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We construct the supercurrent of the N = 1 supersymmetric Maxwell theory in ten dimensions. It contains 5760 +5760 
components. There exists a submultiplet of 5632 + 5632 components, which is ~ Constrained d = 10 scalar superfield. The 
remaining 128 + 128 components form an off-shell multiplet with non-local transformation laws. The corresponding multi- 
plet of fields has gauge transformations which suggest an underlying superconformal symmetry. 

We analyse in detail the supercurrent [1] corre- 
sponding to the N = 1 supersymmetric Maxwell theo- 
ry in ten dimensions (d = 10) [2]. Our aim is to 
obtain information about the off-shell structure of  
N = 4 Poincard supergravity in d = 4, which is related 
to N = 1 d = 10 supergravity by dimensional reduc- 
tion. The supercurrent has been shown to be a useful 
tool in the construction of  off-shell representations of  
supergravity theories (for a review, see ref. [3] ). In 
this letter we shall restrict ourselves to the analysis of  
the off-sheU multiplets related to the supercurrent in 
d = 10. Partial results about the supercurrent were 
presented in a recent paper [4].  

Somewhat surprisingly, the complete results are 
rather simple. The supercurrent in d = 10 contains 
5760 bosonic and 5760 fermionic components. How- 
ever, it is reducible, and can be decomposed into two 
submultiplets. One of  these is generated by the trace- 
less part of  the energy-momentum tensor. It contains 
128 + 128 components, and is clearly the smallest off- 
shell representation of  the d = 10 supersymmetry al- 
gebra. The N = 4 conformal supercurrent in d = 4 also 
has 128 + 128 components [5],  and it can be obtain- 
ed from our d = 10 multiplet by dimensional reduc- 
tion. The second submultiplet is generated by the trace 

of  the energy-momentum tensor. This trace-multiplet 
contains 5632 + 5632 components and forms a con- 
strained scalar superfield in d = 10. 

Clearly, we find ourselves in a position somewhat 
different from Howe and LindstrSm [6],  who obtain- 
ed the supercurrent in d = 5. They found that the su- 
percurrent in d = 5 has 128 + 128 components, which 
on reduction and after a field redefinition yield the 
N = 4 d = 4 conformal supercurrent. However, in d 
= 5 the supercurrent is not  reducible and contains both 
the trace and the traceless part of  the energy-momen-  
tum tensor. We have in d = 10 two irreducible multi- 
plets and it will be interesting to see what role they 
play on reduction to d = 4. 

The relationship with the scalar superfield is inter- 
esting in itself, Nilsson [7] showed that the on-shell 
d = 10 N = 1 supergravity theory can be completely 
described by a constrained scalar superfield. This con- 
straint, which is sufficiently strong to put the scalar 
superfield q~ on-shell, is algebraic. We show that there 
is a weaker, differential constraint on • which re- 
duces it to the off-shell trace-multiplet. 

The underlying theory which is used to construct 
the supercurrent is the d = 10 supersymmetric Max- 
well theory. It contains a vector field Au, and a Ma- 
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jorana-Weyl spinor ,1. The lagrangian density reads 

-~x~x, .~ = - }  FurFUr ' -  (1) 

and is invariant under the supersymmetry transforma- 
tions 

6A =½~FuX, 6X=-IrurFu~e. (2) 

The construction of the supercurrent starts from the 
energy-momentum tensor and the supersymmetry 
current. They have the same form as in d = 4 and read 

0pv = 4FuaF ~ - 6 v F 2  + ~(Fua r + Fag)X,  (3) 

J = ~ F ' F F  u X. (4) 

Using the equations of  motion one easily sees that they 
are conserved. However, contrary to d = 4, Our is not 
traceless, nor does F . J  vanish. Instead one finds 

Ouu = _ 6 F  2, p . j =  3F.F×.  (5) 

*1 We USe the same conventions and notations as ref. [4]. See 
also the appendix of ref. [4 ] for useful identities concerning 
Dirae matrices in d = 10. 

