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Advanced Review

Prototype-based models in
machine learning
Michael Biehl,1* Barbara Hammer2 and Thomas Villmann3

An overview is given of prototype-based models in machine learning. In this
framework, observations, i.e., data, are stored in terms of typical representatives.
Together with a suitable measure of similarity, the systems can be employed
in the context of unsupervised and supervised analysis of potentially high-
dimensional, complex datasets. We discuss basic schemes of competitive vector
quantization as well as the so-called neural gas approach and Kohonen’s
topology-preserving self-organizing map. Supervised learning in prototype sys-
tems is exemplified in terms of learning vector quantization. Most frequently,
the familiar Euclidean distance serves as a dissimilarity measure. We present
extensions of the framework to nonstandard measures and give an introduction
to the use of adaptive distances in relevance learning. © 2016 Wiley Periodicals, Inc.
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INTRODUCTION

Prototype-based models in machine learning make
use of a number of appealing concepts. First of

all, the explicit representation of observations, i.e.,
data, in terms of memorized exemplars or typical
representatives is a very intuitive approach, which
parallels similar concepts from cognitive psychology
and the neurosciences. The same applies to the sec-
ond major aspect, i.e., the comparison of observa-
tions or stimuli with a reference set of prototypes or
exemplars in terms of similarity. The actual role and
significance of prototype or exemplar models and the
concept of similarity appear to be topics of ongoing
research and debate in the context of cognitive
sciences and related disciplines (see, e.g., Ref 1 for
further references and a discussion from a machine
learning perspective).

The purpose of this paper is neither to review
these efforts nor to contribute to them. Instead,
we aim at providing an overview of how the
above-mentioned and other related concepts can be
exploited in the context of analyzing complex data-
sets. We present and illustrate a few machine learning
frameworks, which are formulated in terms of proto-
types and employ the concept of similarity-based
comparison. Perhaps the most popular of these
approaches is the self-organizing map (SOM) as
introduced by Kohonen.2 It constitutes a widely
applicable and fundamental self-organizing model
that borrows several principles from biological neu-
rons and yields a highly efficient machine learning
tool. The aim of the SOM is to find a faithful
topology-preserving representation of a given set of
stimuli inspired by the topological maps that are
apparently present in the cortex.

Kohonen’s SOM comprises essentially all rele-
vant model ingredients that the reader will encounter
in this review. An SOM is characterized by a number
of neurons that react to stimuli from the environ-
ment. Mathematically, this can be modeled by assign-
ing a weight vector to each neuron representing the
typically expected stimulus of the neuron. A given
input is compared to these expectations, and the best
matching neuron is identified. This winner-takes-all
(WTA) principle can also be motivated in view of the

*Correspondence to: m.biehl@rug.nl
1Johann Bernoulli Institute for Mathematics and Computer Sci-
ence, Faculty of Mathematics and Natural Sciences, University of
Groningen, Groningen, The Netherlands
2CITEC Centre of Excellence, Faculty of Technology, Bielefeld
University, Bielefeld, Germany
3Department of Mathematics, University of Applied Sciences Mitt-
weida, Mittweida, Germany

Conflict of interest: The authors have declared no conflicts of inter-
est for this article.

92 © 2016 Wiley Per iodicals , Inc. Volume 7, March/Apr i l 2016



short-term dynamics of biological neurons: A neuron
with high potential fires and thereby suppresses its
neighbors by means of local inhibition.

The long-term adaptability of neurons and
their dendritic connections serve as the motivation
for an intuitive learning rule in artificial systems,
which results in a topology-preserving map forma-
tion based on observed stimuli. For each presented
stimulus, the winner is adapted toward the given
stimulus, reminiscent of the basic principle of
Hebbian learning.3,4

In the SOM, artificial neurons are arranged in a
regular, most frequently two-dimensional, lattice
structure. This introduces a topology that also allows
the inclusion of neighborhood cooperativeness in the
model: In addition to the winner, neurons in its
immediate neighborhood are also adapted. This sim-
ple rule yields very powerful, topology-preserving,
low-dimensional maps of possibly high-dimensional
input stimuli. On one hand, data are compressed and
noise is reduced by representing a continuum of sti-
muli by prototypes. On the other, a topological
ordering and potential visualization of the global
topology of high-dimensional stimuli is provided in
terms of a nonlinear embedding in a regular lattice.
Such topological maps can serve several purposes in
practice: they allow for data visualization and com-
pression, or they can implement a noise-tolerant
association look-up table. Together with posterior
labeling or other post-processing techniques, the
SOM can also be employed in classification or regres-
sion tasks.2

Neighborhood cooperativeness can also be
introduced without reference to a low-dimensional
topology. The so-called neural gas (NG) approach5

retains most of the concepts of the SOM; however,
neighborhood relations are evaluated in terms of
ranked dissimilarities in the original input space of
stimuli. Thus, the winning neuron and those that are
relatively close to it in terms of the dissimilarity
measure are adapted to a given stimulus. The result-
ing framework provides a powerful tool for vector
quantization (VQ) and has proven useful in a variety
of practical situations.

When omitting the idea of neighborhood coop-
eration and retaining only the WTA principle, one
recovers competitive VQ, arguably the simplest
framework for representing data by prototypes. It is
closely related to the popular k-means algorithm4,6,7

and can be viewed as the basis of all prototype-based
systems considered here.

SOM, NG, and other VQ frameworks are
methods of unsupervised learning. They represent the
underlying data distribution without taking into

account potential feedback in a supervised learning
scenario, where the target could be a particular clus-
tering or classification, for instance.

In fact, the faithful representation of the stimuli
may require more resources than the clustering itself,
since more information has to be stored. For this rea-
son, it is worthwhile designing methods of self-organ-
ized, prototype-based learning for supervised tasks.
Motivated by the need for intuitive and fast super-
vised classification methods in practical applications,
learning schemes such as learning vector quantization
(LVQ) have been proposed.2 Compared to SOM or
VQ, the WTA principle is amended by explicitly tak-
ing into account the label information representing
the target.

One might argue that the degree to which inspi-
ration from cognitive or neurosciences plays a role
decreases along the lines of the brief overview given
above. At the same time, the models appear to
become less plausible from a biological point of view.
In a sense, purely application-oriented machine learn-
ing research can resort to a convenient, pragmatic
attitude. While many models and techniques of
machine learning have been, to a certain extent,
inspired by concepts from other disciplines—once
they have proven useful in a practical context—the
actual relevance of their counterparts in biology or
psychology becomes largely irrelevant from an appli-
cation point of view. For instance, the great success
of artificial feed-forward or recurrent neural net-
works3,4,6 in a large variety of application areas is
not impaired by the fact that some of the assump-
tions or hypotheses that inspired their development
turned out to be questionable, over-simplifying, or
even plain wrong in terms of biological neural sys-
tems. In this sense, inspirations from biology or ana-
logies with cognitive psychology can be instructive
and very useful. However, they should not be over-
interpreted or over-rated when dealing with artificial
systems employed in a practical context of machine
learning or computational intelligence in a broader
sense.

The following section presents and discusses
several prototype-based systems of unsupervised
learning. For didactical reasons, we follow a some-
what inverted order compared to the above introduc-
tion. After presenting the most basic competitive VQ,
we introduce the NG approach and conclude the
section with a discussion of the SOM in Self-
Organizing Maps.

