

13Unfortunately, there is a sign conflict between the convention used in these two papers and
Fried’s paper [F87]. In [GiLiPo13, (2.2)] and [DyZ16, (1.1),(B.1)], the sign in the Fuller index
(2.18) is defined using Dφ−�γ . As we adopt Fried’s convention, the statements in this section are

slightly different with [GiLiPo13, DyZ16].
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The Schwartz kernel etLV (x, y) of etLV is a current on R∗
+ ×M ×M with coeffi-

cients in

C� (Λ·(T ∗M)⊗R F )�
(
(Λ·(T ∗M)⊗R F )

∗ ⊗R | det(T ∗M)|
)
, (6.8)

where | det(T ∗M)| = ΛdimM (T ∗M) ⊗ o(TM) is the density bundle on M . By
(6.1), its wave front set is disjoint from the conormal bundle of the submanifold
{(t, x, x) ∈ R∗

+ × M × M} ⊂ R∗
+ × M × M . So, the restriction on the diagonal

etLV (x, x) is a well-defined current on R∗
+ ×M with coefficients in

C�
(
End

(
F ⊗R Λ·(T ∗M)

)
⊗R | det(T ∗M)|

)
. (6.9)

Definition 6.3. The flat trace of etLV is a distribution on R∗
+ defined by

Tr�
[
etLV

]
=

∫
M

Tr
[
etLV (x, x)

]
. (6.10)

Note that the flat trace is not a classical trace in the sense of the trace
of a trace class operator. However, we can still show that the flat trace of the
commutator of etLV with a differential operator vanishes.

Let us give an explicit formula for Tr�
[
etLV

]
, which is known as the Atiyah–

Bott–Guillemin trace formula [Gui77]. Let γ ∈ ℘(φ·) be a closed orbit. For x ∈ γ,
we have a morphism

Dφ�γ (x) : TxM → TxM. (6.11)

Up to conjugation it does not depend on the choice of x ∈ γ, and is denoted by
Dφ�γ |TγM . It acts naturally on any tensor of TγM . Acting on TγM/RV , it is just
the linearized Poincaré return map.

For 0 � q � dimM , denote by LV,q the restriction of LV on Ωq(M,F ). Let

NΛ·(T∗M) be the number operator on Λ·(T ∗M), which sends s ∈ Ωq(M,F ) to
qs ∈ Ωq(M,F ).

Proposition 6.4. For 0 � q � dimM , the following identity holds,

Tr�
[
etLV,q

]
=

∑
γ∈℘(φ·)

TrΛ
q(T∗

γ M)
[(
Dφ�γ

)tr |Λq(T∗
γ M)

]
| det(1−Dφ�γ )|TγM/RV |

Tr [ρ(γ)]
�γ
mγ

δ�γ (t). (6.12)

In particular, we have

Tr�s

[
NΛ·(T∗M)etLV

]
= −

∑
γ∈℘(φ·)

sgn
(
det(1 −Dφ�γ )|TγM/RV

)
Tr [ρ(γ)]

�γ
mγ

δ�γ (t).

(6.13)

Proof. The Schwartz kernel of etLV,q is given by

etLV,q (x, y) =
{
τ t0 ⊗ (Dφt)

tr|
Λq

(
T∗
φt(x)

M
)} · δφt(x)(y), (6.14)
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where τ t0 ∈ Hom(Fφt(x), Fx) is the parallel transport with respect to ∇F along the
curve (φs(x))0�s�t from t to 0. So the restriction of the distribution to the diagonal

etLV (x, x) is supported on the periodic set ℘(φ) ⊂ R∗
+ ×M and is given by14

Tr
[
etLV,q(x, x)

]
=

∑
γ∈℘(φ·)

Tr [ρ(γ)]
TrΛ

q(T∗
γ M)

[(
Dφ�γ

)tr |Λq(T∗
γ M)

]
| det(1 −Dφ�γ )|TγM/RV |

δ�γ (t)⊗ δγ�(x),

(6.15)

where δγ�(x) is the current of integration on the prime closed orbit γ� associated
to γ defined by

s ∈ C∞
c (M) →

∫ �γ/mγ

0

s
(
φt(x)

)
dt, (6.16)

where x is any point on γ. By (6.15), we get (6.12). �

By (2.21), (6.4), and (6.13), for Re (σ) $ 1, we have

logRφ,ρ(σ) = −
∫ ∞

0

Tr�s

[
NΛ·(T∗M) exp

(
− t (σ − LV )

)] dt
t
. (6.17)

So formally, Rφ,ρ(σ) is a certain flat regularized determinant

dimM∏
q=1

det� (σ − LV,q)
(−1)qq

. (6.18)

Note the similarity between (1.8) and (6.18).
For Re (σ) $ 1, we write

∂

∂σ
logRφ,ρ(σ) =

∫ ∞

0

Tr�s

[
NΛ·(T∗M) exp

(
− t (σ − LV )

)]
dt

=

∫ ∞

δ

Tr�s

[
NΛ·(T∗M) exp

(
− t (σ − LV )

)]
dt,

(6.19)

where δ > 0 is some positive number smaller than the minimum of the length
spectrum. In the second identity of (6.19), we use the fact that the support of the

distribution Tr�s
[
NΛ·(T∗M) exp (−t (σ − LV ))

]
is away from 0.

To show the meromorphic extension of Rφ,ρ, it is enough to show that
∂
∂σ logRφ,ρ has a meromorphic extension to C with simple poles and integer
residues. By (6.19), we write formally

∂

∂σ
logRφ,ρ(σ) = Tr�s

[
NΛ·(T∗M)e−δ(σ−LV ) (σ − LV )

−1
]
. (6.20)

An important step is to give a proper sense of the operators on the right-hand
side of (6.20) and to show its flat trace exists and has a meromorphic extension.
We refer the reader to [DyZ16] for more details. Here we just state a weak version

14This can be obtained by proceeding as in the proof of Lefschetz fixed point formula. We refer
the reader to [DyZ16, Appendix B] for more details.
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of [DyZ16, Propositions 3.1–3.3], and explain the reason for which we need to
introduce the small δ > 0.

Let

T ∗M = (RV )∗ ⊕ E∗
u ⊕ E∗

s (6.21)

be the dual of the splitting (6.1). Let Δ ⊂ T ∗(M ×M) be the diagonal of T ∗(M ×
M). Set

Ω− =

{(
φt(x),

(
(Dφt)

tr
x

)−1

· ξ, x, ξ
)

∈ T ∗(M ×M) : 〈V (x), ξ〉 = 0, t � 0

}
,

(6.22)

where ·tr denotes the transpose of a matrix. Denote by WF′ the wave front set of
an operator (see [DyZ16, Appendix C.2]).

Theorem 6.5. The operator

(σ − LV )
−1

: Ω·(M,F ) → D′(M,Λ·(T ∗M)⊗R F ) (6.23)

defines a meromorphic family on C. If it is holomorphic at σ0, then

WF′ (σ0 − LV )
−1 ⊂ Δ ∪ Ω− ∪ (E∗

s × E∗
u). (6.24)

From (6.24), we see that (σ0−LV )
−1 does not necessarily have a well-defined

flat trace. But e−δ(σ−LV ) (σ − LV )
−1

does.

6.3. The Rφ,ρ(0) as a topological invariant

The poles of the meromorphic family in (6.23) are called Ruelle–Pollicott res-
onances. The set of Ruelle–Pollicott resonances is denoted by Resρ(V ). If 0 /∈
Resρ(V ), then Rφ,ρ(σ) is regular at σ = 0.15

Set

Vρ(M) = {V ∈ C∞(M,TM) : V is Anosov such that 0 /∈ ResρV }. (6.25)

Thanks to the stability of the Anosov flow [A67] and of its resonance [ButLi07,
ButLi13], Vρ(M) forms an open subset in C∞(M,TM). The following theorem
[DaGuRiSh20] tells us the value at zero of the Ruelle dynamical zeta function
does not depend on a small perturbation of the flow.

For V ∈ Vρ(M), denote by φV
· the corresponding flow.

Theorem 6.6. For any flat vector bundle F , the map

V ∈ Vρ(M) → RφV,ρ(0) ∈ C∗ (6.26)

is locally constant.

15Due to the cancellation from the supertrace, the converse is not correct.
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Proof. Let (Vb)b∈R be a smooth family of vector fields in Vρ(M). Let Rb,ρ be the
corresponding family of the Ruelle dynamical zeta functions. Take a smooth family
αb ∈ Ω1(M) such that αb(Vb) = 1. Write V̇b =

∂
∂bVb.

We claim that for σ ∈ C with Re (σ) $ 1, we have

∂

∂b
logRb,ρ(σ) = −σ

∫ ∞

δ

Tr�s
[
αbiV̇b

exp
(
− t (σ − LVb

)
)]

dt. (6.27)

In [DaGuRiSh20], the proof of (6.27) is obtained by variation of the periods of
closed orbits. Here, we give a proof via supersymmetry (cf. [RS71, Theorem 2.1]).
We argue formally. The argument can be made rigorous easily. By (6.17), for
Re (σ) $ 1, we have

∂

∂b
logRb,ρ(σ) = −

∫ ∞

δ

Tr�s

[
NΛ·(T∗M)LV̇b

exp
(
− t (σ − LVb

)
)]

dt. (6.28)

Using the Cartan identity16 LV̇b
=
[
d, iV̇b

]
, the fact that d commutes with LVb

,
and fact that the supertrace vanishes on the supercommutator, we have identities
of distributions on R∗

+,

Tr�s

[
NΛ·(T∗M)LV̇b

exp (tLVb
)
]
= Tr�s

[
NΛ·(T∗M)

[
d, iV̇b

]
exp (tLVb

)
]

= Tr�s

[[
NΛ·(T∗M), d

]
iV̇b

exp (tLVb
)
]

= Tr�s
[
diV̇b

exp (tLVb
)
]
.