Supersymmetry variations of (3) and (4), using (2), 
show the existence of many other currents [4]. From 
the variation o f J  u one concludes that the supercur- 
rent contains a tensor 

Xo3 ~ = ~ F ~  X. (6) 

This is the lowest-dimensional bilinear one can form 
from Fur and ×, and it is therefore tempting to identi- 
fy the supercurrent with a superfield ~o¢-~ ,2, which 
satisfies certain constraints [4]. To analyse the super- 
field q~o~,, it is clearly useful to know which represen- 
tations are contained in the scalar superfield ~. There- 
fore we proceed by first examining the content of O. 

The scalar superfield q~(x, 0) can be expanded in 0: 

¢,(x,O) = A + gg, + gI '~  OBo.ov + .... (7) 

where 0 is a Majorana-Weyl spinor. It contains 216 
components. The fermionic representations all form 
multiplets of 16, since the basic spinor representation 
of SO(10)has dimension 16. In table 1 we present the 
SO(10) representations contained in (I), up to and in- 
cluding the 8-0 sector (higher sectors can be obtained 

, 2  This was also noted by P. Howe. 

Table 1 
The scalar superfield in 10 dimensions. 

Sector SO(10) Dimension Reduction to SO(9) 
(no) 

0 [0,0,0,0,0] 1 1 
r l  I 1 1 1 1 1 t~ ,~ ,~ ,~ ,~J  16 16 

2 [1, 1, 1,0,0] 120 84 + 36 
r3 3 1 1 1 3 t~,~,~,~,~] 35 X 16 (27 + 8) X 16 

4 [2,2,0,0,0] 770 495 + 231 +44 

[2, I, I, I, l] 1050 924 + 126 

i-3 3 3 3 31 5 I~,2,~,2,2J 42X 16 42X 16 
531111 ~,~,~,~,~, 231 X 16 (160 + 36 + 27 + 8) X 16 

6 [3, 1, 1,0,0] 4312 2457 + 910 + 594 + 231 + 84 + 36 

[2, 2, I, 1, I] 3696 2772 + 924 
r5 3 3 1 1 7 t~,~,~,~,~] 550 x 16 (315 + 160 +48 + 27) X 16 
'71111 ~,~,5,5,5] 165X 16 (120+36 +8+1) X 16 

8 [4, O, O, O, O] 660 450 + 156 + 44 + 9 + I 

[2, 2, 2, O, O] 4125 1980 + 1650 + 495 

[3, I, 1, I, I] 8085 3900 + 2457 + 924 + 594 + 126 + 84 
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by reflection around 8). Irreducible representations 
of SO(N) can be characterized by [N/2] numbers, 
which represent the form of the corresponding Young 
tableaux. Their dimensions can be obtained from stan- 
dard representation theory, useful references are [8,9]. 
We reduce the SO(10) representations to representa- 
tions of SO(9) by imposing conditions with derivatives. 
This reduction is indicated in the fourth column of 
table 1. For example, the representation 120 of 
SO(10), an antisymmetric tensor Boo,r, splits into an 
84 (a tensor satisfying ~ " B ~  = 0) and a 36 (the di- 
vergence of B), which are representations of SO(9). 
In the higher sectors it should be kept in mind that 
tensors with 5 antisymmetric indices can satisfy a dual- 
ity condition. This implies in some cases that imposing 
a condition with a derivative causes the tensor to van- 
ish. This is the case for instance with the 42 × 16 di- 
mensional spinor representation in the 5.0 sector, which 
therefore does not reduce further. 