The next section introduces and illustrates the
basic ideas of supervised prototype systems, mainly
in terms of LVQ. To this end, we also compare it
with the classical k-nearest neighbor classifier.
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In all of the above, simple Euclidean distance in
feature space is employed as the measure of dissimi-
larity. In Generalized Dissimilarity Measures and
Relevance Learning we extend the framework signifi-
cantly and discuss how alternative distances and dis-
similarity measures can be incorporated into the
models. In particular, we introduce the concept of
relevance learning and adaptive distances in Adaptive
Distances in Relevance Learning and conclude with a
few remarks in the last section.

PROTOTYPES IN UNSUPERVISED
LEARNING

One possible aim of unsupervised learning is the rep-
resentation of vectorial data by typical representa-
tives, i.e., prototypes, which somehow reflect the
frequency of observations in feature space. The goal
could be to reduce storage needs, to reveal structures
such as clusters in the data, or to pre-process large
datasets for further analysis. Unsupervised analysis
can provide valuable insights into the nature of the
dataset at hand, and it plays an important role in the
context of visualization.

In the next subsection we present a very
basic scheme for unsupervised VQ which employs
the concept of competitive learning.3,4 The concept
is extended in the so-called NG approach by
introducing a simple form of neighborhood coopera-
tiveness into the framework of VQ.8 Finally, Self-
Organizing Maps presents the SOM, which adds the
concept of a topological relation of prototypes.2 Ini-
tially, we restrict the presentation to the use of
Euclidean distance in an N-dimensional feature
space. The generalization to alternative measures of
dissimilarities will be discussed in Some Alternatives
and Extensions.

Competitive Vector Quantization
The aim of VQ is usually formulated in terms of a
cost function, which guides the training process, i.e.,
the computation of prototype vectors. It measures
the quality of a particular prototype-based represen-
tation of a given set of P feature vectors {xμ 2 ℝN},
μ = 1, 2 … P, each of them representing a particular
stimulus or input. A popular approach is based on
the crisp assignment of any data point to the closest
prototype, the so-called winner, in the set
W = {w1, w2, … wK} in terms of a predefined dis-
tance measure. We first restrict the discussion to
(squared) Euclidean distance in feature space with

d2(x, y) = (x − y)2 for x, y 2 ℝN. A corresponding
suitable cost function is given by the so-called quanti-
zation error3,4:

HVQ =
XP
μ = 1

1
2
d2 w* xμð Þ,xμ
� �

: ð1Þ

Here, w*(xμ) 2 ℝn denotes the prototype with the
smallest Euclidean distance from a given feature vec-
tor xμ 2 ℝN:

d w* xμð Þ,xμÞ ≤ dðwj,xμ
� �

for all j = 1,2,K; ð2Þ

where ties are broken arbitrarily. In words, the quan-
tization error sums up the distances of all individual
feature vectors from their respective closest proto-
type. Hence, it quantifies how faithfully the data is
represented by the set of prototypes.

Competitive VQ corresponds to a stochastic
(or online) gradient descent9 with respect to HVQ and
leads to a very intuitive update scheme. At each time
step, a single feature vector xμ is selected randomly
with equal probability from the dataset. Next, the
current winner w*(xμ), abbreviated as w*, is deter-
mined according to Eq. (2). Only the winning proto-
type is updated according to

w* w* + η xμ−w*� �
: ð3Þ

The term ‘competitive learning’ has been coined for
this and other training schemes, where prototypes
compete for updates.3,8 The above-described algo-
rithm is an example of a WTA scheme. Some exten-
sions to the update of several prototypes at a time
will be discussed below.

The so-called learning rate η controls the mag-
nitude of updates. For η < 1, the prototype is moved
even closer to the observed data point. Initially, pro-
totypes could be set identical to randomly selected
data points, for instance. All data are presented many
times and, eventually, prototypes should be placed in
regions of the feature space which display a high den-
sity of data points.

As in any stochastic gradient descent, conver-
gence of the prototype vectors has to be guaranteed
by employing a time-dependent learning rate, which
slowly approaches zero in the course of training.9 For
a discussion of stochastic gradient descent in machine
learning, its convergence properties, the role of the
step size, and alternative optimization strategies, we
refer the reader to, e.g., Ref 10 and references therein.

Competitive VQ is closely related to the well-
known k-means algorithm,4,6,7 which employs all

Advanced Review wires.wiley.com/cogsci
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available data at a time in each update of the system.
We refrain from a detailed discussion of this classical
method and its relation to density estimation through
expectation-maximization schemes.4,6 Instead, we
focus on competitive VQ, which can be interpreted
as the conceptual basis of all other algorithms dis-
cussed in the following.

Frequently, VQ is confused or even identified
with clustering, having in mind that prototypes might
represent distinct clusters of data and HVQ relates to
the typical within-cluster distances. Indeed, VQ may
serve as a basic strategy to detect and identify groups
of similar data points. It is important to note, how-
ever, that VQ is well defined and can be useful even
if there is no cluster structure present in the data.
Moreover, the minimization of HVQ does not neces-
sarily coincide with the identification of existing or
assumed clusters. Figure 1 shows a few illustrative
situations where prototypes represent simple, two-
dimensional data with minimal HVQ. Panel
(a) displays a single elongated cluster, where the pro-
totypes summarize essential properties and character-
ize the variation of observed feature vectors without
necessarily suggesting intuitively meaningful divisions
of the data into groups. In panel (b), the idealized
scenario of two nearly spherical overlapping clusters
is shown, each of which is represented by one proto-
type. In panel (c), the clusters are elongated. While

the resulting prototype positions minimize HVQ, they
would certainly not be interpreted as cluster centers.
Obviously, the outcome of VQ depends strongly on
the representation of data in feature space, and it can
be highly sensitive to the scaling of single features or
other, even linear, coordinate transformations. The
last example in panel (d) shows a situation in which
a seemingly separate smaller cluster is not identified
because it does not contribute significantly to the
total quantization error.

It is also important to note that HVQ is a mean-
ingful quality measure only when comparing systems
with the same number of prototypes. In general, HVQ

will decrease with increasing K. Obviously, placing
one prototype on each individual data point always
gives the lowest possible quantization error HVQ = 0.

A key difficulty of competitive VQ is that the
objective function can display many suboptimal local
minima. Among other problems, this can lead to a
strong dependence of the training outcome on the ini-
tial prototype positions. As an extreme example, pla-
cing a prototype in an empty region of feature space
can prevent it from ever being identified as the win-
ner for any of the data points, thus leaving it
unchanged in a WTA training process, leading to a
so-called dead unit.

Neural Gas Algorithm
To overcome the sensitivity to initial conditions and
other difficulties of WTA schemes, concepts of neigh-
borhood cooperativeness were proposed as exten-
sions of the VQ framework. Kohonen introduced
a prominent, biologically motivated model, the
so-called SOM,2 which will be presented in the fol-
lowing section. Inspired by Kohonen’s approach,
Martinetz et al. developed a robust VQ scheme with
a rank-based neighborhood cooperativeness, the so-
called neural gas (NG).5

The main idea of NG is to update several or all
prototypes at a time, but according to their rank with
respect to the distance from a given sample. For a
feature vector xμ, the winner rank kj for each proto-
type in the set W = {wj, j = 1, …, K} is determined as

kj xμ,Wð Þ =
XK
l = 1

θ d wj,xμ
� �

−d wl,xμ
� �� �

; ð4Þ

where θ(�) denotes the Heaviside step function with
θ(z) = 0 if z ≤ 0 and θ(z) = 1 for z > 0. Hence, the
winning prototype w*(xμ) has rank zero, rank 1 is
assigned to the second closest prototype, and so
forth.