(6.29)

Since αb(Vb) = 1, we have iV̇b
=
[
iVb

, αbiV̇b

]
. By (6.29), and proceeding as before

we have

Tr�s

[
NΛ·(T∗M)LV̇b

exp (tLVb
)
]
= Tr�s

[
d
[
iVb

, αbiV̇b

]
exp (tLVb

)
]

= Tr�s
[
[d, iVb

]αbiV̇b
exp (tLVb

)
]

= Tr�s
[
LVb

αbiV̇b
exp (tLVb

)
]

=
∂

∂t
Tr�s
[
αbiV̇b

exp (tLVb
)
]
.

(6.30)

By (6.28) and (6.30), we get (6.27).
By (6.27), using the method as in [DyZ16], we can show that for σ ∈ C,

Re (σ) $ 1,

∂

∂b
logRb,ρ(σ) =− σTr�s

[
αbiV̇b

e−δ(σ−LVb
) (σ − LVb

)−1
]
. (6.31)

Note that thanks to (6.24), the above flat trace is well defined. Moreover, the

function σ → Tr�s

[
αbiV̇b

e−δ(σ−LVb
) (σ − LVb

)
−1
]
has a meromorphic extension to

C, and is regular at σ = 0 since Vb ∈ Vρ(M).

16Here [a, b] = ab − (−1)deg a deg bba denotes the supercommutator of a and b (see [BeGeVe04,
Section 1.3]).
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To complete our proof, it remains to show that for a fixed σ near 0, the
function b → Rb,ρ(σ) is C

1 and (6.31) holds near 0. This is somehow technical and
we refer the reader to [DaGuRiSh20] for a detailed proof. �
6.4. Anosov flow on 3-manifold

Let us restrict ourself to an orientable 3-manifold, where we have a partial solution
for the Fried conjecture.

The following proposition [DaGuRiSh20, Proposition 7.3, Lemma 7.4] gives
a characterization of the acyclicity of a unitarily flat vector bundle via resonance.
Its proof uses [DyZ17, Lemma 2.3] in an essential way.

Proposition 6.7. Let F be a unitarily flat vector bundle on a closed orientable 3-
manifold. For any volume preserving Anosov flow, F is acyclic if and only if 0 is
not a resonance.

Recall the following theorem due to Sánchez-Morgado [SM96a], whose proof
is based on the Markov partition [Rat69] and Rugh’s technique [Rug96].

Theorem 6.8. Let F be an acyclic unitarily flat vector bundle with holonomy ρ on a
closed orientable analytic 3-manifold M . If φ· is a transitive analytic Anosov flow,
and if there is a prime closed orbit γ such that 1 and Δ(γ) are not eigenvalues of
ρ(γ), then Rφ,ρ(σ) is regular at 0 and

|Rφ,ρ(0)| = TF (M). (6.32)

Note that any smooth manifold has a unique compatible analytic structure,
and that any volume preserving Anosov flow is transitive. Since we can always ap-
proximate a smooth Anosov flow by an analytic one, and since we can approximate
a flat vector bundle by the one with specified holonomy condition in the above
theorem provided H1(M) = 0, using Theorem 6.6, in [DaGuRiSh20, Section 7.2],
we deduce the following Theorem [DaGuRiSh20, Theorem 1].

Theorem 6.9. Let F be an acyclic unitarily flat vector bundle with holonomy ρ on
a closed orientable 3-manifold with H1(M) = 0. For any flow φ· which is a volume
preserving Anosov flow or a flow nearby17, we have

|Rφ,ρ(0)| = TF (M). (6.33)

Let us return to the case of the geodesic flow on the unit tangent bundle
M = SZ of a negatively curved orientable surface (Z, gTZ). Recall that a0 ∈ π1(M)
is defined after (5.8). By Corollary 5.4 and Theorem 6.9, we get:

Corollary 6.10. Let F be an acyclic unitarily flat vector bundle on the unit tangent
bundle of a negatively curved orientable surface (Z, gTZ). Then,

|Rφ,ρ(0)| = TF (M) =
∣∣det (1− ρ(a0))

∣∣−χ(Z)
. (6.34)

The above corollary can be considered as a complementary of Dyatlov–
Zworski’s result [DyZ17], where ρ is assumed to be trivial.

17It is still an Anosov flow by the stability of Anosov flows [A67].
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Theorem 6.11. Assume that (Z, gTZ) is a negatively curved orientable surface.
There is C ∈ R∗ such that as σ → 0, we have

Rφ,trivial(σ) = Cσ−χ(Z)
(
1 +O(σ)

)
. (6.35)

The above two results are generalizations of Fried’s results [F86b, Corollaries
1 and 2] for hyperbolic surfaces.
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Basel, 2012, pp. 233–298. MR3220445

[DaGuRiSh20] N. V. Dang, C. Guillarmou, G. Rivière, and S. Shen, The Fried conjecture
in small dimensions, Invent. Math. 220 (2020), no. 2, 525–579. MR4081137

[DaRi19] N. V. Dang and G. Rivière, Spectral analysis of Morse-Smale gradient flows,
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Birkhäuser/Springer, Basel, 2012, pp. 317–352. MR3220447

[M20] W. Müller, On Fried’s conjecture for compact hyperbolic manifolds, arXiv:
2005.01450 (2020).

[Pa09] J. Park, Analytic torsion and Ruelle zeta functions for hyperbolic manifolds
with cusps, J. Funct. Anal. 257 (2009), no. 6, 1713–1758. MR2540990

[PalMe82] J. Palis, Jr. and W. de Melo, Geometric theory of dynamical systems, Springer-
Verlag, New York-Berlin, 1982, An introduction, Translated from the Por-
tuguese by A.K. Manning. MR669541

[Rat69] M.E. Ratner, Markov decomposition for an U-flow on a three-dimensional
manifold, Mat. Zametki 6 (1969), 693–704. MR0260977

[RS71] D.B. Ray and I.M. Singer, R-torsion and the Laplacian on Riemannian man-
ifolds, Advances in Math. 7 (1971), 145–210. MR0295381 (45 #4447)

[Re35] K. Reidemeister, Homotopieringe und Linsenräume, Abh. Math. Sem. Univ.
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A Survey of the Additive Dilogarithm

Sinan Ünver

Abstract. Borel’s construction of the regulator gives an injective map from
the algebraic K-groups of a number field to its Deligne–Beilinson cohomology
groups. This has many interesting arithmetic and geometric consequences.
The formula for the regulator is expressed in terms of the classical polyoga-
rithm functions. In this paper, we give a survey of the additive dilogarithm
and the several different versions of the weight two regulator in the infini-
tesimal setting. We follow a historical approach which we hope will provide
motivation for the definitions and the constructions.
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Keywords. Additive dilogarithm, infinitesimal dilogarithm, Bloch group, reg-
ulators.

1. Introduction

The dilogarithm function, even though it has been known for a very long time,
has become more prevalent in the past few decades because of its relation to
regulators in algebraic K-theory, as was first observed in the pioneering work of
Bloch [6]. Among others, this point of view was furthered through the far reaching
conjectures of Beilinson on motivic cohomology [1], by the work of Zagier on his
conjecture relating special values of Dedekind zeta functions of number fields to
values of regulators [33] and in many works of Goncharov ([15], [16], [18] to name
a few). The dilogarithm function also appears in hyperbolic geometry, conformal
field theory and the theory of cluster algebras. The survey [34] is an excellent
introduction to some aspects of this function.

In this note, we give a survey of the infinitesimal version of the above theory.
Since the generalizations of the results in this survey to higher weights is still in
progress, we restrict to the case of the dilogarithm. In §5.1, we will only briefly
mention the construction of additive polylogarithms of higher weight on certain
special linear configurations. The existence of this theory itself is quite surpris-
ing and is based on ideas of Cathelineau ([9], [10]), Bloch and Esnault [7] and

c© The Author(s), under exclusive license to Springer Nature Switzerland AG 2021
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Goncharov [16], which we will describe in detail below. We emphasize that these
functions cannot be deduced from their classical counterparts through a limiting
process. We illustrate this point in the somewhat deceptively simple case of weight
1 as follows. The regulator over the complex numbers is given essentially by the
real analytic map log | · | : C× → R. On the other hand, in the infinitesimal case,
for k a field of characteristic 0, and kn := k[[t]]/(tn), one has the algebraic map
log◦ : k×n → kn defined by log◦(a) := log( a

a(0) ). The use of the absolute value

makes the first function non-algebraic, single-valued and dependent, in an essen-
tial way, on the local field in question. In the second case, the map k → kn, which
is a section of the canonical projection from kn to its quotient by its nilradical
achieves the purpose of choosing a branch in an appropriate sense. We will see
below that over a scheme with non-reduced structure such local splittings, which
correspond to retractions of the scheme with the reduced induced structure, will
play a role analogous to choosing branches.

In the second section, we briefly recall the definitions of the Bloch–Wigner
dilogarithm, the Chow dilogarithm of Goncharov and Bloch’s regulator function

from K2(C)
(2)
Q of a curve C. We emphasize the point of view of the Aomoto

dilogarithms and scissors congruence class groups whose analogs will be the main
motivation for the infinitesimal versions of the above functions.

In the third section, we give the infinitesimal analogs of these functions,
starting with the ideas of Cathelineau, Goncharov and Bloch–Esnault. We also
recall the additive dilogarithm construction of Bloch–Esnault.