One can obtain the content of (1)o437 by multiplying 
the representations in table 1 with the external indices 
[ ~ 7 ] .  One can compare this with the set of all pos- 
sible representations that can be constructed from the 
basic tensorial structures au, Fur and X; bilinear in F ~  
and ×, with F ~  and X satisfying: 

= o ,  = o ,  = o .  ( 8 )  

The overla p between the two sets of representations 
indicates, that the number of components of the su- 
percurrent does not exceed the number of compo- 
nents of the scalar superfield • itself. If the supercur- 
rent is contained in ~, the first component of • must 
be the trace of the energy-momentum tensor, this 
being the only scalar one can construct from Og, Fay 
and ×. 

We therefore consider the supersymmetry variation 
of the trace of the energy-momentum tensor. One 
finds 

8 0uu = - 2 "~ ~ , 

8 ¢,  = - i}o,, e - ] 

8To¢, r = ] e P a A  (9) [ ~ ]  

where we have defined 

To¢. / -- i}x(FxtaF~] ) - ~1-1 Xo& - -~ ~}xl}taX0~i x, (10) 

+ + x .  (10 con'd) 

The spinor-tensor Ao~ satisfies I ~ A ~  = 0, so that it 
corresponds to the 35 X 16 dimensional representa- 
tion of SO(10). In this manner, one indeed generates 
the beginning of the scalar superfield O. As one has 
only au, F~v and × available to construct representa- 
tions, it is clear that it is impossible to obtain all fer- 
mionic representations contained in O. For instance, 
it is impossible to construct the 42 × 16 dimensional 
representation in the 5-0 sector. This was the first in- 
dication of the reducibility of the scalar superfield. 
As it turns out, the condition which is ultimately re- 
sponsible for this reduction is the differential identity 

[~ratrr~{u~'v)× - tracesle ~ 6 x l ' ' x s  = 0, (11) 

which tells us that the 126 dimensional representation 
in the 4.0 sector vanishes. One then has to show which 
other structures in higher sectors remain or are caused 
to vanish by this condition. The result is presented in 
table 2. Note that the last component is a 4-index sym- 
metric tensor, indicating that on reduction to d = 4 
this multiplet will contain field components with 
highest spin equal 4. In terms o f F  and ×, this tensor 
is given by 

- traces, divergences. (12) 

One can verify that its variation gives only derivatives 

Table 2 
The reduced scalar superfield in d = 10. 

Sector Representation 
(nO) o f  S0(9) 

0 1 
1 16 
2 84+36 
3 (27 + 8) x 16 
4 495 + 231 +44 

924 
5 (160 + 36) x 16 
6 2457 + 910 
7 120 × 16 
8 4 5 0  
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of the 120 X 16 dimensional representation in the 7-0 
sector. We conclude that the trace of the energy- 
momentum tensor generates a multiplet with 5632 
+ 5632 components. 

The on-shell superfield analyzed by Nilsson [7] is 
obtained by setting the 1050 dimensional representa- 
tion in the 4-0 sector equal to zero. We have imposed 
a weaker condition: we set to zero only the 126 di- 
mensional representation in this sector by a differen- 
tial constraint. This constraint is sufficiently weak to 
obtain an off.shell multiplet. 

However, the trace-multiplet does not contain the 
traceless part of O#~,(Ouv)nor that part of Ju(Ju) which 
satisfies P ' J  = 0. Also, we know that the supercurrent 
contains a 120 of SO(10) in the form of Xo& [see 
eq. (6)] and an 84 represented by F[aoF.r~ ] (see ref. 
[4] ). In the trace-multiplet we only have one partic- 
ular combination of these representations, namely To¢ ~ 
in (10), which is a 120 dimensional representation. 
The number of missing components is therefore 84, 
44 for ~uv, and 8 X 16 = 128 fo r J  u. This adds up to 
128 + 128 components. 