(a) (b)

(c) (d)

FIGURE 1 | Representation of two-dimensional data points by
prototypes. In each panel, 200 data points are displayed as red dots,
and prototype positions corresponding to the minimum of HVQ are
marked by filled black circles. The subpanels are referred to in
Competitive Vector Quantization.

WIREs Cognitive Science Prototype-based models in machine learning

Volume 7, March/Apr i l 2016 © 2016 Wiley Per iodica ls , Inc. 95



In the NG algorithm, the prototype ranks
kj(x

μ, W) as given by Eq. (4) are determined for a
randomly selected single feature vector xμ. Then, all
prototypes are updated according to

wj wj + η�hNG
λ kj xμ,Wð Þ� �� xμ−wj

� �
; ð5Þ

where

hNG
λ kj xμ,Wð Þ� �

= exp −
kj xμ,Wð Þ

λ

� �
ð6Þ

is the so-called neighborhood function, which
decreases with increasing rank. Prototypes that are
relatively close to the actual feature vector are shifted
considerably toward xμ, whereas prototypes far away
from the data point are updated only marginally.
The parameter λ determines the range of ranks that
correspond to significant updates of the prototypes.
Note that λ is defined with respect to ranks and does
not depend on the magnitude of actual distances in
the dataset.

Frequently, λ is set to a large value, typically on
the order of K, initially. This results in significant
updates of all prototypes and resolves the potential
problem of dead units. In the course of training, λ
can be decreased gradually. Note that in the limit
λ ! 0, the neighborhood function (6) singles out the
winning prototype and a WTA prescription is
recovered.

For fixed finite λ, the NG update corresponds
to a stochastic gradient descent with respect to the
cost function5:

HNG
λ =

XP
μ =1

XK
j = 1

hNG
λ kj xμ,Wð Þ� ��d2 wj,xμ

� �
: ð7Þ

Interpreting the prototypes as gas particles in the
high-dimensional data space and the parameter λ as
a viscosity, the averaged learning dynamic can be
seen as a overdamped motion of particles in a poten-
tial given by the negative data density p(x). There-
fore, the name Neural Gas Algorithm has been
coined for this particular VQ scheme.5 It is frequently
used for the faithful representation of datasets by a
relatively large number of prototypes, the positions
of which represent the density of observations in fea-
ture space. Application areas for NG and modifica-
tions thereof include, among others, the analysis of
time series data and sequences, source separation,
cluster analysis and visualization, image processing,
and robotics.5,11–16

Self-Organizing Maps
Kohonen proposed a model of neighborhood cooper-
ativeness between the prototypes, which is motivated
by the formation of ordered representations of sen-
sory information in cortical brain areas.2,8,17,18 In
the so-called SOM, an external neural lattice A is
introduced, most frequently taken to be a regular
two-dimensional grid. Nodes of the lattice are called
neurons following the biological motivation, and
each neuron is identified by its coordinate vector in
the grid, e.g., by r = (r1, r2)

T in two dimensions.
Thus, a topological relation between the neurons is
imposed. The by far most popular grid structures
considered in the literature are square and hexagonal
(equilateral triangular) lattices.2 Neural weight vec-
tors wr 2 ℝN are assigned to each lattice site, form-
ing the set WA. Each weight vector corresponds to a
prototype in the N-dimensional feature space, which
is thus associated with a particular lattice site r.

The update rule for prototypes in the SOM is
similar to that of NG except for the neighborhood
function, which is now based on the position of neu-
rons in the lattice A: Let

s xμð Þ= argminr2A d wr,xμð Þ ð8Þ

be the actual winning neuron for the feature vector
xμ. Then all prototypes are updated according to

wr wr + η�hSOM
ρ s xμð Þ,rð Þ� xμ−wrð Þ; ð9Þ

where the neighborhood function

hSOM
ρ s,rð Þ= exp −

k s−r k2A
2ρ2

� �
ð10Þ

is evaluated for two lattice sites in A using the Euclid-
ean norm k s−r k2A. Here, the parameter ρ denotes the
neighborhood range, controlling the degree of neural
cooperativeness imposed by the lattice A. Thus, the
topological structure of A directly influences the
learning behavior. As for NG, the neighborhood
range is usually decreased to zero during learning
from a relatively high initial value of ρ. Note that ρ is
defined in terms of the lattice spacing in A, while the
parameter λ of NG refers to ranked distances in ℝN.

The above-discussed basic version of the SOM
training process, Eq. (9), cannot be readily inter-
preted as a proper stochastic gradient descent. How-
ever, this is possible for a modification of the update,
which retains the basic concepts of Kohonen’s algo-
rithm and can be derived from a suitable cost
function.19
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The key feature of the SOM is that it provides
a low-dimensional, topology-preserving representa-
tion of the data, which can be employed for, e.g., the
purpose of visualization. To this end, we can inter-
pret the winner determination, Eq. (8), as a map that
assigns any N-dimensional feature vector x to
a specific lattice site r in A. Under certain
conditions, this mapping is topology-preserving in
the following sense: feature vectors xμ and xν with
small distance d(xμ, xν) in ℝN are mapped either to
identical or neighboring neurons s and s0 in the lattice
A. Similarly, neurons r and r0, which are neighbors in
the lattice A, correspond to prototype vectors with
small dissimilarity d wr,wr0ð Þ in feature space. For a
precise mathematical definition, see Ref 20. Measures
for the evaluation of the topology preserving-
property of a trained SOM are proposed in
Refs 20,21.

The topology-preserving aspect of the
SOM facilitates the systematic visual inspection of
complex data sets. Several implementations of
the SOM, including visualization tools, are available
as software packages, e.g., Ref 17. An overview
can be found in, e.g., Ref 22; for the following,
we employed a freely available MATLAB SOM-
Toolbox.23

For illustration purposes, we revisit the well-
known Iris flower data, which was already consid-
ered by Fisher.24 In the dataset as available from the
UCI repository,25 150 individual flowers are repre-
sented by four numerical features (sepal length, sepal
width, petal length, petal width) and belong to three
different classes, i.e., species of Iris flowers (setosa,
virginica, versicolor); see Ref 25 for a more detailed
description of this classical dataset. An SOM with
4 × 6 prototypes and lattice sites was trained using
the above-mentioned MATLAB toolbox.23 Note that
the unsupervised SOM training does not take into
account the known class memberships of the, in
total, 150 samples.

As a first example, we discuss the visualization
of the trained SOM prototypes in terms of the so-
called component planes. The jth component plane
of a rectangular SOM lattice A of (a × b) neurons is
an (a × b)-dimensional matrix, where each entry cor-
responds to a particular lattice site (r1, r2) and is
given by the jth vector component of the associated
prototype vector w r1,r2ð Þ. The component planes cor-
responding to the four features in the Iris dataset are
shown in Figure 2 in a color-coded visualization of
the matrices. It can be seen, for instance, that proto-
types that are neighbors in the lattice also have simi-
lar components in the four-dimensional feature
space.

A very popular and useful tool for the visual
inspection of complex data and the detection of clus-
ters is based on the so-called U-matrix.26 It has the
same size and structure as the SOM lattice; i.e., for
a rectangular lattice A of size (a × b) we have U 2
ℝa × b. The matrix element Ur1,r2 at position
r = (r1, r2) is given by the average of the distances
d wr,wr0ð Þ, where wr0 denotes the prototypes associ-
ated with the neighbor sites r0 of r.