In the fourth section, we discuss the construction of the infinitesimal Chow
dilogarithm, together with its application to algebraic cycles and Goncharov’s
strong reciprocity conjecture. We also describe the infinitesimal version of Bloch’s
regulator on curves.

In the last section, we discuss some partial results in higher weights and in
characteristic p and some open problems.

Conventions. Except in §5.2, we will consider motivic cohomology always with Q-
coefficients. Therefore all the Bloch complexes, Aomoto complexes etc. are tensored
with Q. For example, the notation Λ2k× means that the group Λ2

Zk
× is tensored

with Q. The cyclic homology and André–Quillen homology groups are always
considered relative to Q. The notation Ω1

A for an algebra A over a field always
means the Kähler differentials relative to the prime field. For an A-module I, S•

AI

denotes the symmetric algebra of I over A. For a ring A, A� denotes the set of
all units a in A such that 1− a is also a unit. For a functor F from the category
of pairs (R, I) of rings R and nilpotent ideals I to an abelian category, we let
F ◦(R, I) denote the kernel of the map from F (R, I) to F (R/I, 0). We informally
refer to this object as the infinitesimal part of F. We have the corresponding notion
for the category of artin local algebras over a field, since their maximal ideals are
nilpotent.
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2. Bloch–Wigner dilogarithm and
the scissors congruence class group

2.1. Aomoto dilogarithm

The general conjectures on motives expect that for any field k one has a tannakian
category MTMk over Q of mixed Tate motives over k. This gives a graded Hopf
algebraA•(k) such that a mixed Tate motive over k is the same as a gradedQ-space
with a co-module structure over A•(k).

Since the objects in MTMk should be constructed from Tate objects by means
of extensions, one expects MTMk to have a linear algebraic description. In [2] a
graded Hopf algebra A•(k) was defined, using linear algebraic objects, such that
one expects a natural map A•(k) → A•(k).

This A•(k) is the graded Hopf algebra of Aomoto polylogarithms over k de-
fined in [2, §2]. An n-simplex L in Pn

k is an (n+1)-tuple (L0, . . . , Ln) of hyperplanes.
It is said to be non-degenerate if the hyperplanes are in general position. A pair of
simplices (L,M) is said to be admissible if they do not have a common face. An(k)
is the Q-space generated by pairs of admissible simplices (L;M) in Pn

k subject to
the following relations:

(i) (L,M) = 0, if one of the simplices is degenerate;

(ii) (L,M) is anti-symmetric with respect to the ordering of the hyperplanes in
both of the n-simplices.

(iii) If L is an n+ 2-tuple of hyperplanes (L0, . . . , Ln+1) and L̂j is the n-simplex

obtained by omitting Lj, then
∑

0≤j≤n+1(L̂
j ,M) = 0, and the corresponding

relation for the second component.

(iv) For α ∈ GLn+1(k), (α(L), α(M)) = (L,M).

There are certain configurations, called polylogarithmic configurations, in
An(k) that play an important role in understanding the motivic cohomology of k,
since they act as building blocks for all configurations [2, §1.16]. Let Pn(k) denote
the subgroup of prisms in An(k). This is the subgroup generated by configurations
which come from products of configurations from lower dimensions. For every
a ∈ k� := k× \ {1}, there is a special configuration (L,Ma) ∈ An(k) [15, Fig.
1.14], which corresponds to the value of the abstract polylogarithm at a. If zi,
0 ≤ i ≤ n are the homogenous coordinates on Pn

k , then Li is defined by zi = 0. The
simplex Ma is defined by the following formulas. M0 : z0 = z1; M1 : z0 = z1 + z2;
Mi : zi = zi+1, for 2 ≤ i < n; and Mn : az0 = zn.

This defines a map ln : Q[k�] → An(k)/Pn(k), which sends the generator
[a] to the class of (L,Ma). Denoting the image of ln by B′

n(k), one expects the
co-multiplication on A•(k) to induce a complex Γ′

k(n):

B′
n(k) → B′

n−1(k)⊗ k× → · · · → B′
2(k)⊗ Λn−2k× → Λnk×,

which would compute the motivic cohomology of k of weight n.

For n = 2, there is a simpler complex, namely the Bloch complex Γk(2) of
weight two, which computes the motivic cohomology. Let B2(k) be the quotient
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of Q[k�], the vector space with basis [x] for x ∈ k�, by the subspace generated by
elements of the form

[x]− [y] + [y/x]− [(1 − x−1)/(1− y−1)] + [(1− x)/(1 − y)], (2.1.1)

for all x, y ∈ k× such that (1 − x)(1 − y)(1 − x/y) ∈ k×. The last equation is the
5-term functional equation of the dilogarithm. Let δ be the map that sends [x] to
(1− x) ∧ x ∈ Λ2k×. This map factors through B2(k) and we obtain a complex:

B2(k)
δ �� Λ2k×,

concentrated in degrees 1 and 2. We denote this complex by Γk(2). This complex
indeed computes the motivic cohomology of k with coefficients Q(2), assuming the
Beilinson–Soule vanishing conjecture, by a theorem of Bloch. In other words, the
sequence

0 → K3(k)
(2)
Q → B2(k) → Λ2k× → KM

2 (k)Q → 0

is exact ([6], [27]).
The map l2 factors through the quotient Q[k�] → B2(k) to induce an isomor-

phism:
l2 : B2(k) → B′

2(k) = A2(k)/P2(k)

which we continue to denote with the same symbol [2, Proposition 3.7]. This can
be thought of as the abstract motivic dilogarithm function.

2.2. Bloch–Wigner dilogarithm

The nth polylogarithm function is defined inductively by �i1(z) = − log(1−z) and

d�ik(z) = �ik−1(z)
dz

z
,

with �ik(0) = 0.

These functions have the power series expansion �ik(z) =
∑

1≤n
zn

nk , in the

unit disc around 0, and have multi-valued analytic continuations to C× \ {1}.
They appear as coordinates of a matrix which describe a canonical quotient of
the fundamental groupoid associated to the Hodge realization of the unipotent
fundamental group of P1 \ {0, 1,∞} [3]. The specialization of this construction at
a point a ∈ C� gives a motive which coincides with the motive associated to the
configuration l2(a) in §2.1.

The Hodge realization of this motive (specialized at a point) as well as of
the motive above defined by the configurations in §2.1 above are Hodge–Tate
structures. An R-Hodge–Tate structure is a mixed R-Hodge structure such that
for every r ∈ Z, its graded piece of degree −2r with respect to the weight filtration
are direct sums of the Tate structures R(r), of weight −2r; and its graded pieces
of odd degree are equal to 0. Let H• denote the graded Hopf algebra associated to
the tannakian category of R-Hodge–Tate structures. The Hodge realization functor
should give a morphism A•(C) → H• of graded Hopf algebras.

A construction of Beilinson and Deligne (§2.5, [3]; pp. 248–249, [15]) as-
sociates to each framed R-Hodge–Tate structure a number. Associated to the
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variation of Hodge structures on Gm that gives the function log(z) one gets
the corresponding single-valued function log |z|. This construction gives a map
pH ,n : Hn → R. It turns out that this map vanishes on the products [15]. Hence
composing with the Hodge realization map associated to the Aomoto configura-
tions, the corresponding map vanishes on prisms and one gets a map B′

2(C) =
A2(C)/P2(C) → R. The composition of this map with l2 : B2(C) → B′

2(C) turns
out to be, up to scaling, the Bloch–Wigner dilogarithm D defined by

D(z) = Im(�i2(z)) + arg(1− z) log |z|.

The main importance of the Bloch–Wigner dilogarithm comes from the fact that
they are regulators.

Composing pH ,n with the Hodge realization would give a map

voln : An(C) → R,

which is an analog of the volume map on the scissors congruence class groups
below and its infinitesimal version is the main concern of this survey.

2.3. Chow dilogarithm

If X/C is a smooth and projective curve over C, there is a version of the diloga-

rithm above which gives certain regulators ofX. Namely H3
M(X,Q(3)) � K3(X)

(3)
Q

and applying the Leray–Serre spectral sequence to the map X → C, there would

be a map K3(X)
(3)
Q � H3

M(X,Q(3)) → H1
M(C, H2(X/C)(3)) = H1

M(C,Q(2)) �
K3(C)

(2)
Q . Combining with the regulatorK3(C)

(2)
Q → R, given by the Bloch–Wigner

dilogarithm above, one would get a map

K3(X)(3) → R.

This map is given by the following Chow dilogarithm of Goncharov.

If f1, f2, and f3 are rational functions on X. Let

r2(f1,f2,f3) :=Alt3

(
1

6
log|f1| ·dlog|f2|∧dlog|f3|−

1

2
log|f1| ·dargf2∧dargf3

)
,

which has the formal property that d(r2(f1, f2, f3)) = Re(d log(f1) ∧ d log(f3) ∧
d log(f3)). The map ρR : Λ3C(X)× → R, given by

ρR(f1 ∧ f2 ∧ f3) :=

∫
X(C)

r2(f1, f2, f3),

is, up to a constant multiple, the Chow dilogarithm [18, p. 4]. The middle coho-
mology of the complex

· · · → B2(C(X)) → (⊕x∈XB2(C))⊕ Λ3C(X)× → ⊕x∈XΛ2C× → · · ·

is K3(X)
(3)
Q and the map (⊕x∈XD)⊕ ρR obtained by using the Bloch–Wigner and

the Chow dilogarithm, gives the regulator.
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2.4. Bloch’s regulator on curves and the tame symbol

There is another regulator which is based on a version of the dilogarithm. Again
assume thatX/C is a smooth and projective curve. This regulator is essentially the

map from K2(X)
(2)
Q to the corresponding Deligne cohomology group: K2(X)

(2)
Q →

H2
D(Xan,Q(2)) � H1(Xan,C/Q(2)). Dividing by 2πi and using the exponential

map on the coefficients, the last cohomology group is identified with H1(Xan,C
×
Q ).