We now consider the supersymmetry variation of 
0uu. We find that indeed the variations close on 128 
+ 128 components. The transformation rules are: 

8~v = 2~poAax,~) , (13) 

~'~ = -gPu e~ v _ 56"" u ' tP  ~4~r8 _ 6 6 ~ r ~ ) e  

x [ s x  - (l/D)a axl (14) 

^ 

8a 6 =  rt,::,eas l. (15) 

The tensors O, J and G are given by 

~z, = Our [Buy - (1/Fl)~av] 0X,X' (16) 

= J  - -~ [I"  - ( 1 / D ) a  ~] P ' J ,  (17) 

Go~.t8 = FIoeFs l  +'g at.  X~,s] " (18) 

The particular combination (18) was already given in 
ref. [4]. The currents (16)-(18) satisfy the constraints 

a u our = 0xx = a . ]  = P . ]  = 0, (19) 

at.%6e) = 0 (20) 
Notice that the transformation rule (14) contains a 
nonlocal projection operator. This ensures that the 

supersymmetry transformations are consistent with 
the constraints (19), (20). The commutator of two 
supersymmetry transformations is given by 

1 
[~iO(el )' ~Q(e2)] = ~ ~2 r# e  1 a#, (21) 

on all currents. This follows from the fact that the 
cuirents (16)-(18) have been constructed explicitly 
in terms of bilinears in Fur and ×, on which the alge- 
bra (21) closes on-shell. In general, the product of two 
on-shell representations is an off-shell representation. 

This concludes the construction of the supercur- 
rent in d = 10. It contains a total number of 5760 bo- 
sonic and 5760 fermionic degrees of freedom. 

At this stage we have an interesting check on our 
algebra. The 128 + 128 component multiplet is the 
smallest off-shell multiplet in d = 10. Therefore, all 
other multiplets can be obtained from it by adding 
external irtdices, or by multiplying the representa- 
tions in the smallest multiplet by the appropriate spin 
representation. Note, that the trace-multiplet has 
5632 + 5632 = 44 X (128 + 128) components. The 
44 corresponds to a traceless symmetric representa- 
tion of SO(9), i.e. the representation [2, 0, 0, 01 . If 
we multiply the representations of SO(9) contained 
in the multiplet (13)-(15),i .e.  [2 ,0 ,0 ,0] ,  tg,~,~,~Jr3 1 1 I1 
and [1,1, 1,0], by [2,0,0,01,  we obtain precisely 
the representations of the trace-multiplet: 

4 4 × 4 4 = 1 + 3 6 + 4 4 + 4 5 0 + 4 9 5 + 9 1 0 ,  

(44X 8)X 16=(1 + 8 + 2 7 + 3 6 +  120+160)X 16, 

44 X 84 = 84 + 231 + 924 + 2457. 

Let us now discuss the reduction of the d = 10 cur- 
rent multiplet to four dimensions. The currents (16)-  
(18) reduce to the N = 4 d = 4 conformal supercur- 
rent [5]. In order to make the identification with the 
currents of ref. [5] one has to make redefinitions. 
These involve derivatives in such a way, that in d = 4 
there is no need for a projection operator in the trans- 
formation rules. 

In the reduction to d = 4 the trace-multiplet gives 
rise to 4 irreducible N = 4 multiplets. They can be iden- 
tified by the SU(4) representation of the highest spin 
contained in them. There is a spin-4 singlet multiplet 
(640 + 640 components), a spin-3 multiplet in a 6 di- 
mensional representation of SU(4) (2304 + 2304 com- 
ponents) and spin-2 multiplets in a singlet and in a real 
20 dimensional representation (128 + 128 and 2560 
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+ 2560 components). The off-shell spin-3 multiplet 
has been investigated previously [10,11]. It can be 
constrained in such a way that it contains only the rep- 
resentations of the on-shell Yang-Mills theory. We now 
find the spin-3 multiplet in a 6 dimensional represen- 
tation of SU(4), so that there are in fact six Yang- 
Mills multiplets. This may be relevant in the construc- 
tion of off-shell N = 4 Poincar~ supergravity from the 
conformal theory, where they should play the role of 
compensating multiplets. A possible conclusion from 
our results is, that the spin-3 multiplet itself is not suf- 
ficient to achieve this, but that the spin-4 and the two 
spin-2 multiplets are needed as well. 