26 In a rectangular
lattice, for instance, the coordinates of the neighbor
sites of r satisfy the condition k r−r0 k2A = 1. Visualiza-
tion of the U-matrix allows for the identification of
clusters, since large matrix elements should mark
cluster borders. They correspond to prototypes that
are neighbors in the grid A but display relatively
large distances in feature space. Figure 3 shows the
U-matrix obtained from the Iris flower dataset. Its
largest elements are shown in orange and red color,
implying that the corresponding prototypes relate to
the borders of clusters in feature space.

While the label information, i.e., the class mem-
berships, provided in the UCI dataset was not used in
the unsupervised training of the SOM, we can exploit
this knowledge in the post hoc analysis of our illus-
trative example system. Figure 3(b), displays for each
lattice site the most frequent class membership
among the data points, for which the corresponding
prototype is the winner. Lattice sites that are dis-
played without a class label correspond to prototypes

Sepal length

Petal length Petal width

Sepal width
6.91

5.86

4.81

5.7

3.65

1.59

3.7

3.14

2.58

2.09

1.18

0.272

FIGURE 2 | Visualization of the component planes in an self-
organizing map (SOM) with 6 × 4 prototypes, as obtained from the
UCI Iris flower data set, see Self-Organizing Maps for details.
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with empty receptive fields, which represent none of
the data points as a winner. Topologically, these are
obviously located between the class of Iris setosa and
the other more closely neighbored species Versicolor
and Virginica.

Evidently, the U-matrix also suggests a struc-
ture that is to a large extent consistent with a cluster
of Iris setosa and a larger cluster comprising the Ver-
sicolor and Virginica samples. Note also that,
although not used in the training, the class member-
ships are clearly reflected in a spatial ordering in the
lattice, relating to the above-discussed property of
topology preservation.

The SOM and NG update rules as introduced
in Eqs (5) and (9) rely on a random stochastic order-
ing of the observed data points, such that the results
of the trained networks can differ from one run to
the next. Practitioners often expect a reproducible
result in the sense that exactly the same visualization
arises from the same data to be inspected. To this
end, one can resort to batch gradient descent, which
takes all data into account at once, and employ a
unique initialization of the models, e.g., based on the
leading principal components of the data.27

Intuitive data inspection as illustrated above
constitutes one of the prime application scenarios of
the SOM. Fields of interest are very diverse, includ-
ing, for instance, financial analysis, hyperspectral
image analysis, geosciences, and the retrieval of docu-
ments or other media.28–31 In addition, the SOM can
be used as a preprocessing step in machine learning
problems due to its efficient and highly regularized
dimensionality reduction and spatial data representa-
tion abilities. This is exploited in a variety of areas
such as system identification, time series prediction,
and robotics.32–35

Some Alternatives and Extensions
Here we highlight a few popular alternatives and
extensions of unsupervised prototype-based techni-
ques. Emphasis is on techniques that make it possible
to transfer these models to settings with more general
data structures as often present in practical applica-
tions. We focus on the underlying motivation of the
models rather than providing their precise mathemat-
ical definition in detail.

U-matrix(a) (b)

0.8
Setosa

Setosa

Versicolor Versicolor Versicolor Versicolor

Versicolor Versicolor

Versicolor Versicolor Virginica Virginica

VirginicaVirginicaVirginicaVirginica

Versicolor Versicolor

Setosa

Prototype class labels

Setosa Setosa

0.75

0.7

0.65

0.6

0.55

0.5

0.45

FIGURE 3 | Visualization of the U-matrix in an self-organizing map (SOM) with 6 × 4 prototypes, as obtained from the UCI Iris flower data
set. Panel (a) shows the U-matrix elements in color-code. For comparison, panel (b) displays the post hoc class labels as assigned to the
prototypes by majority vote. Empty sites correspond to prototypes with empty receptive field, which are the winner for none of the samples.
See Self-Organizing Maps for details.
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Generative Topographic Mapping
The original SOM has been proposed on heuristic
grounds and its precise mathematical treatment
turned out to be a challenge.36 Hence, some effort
has been devoted to alternatives to SOM which lend
themselves to a well-founded mathematical analysis
and facilitate the incorporation of prior knowledge
and the treatment of more complex data structures.
A popular alternative to SOM, which is based on a
probabilistic generative modelling of the data, is
offered by the Generative Topographic Mapping
(GTM).37 GTM models represent observed data by a
constrained mixture of Gaussians. The constraints
enforce a smooth mapping of the Gaussian centers
to a low dimensional lattice in a latent space, i.e.,
they account for topology preservation and visualisa-
tion capability of the model. This probabilistic treat-
ment has the drawback that GTM learning rules
are less intuitive as compared to the standard
SOM. However, GTM has the benefit of a clear
mathematical foundation, and the corresponding
learning rules can be derived as data likelihood maxi-
misation. This opens the way to straightforward
extensions of GTM to hierarchical variants or mod-
els for complex data structures such as tree struc-
tured data. The latter are relevant, e.g., when
representing logical expressions and symbolic terms.
The necessary conceptual extensions can be realized
by modifying the underlying probability model, see
Refs 38 and 39.

Nonparametric Dimensionality Reduction
SOM is often used as an efficient nonlinear data visu-
alization technique. As such, it competes with alter-
native strategies to visualize a set of given data
points in the plane. The topic of nonlinear dimen-
sionality reduction (NDR) has attracted considerable
attention in recent years. Its aim is to project given
high-dimensional data to two or three dimensions,
with as much as possible of the structure in the data
being preserved. A variety of NDR technologies is
currently available, see, e.g., Ref 40 for a recent
review. In contrast to SOM, many popular NDR
techniques are nonparametric. Consequently, they
can easily model highly nonlinear effects in the data.
Unlike SOM, however, they often require at least
quadratic training complexity. Moreover, they nei-
ther provide a data compression in terms of typical
representatives (like the prototypes in SOM), nor do
they facilitate straightforward out-of-sample exten-
sions to novel data points which were not used for
training.

SOM for Time Series Data
SOM and NG deal with vectorial data. Often, real-
world data display a temporal aspect, as, for
instance, high-dimensional sensor streams which are
measured over time. In such cases, the goal is to
inspect a sensor signal at a given time point, taking
into account its temporal context. If and only if the
current sensor signal and its temporal context are
similar, signals should be mapped to neighboring
positions of the SOM. Quite a few SOM models have
been proposed that take into account the temporal
dynamics of an observed signal.41–43 Early models
often rely on a leaky integration of the sensor signal,
such as the so-called temporal Kohonen map or the
recurrent SOM. More recent variants incorporate an
explicit representation of the temporal context. Such
a context representative is attached to every proto-
type and is learned in a similar way as the prototype
position itself. Examples for this principle include
recursive SOM, SOM for structured data, or merge
SOM. These methods differ in the way in which the
temporal context is represented, but they rely on a
similar treatment of the temporal dynamics of the
signal. A few overview articles are available that
summarize these approaches and compare them in
terms of their representation capability, see e.g.,
Refs 41–43.