Since H1(Xan,C×) coincides with local systems of complex vector spaces of rank
1 and hence with analytic line bundles with connection, the above map can also
be deduced from the local and analytic construction of Deligne, which associates
to each pair f, g of meromorphic functions on X, a line bundle with connection
on Xan, such that the monodromy at each point is given by the tame symbol of
f and g at that point [13]. Explicitly, if log(f) is a choice of a branch of f, locally
analytically, then the line bundle in question is the trivial line bundle with the
connection ∇ given by ∇(1) = 1

2πi log(f)
dg
g . For a different choice log(f) + n2πi

of a logarithm of f, the isomorphism between the line bundles with connection is
given as multiplication by g−n [13, §2.3].

When X is defined over a number field, the Bloch regulator is fundamental
in the study of certain special values of the L-function of X [24]. It also appears,
for example, in the geometric study of cycles on X/C [20].

3. Additive dilogarithm and the infinitesimal
scissors congruence class group

In this section, we start with the 4-term functional equation for the entropy func-
tion which is also satisfied by an infinitesimal version of the Dehn invariant for
scissors congruence class groups. This 4-term functional equation of Cathelineau
can be thought of as a deformation of the 5-term functional equation that is re-
stricted to certain special elements. The precise relation is explained in §3.4.2. Next
we describe Goncharov’s idea that the hyperbolic scissors congruence class group
can be thought of degenerating to the Euclidean one as the model for the hyper-
bolic space blows up. We continue the section with describing the construction of
the additive dilogarithm by Bloch and Esnault based on the localization sequence
in K-theory and end the section on our construction of the additive dilogarithm
on the Bloch group.

3.1. The 4-term functional equation

In information theory, Shannon’s binary entropy function H is defined as

H(p) := −p log(p)− (1− p) log(1− p),

for the probability p. This function satisfies the following fundamental functional
equation of information theory:

H(p) + (1− p)H

(
q

1− p

)
= H(q) + (1− q)H

(
p

1− q

)
. (3.1.1)
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The same functional equation reappeared in ([9], [12]) as follows. For a field
k of characteristic 0, let β2(k) is the vector space over k generated by the symbols
〈a〉, for a ∈ k� with relations generated by

〈p〉 − 〈q〉+ p

〈
q

p

〉
+ (1− p)

〈
1− q

1− p

〉
= 0 (3.1.2)

when p = q. These relations already imply that 〈p〉 = 〈1−p〉 and 〈 1p 〉 = − 1
p 〈p〉 and

using these the two relations (3.1.1) and (3.1.2) are equivalent. In [9, Theorème
1], Cathelineau proves that the following sequence

0 �� β2(k)
D �� k ⊗ k×

L �� Ω1
k

�� 0

is exact, where D is defined on the generators by D(〈a〉) := a⊗a+(1−a)⊗ (1−a)
and L sends a ⊗ b to a db

b . This was used in [9] in order to show that for an
algebraically closed field k of characteristic 0, the homology groups of SL(2, k)
with adjoint action on its Lie algebra sl(2, k) are given by:

H1(SL(2, k), sl(2, k)) � Ω1
k

H2(SL(2, k), sl(2, k)) = 0 .

This is in analogy with the computation of the homology of the discrete special
orthogonal group SOδ(3,R) with the standard action on R3 :

H1(SO
δ(3,R),R3) � Ω1

R

H2(SO
δ(3,R),R3) = 0 .

This is a restatement of Sydler’s theorem that the Dehn invariant and the volume
completely determine the scissors congruence class. In this Euclidean case, the
analog of k⊗ k× is the group R⊗R/πZ and the analog of the map L above is the
map

R⊗ R/πZ → Ω1
R

that sends l ⊗ θ to l d(cos θ)
sin θ .

The above D can be thought of as the infinitesimal version of the Dehn
invariant and the functional equation above can be thought of as the infinitesimal
version of the functional equation of the dilogarithm in the following sense.

3.2. Hyperbolic space degenerating to Euclidean space

In this section, we describe how Goncharov’s idea on the degeneration of hyperbolic
space to Euclidean space and the analogy between the scissors congruence class
groups and mixed Tate motives leads one to expect a volume map on mixed Tate
motives over dual numbers which is reminiscent of the polylogarithm functions.
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3.2.1. If G n is one of the three n-dimensional classical geometries: E n, the Eu-
clidean; H n, the hyperbolic; or S n, the spherical, then let P(G n) denote the
scissors congruence class group corresponding to G n. The Dehn invariant map:

DG
n : P(G n) → ⊕n−2

i=1 P(G i)⊗P(S n−i−1)

endows ⊕P(S •) with the structure of a co-algebra and, ⊕P(H ·) and ⊕P(E ·)
with structures of co-modules over this co-algebra [16].

There exists a map from P(H 2n−1) to An(C), defined by Goncharov, which
attaches a framed mixed Tate motive to an element in the hyperbolic scissors
congruence class group [16]. If one considers the Cayley spherical model for the
hyperbolic geometry then as the sphere gets bigger the hyperbolic geometry ap-
proaches the Euclidean geometry [16]. Therefore, in the limit case one would expect
to have a map P(E 2n−1) → A ◦

n (C2).

These suggest a close similarity between the structures of A ◦
n (k2) and

P(E 2n−1
k ) [16], [17]. The Euclidean scissors congruence class group has a volume

map

P(E 2n−1
k ) → k,

which is conjectured to induce an isomorphism from H1(⊕2n−1P(E •

k)), the kernel

in P(E 2n−1
k ) of the Dehn invariant map, to k. For n = 2 and k = R, this is Sydler’s

theorem. In analogy, we expect a map:

vol◦n : A ◦
n (k2) → k,

which induces an isomorphism from H1(A ◦
• (k2)(n)) to k.Moreover, we should have

the identity vol◦n◦ρλ = λ2n−1vol◦n, for λ ∈ k×. This map would be an analog of both
the map An(C) → R that is constructed using the Beilinson–Deligne construction
and of the volume map on Euclidean scissors congruence class groups.

3.2.2. Given an element (L,M) in An(C), this defines a framed mixed Tate motive
in An(C) whose associated mixed Hodge structure Hn(Pn

C \ L,M \ L), is Hodge–
Tate. Therefore, using the construction of Beilinson and Deligne described above,
which attaches a real number to R-Hodge–Tate structures, we get voln(L,M) ∈ R.
This vanishes on the products [15] to give: voln : An(C)/Pn(C) → R. Composing
with the abstract polylogarithm map induces

voln ◦ ln : B′
n(C) → R.

This has the following description. Let Ln be the real single-valued version of the
n-polylogarithm:

Ln(z) := Rn(

n∑
j=0

2jBj

j!
(log |z|)j�in−j(z)),

where Bn is the nth Bernoulli number; Rn is the real part if n is odd and the
imaginary part if n is even; and �i0(z) := −1/2. Then for z ∈ C�, voln ◦ ln(z) =
Ln(z) [15].
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3.2.3. Let k be any field of characteristic 0. The definitions of An(k), Pn(k), ln
and B′

n(k) exactly carry over to the case of k2 to define the groups An(k2), Pn(k2),
and B′

n(k2), and a map, ln : Q[k�2] → An(k2). One would like to define a map

vol◦n : An(k2)/Pn(k2) → k,

which would be an analog of the map defined above over the complex numbers
using the Beilinson–Deligne construction. This map would be the composition
of the natural map from An(k2). In this context the analog of the single-valued
polylogarithm Ln would be the composition vol◦n ◦ ln.

3.2.4. As in §2.1, one has a complex Γ′
k2
(n), concentrated in degrees [1, n] :

B′
n(k2) → B′

n−1(k2)⊗ k×2 → · · · → B′
2(k2)⊗ Λn−2k×2 → Λnk×2

induced by the co-multiplication map on A•(k2) and such that {x}i⊗y ∈ B′
i(k2)⊗

Λn−ik×2 is mapped to:

{x}i−1 ⊗ x ∧ y ∈ B′
i−1(k2)⊗ Λn−i+1k×2

if i ≥ 3, and to

(1− x) ∧ x ∧ y ∈ Λnk×2

if i = 2.
One expects the cohomology groups to be given by Hi(Γ′

k2
(n))�K2n−i(k2)

(n)
Q .

By Goodwillie’s theorem [19], we have,K◦
2n−i(k2)

(n)
Q � HC◦

2n−i−1(k2)
(n−1). The in-

finitesimal part of the cyclic homology of k2 is computed as HC◦
n(k2)

(m) � Ω2m−n
k ,

for [n+1
2 ] ≤ m ≤ n, and is 0 otherwise [11]. Moreover, for λ ∈ k×, the automor-

phism ρλ of k2 that sends t to λt induces multiplication by λ2(n−m)+1 on Ω2m−n
k

[11]. Combining these, one expects the infinitesimal part of the cohomology of
Γ′
k2
(n) to be:

Hi(Γ′◦
k2
(n)) � Ωi−1

k ,

for 1 ≤ i ≤ n, and that ρλ induces multiplication by λ2(n−i)+1 on Ωi−1
k . Note that

when i = 1, this map scales by λ2n−1, exactly like the volume map in §3.2.1.