We remark that the spin-4 and spire2 singlet multi- 
plets can be generated from bilinears of abelian, on- 
shell N = 4 Yang-Mills theory in d = 4, whereas this 
is impossible for the spin-3 and the spin-2 20 multi- 
plet (however, these multiplets can be generated from 
non-abelian Yang'Mills bilinears). Therefore, if one 
first reduces the d = 10 abelian Yang-MiUs theory and 
then the d = 10 currents in terms of explicit bilinears, 
only two of the four multiplets contained in the trace- 
multiplet survive the reduction to d = 4. Nevertheless, 
all four multiplets can and will play a role in d --- 4 
Poincar~ theory, since in the reduction to d = 4 one 
should consider the trace-multiplet as an abstract mul- 
tiplet in d --- 10, without reference to the explicit form 
of the bilinear expressions. 

Of course, we can also reduce the currents (16)-  
(18) from d = 10 to d --- 5. This yields the d = 5 super- 
current [6], which contains both the trace and the 
traceless part of the d = 5 energy-momentum tensor. 
The spin-4 multiplet can be generated in d = 5 from 
the on-shell abelian Yang-Mills theory, if one varies 
the combination F 2 + 2I-](W//wiJ) [where Feb is the 
Yang-Mills field-strength and Wij the spin-0 5 of 
Sp(4)]. The trace of the energy-momentum tensor 
F 2 in d = 10 reduces to the sum of the trace of the 
a ff=u 5 stress tensor, which is given by F 2 +3[3(Wijwi!), 
and the combination which generates the spin-4 mul- 
tiplet. It remans an intruiging problem, to understand 
why the unimproved supercurrent in d = 5 is irreduc- 
ible. 

To the current multiplet (13)-(15) one can asso- 
ciate a multiplet of fields with the same number of 
components. Because of the constraints (19), (20), 
these fields will have gauge transformations. Consider- 
ing the specific form of these constraints, it is not sur- 

prising that the gauge transformations are reminiscent 
of superconformal symmetries. We write the fields and 
their transformations as: 

8 e  a = ½ ~ra~, , (22) 

8 ~b u = D(~o(e))e + Fua~P°~e, (23) 

8Acc.r8 = - ~ [ 8 0 [ "  - (1/O)~aata ] 

X (POr~ ] pa - 6 P ~  ] 8oo ) ~b a. (24) 

Here Fo¢ ~ is the field-strength of a 4-index antisym- 
metric gauge field Auvxa, whichhas gauge transforma- 
tions involving a parameter completely antisymmetric 
in 5 indices: 

8 A ~,r6 = aXAxo&~. (25) 

Then, F ~  is given by 

= ~XAxo &.  (26) 

The gauge transformations of ~O u are both 

8Q~u=bue, 8S qJu = Put/. (27) 

We have verified that the commutator algebra on these 
fields closes modulo gauge transformations. 

In the same way there is a field multiplet corre- 
sponding to the complete multiplet of currents. One 
expects this multiplet to contain the physical fields 
of Poincar6 supergravity in d = 10, and indeed it was 
shown in ref. [4] how this identification should be 
made. This off-shell multiplet is not contained in a 
scalar superfield ~. However, the on-shell Poincar~ 
fields do form a constrained scalar superfield [7]. The 
precise relation between these on-shell and off-shell 
formulations is an interesting problem. 

There are arguments [12], that in d = 10 super- 
conformal algebras do not exist. Nevertheless, the 

g/ 
gauge transformations of the fields (e , ff , A . ~) 

tt ~ o4*yo 
suggest the presence of superconformal symmetry in 
d = 10. Indications for such symmetries were already 
obtained in ref. [4]. One of the unusual features is 
the presence of non-local projection operators in the 
transformation rules. Whether or not the field multi- 
plet forms a gauge field representation of a supercon- 
formal algebra is currently being investigated. 
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