Median, Kernel, and Relational SOM for
General Proximity Data
Digital data often display a complex structure and
are of Non-Euclidean nature. Consider, for example,
DNA or protein sequences of different length, text
fragments, symbolic expressions, or graph structures
such as social networks and biological networks.
Such datasets have in common that they do not allow
for a lossless embedding in a finite-dimensional
Euclidean vector space. Rather, data are character-
ized by problem-specific pairwise dissimilarities such
as alignment distances for sequences, edit distances
for words, tree kernels, or graph kernels.44–46

It is a nontrivial task to extend SOM to non-
vectorial data structures. One way to deal with such
data consists in an explicit embedding of the signals
in a finite-dimensional vector space—however, this
results in information loss and is computationally
costly. It requires cubic time complexity in the worst
case. Therefore, variants of SOM and NG have been
designed that can directly deal with data, which are
not given as vectors but which are characterized in
terms of pairwise similarities or dissimilarities only.
We refer to proximities in the following.
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The main problem in this context is that no
explicit vector space is given in which data are
located, and hence it is not clear how to define and
adjust prototypes. Several methods have been sug-
gested that address this challenge. Median variants
restrict prototype positions to exemplars, i.e., proto-
types coincide with selected data points. Then, learn-
ing corresponds to a possibly approximate
optimization of NG or SOM costs with respect to
these discrete parameters.27,47 Median variants dis-
play limited flexibility when only few data points are
given, as the space of possible prototype locations is
not very rich. For such settings, smooth variants have
been proposed, which rely on an implicit embedding
of the data in a kernel space or in a more general
pseudo-Euclidean space, see, e.g., Refs 44–46. A ben-
efit of these approaches consists in the fact that the
embedding of data is only implicit. As a consequence,
the computational load is only quadratic compared
to the cubic complexity of explicit embeddings.
Approximate schemes allow further speedup to linear
time complexity.45

PROTOTYPES IN SUPERVISED
LEARNING

In the previous section we have highlighted a few
prototype-based approaches to the unsupervised
analysis of potentially high-dimensional and complex
data. Frequently, the aim of machine learning is the
assignment of feature vectors to well-defined classes
or categories. Similarly, in regression problems the
task is to assign one or several continuous target
values. Supervised machine learning is based on
labeled example data and aims at extracting and
representing information in terms of a hypothesis of
the unknown classification rule or target function,
which then can be generalized and applied to novel
data in the working phase.

Among the many machine learning frameworks
specifically designed for supervised problems,
prototype-based schemes constitute a family of very
intuitive, easy-to-implement systems of great flexibil-
ity. We will limit the discussion to classification pro-
blems and focus on LVQ,2,48,49 a family of
algorithms that directly take on the basic ideas of
competitive learning as presented in the previous sec-
tion. For comparison and motivation, we briefly dis-
cuss the classical k-nearest neighbor approach,6,50

which treats all available data as reference exemplars
for comparison with new observations.

Note that various modifications of NG and
SOM have been suggested for the use in classification

or other supervised tasks. We refrain from a discus-
sion of these modifications and refer the reader to the
literature. See Refs 17, 51 and 52 for examples of
supervised versions of NG and SOM.

From Nearest Neighbor to Nearest
Prototype Classifiers
Before discussing LVQ, we provide an intuitive intro-
duction in terms of the simplest and most popular
data-driven classifier: the Nearest neighbor
(NN) classifier or its extensions to k-nearest neighbor
(kNN) schemes.3,6,50 It is roughly the machine learn-
ing counterpart of the idea of exemplars used to rep-
resent observations. In this classical approach, a
given set of feature vectors is stored as the reference
set, together with labels that indicate their member-
ship to one of C classes:

xμ,yμ = y xμð Þf gPμ =1, where yμ 2 1,2,…Cf g:

An arbitrary feature vector x, representing a query, is
classified according to its similarity to (or distance
from) the available reference samples. After comput-
ing, e.g., its Euclidean distance from all stored feature
vectors, x is assigned to the class of its NNs in the
dataset. In the more general kNN classifier, the
assignment is given by the result of a suitable voting
scheme taking into account the k closest reference
vectors.50

A kNN classifier is straightforward to imple-
ment and requires no further analysis of the
example data in a training process prior to the work-
ing phase. Theoretical considerations show that kNN
can achieve close to Bayes optimal classification
if the number of neighbors k is selected appropri-
ately.6,50 Consequently, kNN methods are
applied frequently and serve as a baseline to compare
more sophisticated approaches with. As illustrated
in Figure 4 (left panel), an NN classifier implements
piecewise linear decision boundaries in feature space.

One difficulty of the approach becomes clear
immediately. The naive implementation of the kNN
scheme requires the computation and sorting of the
distances from each available example for each
query. Although sophisticated strategies for the mini-
mum search and sorting can reduce the computa-
tional needs significantly, the basic problem remains
relevant for very large datasets. Perhaps more impor-
tantly, the class boundaries can become very complex
as every reference sample is taken into account
explicitly. Consequently, an NN system can be highly
specific to the details of the given data, potentially
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resulting in overfitting effects, i.e., poor ability of the
classifier to generalize to novel data. The presence of
single, mislabeled examples, for instance, leads to
small isolated regions in feature space, which are
assigned to a particular class [cf. Figure 4 (left
panel)]. The effect can be counterbalanced by proper
choice of the neighborhood size k, to a certain extent,
but this requires large enough datasets with sufficient
density of exemplars in the corresponding regions of
feature space. Both problems suggest reducing the
number of reference data points. Indeed, the idea of
selecting a suitable subset of exemplars was already
present in Ref 53 and has been picked up in more
recent publications, e.g., Ref 54.

Learning Vector Quantization
A particularly attractive and intuitive approach to
prototype-based classification, also suggested by
Kohonen,2,48 is conceptually very similar to unsuper-
vised competitive learning. The so-called LVQ1 algo-
rithm2,55 includes the essential ingredients of many
more sophisticated LVQ updates.

A single feature vector xμ with class label yμ is
sampled uniformly from the given dataset. The cur-
rently closest prototype, i.e., the winner w*(xμ),
abbreviated as w*, is determined according to Eq. (2)
and carries label y* = y(w*(xμ)). A WTA update is
performed according to

w* w* + ηΨ y*,yμ
� �

xμ−w*� �
; ð11Þ

where ψ y, ŷð Þ = +1 if y = ŷ
−1 else:

�
ð12Þ

In words, the winning prototype is moved closer to
the example feature vector if they share the same
label and moved away otherwise. One popular ini-
tialization strategy is to place prototypes close to the
mean vector of the corresponding class in the dataset.
Upon repeated presentation of the dataset, proto-
types should represent their respective class by
assuming class-typical positions in feature space.

The striking conceptual similarity to competi-
tive VQ and its plausibility have contributed to the
popularity of LVQ1. Note, however, that the algo-
rithm cannot be readily interpreted as a stochastic
gradient descent procedure with respect to a simple
cost function analogous to HVQ in the
unsupervised case.

Many modifications of LVQ training have been
suggested in the literature, aiming at faster conver-
gence or better generalization behavior, see Refs
48,49 and 55 and references therein. In particular,
cost-function-based approaches have been proposed
that allow for training in terms of gradient descent or
other optimization methods. Important examples are
the so-called generalized LVQ (GLVQ), which is
related to the concept of large margin classifica-
tion56,57 and robust soft LVQ (RSLVQ), which is
based on the statistical modeling of the data.58,59 The
basic ingredients of most LVQ training prescriptions
are, however, already apparent in heuristic LVQ1.

The main advantages of prototype-based LVQ
are its flexibility and intuitive accessibility. The out-
comes of the training process, i.e., the prototypes, are
defined in the same space as the observed data them-
selves. This facilitates discussions with domain
experts, as prototypes can be interpreted in the same
way as original observations. This is in contrast to

1

2

3

(a) (b)

FIGURE 4 | Illustration of the k-nearest neighbor classifier (a) and nearest-prototype learning vector quantization (LVQ) classification (b). The
same two-dimensional dataset with three different classes and piecewise linear decision boundaries is displayed in both panels, see (b) for a
legend. Prototypes are marked by larger symbols in panel (b).
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many other frameworks, such as feed-forward neural
networks or support vector machines (SVMs).3,4,60,61

In fact, as outlined in Ref 2, LVQ was moti-
vated as an approximation of a Bayes classifier based
on Gaussian mixture models,3,6 originally. In this
approach, the data densities are approximated in
terms of linear combinations (mixtures) of Gaussian
basis functions, and the decision boundaries are con-
structed accordingly. Kohonen’s LVQ replaces the
density estimation procedure, which turns out prob-
lematic in high-dimensional spaces, by the simpler
and more robust method of VQ.