3.3. Bloch and Esnault’s construction of the additive dilogarithm
on the localization sequence

The work of Bloch and Esnault was the principal motivation for the various gen-
eralizations of the additive dilogarithm. Here we briefly describe their work, gen-
eralized to the case of higher moduli. The proofs of the statements can be found
in [7] and in [28, §6.2]. In this section, we assume that k is algebraically closed in
addition to being of characteristic 0.

Let O be the local ring of A1
k at 0. The localization sequence of the pair

(k[t], (tm)) gives the following two exact sequences:

K2(k[t], (t
m)) → K2(O, (tm))

∂−−−−→ ⊕x∈k×K1(k) → K1(k[t], (t
m)) → 0
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and

0 → K1(O, (tm))
∂−−−−→ ⊕x∈k×K0(k) → K0(k[t], (t

m)) → 0.

The group

TmB2(k) := (K2(O, (tm))/ im(K1(k) ·K1(O, (tm)))Q,

is the infinitesimal analog of the Bloch group. Since K0(k[t], (t
m)) � 1 + (t) =

(k×m)◦ ⊆ k×m, the quotient ⊕x∈k×K1(k)/∂(K1(k) · K1(O, (tm))) � k× ⊗ (k×m)◦.
This gives the complex:

TmB2(k) → k× ⊗ (k×m)◦,

which is the analog of the Bloch complex and is denoted by TmQ(2)(k). The coho-

mology groups of this complex in degrees 1 and 2 are respectively, K◦
3 (km)

(2)
Q and

KM
2 (km)◦Q, and the natural map from K2(k[t], (t

m))Q to TmB2(k) obtained from

the localization sequence surjects to this K◦
3 (km)

(2)
Q as one can see by considering

the reduction modulo (t2m−1) map below.
The reduction modulo (t2m−1) map:

(K2(O, (tm))/ im(K1(k) ·K1(O, (tm)))Q

→ (K2(k2m−1, (t
m))/ im(K1(k) ·K1(k2m−1, (t

m)))Q,

from TmB2(k) to (K2(k2m−1, (t
m))/ im(K1(k) ·K1(k2m−1, (t

m)))Q � K◦
3 (km)

(2)
Q �

⊕m<w<2mtwk is the additive dilogarithm map in this context.
If one starts with the localization sequence for the ideal (t(1−t)) instead of the

one for (tm) above, one obtains a similar complex which computes the ordinary
weight two motivic cohomology of k. This was carried out in the fundamental
work [6].

3.4. The additive dilogarithm as an infinitesimal dilogarithm

In the first part, we describe the infinitesimal analog of the Bloch–Wigner dilog-
arithm. In the second part, we explain the relation of our complex to that of
Cathelineau’s and that of Bloch–Esnault’s. We also describe how the 4-term func-
tional equation is related to the 5-term functional equation.

3.4.1. Construction of �im,w. For any local Q-algebra A, we let B2(A) denote

the Q-space generated by [x] with x ∈ A� := {x|x(1 − x) ∈ A×} subject to the
relations (2.1.1), for all x, y ∈ A× such that (1 − x)(1 − y)(1 − x/y) ∈ A×. We
then have a complex ΓA(2) as in §2.1.

Let k be a field of characteristic 0, k∞ := k[[t]], the formal power series over
k, and for 1 ≤ m, km := k∞/(tm). Recall that the Bloch–Wigner dilogarithm
D defines a map B2(C) → R and is the unique measurable function, up to mul-

tiplication, with this property [6]. Its restriction to K3(C)
(2)
Q is, up to a rational

multiple, the Borel regulator. We have the corresponding theorem for the infinites-
imal part of B2(km). In order to describe the infinitesimal analogs of D, first note

that the corresponding cohomology group H1(Γ◦
km

(2)) should be K◦
3 (km)

(2)
Q . This
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last group, by Goodwillie’s theorem [19], can be expressed in terms of cyclic ho-
mology, relative to Q, as HC◦

2(km)(1). There is an action, which we denote by  , of
k× on km such that λ ∈ k× acts by sending t to λ t := λt. The induced action on
HC◦

2(km)(1) decomposes this group into a direct sum HC◦
2(km)(1) = ⊕m<w<2mk,

with respect to the weights of the  action. The action of λ ∈ k× on k, in the
component of  -weight w, is the one which sends a ∈ k to λwa ∈ k ([28], [11]).
This suggests that corresponding to each  -weight w between m and 2m, there is a
dilogarithm �im,w : B2(km) → k, which vanishes on the image of B2(k) in B2(km)

and induces an isomorphism between the  -weight w component in HC◦
2(km)(1)

and the target.
We describe this dilogarithm as follows. Let log◦ : k×∞ → k∞, be defined as

log◦(α) := log( α
α(0) ). If q =

∑
0≤i qit

i ∈ k∞ and 1 ≤ a then q|a :=
∑

0≤i<a qit
i,

and ta(q) := qa. If u ∈ tk∞ and s(1− s) ∈ k×, we let

�im,w(se
u) := tw−1

(
log◦(1 − seu|m) · ∂u

∂t

∣∣
w−m

)
, (3.4.1)

for m < w < 2m.
The Bloch complex Γkm(2) computes the motivic cohomology of weight two

over the truncated polynomial ring km. Namely the sequence:

0 → K3(km)
(2)
Q −−−−→ B2(km)

δm−−−−→ Λ2k×m −−−−→ KM
2 (km)Q → 0

is exact. We can state the combination of these as [28]:

Theorem. The complex B◦
2(km)

δ◦−→ (Λ2k×m)◦ computes the infinitesimal part of
the weight two motivic cohomology of km, the maps �im,w satisfy the functional
equation for the dilogarithm and descend to give maps from B2(km) to k, such that
⊕m<w<2m�im,w induces an isomorphism

HC◦
2(km)(1) � K◦

3 (km)
(2)
Q � ker(δ◦)

∼−→ k⊕(m−1).

We sketch the main points of the proof in [28]. First we describe the map
�im,w in terms of the map δ. In order to specify the range and domain of δ, we
denote the δ from B2(km) to Λ2k×m by the symbol δm. For i < w, let �i : k

×
w → k

be defined by �i(α) := ti(log
◦ α), and �i ∧ �j : Λ2k×w → k, as (�i ∧ �j)(a ∧ b) :=

�i(a) · �j(b)− �i(b) · �j(a).
The following diagram

B2(kw)

πw,m

����

δw �� Λ2k×w
∑

1≤i≤w−m i·�w−i∧�i

��
B2(km)

�im,w ������ k,

where πw,m : B2(kw) → B2(km) is the natural projection, commutes. This shows
that �im,w satisfies the same five term functional equation as the Bloch–Wigner
dilogarithm.



312 S. Ünver

Next by the stabilization theorem of Suslin

H3(GL(km),Q) = H3(GL3(km),Q),

and by an argument of Goncharov, we have a map

H3(GL3(km),Q) → H3(GL2(km),Q).

Studying the action of GL2 on configurations of points on P1, it is easy to construct
a map from H3(GL2(km),Q) to ker(δm). Combining these, we obtain a map from
H3(GL(km),Q) to ker(δm).

Using Volodin’s construction of K-theory, we can then make Goodwillie’s
theorem explicit by constructing a map from HC◦

2(km) to H3(GL(km),Q). Com-
bining with the above, this gives a surjection from HC◦

2(km) to ker(δm), Finally, by
an explicit computation of �im,w on the image of a basis of HC◦

2(km) in ker(δm),
we see that ⊕m<w<2m�im,w is injective on HC◦

2(km). This implies that the above
surjection is an isomorphism and that ⊕m<w<2m�im,w is injective on it.

Example. Using the formula (3.4.1) above one can explicitly compute the additive
dilogarithms. For example, �i2,3 : B2(k2) → k is given by

�i2,3([s+ at]) = − a3

2s2(1− s)2
.

The above theorem is an exact analog of Sydler’s theorem which provides a
solution to Hilbert’s 3rd problem. This states that the scissors congruence class
of a three-dimensional polyhedron is completely determined by its Dehn invari-
ant and volume. In this context δm corresponds to the Dehn invariant map and
⊕m<w<2m�im,w is the sum of volumes of different  -weights. When m = 2, this
analogy gets even more precise. In this case, there is only one dilogarithm of
 -weight 3, and the corresponding complex, which can be thought of as the defor-
mation of the hyperbolic scissors complex, is analogous to the Euclidean scissors
congruence complex and on this complex the volume map, which is the analog of
the dilogarithm, scales by the cube of the dilation factor.

3.4.2. Comparison of Γkm(2) to TmQ(2)(k) and β2(k). We first describe a sub-

complex Γ
◦
km

(2) of Γ◦
km

(2). This is the complex whose degree 2 term is k× ⊗ (1 +

(t)) = k× ⊗ (k×m)◦ ⊆ Λ2k×m, and degree 1 term is δ−1
m (k× ⊗ (k×m)◦) ⊆ B◦

2(km). We

denote this last group by B
◦
2(km). Then the inclusion is a quasi-isomorphism from

Γ
◦
km

(2) to Γ◦
km

(2) [28, Proposition 6.1.2]. In [28, Corollary 1.4.1], noticing that the
terms in degree 2 are the same in both of the complexes and using the dilogarithm

in degree 1 we deduce that the complexes Γ
◦
km

(2) and TmQ(2)(k) are isomorphic.