LVQ systems have displayed competitive per-
formance in many practical applications. Various
conceptual extensions of LVQ classification have
been suggested in recent years, for instance, addres-
sing the question of optimal and adaptive distance
measures, which are briefly discussed in the following
sections.

GENERALIZED DISSIMILARITY
MEASURES AND RELEVANCE
LEARNING

In the previous sections, we have introduced and
illustrated several methods for the unsupervised and
supervised training of prototype-based systems which
all employed standard Euclidean distance as a meas-
ure of dissimilarity in feature space. Obviously, this
choice comes to mind naturally, and it is the by far
most popular one in the literature. However, it is
important to realize that it is certainly not the only
or even the best option when designing a
dissimilarity-based system. Depending on the applica-
tion domain and the nature of the problem at hand,
other choices may be more suitable and may perform
better than the standard Euclidean metric. The choice
of an appropriate measure is often crucially depend-
ent on domain-specific knowledge. It constitutes a
key step in the design of any prototype-based system
and can be decisive for its performance.

Beyond Euclidean Distance
It is an important strength of prototype- and
distance-based systems that they are very flexible
with respect to the choice of a distance measure.
A large variety of measures can be used in order to
quantify the dissimilarity of N-dimensional vectors.
In the following, we present a few important alterna-
tives to Euclidean metrics. An in-depth discussion,
more examples, and further references can be found,
e.g., in Refs 62 and 63.

Minkowski Distances
As a straightforward generalization of the standard
Euclidean measure, the family of Minkowski dis-
tances of the form

dP x,yð Þ=
XN
j =1

xj−yj
		 		p" #1=p

for x,y2ℝN ð13Þ

fulfill metric properties (for p ≥ 1) and include the
Euclidean metrics as a special case with p = 2. By
choice of the parameter p, emphasis can be put on
smaller or larger deviations |xj − yj|: In the limit
p ! ∞, for instance, the Minkowski distance is
equivalent to

d∞ x,yð Þ= max
j = 1,…N

xj−yj
		 		;

which considers only the component with the largest
difference between the two vectors. Employing Min-
kowski distances with p 6¼ 2 has proven advanta-
geous in several practical applications, see, e.g., Refs
64 and 65.

Mahalanobis Distance
The naive Euclidean measure takes into account all
features with the same weight. A major problem of
this naive approach is due to the fact that the features
in real-world data can display very different magni-
tudes and variabilities. This is obviously the case if
features correspond to quantitatively or qualitatively
different properties. Their relative importance in the
evaluation of Euclidean distances strongly depends
on the actual numerical representation and the choice
of unit systems and scales. Potential correlations
between different features can also mislead systems
relying on Euclidean distance. The presence of highly
correlated dimensions of the feature space can domi-
nate the dissimilarity and reduce the influence of
important discriminative features.

Statistical properties of the example data can be
taken into account explicitly by using a popular dis-
similarity measure, the so-called Mahalanobis dis-
tance, which was suggested very early.66 It can be
interpreted as a measure comparing two random vec-
tors x, y that are drawn from the same distribution.
The distance

dM x,yð Þ= x−yð ÞΤC−1 x−yð Þ
 �1=2 ð14Þ

takes into account the (empirical) covariance matrix
C of the data. Replacing C by the (N × N) identity
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matrix recovers Euclidean distance, while a diagonal
approximation of C would rescale all features
according to their standard deviation observed in the
dataset. The Mahalanobis distance is widely used in
the context of the unsupervised and supervised analy-
sis of given datasets, see Ref 6 for a more detailed
discussion.

Kernelized Distances
Another route to more general measures is based on
the observation that the squared Euclidean distance
can be rewritten as

d2 x,wð Þ2 = x�x−2x�w +w�w½ �: ð15Þ

In so-called kernelized distances, all inner products of
the form x � w =

P
jxjwj in Eq. (15) are replaced by a

suitable kernel function κ(x, w):

dκ x,wð Þ2 = κ x,xð Þ−2κ x,wð Þ+ κ w,wð Þ½ �: ð16Þ

A proper kernel function corresponds to an inner
product of transformed feature vectors.60,61,67 Con-
sider the simple example of a quadratic kernel

κquad x,wð Þ = 1+ x�w½ �2:

With the definition x�w=
XN

j = 1
xjwj of the conven-

tional inner product in N dimensions, κquad(x, w) can
be rewritten as

κquad x,wð Þ =1 +2
X
j

xjwj +
X
j

x2j w
2
j + 2

X
j,k > j

xjxk
� �

wjwk
� �

:

We observe that the latter can be interpreted as the
inner product of two higher-dimensional vectors:

κquad x,wð Þ =Φ xð Þ �Φ wð Þ with

Φ yð Þ = 1,
ffiffiffi
2
p

y1,…,
ffiffiffi
2
p

yN ,y21,…,y2N ,
ffiffiffi
2
p

y1y2,…
ffiffiffi
2
p

yN−1yN
h i

;

where the (N2/2 + 3N/2 + 1)-dimensional vector
Φ(y) concatenates the constant 1, all original compo-
nents yj, their squares y2j , and all products yjyk with j
6¼ k. Hence, the kernel is associated with a nonlinear
mapping y ! Φ(y) to a higher dimensional space, in
which the kernel function represents the inner
product.

The so-called kernel trick, as used in the con-
text of the SVM, exploits the fact that the transfor-
mation need not be specified explicitly. Instead, it is
possible, in practice, to start from an appropriate

kernel function that implicitly represents a highly
nonlinear mapping to high dimensions, provided the
kernel satisfies specific mathematical conditions.60,61

A particularly prominent example is the Gaus-
sian kernel

κG x,wð Þ= exp −
1
2

x−wð Þ2
σ2

 !
;

where σ is the kernel width.60,61

In SVM training, one takes advantage of the
fact that data that is difficult to separate in the origi-
nal feature space can become linearly separable in
the (implicitly defined) high-dimensional transformed
space, provided an appropriate kernel is chosen.60,61

In the above explicit example of the quadratic kernel
κquad, a linear decision boundary in the space of vec-
tors Φ(x) would obviously correspond to a quadratic
separating function in terms of x 2 ℝN.

Similarly, kernelized distances can be used to
translate nonlinear complex classification tasks into
simpler problems in a higher dimensional trans-
formed feature space, see Ref 68 for an example in
the context of distance based face recognition.

Divergences
As a last example we discuss the use of statistical
divergences as dissimilarity measures. Many practical
problems involve the description of observations in
terms of densities or histograms. As just two exam-
ples, images are often represented by color or other
histograms and pieces of text can be characterized by
word counts in a bag of words framework. Hence,
the comparison of sample data amounts to evaluating
the dissimilarity of histograms in such cases. Emphasis
could be on discriminating multimodal from unimodal
histograms or on detecting the presence of characteris-
tic peaks. The Euclidean metric does not take into
account the particular nature of these tasks and the
efficient comparison of histograms can benefit greatly
from the use of measures that were devised specifically
for this type of problem.