Let β̃2(k) denote the Q[k×]-module generated by 〈a〉, for a ∈ k�, with the
action of λ ∈ k× on α by λ  α, subject to the relations generated by

〈a〉 − 〈b〉+ a  

〈
b

a

〉
− (a− 1)  

〈
1− b

1− a

〉
= 0,

(−1)  〈1− a〉 = −〈a〉 and  〈a−1〉 = −〈a〉.
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For a ∈ k�, let 〈a〉 := a+a(1−a)t ∈ k2. Then we have the following relations,

〈b〉
〈a〉 = a 

〈
b

a

〉
,

1− 〈a〉
1− 〈b〉 = (b− 1) 

〈
1− a

1− b

〉
, and 1−〈a〉−1 = (1−a−1)(1− t),

and hence
1− 〈a〉−1

1− 〈b〉−1
=

1− a−1

1 − b−1
.

These imply, by the 5-term relation, that

[〈a〉]− [〈b〉] + a  

[〈
b

a

〉]
+ (b− 1)  

[〈
1− a

1 − b

〉]
= 0

in B◦
2(k2). Since for any x ∈ k�2, [1−x] = −[x] and [x−1] = −[x] in B2(k2), we have

(−1)  [〈1 − a〉] = −[〈a〉] and a  [〈a−1〉] = −[〈a〉]. These relations imply that the

map that sends 〈a〉 to [〈a〉] ∈ B◦
2(k2) factors through β̃2(k). There is also a natural

surjection from β̃2(k) to β2(k), with β2(k) defined as in §3.1. These maps describe
the 4-term functional equation of Cathelineau as a deformation of the standard
5-term functional equation computed on special elements, where one of the terms
vanish since it has no infinitesimal part.

4. Infinitesimal Chow dilogarithm and
the infinitesimal Bloch regulator

In this section, we will define variants of the additive dilogarithm in order to be able
to construct regulators in different settings. The first section could be thought of
as removing the restriction of considering only linear configurations when defining
additive dilogarithms and is the essential step in being able to apply additive
dilogarithms in an algebro geometric setting. In the second part, we describe the
infinitesimal version of the Bloch regulator on curves, removing the restriction of
being a curve. This is the infinitesimal version of the tame symbol construction of
Deligne [13].

4.1. Infinitesimal Chow dilogarithm

In this section, we construct the infinitesimal analog of the Chow dilogarithm
described in §2.3. The details of the construction are in [31]. We will only consider
the case of k2; the generalization of this construction to the higher modulus case is
current work in progress. The specialization of this construction to the curve P1

k2

and to the three linear fractional functions 1 − z, z and 1 − a
z gives the additive

dilogarithm �i2,3 constructed in §3.4.1, [31, Lemma 3.5.1].

4.1.1. Construction of the infinitesimal Chow dilogarithm. In this section, we con-
tinue to assume that k is a field of characteristic 0. Let C2 be a smooth and pro-
jective curve over k2. We do not assume that C2 comes as a product of a curve
over k and k2. Let C2 denote the fiber of C2 over the closed point of Spec(k2).
Given c a (closed) point in C2, we call an element π2,c ∈ OC2,c in the local ring of
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C2 at c a uniformizer, if its reduction is a uniformizer in the local ring of C2 at c.
We call an element y in the local ring k(C2) of C2 at its generic point, π2,c-good,
if there exists a ∈ Z such that y = πa

2,cu, for some unit u in OC2,c. Note that
k(C2) is an artin ring with residue field equal to the function field of C2. Fix a set
P2 := {π2,c|c ∈ C2} of uniformizers. We say that y isP2-good, if it is π2,c-good, for
all c ∈ C2. Letting k(C2,P2)

× ⊆ k(C2)
× denote the group of functions which are

P2-good, the infinitesimal Chow dilogarithm ρ is a map ρ : Λ3k(C2,P2)
× → k.

In the previous section, we defined the additive dilogarithm �i2,3 : B2(k2) →
k, by

�i2,3([s+ at]) = − a3

2s2(1− s)2
,

and interpreted this function as the function induced by the composition

(�2 ∧ �1) ◦ δ∞ : B2(k∞) → Λ2k×∞ → k

via the canonical map B2(k∞) → B2(k2). Let us denote the map �2∧�1 : Λ2k×∞ → k
by �.

If A/k∞ is a smooth algebra over k∞ of relative dimension 1, c is a closed
point of the spectrum of its reduction A modulo (t), then we call an element π̃c

of the local ring A at c, a uniformizer, if its reduction is a uniformizer in the
corresponding local ring at A. we have similar notions of goodness with respect to
π̃c. If f̃ , g̃ and h̃ are three functions in the local ring of A at the generic point of
A, which are π̃c-good, then one can define their residue along π̃c :

resπ̃c(f̃ ∧ g̃ ∧ h̃) ∈ Λ2(A/(π̃c))
×.

As k∞-algebras A/(π̃c) is canonically isomorphic to k′∞ for the finite extension
k′ of k which is the residue field of c. Therefore, we have a well-defined element
�(resπ̃c(f̃ ∧ g̃ ∧ h̃)) ∈ k′ whose trace Trk(�(resπ̃c(f̃ ∧ g̃ ∧ h̃))) from k′ to k will be
essential in defining the local contribution to the Chow dilogarithm.

In case C2/k2 has a global lifting C̃/k∞ to a smooth and projective curve

and f, g, and h have global liftings f̃ , g̃, and h̃ to functions on C̃ which are good
with respect to a system of uniformizers P̃ := {π̃c|c ∈ |C̃s|} on C̃ that lift P2

then

ρ(f, g, h) =
∑

c∈|C2|
Trk(�(resπ̃c(f̃ ∧ g̃ ∧ h̃))).

In general, we cannot expect such global liftings to exist. The method of
defining ρ is then to choose a generic lifting of the curve and arbitrary liftings of
the functions and for each point of the curve to choose also local liftings of the
curve together with good local liftings of the functions and then to use the residues
of a 1-form which measures the defect between choosing different models. We next
describe this in detail.

The 1-form in question is defined as follows. We attach an element ω(p̃, p̂, χ) ∈
Ω1

Â/k
to the following data: smooth affine schemes Ã, Â/k∞ of relative dimension

one, an isomorphism χ : Ã/(t2)
∼−→ Â/(t2) and triples of functions p̃ := (f̃ , g̃, h̃)
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in Ã× and p̂ := (f̂ , ĝ, ĥ) in Â×, whose reductions modulo t2 map to each other

via χ. Let χ : Ã ∼−→ Â be any lifting of χ, and ϕ : Â → Â be any splitting of the
canonical projection, which exist because of the smoothness assumptions. Denote

by ϕ the corresponding isomorphism Â[[t]]
∼−→ Â. Then we let:

ω(p̃, p̂, χ) := Ω(ϕ−1(χ(p̃)), ϕ−1(p̂)),

with Ω as below.
Let q̃ = (ỹ1, ỹ2, ỹ3) and q̂ = (ŷ1, ŷ2, ŷ3), with ỹi, ŷi ∈ Â[[t]]×, and ŷi − ỹi ∈

(t2), for all 1 ≤ i ≤ 3. Then we can write uniquely, ŷi = α0ie
tα1i+t2α̂2i+··· and

ỹi = α0ie
tα1i+t2α̃2i+···, with αji, α̂ki, α̃ki ∈ Â, for 0 ≤ j ≤ 1, 2 ≤ k, and 1 ≤ i ≤ 3.

We then define

Ω(q̃, q̂) :=
∑
σ∈S3

(−1)σα1σ(1)(α̃2σ(3) − α̂2σ(3)) · d log(α0σ(2)) ∈ Ω1
Â/k

.

The definition of ω(p̃, p̂, χ) is then independent of all the choices involved.
Suppose that p is a triple (f, g, h) of functions on C2 which are P2-good, i.e.,

in k(C2,P2)
×. In order to define ρ(p), we first choose generic and local liftings of

C2 as follows. Let Ã be a generic lifting of C2. More precisely, Ã/k∞ is a smooth

algebra together with an isomorphism α : Ã/(t2)
∼−→ OC2,η. Let p̃η be a triple of

functions in Ã, whose reductions modulo (t2) map to the germs pη of the functions

p at η. For each c ∈ |C2|, let B̃◦
c be a local lifting of C2 at c. In other words, B̃◦

c/k∞
is a smooth algebra together with an isomorphism γ̃c : B̃◦

c/(t
2)

∼−→ ÔC2,c, from the

reduction of B̃◦
c modulo (t2) to the completion of the local ring of C2 at c. Let q̃c

be a triple of functions on the localization of B̃◦
c at the prime ideal (t), which map

to the image of p via the map γ̃c and which are good with respect to a lift of the

uniformizer on B̃◦
c . Because of this goodness assumption on q̃c, its residue is well

defined. We can add a term which measures the defect between the choices of the
local liftings and the generic lifting and define the value of ρ on p as:

ρ(p) :=
∑
c∈|C|

Trk(�(resc(q̃c)) + rescω(p̃η, q̃c, γ̃
−1
c,η ◦ αc)).

It turns out that this definition is independent of all the choices involved and define
a map from Λ3k(C2,P2)

× to k.
One can define a version of the Bloch group B2(k(C2,P2)) consisting of

functions which are P2-good on C2 as in [31, §3.3] and define a map

Δ : B2(k(C2,P2))⊗ k(C2,P2)
× → Λ3k(C2,P2)

×,

sending [f ] ⊗ g to (1 − f) ∧ f ∧ g. This can then be sheafified, and using the
residue map, made into a complex which computes the motivic cohomology group

K◦
3 (C2)

(3)
Q as we described in §2.3 above, in the complex case. The infinitesimal

Chow dilogarithm ρ and the additive dilogarithm in the previous section can then

be joined together to define a regulator from K◦
3 (C2)

(3)
Q to k. We will construct

and analyze this map in a future paper.
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4.1.2. Goncharov’s strong reciprocity conjecture in the infinitesimal case. The
infinitesimal Chow dilogarithm allows us to state and prove an infinitesimal version
of the strong reciprocity conjecture of Goncharov [18] with an explicit formula for
the homotopy map. Let us first state the original version of the conjecture over a
field which was proved recently by Rudenko [25].