A large variety of statistical divergences can be
considered in this context.69 Perhaps the most promi-
nent one is the nonsymmetric Kullback–Leibler diver-
gence.6 Another example would be the so-called
Cauchy–Schwarz divergence69,70

δCS x,yð Þ− 1
2
log x�xð Þ y�yð Þ½ �− log xy½ �; ð17Þ

which satisfies δCS(x, y) = δCS(y, x).
In the context of protoytpe-based learning,

divergences are frequently employed to quantify the
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similarity of an entire population, i.e., density of pro-
totypes with the actual density of observed data, see
Refs 71 and 72 for examples in the context of VQ
and SOM, respectively. Here, however, we are con-
cerned with situations where an individual feature
vector x itself can be interpreted as a density or histo-
gram, e.g., a color histogram corresponding to an
observed image. Then, divergences can be used to
measure directly the dissimilarity between individual
data points, or data points and prototypes.

Note that meaningful dissimilarities do not nec-
essarily satisfy the properties of a metric in the N-
dimensional space. For instance, kernelized distances
need not obey the triangular inequality in the original
feature space, and many divergences are nonsym-
metric. Consider, as an example, the family of
γ-divergences

δγ x,yð Þ = 1
γ + 1

log
X
j

xγ +1j

 !1=γ X
j

yγ +1j

 !2
4

3
5

− log
X
j

xj y
γ
j

 !1=γ
2
4

3
5; ð18Þ

which reduces to the Cauchy–Schwarz divergence for
γ = 1 and to the well-known Kullback–Leibler diver-
gence in the limit γ ! 0.

69 For γ 6¼ 1, the measure is
nonsymmetric with δγ(x, y) 6¼ δγ(y, x) if x 6¼ y.

Metric properties are, however, not strictly
required in prototype-based systems where the dis-
similarity measure is used to determine the distance
of a specific feature vector from the prototypes only.
Pairwise distances between data points are not con-
sidered explicitly and, therefore, symmetry is not
essential. For example, a nonsymmetric dissimilarity
δγ(x, w) could be readily employed in the identifica-
tion of the winning prototype for a given data point
in VQ or LVQ schemes. Obviously, one should use
only one of the two versions δγ(x, w) or δγ(w, x) con-
sistently in training and working phase.62,70 An appli-
cation example for the use of nonsymmetric
divergences in LVQ classifiers is presented in
Ref 70. There, γ-divergence based LVQ systems clearly
outperform their Euclidean counterpart and, moreo-
ver, nonsymmetric choices with γ 6¼ 1 are superior to
using the symmetric Cauchy–Schwarz divergence.

Prototype Training for
Generalized Distances
All training prescriptions discussed in the earlier sec-
tions based on Euclidean distance lead to prototype

updates where prototypes w are displaced by a vector
proportional to (xμ − w) upon presentation of the
feature vector xμ. Noting that for δ= 1

2 w−xð Þ2
we have

x−wð Þ = −
∂

∂w
δ w,xð Þ: ð19Þ

We can rewrite the gradient descent updates,
Eqs. (3), (5), (9), and (11), by inserting the relation
(19). For example, the NG updates (5) can be writ-
ten as

wj wj−η�hNG
λ kj xμ,Wð Þ� � ∂δ wj,xμ

� �
∂wj ; ð20Þ

and the WTA update in LVQ1 (11) becomes

w* w*−ηΨ y*,yμ
� � ∂δ w*,xμð Þ

∂w* : ð21Þ

Similar forms are obtained for competitive VQ and
SOM updates in a straightforward fashion.

We can now replace δ with more general dis-
tance measures and readily obtain the corresponding
update rules, provided δ is differentiable with respect
to the prototype components. Obviously, for the sake
of consistency, the evaluation of ranks in NG and the
winner identification in VQ, SOM, and LVQ have to
be done according to the same generalized dissimilar-
ity δ that is used in the actual update.

Along these lines, a variety of training prescrip-
tions can be constructed that use, for instance, differ-
entiable dissimilarities such as divergences, kernelized
distances with differentiable kernels, or other specific
measures. Corresponding training prescriptions have
been devised in a variety of prototype-based frame-
works, e.g., Refs 70, 73 and 74. Nondifferentiable
measures can also be considered if differentiable
approximations are available, as, for instance, in the
case of the Manhattan distance given by Eq. (13)
with p = 1.

75 Cost-function-based approaches can
also employ nondifferentiable measures if one resorts
to more sophisticated optimization strategies that do
not require gradients.10

Adaptive Distances in Relevance Learning
In the previous subsection, we discussed a few
alternative dissimilarity measures that can be
employed in prototype-based learning. In a particular
problem, a specific measure could be selected based
on domain knowledge or preliminary analysis of the
dataset.
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The framework of relevance learning constitu-
tes a considerable conceptual extension of
dissimilarity-based systems. In this elegant approach,
only the parametric form of the dissimilarity or dis-
tance is fixed a priori. Its parameters are then opti-
mized in a data-driven training phase. It is a
plausible and very appealing concept that not only
prototype representations may depend on the data
encountered in the learning process. Observations
should also shape the definition of similarity or
dissimilarity.

The basic concept is extremely versatile and can
be employed in a variety of supervised and (appropri-
ately constrained) unsupervised learning tasks. We
present here only one very clear-cut example of rele-
vance learning, extending the framework of super-
vised LVQ for classification, cf. Learning Vector
Quantization.

The framework of matrix relevance LVQ was
introduced and extended in Refs 76–78. It has
proven useful in a number of applications from the
biomedical and other domains.79–82 Similar to vari-
ous other schemes,83–86 it employs a generalization
of standard Euclidean distance given by the quadratic
form

δΛ x,yð Þ= x−yð ÞΤ Λ x−yð Þ =
XN
i = 1

XN
j = 1

xi−yið ÞΛij xj−yj
� �

;

ð22Þ

with the so-called relevance matrix Λ 2 ℝN × N of
parameters. It is formally reminiscent of the quad-
ratic Mahalanobis distance defined in Eq. (14). How-
ever, the matrix Λ is not explicitly computed from
the data. Its elements are considered free parameters
of the system. Diagonal entries of Λ control the
importance of single feature dimensions in the dis-
tance and can account for their potentially different
scaling. Off-diagonal elements relate to the contribu-
tion of pairs of features and enable the system to
adapt to interdependencies and correlations among
the features.

In order to obtain a meaningful dissimilarity,
δΛ(x, y) ≥ 0 should hold for all x, y 2 ℝN. This
minimal requirement can be guaranteed by an addi-
tional parameterization in terms of an auxiliary
matrix Ω 2 ℝN × N with

Λ =ΩΤΩ, i:e:, δΛ x,yð Þ= Ω x−yð Þ½ �2; ð23Þ

which also implies the symmetries Λij = Λji and
δΛ(x, y) = δΛ(y, x). Hence, δΛ can be interpreted as

the Euclidean distance after a linear transformation
of feature space given by Ω. Note that δΛ is only a
pseudo-metric in ℝN, in general: Λ can become singu-
lar, implying that δΛ(x, y) = 0 for x 6¼ y is possible.