Let C/k be a smooth and projective curve over an algebraically closed field
k of characteristic 0. Taking the sum of the residue maps for all c ∈ |C|, we obtain
a commutative diagram

B3(k(C)) �� B2(k(C)) ⊗ k(C)×
Δ ��

res|C|
��

Λ3k(C)×

res|C|
��

B2(k)
δ �� Λ2k×.

Suslin’s reciprocity theorem implies that the image of the residue map from
Λ3k(C)× to Λ2k× is in the image of δ. Goncharov’s strong reciprocity conjecture
states that the residue map between the complexes above is in fact homotopic to
0 with an explicit homotopy.

In the infinitesimal setting, we start with a smooth and projective curve
C2/k2, where k is algebraically closed and of characteristic 0. We have the following
commutative diagram:

B2(k(C2,P2))⊗ k(C2,P2)
× Δ−−−−→ Λ3k(C2,P2)

×

⊕resc

⏐⏐O ⊕resc

⏐⏐O
⊕c∈|C2|B2(k2)

δ−−−−→ ⊕c∈|C|Λ
2k×2 .

By [31, Proposition 3.3.3], the composition (⊕�i2,3)◦(⊕resc) from B2(k(C2,P2))⊗
k(C2,P2)

× to k is equal to ρ ◦ Δ. Then the analog of Hilbert’s third problem
which determines structure of B◦

2(k2) in the previous section implies the following
infinitesimal analog of Goncharov’s strong reciprocity conjecture [31, Theorem
3.4.4].

Theorem. There is an explicit map h : Λ3k(C2,P2)
× → B2(k2)

◦ which makes the
diagram

B2(k(C2,P2))⊗ k(C2,P2)
× Δ ��

res|C2|

��

Λ3k(C2,P2)
×

res|C2|
��

h

��
B◦

2(k2)
δ◦ �� (Λ2k×2 )

◦

commute and has the property that h(k×2 ∧ Λ2k(C2,P2)
×) = 0.

4.1.3. An infinitesimal invariant of cycles. The above construction gives an infini-
tesimal invariant of cycles of codimension 2 in the 3-dimensional space. We briefly
describe this invariant in this section and refer to [31, §4] for the details. This
invariant is a generalization of the invariant defined in [22]. The approach taken in
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[22] for considering the infinitesimal part of the motivic cohomology of k2 is to use
the additive chow groups defined in [8], where one considers cycles on A1

k which
are close to the zero cycle with multiplicity 2 near the origin. In the approach
taken here, we consider all cycles on A1

k, but identify them if they have the same
reduction modulo (t2). For the Milnor range, the additive cycle approach is the one
taken in [26], whereas the analog of the approach of this section is the one in [23].

Let S denote Spec(k∞), with s being the closed and η the generic point,
�k := P1

k \ {1} and �n
k the n-fold product of �k with itself over k, with the

coordinate functions y1, . . . , yn. For a smooth k-scheme X, we let �n
X := X×k�n

k .
Considering the free abelian group of admissable cycles, the cycles which intersect
each of the faces properly, of codimension q on �n

X for varying n, one gets a
complex (zq(X, ·), ∂). This complex considered modulo the complex of degenerate
cycles is the Bloch’s cubical higher Chow complex and its cohomology groups are
Bloch’s higher Chow groups which compute the motivic cohomology of X [5].

Let �k := P1
k, �

n

k , the n-fold product of �k with itself over k, and �n

S :=

�n

k ×k S. Let z
q
f (S, ·) ⊆ zq(S, ·) be the subgroup generated by integral, closed sub-

schemes Z ⊆ �n
S which are admissible and have finite reduction, i.e., Z intersects

each s × F properly on �n

S , for every face F of �n
k . Modding out by degenerate

cycles, we have the complex zqf(S, ·).
An irreducible cycle p in z2f (S, 2) is given by a closed point pη of �2

η whose

closure p in �2
S does not meet ({0,∞} × �S) ∪ (�S × {0,∞}). Let p̃ denote

the normalisation of p and {s1, . . . , sm} the closed fiber of p̃. We have surjections

Ôp̃,si → k(si). Since k(si)/k is finite étale there is a unique splitting σp̃,si : k(si) →
Ôp̃,si . We define log◦p̃,si : Ô

×
p̃,si

→ Ôp̃,si , by

log◦p̃,si(y) = log(
y

σp̃,si(y(si))
).

Let

l(p) :=
∑

1≤i≤m

Trk

(
resp̃,si

( 1

t3
(
log◦p̃,si(y1) · d log(y2)− log◦p̃,si(y2) · d log(y1)

)))
.

The infinitesimal invariant ρf : z2f (S, 3) → k is then defined as the composition

l ◦ ∂. Since ∂2 = 0, it is immediate that it vanishes on boundaries. The following
property is the most essential property of ρf , which roughly states that ρf depends
only on the reduction of Z modulo (t2).

Suppose that Zi for i = 1, 2 are two irreducible cycles in z2f (S, 3). We say

that Z1 and Z2 are equivalent modulo tm if the following condition (Mm) holds:

(i) Zi/S are smooth with (Zi)s ∪ (∪j,a|∂a
j Zi|) a strict normal crossings divisor

on Zi,
and more importantly

(ii) Z1|tm = Z2|tm .

Then we have the following theorem [31]:
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Theorem. If Zi ∈ z2f (S, 3), for i = 1, 2, satisfy the condition (M2) then they have
the same infinitesimal regulator value:

ρf (Z1) = ρf (Z2).

Another essential property, which would justify calling ρf a regulator, is that
it vanishes on products. More precisely, if Z ∈ z2f (S, 3) and there is 1 ≤ i ≤ 3

such that yi restricted to Z|t2 is in k×2 then ρf (Z) = 0. After we take the quotient
with degenerate cycles, mod (t2) equivalence and boundaries, we expect ρf to be
injective, but we are very far away from proving such a result.

4.2. Infinitesimal Bloch regulator

In this section, we briefly describe the infinitesimal version of the classical Bloch
regulator described above in §2.4. Details of the construction will appear in [32].
Unlike the classical case, we do not need to restrict ourselves to the case of curves.
Moreover, we do not need to assume that our schemes are smooth over a truncated
polynomial ring.

We assume that X/k is a scheme over a field k of characteristic 0, and if
X ↪→ X is the scheme X together with the reduced induced structure then X/k
is smooth and connected, the ideal sheaf I of X in X is square-zero, and is locally
free, as a sheaf on X.

There is a complex which computes the infinitesimal motivic cohomology ofX
of weight two. Namely, for a ring A, let ΓA(2) denote the complex B2(A) → Λ2A×,
and if A comes together with a square-zero ideal I, we let Γ◦

A(2) denote the cone
of the map ΓA(2) → ΓA(2), with A := A/I. Even though Γ◦

A(2) depends on I,
we suppress this dependence in the notation since I will be fixed in what follows.
This complex is quasi-isomorphic to the complex B◦

2(A) → (Λ2A×)◦. Sheafifying
this we obtain the complex of sheaves Γ◦

X(2) on X. Let FΓ◦
X(2) ⊆ Γ◦

X(2) be the
subcomplex which agrees with Γ◦

X(2) in degree 1 and is the image of δ, in degree
2. In other words, it is the subcomplex

B◦
2(OX)

δ ��
� �

��

δ(B◦
2(OX))� �

��
B◦

2(OX)
δ �� (Λ2O×

X)◦.

The analog of the Bloch regulator in this case is the following construction.
We have regulators:

ρ1 : H2(X,Γ◦
X(2)) → H0(X,Ω1

X/dOX)◦

and
ρ2 : H2(X,FΓ◦

X(2)) = ker(ρ1) → H1(X,D1(OX)).

The first regulator ρ1 is defined as follows. On a ring A, with a square-zero ideal
I as above, we define

log d log : (Λ2A×)◦ → (Ω1
A/dA)

◦

by sending a ∧ b with a ∈ (A×)◦ = 1 + I, and b ∈ A× to log(a)d log(b).



A Survey of the Additive Dilogarithm 319

The map is well defined and vanishes on the boundaries coming from B◦
2(A).

Therefore it can be sheafified to obtain the map ρ1.
The more interesting part of the regulator is ρ2. First let us give the local

construction, then we will show how to globalize this construction using a homo-
topy map. For the local version, we give two equivalent constructions in [32], one
of them computational, the other one conceptual. In this survey, we only describe
the computational one since it is shorter.

Suppose that A is a k-algebra with a square-zero ideal I as above, such
that A/k is smooth. The smoothness assumption implies that there is a splitting
τ : A → A of the canonical projection. We will define a branch of the dilogarithm
corresponding to this splitting. First, using the splitting τ we regard A as an
A-algebra. Then we express A as a quotient B � A of a smooth A-algebra B.
Let B̂ denote the completion of B along the kernel of this map, τ̂ denote the
structure map from A to B̂, Ĵ be the kernel of the projection B̂ � A, and Î be the

inverse image of I in B̂. Since I2 = 0, we have Î2 ⊆ Ĵ . Given this presentation,
the first André–Quillen homology D1(A) of A relative to Q is given by D1(A) =

ker(Ĵ/Ĵ2 d−→ Ω1
B̂
/ĴΩ1

B̂
).