The key idea is to treat the elements of Λ or Ω,
respectively, as adaptive parameters in the training
process. To this end, the heuristic WTA update of
LVQ1 can be extended by a simultaneous modifica-
tion of prototypes and matrix Ω when presenting
example xμ with label yμ:

w* w*−ηΨ y*,yμð Þ ∂δΛ w*,xμð Þ
∂w*

=w* + ηΨ y*,yμð ÞΩΤΩ xμ−w*ð Þ
Ω Ω−ηΩΨ y*,yμð Þ ∂δΛ w*,xμð Þ

∂Ω
=Ω−ηΩΨ y*,yμð ÞΩ xμ−w*ð Þ xμ−w*ð ÞΤ

ð24Þ

with w*, y* and the label-dependent factor
Ψ (y*, yμ) = � 1 as defined in Eq. (11). Here we
exploit the idea outlined in Prototype Training for
Generalized Distances with respect to generalized
prototype updates. In addition, the matrix Ω is modi-
fied as to increase or decrease the distance δΛ(w*, xμ)
explicitly, depending on the class labels of prototype
and sample vector. The matrix Ω can be initialized
randomly or as the N-dimensional identity, for
instance. The step size ηΩ is frequently chosen as ηΩ
� η, which implies that the distance measure
changes slowly compared to the prototypes. For the
sake of numerical stability and better comparison of
different relevance matrices, usually a normalization
to
X

i
Λii =

X
i, j
Ω2

ij = 1 is imposed after each update

step.77

Cost-function-based schemes can be extended
by an adaptive relevance matrix, analogously; see
Refs 77 and 87. In addition, a number of modifica-
tions and extensions have been suggested, including
the use of local matrices, regularization schemes, or
the restriction to rectangular matrices Ω. We refer
the interested reader to the literature concerning
these and many other variants of the basic
scheme.76,78,87 Ready-to-use MATLAB implementa-
tions of generalized matrix relevance LVQ
(GMLVQ)-based on the GLVQ cost function and
several variants thereof are available in Refs
88 and 89.

In the following, we highlight a few attractive
features of matrix relevance learning in the context
of a well-known classification problem. To this end,
we revisit the Iris flower data set with N = 4, already
introduced in Self-Organizing Maps in the context of
the SOM. In contrast to unsupervised SOM training,
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here we make explicit use of the given class label
information.

An LVQ system with one prototype per class
and a relevance matrix Λ = ΩΤΩ with Ω 2 ℝ4 × 4

was trained using the GMLVQ code available from
Ref 88. Prior to training, a z-score transformation
was performed, resulting in rescaled features with
empirical mean 1

P

X150

μ = 1
xμ
j = 0 and unit variance in

the dataset. The resulting LVQ system achieves very
low classification error of the training data. Applying
cross-validation strategies,3,4,6 we observe also very
good generalization behavior for this relatively sim-
ple classification problem. In particular, the class of
Iris setosa is perfectly separated from the other two.

Figure 5 shows the classifier as obtained from
the entire dataset. In panel (a), the prototype compo-
nents are displayed. Panel (b) shows the outcome of
the training process in terms of the relevance matrix.
According to Eq. (22), the diagonal elements Λii as
displayed in the bar graph can be interpreted as the

relevance of feature i for the classification. Appar-
ently, features 3 (petal length) and 4 (petal width)
seem to be most important for the discrimination of
the classes by GMLVQ. The color-coded off-diagonal
elements (lower graph) represent the contribution of
pairs of different features. Here, also the interplay of
petal length and petal width (element Λ3,4 = Λ4,3)
appears to be most significant.

In more complex datasets, the analysis of the
relevance matrix provides valuable insights into the
nature of the problem and the dataset. In several
real-world applications, matrix relevances have been
used to identify most relevant or irrelevant fea-
tures.79,80 In this sense, matrix relevance learning
could be used as a heuristic approach to feature
selection.

The last aspect we wish to highlight relates to
the empirical observation that the relevance matrix Λ
displays a tendency to become singular under
updates of the form (24) or related training schemes
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Prototype 3 (Iris Virginica)
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FIGURE 5 | Visualization of the generalized matrix relevance learning vector quantization (GMLVQ) systems obtained for the z-score
transformed Iris flower data set, see Adaptive Distances in Relevance Learning for details. Panel (a) displays the class prototypes bar plots with
respect to the four feature space components corresponding to sepal length (feature 1), sepal width (2), petal length (3), and petal width (4).
Panel (b) shows diagonal elements of Λ as a bar plot (upper) and off-diagonal elements in color code (lower).
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like GMLVQ. Frequently, the relevance matrix is,
after training, dominated by very few eigenvectors; a
discussion and examples of this property can be
found in, e.g., Refs 76,78 and 80.

Effectively, this reduces the number of degrees
of freedom and reduces overfitting effects, which
might be expected in high-dimensional spaces where
Λ introduces on the order of N2 adaptive parameters.
As a beneficial side effect, the strong singularity of
Λ facilitates the low-dimensional discriminative repre-
sentation and visualization of labeled datasets.
Figure 6 shows the visualization of the Iris flower
data in terms of their projections onto the two lead-
ing eigenvectors of Λ as an example. Note that the
cluster structure displayed in this discriminative visu-
alization is consistent with our analysis of the SOM-
related U-matrix in Self-Organizing Maps: the Iris
setosa samples form a distinct cluster, well separated
from Versicolor and Virginica.

Structure Metrics in LVQ
The metric learning approaches as introduced in
Beyond Euclidean Distance have in common that the
involved distances are differentiable with respect to
the prototypes, such that prototype updates can be
based on gradient schemes. For many complex

discrete data structures and popular distance mea-
sures, this is not the case. Consider, for example,
DNA sequences that are compared by pairwise
sequence alignment, biological networks that are
compared based on graph kernels which count the
common substructures of two graphs, or logical
terms that are compared based on tree kernels. These
proximity measures can act on discrete data struc-
tures for which a lossless Euclidean embedding does
not exist (e.g., in case of a non-Euclidean proximity
such as sequence alignment) or for which a Euclidean
embedding is costly to compute (e.g., in case of a
structure kernel). Hence, gradient-based LVQ learn-
ing prescriptions cannot be used in such settings,
since a smooth vectorial embedding of the given data
structures is not available.

As for the kernel and relational SOM men-
tioned above, a few extensions of LVQ have been
proposed recently for such situations. These so-called
kernel or relational LVQ variants rely on an implicit
embedding of data only. They allow efficient training
of LVQ schemes, even if data are characterized by
pairwise proximities only. A general framework that
includes existing popular approaches has been pre-
sented recently in Ref 90.

Similar to vector space metrics, proximity mea-
sures for structures often incorporate crucial metric
parameters. One example is the ground metric (scor-
ing matrix) for sequence alignment91: It determines
the costs that arise when two symbols a and b are
aligned. The overall costs are computed as the sum
of all costs for aligned pairs of symbols. The overall
result of a neighbor computation is crucially deter-
mined by these ground metric parameters, and
quite some work has been conducted to determine
suitable scoring matrices based on data, e.g., in the
context of DNA and protein alignment.91 Similar to
the learning of a quadratic distance for vectorial
LVQ, efficient adaptation schemes for such structure
metric parameters within relational LVQ have been
proposed.92

CONCLUDING REMARKS

Prototype-based systems constitute a highly attractive
and versatile framework for the unsupervised and
supervised analysis of complex, potentially high-
dimensional data. The conceptual simplicity and
interpretability facilitates efficient exchange with the
domain experts and promotes trans-disciplinary col-
laborations. Together with the concept of (dis-)simi-
larity, they provide a framework in which to develop
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FIGURE 6 | Visualization of the Iris flower data set (small
symbols, see legend for class memberships) and corresponding
GMLVQ prototypes (large symbols) in the space spanned by the two
leading eigenvalues of Λ. See Adaptive Distances in Relevance
Learning for details.
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novel efficient training schemes which can be useful
in a variety of application areas.

This work can only provide a first illustrative
introduction and certainly falls short of giving a

complete overview and providing a comprehensive
literature review. The suggested references can merely
serve as a starting point for the exploration of this
active area of research.
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