We define a map �i2,τ : Q[A�] → D1(A), by sending [a] to

−1

2

(ã− τ̂ (a))3

τ̂ (a)2(τ̂(a)− 1)2
∈ ker(Ĵ/Ĵ2 d−→ Ω1

B̂
/ĴΩ1

B̂
),

where â := τ̂ (a), with a is the image of a under the map A � A, and ã is any

lifting of a ∈ A to an element in B̂. It turns out that the definition is independent
of the lifting of a to an element of B̂ and that there is a natural commutative
diagram corresponding to different presentations of A as quotients of smooth A-
algebras. From the definition it is immediate that �i2,τ vanishes on the image

of τ(A�). Moreover, it satisfies the 5-term relation and hence descends to a map
�i2,τ : B2(A) → D1(A).

In order to compare dilogarithms corresponding to different splittings, it is
necessary to restrict to the subgroup B◦

2(A) of B2(A). Again there is a more
conceptual description of this homotopy map, and again we are going to take the
explicit approach.

Suppose that Ai, for i = 1, 2 are k-algebras, with square-zero ideals Ii, which
are locally free Ai-modules. Suppose that f : A1 → A2 is a k-algebra homomor-
phism and that

τ1 : A1 → A1 and τ2 : A2 → A2,

are splittings which are not necessarily compatible with f . The homotopy, that we
mentioned above, in this context is a map

hf(τ1, τ2) : F (Λ2A×
1 )

◦ → D1(A2),

with the property that, for every α ∈ B◦
2(A1),

�i2,τ2(f(α)) − f∗(�i2,τ1(α)) = hf (τ1, τ2)(δ(α)).
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This map is a measure of the difference between f◦τ1 and τ2◦f, where f : A1 → A2

is the induced map. We give the definition of hf (τ1, τ2) below. First, note that the
map θ : A1 → I2, given by θ(a) := f(τ1(a)) − τ2(f(a)) is an f -derivation. Let

ϕ : I1 → S2
A2

I2 be any additive map such that for all a ∈ A1 and α ∈ I1 :

ϕ(aα) = θ(a)⊗ f(α) + f(a)ϕ(α).

Since I1 is by assumption a locally free A1-module, such a map exists locally. Let

Hϕ : (Λ2A×
1 )

◦ → S3
A2

I2

be the map that sends (1+α)∧(1+β) with α, β ∈ I1 to f(α)⊗ϕ(β)−ϕ(α)⊗f(β)

and sends (1+α)∧τ1(a), with α ∈ I1 and a ∈ A�
1, to −ϕ(α)⊗ θ(a)

f(a) . The restriction

of F (Λ2A×
1 )

◦ does not depend on ϕ and the image lands in D1(A2), if we use the
presentation S •

A2
I2 → A2 to computeD1(A2).With these identifications, hf (τ1, τ2)

is the restriction of − 3
2Hϕ to F (Λ2A×

1 )
◦.

This can now be used to define ρ2. Let {Ui}i∈I be an open affine cover of X
and τi be splittings of U i ↪→ Ui. Let {aij}i,j∈I be local sections of B◦

2 on Uij and

{bi}i∈I be local sections of F (Λ2O×
X)◦ on Ui such that δ(aij) = bj|Uij − bi|Uij , and

ajk|Uijk
− aik|Uijk

+ aij |Uijk
= 0. This defines an element of H2(X,FΓ◦

X(2)).
Consider the elements

γij := �i2,τi(aij) + h(τi, τj)(bj) ∈ D1(OX(Uij))),

for each i, j ∈ I. These define a cocycle which gives the element in H1(X,D1(OX)),
which is the image of ({aij}i,j∈I , {bi}i∈I) under ρ2. This element does not depend
on any of the choices made. Using Goodwillie’s theorem, we also prove in [32]
that the map ρ2 is injective. Therefore together with ρ1, they describe the motivic
cohomology group H2(X,Γ◦

X(2)) completely.

5. Complements

In this last section, we describe some results which are very much incomplete: first
the case of higher weights, then the case of characteristic p. In the last section, we
discuss some open problems.

5.1. Additive polylogarithms of higher weight

In [29], we constructed an analog of the single-valued n-polylogarithms Ln of [3],
described in §3.2.2 above. These functions, which we denote by lin are the higher
weight analogs of the functions defined in §3.4. In this higher weight case, so far
we can define these functions only in modulus (t2), i.e., for k2. They should, of
course, exist for all km.

Theorem. For s+ at ∈ k�2, let us define

lin(s+ at) =
(−1)n

n!
(a/s)2n−1 log

(
1− seu

1− s

)(n)

(0),
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where the derivative is with respect to u. If A•(k2) has a comultiplication Δ such
that Δn−1,1({x}n) = {x}n−1 ⊗ x for n ≥ 3 and Δ1,1({x}n) = (1− x) ∧ x then the
above function descends to give a map B′

n(k2) → k.

We also proved that these infinitesimal polylogarithms satisfy the functional
equations that the ordinary polylogarithms satisfy in [29]. One should in principle
be able to define such functions on all of An(k2), rather than only on the Bloch
group part.

5.2. Partial results in characteristic p

In the previous sections we assumed the base field k to be of characteristic 0. We
would expect similar constructions in characteristic p. We first note that in this
section we do not assume our complexes to be tensored with Q. Otherwise, most
of the objects in question will be equal to 0. Therefore, for any local ring with
infinite residue field A, we let B2(A)Z denote the free abelian group generated by
[x], with x(1 − x) ∈ A× modulo the subgroup generated by (2.1.1) with xy(1 −
x)(1 − y)(1− x

y ) ∈ A×. This gives a complex B2(A)Z → Λ2
ZA

× of abelian groups.

We will explore this complex for k2, when k is of characteristic p.
More specifically, fix p ≥ 5 and let F denote an algebraic closure of the

field with p elements. In the following, we let Fm := F[t]/(tm). In particular,
Fp = F[t]/(tp), and not the field with p elements. The additive dilogarithm �i2,3,
with the same formula, defines a map �i2,3 : B2(F2) → F of  -weight 3. In char-
acteristic p, there is another additive dilogarithm of  -weight 1 which does not
come from characteristic 0. Recall that a finite version of the logarithm, called the
1 1
2 -logarithm was defined by Kontsevich [21] as:

£1(s) =
∑

1≤k≤p−1

sk

k
,

for s ∈ F. This functions satisfies: £1(x) = −xp£1

(
1
x

)
, £1(x) = £1(1− x), and

£1(x) −£1(y) + xp£1

( y
x

)
+ (1 − x)p£1

(
1− y

1− x

)
= 0.

Therefore £
1/p
1 satisfies the 4-term functional equation of the entropy function. If

we let

Li2([s+ αt]) :=
α

s(1− s)

∑
1≤k≤p−1

sk/p

k
,

then we have [30]:

Theorem. Li2 descends to give a map

Li2 : B◦
2 (F2) → F.

and together with �i2,3 they give the regulator from B◦
2(F2) to F ⊕ F which gives

an isomorphism K◦
3 (F2) → B◦

2(F2) → F⊕ F.
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Surprisingly Kontsevich’s logarithm can be obtained using δ over a trun-
cated polynomial ring of higher modulus in an analogous manner that �i2,3 can
be obtained by using δ on the Bloch complex over F3. However, in order to ob-
tain Li2, one needs to use a much higher modulus, namely one needs to lift the
elements to Fp.

Using the notation in §3.4.1, for each 1 ≤ i < p, we have a map �i : F×
p → F

and a commutative diagram:

B2(Fp)Z
δp ��

����

Λ2
ZF

×
p

− 1
2 (

∑
1≤i<p a·�a∧�p−a)

1/p

��
B2(F2)Z

Li2 �� F,

which expresses Li2 in the manner we were looking for.

We would like to mention [4] for an approach to finite polylogarithms that re-
lates them to p-adic polylogarithms and [14] for the relation of functional equations
of finite polylogarithms to those of the classical polylogarithms.

5.3. Further problems

As can be seen from the discussion above, the above theory is only the starting
point of a general theory of infinitesimal regulators. There are many open ques-
tions, some of which will be considered in future papers.

In the linear part of the question, the most fundamental one is that of defining
the maps

vol◦n,w : An(km)/Pn(km) → k

of  -weight w, for each (n − 1)m < w < nm. These maps are defined above for
n = 2. They are also defined on the subspace B′

n(k2) when m = 2. These are the
analogs of the volume maps. Using these maps, one would then try to construct
maps from each cohomology group of the complex A•(km) to various Ωi

k. One
expects, by Goodwillie’s theorem and by the computation of the cyclic homology of
truncated polynomial algebras that the combination of these regulators mapping to
the direct sum of (m−1)-copies of Ωi

k gives an isomorphism from the infinitesimal
part of the corresponding cohomology group.

Solving the linear part of the above problem, we expect that one could use
these maps to define regulators for smooth projective schemes X/km. This would
be the generalization of the construction of the infinitesimal Chow dilogarithm.
One would have infinitesimal invariants of higher Chow groups which are expected
to give all the infinitesimal invariants of the Chow groups. This last part would
require significantly new ideas.

Another main problem is to do all of the above constructions in characteristic
p. As we saw above in characteristic p there are significantly more regulators. An
essential computation in the Milnor case is done by Rülling in [26] in the context
of the additive Chow groups. In this theory, one would have to use the residue
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construction in the de Rham–Witt complex rather than the ordinary de Rham
complex.

Finally, some the aspects of the construction can be done for any artin algebra
over a field. This was done in the section on infinitesimal Bloch regulator in weight
two. The aim would be to generalize the above to all artin algebras over a field.
For the mixed characteristic case, let us say for Wm(k), the case of truncated Witt
vectors over a perfect field k, some of the regulators are of the above form. One
could aim to study them using the methods above.
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